
Academic Editor: Igor Kondrashuk

Received: 5 May 2025

Revised: 3 June 2025

Accepted: 9 June 2025

Published: 12 June 2025

Citation: Moffat, J.W. Complex

Riemannian Spacetime and

Singularity-Free Black Holes and

Cosmology. Axioms 2025, 14, 459.

https://doi.org/10.3390/

axioms14060459

Copyright: © 2025 by the author.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Complex Riemannian Spacetime and Singularity-Free Black
Holes and Cosmology
John W. Moffat 1,2

1 Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada; jmoffat@perimeterinstitute.ca
2 Department of Physics and Astronomy, University of Waterloo, Waterloo, ON N2L 3G1, Canada

Abstract: An approach is presented to address singularities in general relativity using a
complex Riemannian spacetime extension. We demonstrate how this method can be applied
to both black hole and cosmological singularities, specifically focusing on the Schwarzschild
and Kerr black holes and the Friedmann–Lemaître–Robertson–Walker (FLRW) Big Bang
cosmology. By extending the relevant coordinates into the complex plane and carefully
choosing integration contours, we show that it is possible to regularize these singularities,
resulting in physically meaningful, singularity-free solutions when projected back onto real
spacetime. The removal of the singularity at the Big Bang allows for a bounce cosmology.
The approach offers a potential bridge between classical general relativity and quantum
gravity effects, suggesting a way to resolve longstanding issues in gravitational physics
without requiring a full theory of quantum gravity.
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1. Introduction
General relativity (GR) has been remarkably successful in describing gravitational

phenomena across a wide range of scales, from the solar system to cosmological distances.
However, the theory predicts its own downfall in the form of singularities—points where
spacetime curvature becomes infinite and the laws of physics, as we understand them,
break down. These singularities appear in two particularly important scenarios: at the
center of black holes and at the beginning of the universe in Big Bang cosmology.

The presence of these singularities has long been viewed as a significant problem in
theoretical physics, indicating the limits of classical GR and the need for a more funda-
mental theory, often presumed to be a theory of quantum gravity. However, a full theory
of quantum gravity remains elusive, leaving us with the challenge of addressing these
singularities within the framework of classical or semi-classical approaches.

In this paper, we present an approach to singularity resolution using complex Rieman-
nian spacetime extensions [1–7]. This method, inspired by techniques in complex analysis
and building upon previous work in analytic continuation of spacetime metrics, offers a
way to regularize singularities without requiring a full quantum theory of gravity.

Our approach involves extending the relevant spacetime coordinates into the complex
plane and carefully choosing integration contours that avoid singular points. By doing so,
we can define new, regularized coordinates that, when projected back onto real spacetime,
yield singularity-free solutions. This technique preserves the essential features of the
original solutions while removing problematic infinities.
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We apply this method to two fundamental scenarios in gravitational physics the
Schwarzschild and Kerr black holes, addressing the central singularity at r = 0, and the
Friedmann–Lemaître–Robertson–Walker (FLRW) cosmological model, tackling the initial
singularity at t = 0.

In both cases, we demonstrate how the complex spacetime approach leads to regular
solutions that can be interpreted as introducing a minimal length scale, potentially related
to quantum gravity effects.

This paper is structured as follows: Section 2 provides a detailed description of the
complex Riemannian method and its mathematical foundations. Section 3 applies the
method to the Schwarzschild black hole, while Section 4 applies the method to the Kerr
black hole. Section 5 addresses the cosmological singularity in the FLRW model. Finally,
Section 6 concludes this article with a summary of our findings and suggestions for future
research directions.

2. Complex Riemannian Geometry
A complex Riemannian spacetime manifold is an extension of the real spacetime mani-

fold into the complex domain. In this framework, we consider a four-dimensional complex
manifold that is locally homeomorphic to an eight-dimensional spacetime. This manifold
is equipped with a complex metric tensor gµν that is symmetric under the exchange of
its indices. The coordinates on this manifold are complex-valued functions zµ, where
µ = 0, 1, 2, 3. The real spacetime is embedded in this complex manifold as a real slice or
submanifold. The complex nature of this manifold allows for an analytic continuation
of solutions to Einstein’s field equations, providing a richer structure that can be used to
address singularities present in the real spacetime.

