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Abstract: This paper is concerned with the event-based synchronization control for chaotic
neural networks by using a refined discontinuous trigger scheme. To get rid of the Zeno
phenomenon and decrease the triggering times, a refined discontinuous event-trigger
(RDET) scheme is employed by designing a new threshold function. The proposed thresh-
old function consists of two parts, i.e., quadratic term and exponential decay term, which
makes the derivative of the Lyapunov function possibly not less than zero. On this basis,
an important lemma is derived, which contributes to performing a stability analysis. Then,
the corresponding closed-loop system model is established in the presence of a trigger
scheme. Then, a time-dependent Lyapunov function (TLF) method is established based
on the features of an RDET. In view of inequality estimation techniques and stability the-
ory, some synchronization criteria are developed to guarantee that the synchronization of
chaotic neural networks can be realized by using the novel discontinuous event-trigger
schemes. Finally, a Hopfield neural network is displayed to demonstrate the advantages
and effectiveness of the derived results.

Keywords: refined discontinuous event-trigger scheme; synchronization; chaotic neural
networks; time-dependent Lyapunov function

MSC: 49N05

1. Introduction
Neural networks (NNs) are derived from the operating principles of the biological

nervous system [1–4]. They have the ability to handle vast amounts of complex data,
learning patterns and features from the data, and making predictions or decisions. This has
brought about innovation and efficiency improvements in various industries. Therefore,
in the last decade or thereabouts, NNs have been widely used as a computational tool
and, thus, are being applied in image processing, biological systems, fault diagnosis, etc. [5,6].
Complete synchronization means that the same trajectories can be achieved for the drive–
response systems. It has important applications in communication security, information
science, and so on [7]. In summary, to study the synchronization problem of chaotic
neural networks is very important. Up to now, some classical control approaches have
been developed in the control field, including adaptive and static control, etc. However,
the common characteristic of these control methods is that they are all point-to-point control
schemes. Nevertheless, these control schemes can cause a waste of limited information
resources. With the rise of the internet technique, networked control has emerged as a
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result of its energy-saving, promising, and highly fault-tolerant advantages, which includes
sampled-data [8], quantized [9], and event-triggered [10] controls.

This paper focuses on the synchronization of chaotic NNs in view of a refined DET
scheme. The main contributions are as follows:

(1) An RDET scheme is proposed by designing a new threshold function, which in-
cludes a quadratic term and an exponential decay term. In the presence of the RDET scheme,
the threshold function can be enlarged due to the introduction of the exponential decay
term. Furthermore, the triggering interval is further expanded. This contributes to reducing
the triggering times according to the essence of the event trigger. Therefore, the pro-
posed RDET scheme can relieve communication burden in contrast with the proposed one
in [10,11].

(2) By designing a switching TLF, two synchronization criteria are obtained based
on the continuity of this function and inequality estimation techniques. The Lyapunov
theory is applied to prove the effectiveness of the proposed method, that is, ||ξ(t)||p = 0.
It means that the synchronization of master–slave systems can be achieved. Also, two
corollaries can be established by using the previous schemes [10,11]. In light of the derived
synchronization results, through examples and applications, we observe that the RDET
scheme, compared to traditional DET schemes, achieves synchronization in master–slave
neural networks with fewer triggering instances.

The rest of this paper is organized as follows. In Section 2, the related works are
presented. In Section 3, a refined trigger scheme is designed, and Section 4 presents the
main results. The validity of the developed method is shown in Section 5. Section 6 presents
the conclusions.

In addition, some useful notations are displayed in Table 1.

Table 1. Notations and descriptions.

Notation Description

λmax(Q) the maximum eigenvalue of matrix Q

QT(or Q−1) transpose (or inverse) of matrix Q

∗ the symmetric element

Q > 0 Q is a positive
(or Q ≥ 0) definite (or semi-definite) matrix

diag(· · · ) a block diagonal matrix

2. Related Works
As a classical networked control method, sampled-data control has the advantage of

a low cost, and it is easy to be implemented. However, sampled-data control continues
to transmit the sampling data information when stability has been achieved in a closed-
loop system. This not only causes a waste of resources but also takes up CPU run-time.
In contrast to the sampled-data control, continuous event-triggered control [12,13] al-
lows for a signal transmission only when the error signals exceed pre-assigned threshold
functions. As such, it effectively deals with the drawbacks of sampled-data control since
event-triggered control provides a workable method for reducing triggering times and
easing the transmission burden. For example, quasi-synchronization problems have been
investigated for memristive NNs by designing static and dynamic continuous event-trigger
schemes [13]. However, an important issue is that the Zeno phenomenon may exist under
the framework of continuous event-triggered control. To get rid of the Zeno phenomenon
directly, discrete event-triggered schemes [14,15] have been proposed. Nevertheless, this
control method does not take advantage of the present state information. To this end,
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the DET scheme [10,11,16] was designed, which makes full use of state information. Also,
the Zeno phenomenon can be avoided. Using the DET scheme, exponential stabilization
issues have been discussed for switched NNs by considering mixed delays [10]. In addition,
the problems of event-triggered H∞ have been addressed for T-S fuzzy systems in view of
the DET scheme [11]. Nonetheless, it should be mentioned that the threshold function just
includes the quadratic term of the current state information. From the principle of the event-
triggered scheme, we know that the goal of the design is to reduce the triggering times.
Moreover, from the perspective of the operation mechanism of the event trigger, generally,
a larger threshold function means smaller event-triggered times. However, from reading
the literature [10,11], there is still much room for improvement in the design of the event-
triggered scheme. As we know, there are few results on this problem. How to design a
refined discontinuous event-trigger (RDET) scheme is the first motivation of this paper.

