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Abstract: This manuscript associates with a study of Frobenius-Euler-Simsek-type Polyno-
mials. In this research work, we construct a new sequence of Szasz—Beta type operators
via Frobenius-Euler-Simsek-type Polynomials to discuss approximation properties for the
Lebesgue integrable functions, i.e., LP[0,00), 1 < p < oo. Furthermore, estimates in view
of test functions and central moments are studied. Next, rate of convergence is discussed
with the aid of the Korovkin theorem and the Voronovskaja type theorem. Moreover, direct
approximation results in terms of modulus of continuity of first- and second-order, Peetre’s
K-functional, Lipschitz type space, and the r'-order Lipschitz type maximal functions
are investigated. In the subsequent section, we present weighted approximation results,
and statistical approximation theorems are discussed. To demonstrate the effectiveness
and applicability of the proposed operators, we present several illustrative examples and
visualize the results graphically.

Keywords: modulus of smoothness; mathematical operators; Szasz operator; Frobenius—
Euler-Simsek-type polynomials; approximation algorithms; order of approximation; rate
of convergence
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1. Introduction

The systematic development of operator theory began in the late 19th century. An
important aspect of approximation in operator theory is to find simple, computationally
tractable approximations that capture the essential properties of more complex functions.
These approximations can then be used for analysis, simulation, or computation in various
applications, such as quantum mechanics, signal processing, and control theory. It provides
powerful tools for solving problems and analyzing systems involving operators. In the last
decade, there has been continued research and development in approximation theory in
operator theory, with a focus on more advanced techniques having applications in data
science and machine learning. In approximation theory, Weierstrass (1885) [1] formulated
an elegant result known as the Weierstrass approximation theorem. Proving this theorem
in a more straightforward and comprehensible manner has been the focus of several
prominent mathematicians.
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Bernstein (1912) [2] developed a sequence of polynomials called Bernstein polynomials
to give a concise demonstration of Weierstrass approximation theorem using binomial
distribution as:

Bs(d>;v) = é@(f) ( z >z}ﬁ(1 — 0)5719, ve [0’ 1}’ (1)

where ® is a continuous and bounded function on [0, 1]. The operators in (1) restrict the
approximation for continuous functions on bounded interval [0,1]. In order to discuss
approximation properties on unbounded interval [0, c0), Sz4sz [3] provided the modifica-
tion to the operators in (1), which has played a significant role in the evolution of operator
theory, as follows:

So(®;0) = e = i (sz’)ﬁq)(f), seN, 2)

!
= 0

where real valued function ® € C[0, c0). As given in (2), the linear positive operators are
solely limited to continuous functional space. Many integral variants of these sequences of
operators are obtained in order to approximate the longer class of functions, i.e., Lebesgue
measurable functional space, Szasz—-Durremeyer and Szdsz—Kantorovich type operators,
etc. ([4,5]). Many researchers, e.g., Acu et al. ([6,7]), Mohiuddine et al. ([8,9]), Mursaleen
et al. ([10,11]), Khan et al. [12], Nasiruzzaman [13], and Rao et al. ([14-17]), have pro-
vided a number of generalizations for these kinds of sequences to investigate flexibility in
approximation properties across several functional spaces.

In 2021, Simsek defined Frobenius-Euler-Simsek-type polynomials and numbers. He
investigated the relations and identities between these special polynomials and numbers,
such as Fubini polynomials and numbers and Bernoulli polynomials and numbers [18].
The Frobenius-Euler-Simsek-type polynomial t4(v; p) has a generating function given as:

w? = w?
Row,p) = e = Y to(o;p)
e -n
=0
Taking p =2, we have
w2 0 w?
F(ojw,2) = mem = 02_@&9(0;2)@- (©)

For more information on Euler-type polynomials and their applications, see also [19,20].