In complex Riemannian geometry, we extend the concepts of traditional Riemannian
geometry to the complex domain while maintaining symmetry properties. The metric
tensor gµν is a complex-valued, symmetric tensor. It can be expressed as follows:

gµν = sµν + iaµν, (1)

where sµν and aµν are real symmetric tensors. We choose units with the velocity of light
c = 1.

We assume that the complex metric gµν(z) is holomorphic in each coordinate zµ =

xµ + iyµ. Then, on the real slice yµ = 0, both

sµν(x) = g(R)
µν (x), aµν(x) = g(I)

µν (x),

are smooth, real-valued, symmetric tensor fields on the real manifold. This follows
from the standard decomposition of holomorphic functions in several complex vari-
ables [8]. We will work with these real-valued projections when referring to the
physical metric components.

Let gµν(z) be holomorphic in zµ. The Levi–Civita connection is defined by

Γλ
µν(z) =

1
2

gλρ(z)
(
∂µgρν(z) + ∂νgρµ(z)− ∂ρgµν(z)

)
.
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The holomorphicity of gµν implies that each partial derivative ∂αgµν is also holomor-
phic. It follows that

Γλ
µν(z) = Sλ

µν(z) + i Aλ
µν(z),

where
Sλ

µν = Γλ(R)
µν , Aλ

µν = Γλ(I)
µν ,

and Γλ
µν is symmetric in its lower indices, and it also splits holomorphically into real

and imaginary parts [9].

Although different choices of branch cuts or integration paths in the complex ζ-plane
yield distinct intermediate forms of the complexified metric, the projection onto real
spacetime of observable quantities is invariant. For the Schwarzschild example, we
compare two contours, one passing above the pole at ζ = 2GM, one below, and we
compute the Kretschmann scalar K = RµνρσRµνρσ on the real slice.

The line element is given by

du2 = gµνdzµdzν. (2)

This complex line element generalizes the concept of distance in the complex manifold.
The Riemann curvature tensor is defined analogously to its real counterpart but with
complex-valued components:

Rρ
σµν = Bρ

σµν + iIρ
σµν = ∂µΓρ

νσ − ∂νΓρ
µν + Γρ

µλΓλ
νσ − Γρ

νλΓλ
µσ. (3)

The complex symmetric approach allows for a richer structure and for a powerful
tool for exploring the structure of spacetime beyond the limitations of real spacetime. By
choosing contours in the complex manifold, we can avoid singularities that appear in the
real spacetime while maintaining the essential physical properties of the solutions. It offers
insights into the nature of spacetime at extreme conditions where quantum gravity effects
are expected to become important.

In the following sections, we will apply this complex Riemannian geometry to specific
problems in general relativity, demonstrating its utility in addressing longstanding issues
in gravitational physics. The projection of the complex symmetric geodesic equation onto
physical real spacetime is a crucial step in connecting the mathematical framework of com-
plex spacetime to observable physics. This process involves several steps and considerations.

The geodesic equation in complex symmetric spacetime is given by

d2zλ

du2 + Γλ
µν

dzµ

du
dzν

du
= 0. (4)

Here, zλ represents complex coordinates and u is a complex affine parameter.
We decompose each complex quantity into its real and imaginary parts zλ = xλ + iyλ

and u = s + iw. Substituting these decompositions into the geodesic equation and separating
real and imaginary parts, we get two coupled equations. The real part is given by

d2xλ

ds2 − d2yλ

dw
+ Sλ

µν

(
dxµ

ds
dxν

ds
− dyµ

dw
dyν

dw

)
− Aλ

µν

(
dxµ

ds
dyν

dw
+

dyµ

dw
dxν

ds

)
= 0, (5)
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and the imaginary part is

d2yλ

ds2 +
d2xλ

dw2 + Sλ
µν

(
dxµ

ds
dyν

dw
+

dyµ

dw
dxν

ds

)
+ Aλ

µν

(
dxµ

ds
dxν

ds
− dyµ

dw
dyν

dw

)
= 0. (6)

For the complex coordinate functions zµ(u) = xµ(u) + i yµ(u) to be holomorphic in u,
they must satisfy

dxµ

du
=

dyµ

du
,

dyµ

du
= − dxµ

du
,

where the right-hand equalities enforce ∂z̄µ zµ = 0 . These Cauchy–Riemann relations

ensure that the imaginary-part geodesic Equation (4) is automatically satisfied once (6)
holds, so that only the two real-part equations remain independent.