Notice that the other key question is how to analyze the synchronization issue for
NNs under event-triggered control. So far, many Lyapunov functions have been proposed
in the control community to analyze the corresponding stability. Among them, the tra-
ditional Lyapunov function has been used to analyze the exponential stability of linear
systems [14,15]. However, it cannot reflect the main features of event-trigger-based sys-
tems [16]. Hence, to solve this problem, time-dependent Lyapunov function (TLF) methods
were proposed [17], and these methods have been widely used in applications of event-
triggered systems. For example, the switching TLF was proposed for the study of the
switched systems stabilization issue [18]. Indeed, both theoretical and simulation results
show that such functions can improve on previous results. Inspired by this, this paper
builds a TLF to analyze the problem of complete synchronization of NNs based on a novel
DET scheme. However, it is worth noting that when we introduce a novel trigger scheme,
the previous analysis technique and functions may be not applied in this paper. It means
that the stability analysis in this paper is a challenging problem. Up till now, there have
been few results focused on these problems. Naturally, some challenging problems are
proposed: how can one design an RDET scheme by designing a novel threshold function?
What are the challenges encountered from stability analysis in the presence of the RDET
scheme? Can the proposed novel trigger scheme improve on previous works? Solving
these problems is the second motivation of this paper.

3. Preliminaries and Problem Formulation
For industrial applications, NNs can be combined with large-scale integrated cir-

cuits [1]. Thus, based on Kirchoff current law and voltage law, the NN model can be
presented as follows:

F : ϵ̇(t) = −Eϵ(t) + Dh(ϵ(t)),

H : ζ̇(t) = −Eζ(t) + Dh(ζ(t)) + u(t),

where F, H denote the master–slave NNs, respectively. E ∈ Rn×n, D ∈ Rn×n are known con-
stant matrices. ϵ(t) = col{ϵ1(t), ϵ2(t), . . . , ϵn(t)} ∈ Rn, ζ(t) = col{ζ1(t), ζ2(t), . . . , ζn(t)} ∈ Rn

refer to the state vector, h(ϵ(t)) = col{h1(ϵ1(t)), h2(ϵ2(t)), . . . , hn(ϵn(t))} ∈ Rn represents
the activation functions, and u(t) ∈ Rn is the slave system control input.

Assumption: The activation function hj(·) is monotonically non-decreasing and
Lipschitz-continuous on R, i.e., there exist constants Hj > 0, j = 1, 2, . . . , n, such that

0 ≤
hj(s1)− hj(s2)

s1 − s2
≤ Hj

for all s1, s2 ∈ R, s1 ̸= s2.
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Denote ξ(t) = ζ(t)− ϵ(t) as a synchronization error and one can derive the error system:

ξ̇(t) = −Eξ(t) + Dĥ(ξ(t)) + u(t) (1)

where ĥ(ξ(t)) = h(ζ(t))− h(ϵ(t)).
In this paper, an RDET scheme is proposed as follows:

tk+1 = min{t ≥ tk + hk|(ξ(t)− ξ(tk))
TΩ(ξ(t)− ξ(tk))

> γξT(t)Ωξ(t) + α(t)}
(2)

where 0 < h1 ≤ hk ≤ h2, γ ≥ 0, α(t) = ιe−βt, ι ≥ 0, β > 0, and trigger matrix Ω ≥ 0.
The RDET scheme is designed to decrease the number of measurements. The working

mode of the RDET scheme is as follows. An inner-trigger interval [tk, tk+1) contains two
parts, namely, sampling interval [tk, tk + hk) and triggering interval [tk + hk, tk+1). When
t ∈ [tk, tk + hk), the detection task of the judging conditions is stopped in the trigger scheme.
When t ∈ [tk + hk, tk+1), the judgment condition gets to work until it is satisfied at tk+1.

Remark 1. To reduce network bandwidth usage, event-triggered control schemes [12,13] aiming to
minimize the number of transmitted data packets have been proposed. However, the aforementioned
continuous event-triggered control may result in the Zeno phenomenon, in which an infinite number
of triggers occurs within a finite period. In such cases, complex mathematical proofs are required to
eliminate the Zeno phenomenon. To directly eliminate the Zeno phenomenon, various solutions such
as a discrete event-trigger [14,15] and a DET [10,11] have been proposed. The DET mechanism is
as follows:

tk+1 = min{t ≥ tk + hk|(ξ(t)− ξ(tk))
TΩ(ξ(t)− ξ(tk)) > γξT(t)Ωξ(t)}. (3)

It is evident that the DET scheme can effectively utilize the current state information. Furthermore,
in this paper, an RDET scheme (2) is proposed, with an exponential decay term introduced into
the threshold function. Consequently, the prescribed threshold function is magnified. This is
advantageous for further reducing the triggering frequency, minimizing unnecessary data packet
transmission, and thereby conserving network resources.

Remark 2. Notice that if α(t) = 0, the RDET will be degenerated to the traditional DET [10,11],
with the triggering scheme given by (3). It should be mentioned that the trigger event is activated
when (ξ(t)− ξ(tk))

TΩ(ξ(t)− ξ(tk))− γξT(t)Ωξ(t) > 0. Owing to the existence of α(t), it is
clear that the threshold function can be enlarged. In this condition, the number of trigger events can
be decreased based on the RDET (2). Specially, if α(t) = 0, the previous DET scheme is a special
case in this paper.

