@ axioms

Article

A Linearized Conservative Finite Difference Scheme for the
Rosenau—-RLW Equation

Yongzheng Li 19, Longcheng Ren 17, Jinsong Hu 2

check for

updates
Academic Editor: Feliz Manuel
Minhés
Received: 17 April 2025
Revised: 15 May 2025
Accepted: 20 May 2025
Published: 22 May 2025

Citation: Li,Y.;Ren, L.;Hu,J.; Zheng,
K. A Linearized Conservative Finite
Difference Scheme for the
Rosenau-RLW Equation. Axioms 2025,
14,395. https://doi.org/10.3390/
axioms14060395

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

and Kelong Zheng 1*

Faculty of Science, Civil Aviation Flight University of China, Guanghan 618307, China;

lyz@cafuc.edu.cn (Y.L.); renlongcheng@cafuc.edu.cn (L.R.)

2 College of Big Data and Artificial Intelligence, Chengdu Technological University, Chengdu 6111730, China;
hjsongl@cdtu.edu.cn

*  Correspondence: zhengkelong@cafuc.edu.cn

Abstract: A novel two-level linearized conservative finite difference method is proposed
for solving the initial boundary value problem of the Rosenau-RLW equation. To preserve
the energy conservation property, the Crank-Nicolson scheme is employed for temporal
discretization, combined with an averaging treatment of the nonlinear term between the
nth and (n + 1)th time levels. For spatial discretization, a centered symmetric scheme is
adopted. Meanwhile, the discrete conservation law is presented, and the existence and
uniqueness of the numerical solutions are rigorously proved. Furthermore, the convergence
and stability of the scheme are analyzed using the discrete energy method. Numerical
experiments validate the theoretical results.

Keywords: Rosenau—RLW equation; linearized conservative difference scheme; second-
order accuracy; convergence; stability
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1. Introduction
The regularized long wave (RLW) equation

Up + Uy + Uty — tyyt = 0, (1)

was originally proposed by Peregrine [1,2] to describe undular bore behavior. This equation
overcomes the limitations of the traditional Korteweg-de Vries (KdV) equation in modeling
long-wave propagation, making it more suitable for simulating physical phenomena such
as shallow water waves and plasma waves. Its advantage lies in its improved capability to
capture both dispersive and nonlinear wave effects while maintaining higher numerical
stability [3,4]. However, subsequent studies revealed that the RLW Equation (1) cannot
adequately describe wave-wave and wave-wall interactions. To address this limitation,
Rosenau [5,6] proposed the following modified equation:

Up + Uyxxxt + Uy +uty =0, ()

which can also be applied to model dense discrete systems and simulate long-chain trans-
mission in L-C circuits for radio and computer applications. The solitary wave solutions of
Equation (2) have been extensively investigated numerically [7,8].
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To more accurately describe more complex wave motions, if a viscous term —1i,y; is
added into the Rosenau Equation (2), we can obtain the following new equation, which
combines the Rosenau Equation (2) and the RLW Equation (1):

Up — Uyt + Uyxxxt + Uy + utly = 0. 3)

This equation, referred to as the Rosenau-RLW equation, incorporates the strong dispersive
effects of the Rosenau Equation (2) and the nonlinear characteristics of the RLW Equation (1).
It is primarily used to model nonlinear dispersive phenomena in fluid dynamics and
wave propagation, including the propagation and interaction of nonlinear waves (for
example, solitary waves) in shallow water environments, the propagation of optical pulses
in dispersive media, and wave-breaking phenomena in nonlinear dynamics. Specifically,
the high-order dispersive term uyyyyt can represent high-order dispersion, accounting
for more refined wave dispersion effects beyond the standard second term. It also can
help model short-wavelength behavior and stabilize solutions by counteracting nonlinear
steepening. The dissipative term u,,; typically introduces weak dissipation or damping,
balancing energy growth from nonlinearity. For nonlinear convection term uuy, it is
fundamental to wave steepening and shock formation (e.g., in Burgers’ equation).