To project onto real spacetime, we consider the limit where the imaginary parts of
the coordinates and the affine parameter approach zero yλ → 0 and w → 0. In this limit,
the imaginary part equation becomes trivial, and the real part equation simplifies to

d2xλ

ds2 + Sλ
µν

dxµ

ds
dxν

ds
= 0. (7)

This is the standard geodesic equation in real spacetime, with Sλ
µν being the real part of

the complex connection. The real part of the complex connection, Sλ
µν, is not necessarily

the same as the connection in the original real spacetime. It contains information from the
complex extension and regularization process. This modified connection is what gives rise
to the regularized, singularity-free behavior in the projected real spacetime.

The resulting geodesic equation in real spacetime describes the motion of particles in
the regularized geometry. Trajectories remain smooth even in regions where singularities
existed in the original spacetime. The curvature experienced by particles remains finite
everywhere. Important conservation laws, such as energy and angular momentum, are
preserved in the projection process. The differences between geodesics in the original and
regularized spacetime become significant only near the former singular regions. Outside
the black hole horizons, the behavior closely approximates that of the original real physical
spacetime, ensuring consistency with existing observations.

The projection of complex symmetric geodesics onto real spacetime provides a bridge
between the mathematical framework of complex extension and observable physics. It
results in regularized trajectories that avoid singularities, while preserving the essential
physical features of the original spacetime. This process offers insights into how quan-
tum gravity effects might manifest in classical geometries, providing a valuable tool for
exploring extreme gravitational phenomena.

Penrose’s twistor approach that works on complex projective space CP3 equipped
with a Hermitian–Kähler metric [10]. The complex Riemannian spacetime geometry
has the complex Lorentz group SL(2,C) as a local gauge group in a curved spacetime.
The monodromy around branch points in our contour integrals echoes the algebraic
structure found in twistor treatments of scattering amplitudes and loop corrections.
Investigating a deeper algebraic connection, perhaps via a unified complex-geometry
framework, is a promising direction for future work.
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3. Singularity-Free Schwarzschild Black Hole in Complex Spacetime and
Physical Spacetime

To demonstrate how the complex, regular singularity-free black hole Schwarzschild
solution can be projected onto the real spacetime to give a physical regular singularity-free
black hole, we need to consider a contour integral in the complex plane that avoids the
singularity. This approach allows us to regularize the singularity in the real spacetime.

The complex Schwarzschild metric is given by

du2 = − f (ζ)dτ2 +
dζ2

f (ζ)
+ ζ2(dθ2 + sin2 θdϕ2), (8)

where u = s + iw is the complex proper time, τ is the complex coordinate time, f (ζ) = 1 −
2GM/ζ and ζ = r + iκ, and θ and ϕ are complex spherical polar coordinates. The complex
Schwarzschild metric is a solution of the complex vacuum field equations:

Rµν = 0. (9)

We define a new radial coordinate R(ζ) through a contour integration:

R(ζ) =
∮

C

dζ√
f (ζ)

. (10)

The contour C is chosen to avoid the singularity at ζ = 0. Evaluating this integral yields

R(ζ) =
∮

C

dζ√
1 − 2GM

ζ

= ζ

√
1 − 2GM

ζ
+ 2GM ln

(√
ζ +

√
ζ − 2GM√

2GM

)
. (11)

We can now express the metric in terms R(ζ), as follows:

du2 = −
(

1 − 2GM
R(ζ)

)
dτ2 +

dR(ζ)2(
1 − 2GM

R(ζ)

) + R(ζ)2(dθ2 + sin2 θdϕ2). (12)

The contour C is specifically chosen to avoid the singularity at ζ = 0. The function R(ζ) is
non-zero for all finite values of ζ, and R(0) is excluded by the contour integration (Figure 1).

Recall that R(ζ) is defined implicitly by the contour condition. Consider the contour
integral ∮

C

dζ√
1 − 2GM/ζ

=
∮

C

√
ζ dζ√

ζ − 2GM
,

where the branch cuts extend from ζ = 0 and ζ = 2GM. The contour C encircles
the branch point at ζ = 0, but lies entirely in the domain |ζ − 2GM| > ϵ, on a single
Riemann sheet. Consequently, for all ζ ∈ C, the function R(ζ) remains strictly non-zero.
Inverting the relation ζ 7→ R yields the explicit form given in (11), which therefore
does not admit R = 0 for any finite ζ on our chosen sheet.
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Figure 1. Complex plane contour integration for f (ζ) removing singularity at ζ = z = 0.