Take the control inputs as follows:

u(t) = Kξ(tk), t ∈ [tk, tk+1) (4)

where K stands for feedback gain matrix. Based on (4), system (1) is represented as

ξ̇(t) = −Eξ(t) + Dĥ(ξ(t)) + Kξ(tk), t ∈ [tk, tk+1) (5)

Before providing the main works, a novel lemma is established, which is important to
prove the stability of system (5).
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Lemma For system (5), denote a non-negative and continuous Lyapunov function
V(t) for which there exist constants δ > 0, µ > 0, 0 < υ1 < υ2, and 0 < h1 ≤ hk ≤ h2 such
that υ1|ξ(t)|µ ≤ V(t) ≤ υ2|ξ(t)|µ, and

V̇(t) ≤ −2δV(t), t ∈ [tk, tk + hk), (6)

V̇(t) ≤ −2δV(t) + α(t), t ∈ [tk + hk, tk+1), (7)

where α(t) = ιe−βt, ι ≥ 0, β > 0; then, the closed-loop system (5) is globally asymptoti-
cally stable.

Proof. If t ∈ [tk + hk, tk+1), from (6) and (7), we have

V(t)
(7)
≤ e−2δ(t−(tk+hk))V(tk + hk) +

∫ t

tk+hk

α(s)e−2δ(t−s)ds

(6)
≤ e−2δ(t−(tk+hk))e−2δ(tk+hk−tk)V(tk)

+
∫ t

tk

α(s)e−2δ(t−s) ds

(7)
≤ e−2δ(t−tk)

(
e−2δ(tk−(tk−1+hk−1))V(tk−1 + hk−1)

+
∫ tk

tk−1+hk−1

α(s)e−2δ(tk−s) ds
)

+
∫ t

tk

α(s)e−2δ(t−s) ds

(6)
≤ e−2δ(t−tk−1)V(tk−1) +

∫ t

tk−1

α(s)e−2δ(t−s) ds

(7)
≤ · · ·

(6)
≤ e−2δtV(0) +

∫ t

0
α(s)e−2δ(t−s) ds

Also, if t ∈ [tk, tk + hk), one has

V(t)
(6)
≤ e−2δ(t−tk)V(tk)

(7)
≤ e−2δ(t−tk)

(
e−2δ(tk−(tk−1+hk−1))V(tk−1 + hk−1)

+
∫ tk

tk−1+hk−1

α(s)e−2δ(tk−s) ds
)

(6)
≤ e−2δ(t−tk−1)V(tk−1) +

∫ t

tk−1

α(s)e−2δ(t−s) ds

(7)
≤ · · ·

(6)
≤ e−2δtV(0) +

∫ t

0
α(s)e−2δ(t−s) ds
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From the above analysis, for t ∈ [tk, tk+1), one has

V(t) ≤e−2δtV(0) +
∫ t

0
α(s)e−2δ(t−s) ds

=e−2δtV(0) + ι
∫ t

0
e−βse−2δ(t−s) ds

=e−2δtV(0) + ιe−2δt
∫ t

0
e(2δ−β)s ds.

Considering the term 2δ− β, when 2δ− β = 0, in other words, δ = β/2, one can obtain

V(t) ≤ e−βt(V(0) + ιt).

When 2δ − β ̸= 0, it yields

V(t) ≤ e−2δt(V(0)− ι

2δ − β
) +

ιe−βt

2δ − β
.

In short, when δ > 0, ι ≥ 0, β > 0, one has

lim
t→+∞

V(t) = 0.

Hence, system (5) is globally asymptotically stable. This completes the proof.

4. Main Results

Theorem 1. For given constants 0 < h1 ≤ h2, δ > 0, γ ≥ 0, and an n × n feedback gain matrix
K, if there exist n × n matrices P > 0, S > 0, Ω ≥ 0, an n × n diagonal matrix Λ1 > 0, and any
n × n matrices U1, U2, U3, X, X1, Y1, Y2 satisfying the following constraints for hk ∈ {h1, h2}:[

P + hk
X+XT

2 hk(−X + X1)

∗ hk(−X1 − XT
1 + X+XT

2 )

]
> 0, (8)

Φ(hk) ≤ 0, (9)

Ψ(hk) ≤ 0, (10)

Γ ≤ 0, (11)