However, due to its nonlinearity, the Rosenau-RLW Equation (3) generally does not
admit analytical solutions. Therefore, developing numerical methods is crucial for gaining
deeper insight into its solution behavior. In this paper, we consider the following initial
and boundary value problem of the Rosenau-RLW equation,

Up — Uxxt + Uxxxxt + Uy + Ully = 0/ (xl t)e(xL/ .X'R) X (0/ T]/ (4:)
u(x,0) = up(x), x € [x1,xr], )
u(xp,t) =u(xg, t) =0, wyx(xp,t) =ux(xg,t) =0, t€][0,T], (6)

where uy(x) is a known function. The initial boundary value problem (4)—(6) possesses the
conservative quantity [9],

"XR XR

Q) :/xL u(x,t)dx:/xL uo(x, dx = Q(0), @)

where Q(0) is a constant determined solely by the initial condition. Since the physical
boundary condition of Rosenau—-RLW Equation (3) satisfies

u(x,t) = 0,uxc(x,t) -0, (t>0), as |x]— oo.

when —x; > 0 and xg > 0, the boundary condition (6) is reasonable for the numerical
investigation.

Numerous numerical methods have been developed to study the standard Rosenau—
RLW equation and its generalized form. Among these, the finite difference method [9-18]
has attracted considerable attention from scholars due to its convenience in constructing
numerical grids. For instance, Pan et al. [10] proposed a Crank—-Nicolson-type finite
difference scheme and proved its unconditional stability, second-order convergence, and
uniqueness. Similarly, Zuo et al. [11] developed an analogous scheme for the generalized
case. It is worth noting that, owing to the nonlinearity of these schemes, the existence of
their different solutions must be established using the Brouwer fixed-point theorem. In
addition to nonlinear schemes, several linearized approaches have been explored. For
example, Pan et al. [13] introduced an average three-level linearized conservative difference
method. Meanwhile, Hu et al. [9] proposed an improved version with higher spatial
accuracy. Wang et al. [12] developed a three-level finite difference scheme incorporating two
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weighted parameters applied to first-order derivatives in both time and space variables. To
further enhance spatial accuracy, Wongsaijai et al. [15,16] constructed a nonlinear compact
scheme and a pseudo-compact scheme, respectively. Beyond the finite difference method,
other effective numerical techniques have been applied to the Rosenau—-RLW equation,
including the finite element method [19-21], the Strang time-splitting method [22], the
B-spline allocation method [23], the multiple integral finite volume method [24]. For
high-dimensional cases of the Rosenau-RLW equation, readers may refer to [25-28].

In fact, the aforementioned numerical schemes can be classified into two categories:
two-level nonlinear schemes and three-level linear schemes. The advantage of a nonlinear
two-level scheme lies in its generally higher numerical accuracy; however, each computa-
tion requires multiple iterations, and thus, significant computational time. Although the
three-level scheme is linear, its drawback is that it cannot self-start and requires the use of
another scheme to calculate the numerical solution at the second level to supplement the
initial data.

In this paper, we propose a two-level linearized conservative difference scheme for
the initial and boundary value problem of the Rosenau—-RLW Equation (4)—(6). In the
temporal direction, based on the traditional Crank-Nicolson method, the nonlinear term
is averaged between the nth and (n + 1)th levels to ensure that the scheme maintains
second-order accuracy. For the spatial discretization, a central symmetric technique is
adopted to construct a difference scheme with a theoretical accuracy of O(t? + h?), which
can effectively simulate the conservative quantity ( 7). Regarding the theoretical analysis,
due to the absence of a prior error estimate for the numerical solution of this scheme,
we employ the Sobolev embedding inequality to rigorously prove the convergence and
stability of the proposed scheme.

The remainder of this paper is organized as follows. Section 2 introduces the necessary
notations and preliminary lemmas. In Section 3, we present the finite difference scheme and
discuss its conservation laws. In Section 4, the existence and uniqueness of numerical solu-
tions are established. The convergence and stability of the proposed scheme are rigorously
analyzed in Section 5. Finally, in Section 6, numerical experiments are described; these
validate the theoretical findings and demonstrate the efficiency of the proposed scheme.