To create a complete maximally analytic manifold, we can introduce Kruskal–Szekeres-
type coordinates [11,12]. We define a tortoise coordinate:

r∗ =
∫ dr

1 − 2GM
R(ζ)

, (13)

and we introduce null coordinates:

u = t − r∗, v = t + r∗. (14)

Now, we define Kruskal–Szekeres-type coordinates:

U = − exp(−κu), V = exp(κv), (15)

where κ is the surface gravity. The metric in these coordinates takes the following form:

du2 = −F(r)dUdV + R(ζ)2(dθ2 + sin2 θdϕ2). (16)

To find F(U,V), we need to express it in terms of R(ζ). The general form will be

F(U, V) =
4
κ2

(
1 − 2GM

R(ζ)

)
exp

(
− R(ζ)

2GM

)
. (17)

The exact form of F(U, V) from our regularization procedure will be determined by R(ζ).
These Kruskal–Szekeres-type coordinates for the regularized black hole will cover the

entire black hole spacetime in a single coordinate patch and make the metric regular at
both ζ = 0 and ζ = 2GM. They will also allow for a smooth extension through the event
horizon and reveal the maximal analytic extension of the spacetime, including regions that
were hidden in the original coordinates. In this coordinate system, the event horizon is
represented by the lines U = 0 or V = 0, and the spacetime is manifestly regular there.
This completes the regularization process, providing a description of the black hole that is
free of coordinate singularities and reveals the full analytic structure of the spacetime.

The Kretschmann scalar invariant is defined by

K = RαβγδRαβγδ, (18)

where Rαβγδ is the Riemann curvature tensor. The Kretschmann scalar K for the regularized
Schwarzschild metric is given by

K =
48G2M2

R(ζ)6 , (19)
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This result shows that the Kretschmann scalar remains finite for all values of R(ζ). This
demonstrates that the complex extension and contour integration approach has successfully
removed the singularity in the Schwarzschild black hole, while preserving the essential
features of the black hole solution outside the black hole and at large distances.

The introduction of imaginary components yµ alongside real coordinates xµ raises
questions of their physical meaning. There are three complementary viewpoints. Treat
yµ purely as mathematical regulators that effect singularity removal, without physical
propagation. Identify the regulator scale with a Planckian length, ∼ℓPl =

√
h̄G/c3,

thereby introducing a built-in minimal length via complex integration. Explore how
the complex extension alters short-distance propagators in a Hamiltonian or Feynman
path-integral framework, encoding quantum gravity corrections. These interpretations
are not mutually exclusive and may point toward a unifying physical picture in which
complexification encodes effective quantum gravity effects.

4. Singularity-Free Kerr Black Hole in Complex Spacetime and
Physical Spacetime

The complex spacetime approach for removing the singularity in the Schwarzschild
black hole can be extended to the Kerr black hole solution, although the process is more
intricate due to the additional complexity of the Kerr metric. First, recall the Kerr metric in
Boyer–Lindquist coordinates [13]:

ds2 = −
(

1 − 2GMr
Σ

)
dt2 − 4GMar sin2 θ

Σ
dtdϕ (20)

+
Σ
∆

dr2 + Σdθ2 +

(
r2 + a2 +

2GMa2r sin2 θ

Σ

)
sin2 θdϕ2,

where Σ = r2 + a2 cos2 θ and ∆ = r2 − 2GMr + a2. The Kerr solution has two singularities:
A coordinate singularity at ∆ = 0, which gives the inner and outer event horizons. A ring
singularity at Σ = 0, which occurs when r = 0 and θ = π/2.

To apply the complex symmetric approach, we extend the radial coordinate into the
complex plane. We can define a contour C that depends on both ζ and θ:

ζ(λ, θ) = r(λ, θ) + il(λ, θ), (21)

where λ is a real parameter and l(λ, θ) is chosen to avoid the singularities for all θ. We then
define a new radial coordinate R along this contour:

R(ζ) =
∮

C

dζ√
Σ

. (22)

The explicit evaluation of this integral is more complex than in the Schwarzschild
case and may require numerical methods for general values of the parameters. The metric
can then be rewritten in terms of R(ζ), θ, τ, and ϕ. The resulting metric will be regular at
the original singularities. The physical interpretation is similar to the Schwarzschild case.
The ring singularity is replaced by a regular region of finite size, which can be interpreted
as a quantum gravity effect.