where Φ11 = −X+XT

2 − U1 − UT
1 − YT

1 E − ETY1 + 2δP + 2δhk
X+XT

2 , Φ12 = P − YT
1 − U2 −

ETY2 + hk
X+XT

2 , Φ13 = X − X1 + UT
1 − U3 + YT

1 K + 2δhk(−X + X1), Φ14 = LΛ1 + YT
1 D,

Φ22 = −Y2 − YT
2 + hkS, Φ23 = UT

2 + YT
2 K + hk(−X + X1), Φ24 = YT

2 D, Φ33 = X1 +

XT
1 − X+XT

2 + U3 + UT
3 + 2δhk(−X1 − XT

1 + X+XT

2 ), Φ44 = −2Λ1, Ψ11 = −X+XT

2 − U1 −
UT

1 − YT
1 E − ETY1 + 2δP, Ψ12 = P − YT

1 − U2 − ETY2, Ψ13 = X − X1 + UT
1 − U3 + YT

1 K,
Ψ14 = hkUT

1 , Ψ15 = LΛ1 + YT
1 D, Ψ22 = −Y2 − YT

2 , Ψ23 = UT
2 + YT

2 K, Ψ24 = hkUT
2 ,

Ψ25 = YT
2 D, Ψ33 = X1 + XT

1 − X+XT

2 + U3 + UT
3 , Ψ34 = hkUT

3 , Ψ44 = −hke−2δh2 S, Ψ55 =

−2Λ1, Γ11 = −YT
1 E − ETY1 + γΩ − Ω + 2δP, Γ12 = P − YT

1 − ETY2, Γ13 = YT
1 K + Ω,

Γ14 = YT
1 D + LΛ1, Γ22 = −Y2 − YT

2 , Γ23 = YT
2 K, Γ24 = YT

2 D, Γ33 = −Ω, Γ44 = −2Λ1, then
system (5) is globally asymptotically stable.

Proof. Choose the time-dependent Lyapunov function

V1(t) = ξT(t)Pξ(t),
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V2(t) = (tk + hk − t)
∫ t

tk

e2δ(s−t) ξ̇T(s)Sξ̇(s) ds,

V3(t) = (tk + hk − t)

[
ξ(t)
ξ(tk)

]T

H

[
ξ(t)
ξ(tk)

]
,

where H =

[
X+XT

2 −X + X1

∗ −X1 − XT
1 + X+XT

2

]
.

Differentiating Vi(t), i = 1, 2, 3, one has

V̇1(t) = 2ξT(t)Pξ̇(t),

V̇2(t) =−
∫ t

tk

e2δ(s−t) ξ̇T(s)Sξ̇(s) ds

+ (tk + hk − t)ξ̇T(t)Sξ̇(t)− 2δV2(t),

V̇3(t) =−
[

ξ(t)
ξ(tk)

]T

H

[
ξ(t)
ξ(tk)

]

+ 2(tk + hk − t)

[
ξ(t)
ξ(tk)

]T

H

[
ξ̇(t)

0

]
.

Define

Vπ(t) =

{
Vπ1(t), t ∈ [tk, tk + hk)

Vπ2(t), t ∈ [tk + hk, tk+1)

where Vπ1(t) = V1(t) + V2(t) + V3(t), Vπ2(t) = V1(t).
Case I: When t ∈ [tk, tk + hk), based on Jensen inequality, it yields

−
∫ t

tk

e2δ(s−t) ξ̇T(s)Sξ̇(s) ds ≤ −(t − tk)e−2δh2 vT
1 Sv1, (12)

where v1 = 1
t−tk

∫ t
tk

ξ̇(s) ds.
Under Assumption 1, for a diagonal matrix Λ1 > 0, it yields

2ĥT(ξ(t))Λ1Lξ(t)− 2ĥT(ξ(t))Λ1ĥ(ξ(t)) ≥ 0, (13)

where L = diag(H1, · · · , Hn).
Meanwhile, by applying the Newton–Leibniz formula, for n × n matrices U1, U2, U3,

it holds that
0 = 2[ξT(t)UT

1 + ξ̇T(t)UT
2 + ξT(tk)UT

3 ]

× [−ξ(t) + ξ(tk) + (t − tk)v1].
(14)

Also, for any matrices Y1, Y2 ∈ Rn×n, it can be derived that

0 = 2[ξT(t)YT
1 + ξ̇T(t)YT

2 ]

× [−ξ̇(t)− Eξ(t) + Dĥ(ξ(t)) + Kξ(tk)],
(15)

From (12)–(15), one can obtain

V̇π1(t) + 2δVπ1 ≤ tk + hk − t
hk

χT
1 Φ(hk)χ1 +

t − tk
hk

χT
2 Ψ(hk)χ2.

where χ1(t) = col{ξ(t), ξ̇(t), ξ(tk), ĥ(ξ(t))}, χ2(t) = col{ξ(t), ξ̇(t), ξ(tk), v1, ĥ(ξ(t))}.
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Combined with the convex combination technique [17], (9), and (10), obviously, the con-
ditions Φ(h1) < 0, Φ(h2) < 0, Ψ(h1) < 0, Ψ(h2) < 0 hold, which yields Φ(hk) < 0, Ψ(hk) < 0,
hk ∈ [h1, h2].

So, one can obtain
V̇π1(t) + 2δVπ1 ≤ 0. (16)

Case II: When t ∈ [tk + hk, tk+1), from (2), one has

γξT(t)Ωξ(t)− (ξ(t)− ξ(tk))
TΩ(ξ(t)− ξ(tk)) + α(t) ≥ 0. (17)

Based on (13), (15), and (17), one has

V̇π2(t) + 2δVπ2 ≤ χT
1 Γχ1 + α(t).

From (11), it yields
V̇π2(t) + 2δVπ2 ≤ α(t). (18)

Note that V2(t), V3(t) vanish at tk and tk + hk. Hence, Vπ(t) is continuous at time instants
tk and tk + hk. From (16) and (18), one can obtain{

V̇π1(t) ≤ −2δVπ1, t ∈ [tk, tk + hk)

V̇π2(t) ≤ −2δVπ2 + α(t), t ∈ [tk + hk, tk+1)

It should be mentioned that Vπ(t) =

{
Vπ1(t), t ∈ [tk, tk + hk)

Vπ2(t), t ∈ [tk + hk, tk+1)
is positive and

continuous. Then, based on Lemma 1, we can obtain

lim
t→+∞

Vπ(t) = 0.