2. Construction of Operators

By the motivation from the definition of Frobenius—-Euler-Simsek-type polynomials in
Equation (3) with w = 1, we present a sequence of positive and linear Szdsz-Beta operators
to provide approximations in larger functional space, i.e., Lebesgue measurable functional
space LP[0,00), for v € Rj and ® € LP[0, c0) as:

Fs(Piv) = (F—e)e ) M‘;ﬁ/Qg(u)tb(u)du, (4)
9=0 ol
where Q%(u) = ﬁ(ﬂil,s) [(HJ;ZHH}, Beta function, (¢ +1,5) = Of(lﬂf)‘%du.
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The operators in Equation (4) are positive and linear. Basic information about linear
positive operators, along with their applications and generalizations, can be found in [21].

Lemma 1. The sequence of operators §s(,;,) is linear.

Proof. Let A;,A; € Rand &, P, € LP[0, ). Then, in view of Equation (4), we have

ty(sv;2)

o (M) + ApDy;0) = (e —e)e ™ ¥ / QY (1) (M Py + Aa®,) (u)du
=0 0

=M(Z—e)e Y

+ /\2(62 —e)e Z to(sv;

= /\135(@1; U) + A3 ((1)2/' Z)).
O

Lemma 2. Let ®;(u) = u/, j € {0,1,2} be the test functions. Then, we have

§o(0) = (2 — e - olew2) (O )Nem 12 )t

= 9! d(s—1)!
Proof. We know that
'] _
O/QS(M)CDJ'(M)du - 19_|_1 5 0/ 1+u 19+1+5
1 .
= Wﬁ(ﬁ‘i_s"—l/ﬁ_])
@+ s 1)

Ol(s —1)!
From (4), we have

© 0;2) (O +7)(s—1—7)!
35<CI)]';U) _ (62 _e)efsvlgz::(] tﬁ(;! 2) ( +l;!)(£5_ 1; ]) )

O
Lemma 3. In view of Equation (3), we have the following equalities:

wew(vil)(—vw —+ Ew(wv — zw + 2) +w— 2) .

d
——F(vw,2) = (@ —17 ’

dw
2 ew(v=1)
dw 2Ft(l] w, 2) 7(610 — 1)3

w?(v — 1) + we* (w? (v — 2)? + 4w(v — 2) +2)

+dw(v —1) +2 — e (w?(20* — 6v + 3) +4w(20 — 3) +4)|.
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Lemma 4. For the generating function given in Equation (3), we have

o to(s0;2) e

Z‘E) (2 e);

219 502 e oo 1 ]
T (2= e—1]

Zﬁztﬁ 50,2) e 207 250 7262—56-1—1
o (e2—e) e—1 (e—1)2

9=0

Proof. Employing Lemma 3 and Equation (3), for w = 1, we can easily prove the above
equalities. O

Lemma 5. For operator §s(,;,) , defined in Equation (4), we have

Ts(Po(u);v) = 1;
Fs(P1(u);v) = v-i—sil{j:i—kv]; s>1,
Fs(Pa(u);v) = 0+ (5_1)1(5_2) {(35 —2)0* + {5(36__15)} v+ (i:f)ez}; 5> 2,

for every v € R

Proof. In the direction of (4), we have

Sg(q)j;v) = (e2 —e)e ™ i

Sg(fbj;v) = (62 —e)e ™ i

Now, for j =0, by Lemma 4,

Fs(Po(u);0) = (¢ —e)e™ ) . 19!; 19§(§ - 1)i =1

2 ty(s0;2) (04 1)!(s —2)!
8! 8(s — 1)!
o t9(50;2) O +1

_ 2 —50
= (@-oe ﬂ; o s—1

I o T 51)2 2 te(s0;2)
- e (R R

#=0

= ! 50—1—1——1
- os—1 e—1

1 [6—2 ]
= v+ + 0.

s—1|le—1
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Forj=2,
Csv o to(50;2) (0 +2)!(s —3)!
8s(Pa(u);v) = (e —c)e ,;_O 19(2! = $!(2(51)!)
— (P —e)e i ty(s0;2) (9+2)(9+1)

— 0! (s—1)(s—2)

oo

21’19 5U; 2 2 te(sv; 2 2 ty(s0;2)
v +3) 9t +2)