The horizon structure of the Kerr black hole (inner and outer horizons) is preserved in
this regularized version, but the central singularity is removed. An important consideration
in the Kerr case is the preservation of the symmetries of the original metric, particularly
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the axial symmetry represented by the Killing vector ∂ϕ. The complex extension must
also preserve the asymptotic behavior of the Kerr metric, ensuring that it reduces to the
Minkowski metric at large distances. This extension to the Kerr metric demonstrates
the power and flexibility of the complex spacetime approach. It shows that the method
can be applied to more complex and realistic black hole models, not just the simplified
Schwarzschild case.

A Kruskal–Szekeres maximally analytic extension of the regularized Kerr black hole
can be obtained by extending the Kruskal–Szekeres method applied to the regularized
Schwarzschild black hole to the Kerr case. There are additional challenges and consid-
erations in the Kerr case the choice of contour is more intricate and must be carefully
constructed to avoid all singularities while preserving the essential features of the solu-
tion, the resulting regularized metric may be more complicated to express analytically,
potentially requiring numerical techniques for full exploration, the interplay between the
removal of the ring singularity and the preservation of the ergosphere and frame-dragging
effects needs careful analysis.

The implications for the Penrose process [14] and super-radiance in this regularized
Kerr solution would be an interesting area for further study. Although more complex,
the extension of the complex spacetime singularity removal to the Kerr solution is possible
and provides a promising avenue for addressing singularities in more realistic rotating
black hole models.

In the complex spacetime approach, we extend the metric components into the complex
plane, making them holomorphic functions. Cauchy’s theorem states that the contour
integral of a holomorphic function around a closed path in a simply connected domain
is zero: ∮

C
f (ζ)dζ = 0, (23)

where
f (ζ) = 1 − 2GM

R(ζ)
. (24)

The theorem allows us to deform integration contours without changing the value of
the integral, as long as we do not cross any singularities. In the case of black holes,
the singularity at r = 0 for Schwarzschild and Kerr becomes a point in the complex plane.
We can define contours that avoid this point, effectively going around the singularity.

The regularization of black holes can be extended to the modified gravitational theory
of scalar–tensor–vector gravity (STVG) [15] Schwarzshild–MOG and Kerr–MOG black
holes [16].

The square root in the integrand introduces a branch cut in the complex plane. The con-
tour integral around this branch cut leads to a multi-valued function, which is key to the
regularization process. The monodromy of this function encodes information about the
topology of the regularized spacetime. The complex extension naturally leads to a Riemann
surface structure. Different sheets of this surface correspond to different regions of the
extended spacetime, providing a richer geometric structure that can accommodate the
removal of singularities. Scalar invariants of the curvature tensor, like the Kretschmann
scalar, become holomorphic functions in the complex extension. Their behavior in the
complex plane provides insights into the nature of the regularized geometry.

The holomorphic extension transits smoothly to the real spacetime metric outside the
black hole and preserves the asymptotic behavior of the metric at large distances, ensuring
that the regularized solution matches the original solution outside the black hole. The an-
alytic properties of the holomorphic functions, locations of zeros and poles, have direct
physical interpretations in terms of horizons, ergospheres, and other features of the black
hole spacetime. Physical observables, when expressed as contour integrals of holomorphic
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functions, can be regularized by an appropriate choice of contours. This provides a way
to calculate finite values for quantities that would diverge in the original, singular space-
time. The complex regularization can be interpreted as introducing a minimal length scale,
analogous to what is expected from quantum gravity effects. The holomorphic structure
provides a smooth interpolation between classical and quantum-corrected regimes.

Cauchy’s theorem and the properties of holomorphic functions provide a powerful
mathematical framework for excluding singularities in black hole solutions. By extending
the spacetime into the complex domain, we can use the rich structure of complex analysis
to define regularized coordinates and observables. This approach offers a way to explore
the possible effects of quantum gravity on classical spacetime, all within a mathematically
rigorous framework based on well-established principles of complex analysis.

The complex spacetime method successfully removes singularities from the real space-
time description of black holes. This fundamentally changes the context of the Penrose
cosmic censorship hypothesis [17]. The cosmic censorship hypothesis was formulated
to address the problem of singularities in classical GR, proposing that they should
always be hidden behind event horizons. As the complex extension method removes
singularities from the real spacetime description of black holes, there are no singulari-
ties left for event horizons to hide. Since curvature singularities are removed in this
framework, the Penrose cosmic censorship hypothesis becomes unnecessary within
this context. The singularities it aims to conceal no longer exist in the projected real
spacetime.