Hence, system (5) is globally asymptotically stable. This completes the proof.

Remark 3. The first challenge in this paper is to establish stability criteria for the error system (5).
As is well known, based on the traditional Lyapunov stability theory, if there exists a Lyapunov
function V(t) satisfying the conditions V(t) > 0 and V̇(t) < 0, then the stability of the system can
be ensured. In the sampling interval [tk, tk + hk), as shown in (6), V(t) strictly decreases. However,
in the triggering interval [tk + hk, tk+1), V(t) may be greater than zero due to the introduction
of the exponential decay term α(t). In other words, the conservatism of V̇(t) is reduced and
V̇(t) ≤ −2δV(t) + α(t) with α(t) > 0. The traditional Lyapunov stability theory is no longer
applicable. To address this, based on the continuity of non-negative Lyapunov functions, inequality
estimation techniques, mathematical skills, and the designed exponential decay term α(t) = ιe−βt,
the global asymptotic stability of the error system (5) can be achieved. In summary, the stability
analysis in this paper consists of the following two steps. Firstly, an estimation is performed for
V(t) in [tk, tk + hk) and [tk + hk, tk+1), respectively. Then, the stability of the error system (5) is
analyzed in the inner-trigger interval [tk, tk+1).

Remark 4. The second challenge in this paper is to design a suitable Lyapunov function and obtain
feasible LMIs criteria under the RDET scheme. In [10,16], Lyapunov functions are constructed based
on the characteristics of the triggering scheme, where [12,13] is based on continuous event-triggered
control, [14,15] is based on discrete event-triggered control, and [10,11,16] is based on DET control.
However, the aforementioned Lyapunov functions cannot be directly applied to RDET due to the
introduction of the exponential decay term. Thus, to obtain sufficient conditions (6) and (7) for
the asymptotic stability of the error system (5), V2(t) is specifically constructed. It is worth noting
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that, in this paper, Lyapunov functions are constructed based on the current state information
ξ(t) in both the error system and the controller, as well as the state information ξ(tk) at the
previous triggering instant. Therefore, based on the constructed functionals, the LMI-based stability
conditions with feasible solutions can be established. Additionally, to obtain some feasible LMIs,
the convex combination technique is applied to transform (8)–(11) into linear LMIs. For instance,
there exists a convex combination technique ϱk ∈ [0, 1] such that hk = ϱkh1 + (1 − ϱk)h2; thus,
Φ(hk) = (1 − ϱk)Φ(h2) + ϱkΦ(h1). Φ(h1) ≤ 0, Φ(h2) ≤ 0 mean Φ(hk) ≤ 0.

Remark 5. The prerequisite of choosing RDET parameters is that the LMIs conditions in Theo-
rems 1 and 2 must be satisfied. On this basis, the synchronization can be achieved. That is to say,
the choosing of RDET parameters is not arbitrary.

Remark 6. Notice that the proposed Vπ(t) is continuous. It can be seen that V2(tk) = limt→(tk)+

V2(t) = V3(t) = limt→(tk)+
V3(t) = 0, limt→(tk+hk)− V2(t) = limt→(tk+hk)− V3(t) = 0. Also,

V2(t), V3(t) vanish after tk + hk. This yields limt→(tk)− Vπ(t) = limt→(tk)+
Vπ(t) = Vπ(tk) =

V1(tk), limt→(tk+hk)− Vπ(t) = limt→(tk+hk)+
Vπ(t) = Vπ(tk + hk) = V1(tk + hk).

Next, the linear inequality conditions, based on Theorem 1, are derived to solve
feedback control gain K.

Theorem 2. For given constants 0 < h1 ≤ h2, l1 > 0, l2 > 0, δ > 0, γ ≥ 0, if there exist n × n
matrices P̃ > 0, S̃ > 0, Ω̃ ≥ 0; an n × n diagonal matrix Λ > 0; and any n × n matrices Ũ1, Ũ2,
Ũ3, X̃, X̃1, Y, K̃ satisfying the following constraints for any hk ∈ {h1, h2}:[

P̃ + hk
X̃+X̃T

2 hk(−X̃ + X̃1)

∗ hk(−X̃1 − X̃T
1 + X̃+X̃T

2 )

]
> 0, (19)

Φ̃(hk) ≤ 0, (20)

Ψ̃(hk) ≤ 0, (21)

Γ̃ ≤ 0, (22)

where Φ̃11 = − X̃+X̃T

2 − Ũ1 − ŨT
1 − l1EỸ− l1ỸTET + 2δP̃+ 2δhk

X̃+X̃T

2 , Φ̃12 = P̃− l1Ỹ− Ũ2 −
l2ỸTET + hk

X̃+X̃T

2 , Φ̃13 = X̃ − X̃1 + ŨT
1 − Ũ3 + l1K̃ + 2δhk(−X̃ + X̃1), Φ̃14 = ỸT L + l1DΛ,

Φ̃22 = −l2Ỹ − l2ỸT + hkS̃, Φ̃23 = ŨT
2 + l2K̃ + hk(−X̃ + X̃1), Φ̃24 = l2DΛ, Φ̃33 = X̃1 +