5_1 L—o 4=0 4=0
5036—5) 4—2e
+
e—1 (e—1)2

— 2.2
5_1 [5v+

= v’ 4 m {(35 2)v? + [5(36__15)]04— é:f;}

Hence, we complete proof of Lemma 5. O

Lemma 6. Let aj(u) = (u—v)/,j=0,1,2. Then, for operators in (4), we acquire central moments

s (aj(u);0) as:
gs(“O(”);U) = 1

Folor (u);0) = ﬁil[v+§_ﬂ;s>1,
Fs(2(u);v) = (5_1)1(5_2){(5—#2)02—#{4(:__12)—#5}0 (4:5;],5>2,

Fs(ag(u);v) = o <1>;

for every v € R

Proof. With the aid of Lemma 5 and linearity property, one can easily obtain Lemma 6. O

Further, we examine the convergence rate of operators and their approximation order.
Specifically, we discuss direct local and global results across several spaces. In the final
section, we explore some results of A-Statistical approximation in various functional spaces.

3. Convergence Rate and Approximation Order
Definition 1 ([22]). The modulus of smoothness for ® € LP[0,00) is given by

w(®;6) = sup |P(v1) — D(v2)], v1,07 € [0,00).

|01 —02|<8

and
|P(v1) — P(vr)| < (1 + |U%;vﬂ)w(cb;é). (5)

Theorem 1. Let §s(.;.) be operators described in Equation (4). Then, on every bounded and closed
subset of [0, 00), Fs(D;.) = P, for all ® € LP|0, c0), where = denotes uniform convergence.
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Proof. Considering the classical Korovkin-type theorem [23], which characterizes the
sequence of positive and linear operators for uniform convergence, it is sufficient to see that

lim §+(®j;0) =0/, j=0,1,2,

5—00

uniformly on all bounded and closed subsets of [0, o). We can easily establish this result
with the help of Lemma 5. [

Now, we show the Voronovskaja-type asymptotic approximation theorem for the
§s(.;.) givenin (4).

Let Cp[0, 00): Denotes a real valued functional space having bounded and continuous
functions and C3[0,00) = {¥ € Cg[0,00) : ¥/, ¥” € Cp[0,00)}.

Theorem 2. For ® € C3[0,c0) and &', ®" existing at a point v € [0, o), we get

5—00 1

lim §(Fs(P;v) — @(v)) = P'(v) { 2} + %(02 +0)®"(v).
Proof. In accordance with Taylor’s formula for the function ®, we have
1
O(u) = ©(v) + (1 = 0)@'(v) + 5 (u = 0)*@"(0) + 1(1,0) (u — v)?, ©6)

where [(u,v) is the Peano remainder and

lim I(u,v) = 0.

u—o

Applying operators on both sides in (6), we yield

(Fs(®;0) = @(v)) = @'(v)Fs((u—0);0)+ %‘b//(v)gs((u —0)%0)
+ Fs(l(u,0)(u— 0)2;0).

In view of Lemma 6,

5(8s(;0) = @(v)) =

e e AT e Bl
)

4(e 12 ]v-!— (8_1;} + 555 (1(u,0) (u — v)%0).

+ [5+

Operating the limits on both sides of the above expression, we get

Jim (5 (@;0) - 0(0)) = @) <23 +0] + 3+ 00 o)
4+ lim s3s(I(u,0) (4 —v)?;0).

5—00

Now, we need to show that
: _ 2. _
g11_r>r010585(l(1,t,v)(u v)%;v) = 0.

Using Cauchy-Schwarz inequality, we calculate the last term of the above expression as:

s8s(1(u,0)( u_v \/35 12(u,v); \/5235(@{—0)4;?)). 7)
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In view of Lemma 6, §s((u — v)%;0) = 0<512), and we see that [>(v,v) = 0 and

1?(u,v) € Cg[0,00). Thus, we have

lim Fs(1%(u,0);v) = 1*(v,v) = 0. (8)

5—00

From (7) and (8), it follows that

lim 5§, (I(u,v)(u —v)%0) = 0.

5—00
Hence, the proof is completed. O

In accordance with Shisha et al. [24], the order of the convergence relative to the
Ditzian—Totik modulus of continuity can easily be proven.