5. Singularity-Free Big Bang Cosmology
Let us recall the FLRW metric:

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2 + r2
(

dθ2 + sin2 dϕ2
)]

, (25)

where a(t) is the scale factor and k is the curvature parameter. The Friedmann equations in
standard form are (

ȧ
a

)2
=

8πG
3

ρ − k
a2 +

Λ
3

, (26)

ä
a
= −4πG

3
(ρ + 3p) +

Λ
3

, (27)

where ρ is the energy density, p is the pressure and k is the curvature parameter, which is
zero for a spatially flat universe.

The solution for a(t) in the matter-dominated era in a spatially flat universe k = 0 is
given by

a(t) = a0

(
3H0t

2

)2/3
, (28)

where H0 is the Hubble constant. In the radiation dominated era, the solution is

a(t) = a0(2H0t)1/2. (29)

The energy conservation for the energy density Tµν yields the following equation:

d(ρa3)

da
= −3pa2. (30)
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Given an equation of state p = p(ρ), we can use this equation to determine ρ as a function
of a(t). If the universe is dominated by non-relativistic matter with negligible pressure, then
we have

ρ(t) =
ρ0

a(t)3 , (31)

while for the energy density dominated by relativistic particles, we have

ρ(t) =
ρ0

a(t)4 . (32)

The scale factor a(t) for matter- and radiation-dominated eras vanishes at time t = 0.
The density ρ diverges at t = 0, and the cosmological model has a singular behavior at the
Big Bang time.

To remove the singularity at t = 0, we extend time into the complex plane τ = t + iϵ,
where ϵ is a small real number. The conservation of energy leads to the following equation:

ρ(τ) =
ρ0

aα(τ)
, (33)

where a(τ) is a complex function and the constant α > 0.
To remove the singularity at z = 0, we choose a contour C that goes around z=0 but

does not include it. We set aα(τ) = zα(τ) and obtain the contour integral as follows:

P(τ) =
∮

C

dz(τ)
z(τ)α

. (34)

A good choice is a keyhole contour. We start at z = R, where R is small and goes around z =
0 counterclockwise on a circle of radius R. Then, it moves to z = 1/L along the positive
real axis where L is small, and it goes around z = ∞ counterclockwise on a large circle of
radius 1/L. Finally, it returns to z = R along the positive real axis. The evaluation of the
contour integral gives

P(τ) =
2πi

α
(R(τ)−α − L(τ)α), (35)

where 1/R(τ) > L(τ). This result is the correct regularized version of the integral, and it is
non-zero and finite for R > 0, and L > 0.

Let us apply this to our cosmological density as follows:

ρreg(τ) =
ρ0

2πi
P(τ) =

ρ0

α
(R(τ)−α − L(τ)α). (36)

The regularized density is finite for all τ, including τ = 0, as long as R(0) and L(0) are non-
zero. The parameters R(τ) and L(τ) can be interpreted as regularization scales, possibly
related to quantum gravity effects or fundamental length scales in physics. The original
singularity at τ = 0 was removed and replaced with a finite value dependent on R(τ) and
L(τ).

By connecting this with the original scale factor a(τ), we have

ρ(τ) ∝ a(τ)−α, (37)

where α = 3 for the matter-dominated era and α = 4 for the radiation-dominated era.
Inverting the relation as an equality, we obtain

areg(τ) =

(
ρ0

ρreg(τ)

)1/α

=

[
α

(R(τ)−α − L(τ)α)

]1/α

. (38)



Axioms 2025, 14, 459 11 of 13

For the matter-dominated era α = 3, we get

ρreg(τ) =
ρ0

3
(R(τ)−3 − L(τ)3). (39)

In the radiation-dominated era, α = 4, and we have

ρreg(τ) =
ρ0

4
(R(τ)−4 − L(τ)4). (40)

To guarantee the correct behavior of a(τ) as τ ∼ t → ∞, we choose an appropriate form for
R(τ) for the matter-dominated era:

R(τ) ∼ (R3/2
0 + bτ)2/3, (41)

and we also do this for the radiation dominated era, as follows:

R(τ)− (R2
0 + bτ)1/2, (42)

where b is a constant.
The approach directly addresses the density singularity, as any power-law behavior

of a(τ) provides a smooth, finite density near τ = 0. It is applicable to both radiation-
and matter-dominated eras, and potentially to other cosmological models. In bounce
cosmology, the universe does not begin from a singularity but instead bounces from a
previous contracting phase to our current expanding phase. The key feature is a non-
zero minimum scale factor areg. The regularization introduces a minimum scale factor,
effectively creating a bounce at the point where classical cosmology would have predicted
a singularity.