X̃T
1 − X̃+X̃T

2 + Ũ3 + ŨT
3 + 2δhk(−X̃1 − X̃T

1 + X̃+X̃T

2 ), Φ̃44 = −2ΛT , Ψ̃11 = 2δP̃ − X̃+X̃T

2 −
Ũ1 − ŨT

1 − l1EỸ − l1ỸTET , Ψ̃12 = P̃ − l1Ỹ − Ũ2 − l2ỸTET , Ψ̃13 = X̃ − X̃1 + ŨT
1 − Ũ3 + l1K̃,

Ψ̃14 = hkŨT
1 , Ψ̃15 = ỸT L + l1DΛ, Ψ̃22 = −l2Ỹ − l2ỸT , Ψ̃23 = ŨT

2 + l2K̃, Ψ̃24 = hkŨT
2 ,

Ψ̃25 = l2DΛ, Ψ̃33 = X̃1 + X̃T
1 − X̃+X̃T

2 + Ũ3 + ŨT
3 , Ψ̃34 = hkŨT

3 , Ψ̃44 = −hk ẽ−2δh2 S, Ψ̃55 =

−2ΛT , Γ̃11 = 2δP̃ − l1EỸ − l1ỸTET + γΩ̃ − Ω̃, Γ̃12 = P̃ − l1Ỹ − l2ỸTET , Γ̃13 = l1K̃ + Ω̃,
Γ̃14 = l1DΛ + ỸT L, Γ̃22 = −l2Ỹ − l2ỸT , Γ̃23 = l2K̃, Γ̃24 = l2DΛ, Γ̃33 = −Ω̃, Γ̃44 = −2ΛT ;
in addition, K = K̃Ỹ−1; then, system (5) is globally asymptotically stable.

Proof. Denote Y1 = l1Y, Y2 = l2Y, Ỹ = Y−1, Λ = Λ−1
1 , P̃ = ỸT PỸ, S̃ = ỸTSỸ, Ω̃ = ỸTΩỸ,

Ũ1 = ỸTU1Ỹ, Ũ2 = ỸTU2Ỹ, Ũ3 = ỸTU3Ỹ, X̃ = ỸTXỸ, X̃1 = ỸTX1Ỹ, and χ1 = diag{Ỹ, Ỹ},
χ2 = diag{Ỹ, Ỹ, Ỹ, Λ}, χ3 = diag{Ỹ, Ỹ, Ỹ, Ỹ, Λ}.

Pre-multiply and post-multiply (8) by χT
1 and χ1, (9) by χT

2 and χ2, (10) by χT
3 and χ3,

and (11) by χT
2 and χ2, respectively; (19)–(22) can be obtained. This completes the proof.

In order to show the advantages of (2) in the simulation section, the following results
are derived by using the DET scheme (3) in [10,11].
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Corollary 1. For given constants 0 < h1 ≤ h2, γ ≥ 0, and an n × n feedback gain matrix
K, if there exist n × n matrices P > 0, S > 0, Ω ≥ 0; an n × n diagonal matrix Λ1 > 0;
and any n × n matrices U1, U2, U3, X, X1, Y1, Y2 satisfying (8) and the following constraints for
hk ∈ {h1, h2}:

Φ(hk) ≤ 0, (23)

Ψ(hk) ≤ 0, (24)

Γ ≤ 0, (25)

where Φ11 = −X+XT

2 − U1 − UT
1 − YT

1 E − ETY1, Φ12 = P − YT
1 − U2 − ETY2 + hk

X+XT

2 ,
Φ13 = X − X1 + UT

1 − U3 + YT
1 K, Φ14 = LΛ1 + YT

1 D, Φ22 = −Y2 − YT
2 + hkS, Φ23 =

UT
2 + YT

2 K + hk(−X + X1), Φ24 = YT
2 D, Φ33 = X1 + XT

1 − X+XT

2 + U3 + UT
3 , Φ44 = −2Λ1,

Ψ11 = −X+XT

2 − U1 − UT
1 − YT

1 E − ETY1, Ψ12 = P − YT
1 − U2 − ETY2, Ψ13 = X − X1 +

UT
1 − U3 + YT

1 K, Ψ14 = hkUT
1 , Ψ15 = LΛ1 + YT

1 D, Ψ22 = −Y2 − YT
2 , Ψ23 = UT

2 + YT
2 K,

Ψ24 = hkUT
2 , Ψ25 = YT

2 D, Ψ33 = X1 + XT
1 − X+XT

2 + U3 + UT
3 , Ψ34 = hkUT

3 , Ψ44 = −hkS,
Ψ55 = −2Λ1, Γ11 = −YT

1 E − ETY1 + γΩ − Ω, Γ12 = P − YT
1 − ETY2, Γ13 = YT

1 K + Ω,
Γ14 = YT

1 D + LΛ1, Γ22 = −Y2 − YT
2 , Γ23 = YT

2 K, Γ24 = YT
2 D, Γ33 = −Ω, Γ44 = −2Λ1; then,

system (5) is globally asymptotically stable.

Proof. Take the time-dependent Lyapunov function

V1(t) = ξT(t)Pξ(t),

V2(t) = (tk + hk − t)
∫ t

tk

ξ̇T(s)Sξ̇(s) ds,

V3(t) = (tk + hk − t)

[
ξ(t)
ξ(tk)

]T

H

[
ξ(t)
ξ(tk)

]
,

where H =

[
X+XT

2 −X + X1

∗ −X1 − XT
1 + X+XT

2

]
.