Theorem 3. Consider ® € LF[0,00), and for the operators §s(.;.) presented in Equation (4),
we acquire

|§s (P;0) — P(v)| < 2w (D;9),

where § = \/Fs(az(u);v).

Proof. In accordance with Lemmas 5 and 6, Equation (5), and Cauchy-Schwarz inequality,

we have
Bo(@0) ()| < Fal(@(u) — D(0):0)
< a((’”g”'ﬂ)w(@,a;v)
< w(®,5)[(1555(|u—vl;v)+1]
< 1

w(P,6) [(5 Fs(an(u);v) + 1}

By selecting 6 = \/§s(a2(u); v), we obtained the desired result. [

Locally Approximation Results

We recall a few functional spaces and functional relations in this part, such as Peetre’s
K-functional [22], defined as

Kal@.0) = inf {10 = Flcyom) + 312" Iy |-

where C3[0,00) = {¥ € Cp[0,00) : ¥/, %" € Cp[0,00)} associated with the norm ||®| =

sup |®(u)|, and second-order Ditzian-Totik modulus of smoothness is presented by
0<u<oo

Wy (P;V6) = sup  sup |P(u+2m) —2®(u+m)+ D(u)|.
0<m<V/6 u€l0,e0)

We revisit a result from DeVore and Lorentz ([22], page no. 177, Theorem 2.4) as:

Ka(®;6) < Cawn (P;V/0), ©)
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where C is an absolute constant. To establish the next result, we consider the auxiliary
operator defined as:

Iﬁ@wy4g@wywmw—¢<ﬁl{r—el—mﬂ). (10)
where ® € Cp[0,0), v > 0, and s > 1. From Equation (10), one can yield
Fs(1;0) =1, Fs(a1(u);v) = 0 and |Fs(P;0)| < 3||D]. (11)
Lemma?7. Ifs > 2and v > 0, we have
|Es(P;0) — D(0)| < 6(v)[[ "],
where @ € C3[0,00) and 0(v) = Fs(ay(u);v) + Fs(ay(u); )2

Proof. For ® € C2[0,0) and by Taylor expansion, we get
®(u) = D(0) + (1 — 0)' (0) +/ 79" (g (12)

Implementing the auxiliary operators F(.;.) introduced in Equation (10) to both sides
of Equation (12), we obtain

u

Fol@;0) —®(0) = @/(0)Fulor(w);0) + Fo( [ (u— )" (9)dg;0).

[
Using Equations (11) and (12), one can yield

u

Fo(®;0) — ®(v) = F, ( /(u — q)@”(q)dq;v)

v
u

= 5o ( [ (u—)®" (9)dg;0)

s—1 + 1 o % ,
/ (505_161 ‘1>q’ (q)dq‘. (13)

Since,

u

[ =" (9)dq

v

<(u—0)*| @, (14)
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then

5v—'—l_e%1 ’ "
< |\t e a9

T — 1
5”+1_m "
| / (5_1 —q><1> (9)dq

In accordance with (13)—(15), we accqire

_ 1 2
|Fs(@;0) — @(v)| < {ﬁs(m(u);v) + (5021_1“ —0> }H(P”I

= 0(0)[|®"|.
which concludes the desired result. [

Theorem 4. For ® € C[0, o), there exists non-negative constant C > 0 with

| §5(®;0) = (0) |< Can (P;1/6(0)) + w(Fs (a1 (u);0),
where 6(v) is given by Lemma 7.

Proof. For ¥ € C2[0,00) and ® € Cp[0,0) and with the definition of F(;;.) given in (10),
we get

[3:(D;0) = @(v)| < |Fs(@ —¥;0) |+ (@ — ¥)(0)| + | Es(P;0) — @(0)]

<1><5i1[5v+1—6_11]> —D(v)|.

In accordance with Lemma 7 and the inequalities mentioned in Equation (11),

+

we acquire

|35 (D;0) — @(v)| <4|P—¥|+|Fs (;0) — D(v)]

@(5i1{5v+1—6_11}) — P(v)

< 4] 0—¥]| +0(0) " + o (§a(u — 0);0) ).