The complex time extension allows for a smooth transition from a contracting phase
to an expanding phase, which is a key feature of bounce cosmologies. We can interpret
the solution for a negative τ as describing the universe before the bounce, and a positive
τ as after the bounce. The regularized solution is smooth across τ = 0. This opens the
possibility of adopting a cyclical cosmology model [18]. Traditional bounce cosmologies
often struggle with violating energy conditions and dealing with the Big Bang singularity.
This approach, by extending into complex time, potentially sidesteps these issues in the
classical realm. The parameters R and L can be interpreted as encoding quantum gravity
effects. As |τ| increases, these effects become negligible, providing a natural transition to
classical cosmology.

To make the bounce cosmology more concrete, let us consider a specific example using
the matter-dominated case α = 3:

areg(τ) =

(
3

R(τ)−3 − L(τ)3

)1/3
. (43)

This expression for the scale factor never reaches zero. Instead, it reaches a minimum
value at R(0) > 0 and L(0) > 0 when τ = 0, which we can interpret as the bounce
point. The approach naturally incorporates a minimum scale, which aligns well with
expectations from various quantum gravity theories. This minimum scale is determined by
the parameters R(τ) and L(τ), which could potentially be related to fundamental constants
like the Planck length.

The method offers a robust and flexible framework for developing singularity-free
cosmological models while preserving the essential features of FRW cosmology. It pro-
vides a mathematical bridge between classical cosmology and the quantum gravity effects



Axioms 2025, 14, 459 12 of 13

expected near the Big Bang, applicable to a wide range of cosmological scenarios and
potentially adaptable to future theoretical developments in early universe physics.

The regularization procedure provides a possible resolution to the initial singularity
problem in classical cosmology, suggesting a way that quantum effects might manifest to
prevent the formation of infinities in physical quantities at the beginning of the universe.
It is consistent with various bouncing cosmology models that have been proposed in the
context of quantum gravity theories.

We examine the causal structure of the regularized metrics by analyzing the projected
geodesics. The geodesic equation in real spacetime, derived from the complex geome-
try, remains regular across the manifold, ensuring geodesic completeness. Particles
can traverse regions that were formerly blocked by singularities in the classical space-
time. This structure maintains global hyperbolicity and allows for a maximal analytic
extension in Kruskal–Szekeres-type coordinates. As a result, the spacetime remains
causally well behaved without terminating geodesics.

6. Conclusions
Our investigation into the complex spacetime extension as a method for singularity

resolution in GR has yielded several significant results. We have demonstrated that both
the central singularity in the Schwarzschild and Kerr black holes and the initial singularity
in FLRW cosmology can be regularized using this approach. The resulting singularity-free
solutions exhibit a minimal scale, consistent with expectations from various quantum
gravity approaches. For black holes, our method replaces the central singularity with a
regular core of finite size. In cosmology, the Big Bang singularity is replaced by a smooth
bounce, offering a classical realization of bouncing cosmology models.

The complex geometrical spacetime approach provides a mathematical framework for
incorporating quantum gravity effects into classical general relativity without requiring a
full theory of quantum gravity that can remove black hole singularities [19].

While our approach offers promising insights, several open questions and avenues
remain for future research: The physical interpretation of the complex spacetime and its
relationship to real, observable quantities. The generalization of this method to other
singular solutions in general relativity. The complex Riemannian spacetime regularization
offers valuable insights and could potentially provide a way to understand gravity at
all scales without invoking quantum mechanics. However, like all approaches in this
frontier of physics, it should be considered as one of the several possible paths forward.
The ultimate arbiter will be experimental evidence, which is challenging to obtain in these
extreme regimes. The coexistence of multiple approaches (including this one), various
quantum gravity theories, and others encourages diverse thinking and exploration of
different possibilities in our quest to understand the fundamental nature of spacetime,
black holes and the very early universe.

In conclusion, the complex spacetime approach to singularity resolution offers a
novel perspective on some of the most challenging problems in gravitational physics.
By providing a mathematical bridge between classical general relativity and expected
quantum gravity effects, this method opens up new avenues for research in gravitation
and cosmology.
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