Similarly, one has
V̇1(t) = 2ξT(t)Pξ̇(t),

V̇2(t) = −
∫ t

tk

ξ̇T(s)Sξ̇(s) ds + (tk + hk − t)ξ̇T(t)Sξ̇(t),

V̇3(t) =−
[

ξ(t)
ξ(tk)

]T

H

[
ξ(t)
ξ(tk)

]

+ 2(tk + hk − t)

[
ξ(t)
ξ(tk)

]T

H

[
ξ̇(t)

0

]
.

Define

Vπ(t) =

{
Vπ1(t), t ∈ [tk, tk + hk)

Vπ2(t), t ∈ [tk + hk, tk+1)

where Vπ1(t) = V1(t) + V2(t) + V3(t), Vπ2(t) = V1(t).
Case I: When t ∈ [tk, tk + hk), based on the Jensen inequality, it yields

−
∫ t

tk

ξ̇T(s)Sξ̇(s) ds ≤ −(t − tk)vT
1 Sv1, (26)

where v1 = 1
t−tk

∫ t
tk

ξ̇(s) ds.
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From (13)–(15) and (26), it yields

V̇π1(t) ≤
tk + hk − t

hk
χT

1 Φ(hk)χ1 +
t − tk

hk
χT

2 Ψ(hk)χ2.

where χ1(t) = col{ξ(t), ξ̇(t), ξ(tk), ĥ(ξ(t))}, χ2(t) = col{ξ(t), ξ̇(t), ξ(tk), v1, ĥ(ξ(t))}.
Combined with the convex combination technique and (23), (24), obviously, the condi-

tions Φ(h1) ≤ 0, Φ(h2) ≤ 0, Ψ(h1) ≤ 0, Ψ(h2) ≤ 0 hold; this yields Φ(hk) ≤ 0, Ψ(hk) ≤ 0,
hk ∈ [h1, h2].

So, one has
V̇π1(t) ≤ 0.

Case II: When t ∈ [tk + hk, tk+1), from (3), one has

γξT(t)Ωξ(t)− (ξ(t)− ξ(tk))
TΩ(ξ(t)− ξ(tk)) ≥ 0. (27)

Based on (13), (15), and (27), one has

V̇π2(t) ≤ χT
1 Γχ1.

From (25), it yields
V̇π2(t) ≤ 0.

It should be mentioned that Vπ j is positive while V̇π j(j = 1, 2) is negative in the sampling
interval and triggering interval, respectively. Then, one can obtain

lim
t→+∞

∥ξ(t)∥ = 0.

That is to say, for any initial values ξ(0), system (5) converges asymptotically to the origin
under the discontinuous event-trigger scheme.

Corollary 2. For given constants 0 < h1 ≤ h2, l1 > 0, l2 > 0, γ ≥ 0, if there exist n × n matrices
P̃ > 0, S̃ > 0, Ω̃ ≥ 0; an n × n diagonal Λ > 0; and any n × n matrices Ũ1, Ũ2, Ũ3, X̃, X̃1, Y, K̃
satisfying (19) and the following constraints for hk ∈ {h1, h2}:

Φ̃(hk) ≤ 0, (28)

Ψ̃(hk) ≤ 0, (29)

Γ̃ ≤ 0, (30)

where Φ̃11 = − X̃+X̃T

2 − Ũ1 − ŨT
1 − l1EỸ − l1ỸTET , Φ̃12 = P̃− l1Ỹ − Ũ2 − l2ỸTET + hk

X̃+X̃T

2 ,
Φ̃13 = X̃ − X̃1 + ŨT

1 − Ũ3 + l1K̃, Φ̃14 = ỸT L + l1DΛ, Φ̃22 = −l2Ỹ − l2ỸT + hkS̃, Φ̃23 =

ŨT
2 + l2K̃ + hk(−X̃ + X̃1), Φ̃24 = l2DΛ, Φ̃33 = X̃1 + X̃T

1 − X̃+X̃T

2 + Ũ3 + ŨT
3 , Φ̃44 = −2ΛT ,

Ψ̃11 = − X̃+X̃T

2 − Ũ1 − ŨT
1 − l1EỸ − l1ỸTET , Ψ̃12 = P̃− l1Ỹ − Ũ2 − l2ỸTET , Ψ̃13 = X̃ − X̃1 +

ŨT
1 − Ũ3 + l1K̃, Ψ̃14 = hkŨT

1 , Ψ̃15 = ỸT L + l1DΛ, Ψ̃22 = −l2Ỹ − l2ỸT , Ψ̃23 = ŨT
2 + l2K̃,

Ψ̃24 = hkŨT
2 , Ψ̃25 = l2DΛ, Ψ̃33 = X̃1 + X̃T

1 − X̃+X̃T

2 + Ũ3 + ŨT
3 , Ψ̃34 = hkŨT

3 , Ψ̃44 = −hkS̃,
Ψ̃55 = −2ΛT , Γ̃11 = −l1EỸ − l1ỸTET + γΩ̃ − Ω̃, Γ̃12 = P̃ − l1Ỹ − l2ỸTET , Γ̃13 = l1K̃ + Ω̃,
Γ̃14 = l1DΛ + ỸT L, Γ̃22 = −l2Ỹ − l2ỸT , Γ̃23 = l2K̃, Γ̃24 = l2DΛ, Γ̃33 = −Ω̃, Γ̃44 = −2ΛT ;
in addition, K = K̃Ỹ−1; then, system (5) is globally asymptotically stable.