+

By employing Equation (9), we established the desired result. [

Now, we address the result in Lipschitz-type space presented by [25] as:

~ u—vg
Lz‘p”Kl'W(g):z{q>eLr’[o,oo):\cp(u)—cb(v)léK [u—o]

7 U,ME(0,00)},
(u+n10+1,02)3

where K > 0,0 < ¢ < 1and 71,7 > 0.

Theorem 5. Consider linear positive operators in (4) and & € LipWKl"72 (0), one can obtain
¢
- AMv)
D;v) - P <K|——— 1
3o(®0) — (0)] < (mv+m#>, (16)

where 0 < ¢ <1, 11,12 € (0,00) and A(v) = Fs(a(u);v).
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Proof. For { =1and v > 0, we get

s (P;0) — P(v)] < Fs(|P(u) — P(v)[;0)

35( Ju — ol 1;2}).
(u+171v+77202)7

for each u, v € (0,00), we acquire

IN
=t

1 1
< ,
u+mo+mnv? 7o+ nv?

Since

N S
(110 + 1p02) 2

1
2
<K _Mo) ,
- 17110 + 1202
which indicates that Theorem 5 is valid for { = 1. Next, we examine the case where
¢ € (0,1), and in accordance with Holder’s inequality, by selecting p = % and g = 2%0

|35(®;0) — D(0)| < (Fs(@a(u);0)?

we obtain

2 g

s (D;0) — @(0)] < (|s(|D(1) — P(0)[;0))2
4
- lu —o|? ’
<K ; .

- (35 ((u o+ mot) "

. 1

Since ,forall v € (0,00), one gets

<
(u+mo+mov?) (110 +1720?)

¢
2

7
135 (®;0) — @(0)[(Ju —v[%0) \° <K( AMw) )
v+ 17202 —\imou 402/

[§s(P;0) — @(v)| < K(

Thus, we conclude the desired result. [

Next, we address the local approximation in terms of the rth-order modulus of smooth-
ness, followed by the Lipschitz-type maximal function introduced by Lenze [25] as:

|®(u) — @(v)]

R v € [0,00)and r € (0,1]. (17)

W, (®;v) =  sup
u#v,ue(0,00)

Theorem 6. Assume ® € LF[0,00) and r € (0,1]. Then, for every v € [0, c0), we get

NI~

55(@;0) — @(0)] < @ (@;0) (A(0)) .
Proof. It can be observed that
[3s(P;0) — (v)] < Fs|P(u) — (v) ;).
By Equation (17), one gets
§s(P;0) — P(v)] < 0r(P;0)8s(Ju —0[;0).

Then, by employing Hélder’s inequality with p = 2 and g = 5%, we obtain

N~

[3:(@;0) — @(v)| < @ (P;0) (Fs(Ju — 0% 0)) .
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Thus, we conclude the proof. [

4. Results of Global Approximation

Consider y(v) = 1+ v?,0 < v < o as the weight function. Then, B,[0,00) = {®(v) :
|®(v)| < Ko(1+ v?), where the constant K¢ depends on @ and C,,[0, %) represents the

continuous functional space in By [0, ) along with the norm ||®[|, = sup ‘i((;))) | and

ve(0,00)
7 o s O0) -
Cl'[0,00) = {® € C[0,00) : lim 75 = 771, where constant 7t depends on .

If @ is a function on closed interval [0, b] where b > 0, then the Ditzian-Totik modulus
of continuity is given as

wyp(®,0) = sup sup |D(u) —P(v)|. (18)
|u—v| <8 v,uec|0,b]

It is straightforward to observe that, for any ® € C, [0, 00), the modulus of smoothness
defined in Equation (18) tends to zero.

Theorem 7. Let ® € C[0,00) and wy1(P;0) denotes the modulus of smoothness defined on
[0,b+1] C [0,00). Then, for any u € [0, b], we obtain

IFs () = @llcpop) < 4Ka(1+%)6s(b) + 2wy 41 (P; 1/ 55(0)),

where d5(b) = Ig{g);] §s(ao;0).
velo,

Proof. For any v € [0,b] and u € [0, ), one has

|u — 0|

9(0) - @(0)] < 4#Ra(1+ 1) o+ (14 T (@i0)

Implementing operator §s(.;.) on both sides, we acquire
1§s(D;0) — D(v)| < 4K (1 + b*)Fs(a2;0)

+ (1 + W)wlﬂrl (®;9).

Now, in accordance with Lemma 6 and v € [0, b], one has

Bal) — @] < 4Rop(1 4+ B2)5,(b) + (1 T ‘5;<b>>wb+1<<1>;5>.

Selecting 6 = ds(D), the desired result can be easily obtained. [
Remark 1. We employ the test function defined by §j(u) = u/, j € {0,1,2}.

Theorem 8 ([21,26]). Assume that the sequence of linear positive operators (Ps)s>1 mapping from
Cy[0,00) to By, [0, 00) meets the conditions

slirgo ||Ps(g]-;.) —gj||}, =0, wherej=0,1,2;
thus, for ¢ € Cj}'[0, 00), we get

lim |[P:(g:.) — gl = 0.

S—00
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Theorem 9. Let O € C}T [0, 00). Then, we obtain
lim [[§5(®;.) — @[ = 0.
Proof. First verify that
5h_r>ro1o [8s(®j;.) — Djl[u =0, for j=0,1,2.

Considering Lemma 5, one can see that ||Fs(®o;.) — 1{[, = 0, where s — coand s > 2; also

1 [ e—Z}
v+ v+ —0

1
|85 (P1;-) _glny(v) = Ssup (v)

ve[0,00) H(U s—1 e—1
1 sup v 1 [e—Z} sup 1
5—1 ey 1H0?  s—1le—1] g 1+7
For a large value of s, one gets ||Fs(P1;.) — 1|y — 0.
Also,
35 —2 v?
Fs(@.) — Sl < | ———= | sup ——
” 5( ) 8 ”}4 ((5_1)(5_2)>ve[0£’o)1+02

s(3e — 5) v
Ne-DE=2-1 voloey 1172

n 4 —2e su 1
G-D(-2)—17 ) S50 T+

which implies that ||§s(®2;.) — ®2f|; — 0as s — co. Thus, we conclude the proof of
Theorem 9 [

Theorem 10. Let ® € C}'[0,0) and 17 > 0. Then,

Fs(D;0) — P(v)

A+ 0

lim sup
§—00 ve[0,00)

Proof. Since |®(v)| < |||, (1 + 0?), for any real fixed number v > 0, we get
§s(P;v) — P(v) <s Ts(P;0) — D(v) + sup Fs(D;0) — P(v)
(1 + 02)1+17 v<0y (1 + UZ)lJrﬂ - (1 + 02)1+77

< |85 (@5 0) — 2(0)lllcpo,u)

Fs(1+u?0) [P ()]
+ q> sup ———=—— + sup —mm——
[Pl vzzli) (1+02)1+7 UZ}; (1 + 02) 177

=G+ G+ Gs, say. (19)

sup
ve(0,00)

Now,

5 D(v @], (14 0?) ||
G = sup | <z)1|+11 < su . PIVEET g .
v>7) (1+0?) >0 (1+22) (1 —|—Z)O)'7
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In view of Lemma 5, it gives

. Fs(1+ u%;0)
lim sup ————— =
ST e [00,09) 140

For any arbitrary € > 0, there exists s; € N with

Fs(1+u%0)
1+ 02

1+03)7e
( ] 5—1—1, forall s > sq.
"

sup <

v€[vg,)

Therefore

2. )
35(1+u,v)< [Pl +E,fora115251- (20)

Gy = ||®|; sup (1+o0)1 = (1+2)1 3

€ [vg,00)

Hence, we get

D €
@l e

; o3 < 2o
G+ G < G0y 3

([P

If we take vy to be so large that Aoy

< ¢, then we have

~ ~ 2
G+ G < 36 foralls > s;. 1)
Now, from Theorem 7, there corresponds s, > s with
- €
G1 = [I3s(®;) = Pllcjo) < 5 forallsy > s. (22)

Let s3 = max(s,s,). Then, using Equations (19), (21), and (22), we get

wp [e(®0) ()]