Proof. Denote Y1 = l1Y, Y2 = l2Y, Ỹ = Y−1, Λ = Λ−1
1 , P̃ = ỸT PỸ, S̃ = ỸTSỸ, Ω̃ = ỸTΩỸ,

Ũ1 = ỸTU1Ỹ, Ũ2 = ỸTU2Ỹ, Ũ3 = ỸTU3Ỹ, X̃ = ỸTXỸ, X̃1 = ỸTX1Ỹ, and χ1 = diag(Ỹ, Ỹ),
χ2 = diag(Ỹ, Ỹ, Ỹ, Λ), χ3 = diag(Ỹ, Ỹ, Ỹ, Ỹ, Λ). Pre-multiply and post-multiply (8) by χT

1
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and χ1, (23) by χT
2 and χ2, (24) by χT

3 and χ3, and (25) by χT
2 and χ2, respectively; (19),

(28)–(30) can be obtained. This completes the proof.

5. Numerical Examples
In this section, some comparisons are provided to display the advantage of the devel-

oped RDET scheme. Consider the classical Hopfiled NNs [1] as the master system:

E = diag(1, 1, 1), D =

 1.2 −1.6 0
1.24 1 0.9

0 2.2 1.5

,

and the activation function h(ϵ(t)) = 0.5 ∗ (|ϵ(t) + 1| − |ϵ(t) − 1|). Thus, it yields
L = diag(1, 1, 1). The slave system is with the same parameters.

Take l1 = 1, l2 = 0.1, l3 = 0.01, δ = 0.1, γ = 0.05, ι = 1, β = 1, h1 = h2 = 0.01,
ϵ(0) = [0.4 0.3 0.8]T , ζ(0) = [0.2 0.4 0.9]T , respectively.

Set ϵ(0) = [0.4 0.3 0.8]T ; the chaotic attractors of ϵ1 − ϵ2 and ϵ2 − ϵ3 are shown in
Figure 1. It can be seen that the master system is chaotic. Next, some comparisons are dis-
cussed to show the advantages of the refined trigger scheme. By solving the LMIs (19)–(22)
in Theorem 2, we have

K =

−2.4828 0.1524 0.2663
−0.0603 −3.5450 −1.8183
0.2782 −2.0979 −3.6041

,

Ω =

 0.3715 −0.0304 0.0197
−0.0304 0.6021 0.2747
0.0197 0.2747 0.4960

.

Based on the derived control gain and trigger matrix, the response states and control inputs
of the error system are shown in Figure 2a,b, respectively. From Figure 2a, one can see
that ξi(t), i = 1, 2, 3, converges to the origin as times goes by. Also, Figure 2b displays the
control inputs by using the corresponding RDET scheme (2). Clearly, the Lyapunov theory
is applied to prove the effectiveness of the proposed method. That is, ||ξ(t)||p = 0. That is
to say, the synchronization behavior of the master–slave systems can be achieved based on
the designed RDET scheme (2).

(a) (b)

Figure 1. Chaotic attractors with ϵ(0) = [0.4 0.3 0.8]T on (a): ϵ1–ϵ2; (b): ϵ2–ϵ3.
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Next, Table 2 provides a comparison of triggering times between RDET (2) (based
on Theorem 2) and DET (3) [10,11] (based on Corollary 2). Before solving Theorem 2 and
Corollary 2, the initial parameters are chosen as l1 = 1, l2 = 0.1, l3 = 0.01, δ = 0.1,
γ = 0.05, ι = 1, β = 1, h1 = h2 = 0.01, ϵ(0) = [0.4 0.3 0.8]T , ζ(0) = [0.2 0.4 0.9]T . By using
the above parameters, according to the previous DET scheme (3) [10,11], one can obtain

K =

−2.3465 0.1556 0.2565
−0.0664 −3.4154 −1.7852
0.2643 −2.0624 −3.4690

, and the Ω in Table 2 by solving LMIs (28)–(30) in

Corollary 2. Figure 2c presents the sequence of triggering instants. Clearly, the total of
the triggering times is 28 within 15 s. As shown in Figure 2d, the number of triggering
times is 183. It shows the advantages of the RDET (2). The reason is that the introduced
α(t) = ιe−βt can enlarge the threshold function. Comparatively, the triggering times can be
effectively decreased by employing the proposed RDET (2). It is clear that the proposed
RDET (2) contributes to reducing the triggering times.
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Figure 2. (a) Responses of ξi, i = 1, 2, 3; (b) control inputs; (c,d) triggering times based on RDET
scheme (2) and DET scheme (3) in [10,11], respectively.
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Table 2. Comparisons of triggering times between RDET (2) (based on Theorem 2) and DET (3) [10,11]
(based on Corollary 2).

Scheme Ω Triggering Time

[10,11]

 0.8925 −0.0746 −0.0721
−0.0746 2.0886 1.4898
−0.0721 1.4898 1.8672

 183

RDET (2)

 0.3715 −0.0304 0.0197
−0.0304 0.6021 0.2747
0.0197 0.2747 0.4960

 28

6. Conclusions
In this paper, the event-triggered synchronization issue is discussed for chaotic NNs

by utilizing a refined trigger scheme. To decrease the communication burden, two discon-
tinuous event-trigger schemes are applied to reduce trigger times. To analyze the stability,
a useful lemma is established for the closed-loop systems. To derive synchronization results,
a type of time-dependent functions is designed in the presence of trigger schemes. Based
on inequality techniques and stability theory, some synchronization criteria are developed
to guarantee that the synchronization behavior of a master–slave can be achieved.
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