<€,
velope)  (LFH D)

which completes the proof. [

5. Properties of A-Statistical Approximation

We revisit some notations from [27]. Suppose that D = (dg,) is an infinite, non-
negative suitability matrix. Sequence v := (v, ) is A-statistically convergent to L, denoted
as stp —limv = L, if for each € > 0

lim Z dsy = 0.

s vi|oy—L|>€
Let b = (bs) be a sequence such that the following assertions are true:

stp —limb; = land stp —limb =d, 0<d < 1. (23)
5 5

Theorem 11. Consider D = (dgy) to be a non-negative reqular suitability matrix. Let sequence
b = (bs) satisfy the condition (23), bs € (0,1), s € N. Then, for every ® € Cg [0,00), stp —
lign [Fs(P;.) — Pl = 0.
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Proof. In accordance with Lemma 5, one has stp — lim || s (Po;.) — $o||, = 0. and
5

1 1 e—2

ve[o,oo)1+02 s—1 e—1
= ! sup ° + 1 |:€—2:| sup L
5—106[0’00)1—1—1;2 s—1|e—1 vG[O,oo)1+Uz

Now,

Sy = {5 C8s (@) — Pyl > e},

- 1 €
1= : > =
2 {5 51—2}’
- 1 e—2 €
= : > — .
53 {5 5—1[e—1}—2}

Here, S; C S, U S3; this shows that ¥ dsy < ¥ dev + Y dgy. Therefore, we get
veS] veS, veS,

Si’D — 11?’1 ||8"5(q>1;.) — chH],l =0. (24)

Now, by using Lemma 5, we have

1§ (P2;.) — Dol < sup

35 —2 02
v€([0,00) (s—2)(s—1)
5(3e —5)
BN ICEIEn A

4 —2e
N6 -1e=12

14902

For a given ¢ > 0, one has

Hi:=45:|Fs(D2;.) — Doy > e},

35 —2 €
Hz::{s:(s_z)(s_l) 23},

. 5(3e — 5) >e}’
-3

(s=2)(s =1)(e—-1)

4 —2e €
Hai= {5: (5-2)(s—1)(e—1)2 — 3}'

It can be observed that H; C Hy | H3 U Ha. Therefore, we acquire

Z dey < Z dey + Z dsy + Z dgy.

veH, veEH, vEH3 vEHy

As s — 0o, we have

Si’D — 11?’1 ||$5(CD2;,) — CDZHV =0. (25)
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Thus, we conclude the proof of Theorem 11. [

Next, we will examine the convergence rate of A-Statistical approximation with respect
to Peetre’s K-functional for the operators §s ;).

Theorem 12. Let ® € C3[0, ). Then,
stp —lim [[Fs(P; ) — @|[cy0,00) = O-

Proof. Considering Taylor’s result, one has

() = B(0) + @' (0) (1 — ) + 0" () (u — o),

where u < { < v. Operating §s(.;.), on both sides, we acquire
1
§s(@30) = @(v) = ¥ (0)35(01;0) + 5" (0)Fs(82:0),
which yields

I18:(®: ) = Pllcyine0) < 19 llcsio) I8(P1=)llcyi0.00)
+ 119" cyfo.00 16 (@1 ) [ cyfo,00)
=01+ Qy say. (26)

By (24) and (25), it follows that

veN:Q1>5
lim 2 dsy = 0
VGN:QEZ%
From (26), one gets
lign Z dsvglign Z d5V+li§n Z dsy.
UEN:HSs(ql‘r)fCDHCB[O,w)Ze veN:Q;>§ veN:Qr>$

Thus, stp — lign |5 (D; ) — Plcyp0,00) — 0ass — co.
Hence, we acquire the desired proof. [

Theorem 13. Let ® € C% [0, 00). Then,
18s(D;+) — Dl cy0,00) < Keon(®;V5),

where 6 = [|Fs(P1 = ) cyl0,00) T [18s(P1 = )% )l cyfo,0) a1 [Pl 210,00 = [Pllcyfoo) +
19"l cyi0,00) + 19" llcy0,0)-

Proof. Let ¥ € C3[0, ). By applying Equation (26), one obtains

15 (F) = ¥llcgoe) < ¥ ey 1Fs (@1 = )i )licp0,00

1
+ §||‘I’"||CB[0,oo)3s(<D1 — %)l cplo)
<) ¥ll ez 0,00 (27)
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For each ® € C3[0,00) and ¥ € C% [0, 00), using Equation (27), we acquire

185 (5 ) = Pllcyp0,00) < [18s(P5 ) = Fs (F5 )l cy0,00)
+ I8 (5 ) = ¥llcyp0,00) + T — @l cy0,00)
<2[Y = Dllcyo,00) + 18 (F5 ) — Fllego,00)
<2[Y = Pllcyf0,00) ¥l 20,00

Considering Peetre’s K-functional, one obtains
1Fs(@; ) — @l cyp0,00) < 2K2(P;0)
and
135(®; ) = @llcyo00) < R{wa(®; V) +min(1,8) (| @]l 0.0 }-
In view of Equation (25), we have
stp — ligné =0, thus stp — lignw(dx \/;5) =0,
which concludes the proof of the desired result. [

6. Numerical Observations

To confirm the theoretical approximation outcomes, numerical experiments are con-
ducted. This section includes a series of simulations showcasing the proposed operators’
precision and effectiveness. We analyze their behavior across multiple benchmark functions
and draw comparisons. The experimental data validate the theoretical developments and
demonstrate the practical strength of the suggested method. In the graphical representation,
we consider §5(®;v) = F(D;v).

Example 1. Consider the function ®(v) = v2. Using MATLAB R2015a on a standard HP
laptop equipped with an Intel Core i7 processor and 8 GB of RAM, we compute the operator
Fs(®; v) for values of v ranging from 5 to 15, and for distinct values of the parameter s, namely
s = 10,20,30,40. In Figure 1, we present the approximation behavior of the operator for the
function v?, which demonstrates how the operator acts on this specific test function. Additionally,
we calculated the absolute error between the exact function and its approximation using the same
parameters, |Fs(®;v) — v?|, and the results are depicted in Figure 2 and also provided in Table 1 for
the same. This helps illustrate the convergence behavior and accuracy of the operator with respect to
the increase in parameter s.

Table 1. Absolute errors for distinct s.

|Fs(®;v) — 02| |Fs(®;0) — 02| |Fs(®;v) — 02| |Fs(®;0) — 02|

s =10 s =20 s =30 s =40

5 10.9904 4.7751 3.0479 2.2380
5.0250 11.0945 4.8205 3.0768 2.2592
5.0501 11.1991 4.8660 3.1059 2.2805
5.0751 11.3042 49117 3.1351 2.3020

5.1002 11.4098 4.9576 3.1644 2.3235
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Figure 1. Plot for F;(®; v) and 0% at's = 10,20, 30, 40.
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Figure 2. Absolute errors: |Fs(®;v) — v?|.
Example 2. Consider the function ®(v) = sinv. Using MATLAB R2015a on a standard HP
laptop equipped with an Intel Core i7 processor and 8 GB of RAM, we compute the operator
Fs(®; v) for values of v ranging from 0 to 20, and for distinct values of the parameter s, namely
s = 15,20, 30. In Figure 3, we present the approximation behavior of the operator for the function
sin v, which demonstrates how the operator acts on this specific test function. This helps illustrate
the convergence behavior and accuracy of the operator with respect to the increase in parameter s.
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Figure 3. Plot for F;(®; v) and sinv at s = 15,20, 30.

7. Conclusions

In this paper, we introduce a sequence of positive linear operators formulated using
Frobenius-Euler-Simsek-type polynomials in integral form. These operators, referred to
as Szasz—Beta type operators and defined in (4), are constructed to approximate functions
defined on Lebesgue measurable spaces. We establish essential estimates to analyze the
rate of convergence and the accuracy of approximation. Furthermore, we investigate
various aspects of approximation theory, including both local and global results, as well as
A-statistical convergence properties. To demonstrate the effectiveness and applicability of
the proposed operators, we present several illustrative examples and visualize the results
graphically. These examples highlight the practical behavior and confirm the validity of
our theoretical findings across different functional settings.
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