2. Notations and Preliminaries

Consider the domain Q) = [x1, xg] % [0, T]. Denote h = (xg — x1)/] as the step size for
the spatial grid and T as the step size for the temporal direction, such that x; = x1 + jh(0 <
j<])tqh=nt(n=012---,NN = [T/t]). Let u;? = u(x]-, t,) be the exact value of
u(x,t) and Ui ~ u(xj, tn) be the approximation of u(x, t) at the point (xj, t,), respectively.
Then, ¢! = u;’ — U is the error between u” and U”. In what follows, C denotes a general

]
positive constant, which may have different values in different occurrences. Define

urtt —yn ur . —ur un —ur
1 -1
(Up)e = ~+—>, (u;’)xziﬁh LooWps = 12,
T SR
U= W " ==
n ymn = nyn n 2 n qn n n
V") =h y, = o = 1
v ];U,], jUf® = um, U, Ul = | max (UJ|

Zp={U=(U)|[U_y =Uy=U;=Uj4; =0,j =-1,0,--, ], ]+ 1}.

Firstly, we present some lemmas that will be used in the subsequent analysis.
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Lemma 1 (Summation by Parts [29]). For any mesh functions U = {U;|j = 0,1,2,...,]} and
V= {V]|] =0,1,2,...,]}, we have

J-1 J
h Z(Vj)xu]' =—h 2 V]-(U]')f + Vi, — Vol
=0 =i
and
j—1 J-1
h Z(uj)(vj)xx =—h Z(uj)x(uj)x +U;(V))z — Up(Vo)x-
=1 =0

Lemma 2 ([30]). For VU € ZJ, the following result

IUl? < | Uxf?

holds.

Lemma 3 (The discrete Sobolev inequality[29]). Let U = {U;|j = 0,1,2,---,]} be a mesh
function defined on the interval [x|, xg|. Then, the following inequality holds:

1Ulles < Cor/ UM/ U + (1,
where Cy is a constant which is independent of both U and h.

Lemma 4 ([29]). Let U = {U;|j = 0,1,2,- -, ]} be a mesh function defined on [xr, xg]. Then,
the following inequality holds:

[Ulleo < Cil|Une]| + CoflU,
where Cy1 and is Cy are constants which are independent of both U and h.

Lemma 5 (The discrete Gronwall inequality [29]). Let {w"|n =0,1,2,---,N; NT < T} be
a non-negative mesh function satisfying the inequality w" < A+t Y1, Bjw!, where A and B
(1=0,1,2,---,N) are non-negative constants. Then,

N
 max, |w"| < A eXP(ZTl:Z{ B)
for 0 < n < N, provided that T is sufficiently small that T - (maxj<,<n By) < 1.

Lemma 6 ([17]). Let ug € H?. Then, the solution to problem (4)—(6) satisfies the following
estimates:

lull, <C 0 uxllr, <€, fluwll, <€ flufr, <C

where C is a constant independent of u.
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Ju
= (u—~

3. Finite Difference Scheme and Discrete Conservation Laws

Supposing that u(x,t) is smooth enough, by the Taylor expansion, the following
results hold

Ju
(uf)e = (3)] +O(r?), ®)
n__ n+%_’faun+% 2
up =u; E(E)] +0(7%), ©)
ntl _ ot T al n+y 2
W =ul" 4 2 (5] 0 (10)
when i, T — 0. Let
_l(al)”% _1(827”)’”%
S 2%ot 7 T 2% 0xot’]
Then, it follows from (8)—(10) that
>A + 1un+1(u1fl)A
X 2 ] j X
nty 10U\t 1 n+3 Uty 2 32
u; AT) [(ax)f +BT]+2(uj + AT) [(ax)]. Bt] 4+ O(t° + k)
1 1
w3 Gy ap Lo 4 2)
dx’J
nt3 2 2 1
ax)f +O(t* + h*). (11)
For the problem (4)—(6), the following two-level linear finite difference scheme is
constructed:
1
(W) = (U ) st + (U xasss + (U] 2) e + (U], UM =0, (12)
j: 1/2/"'/]_1;71 :2/3/“'/N_1/
U =uo(x;), j=012---], (13)
u'ez), n=0,12,---,N (14)
where
1
+1y +1 +1
puy, Uty = S upurt) + ) |.

The following theorem shows how the difference scheme (12)-(14) simulates the
conservative law numerically.

Theorem 1. Define the discrete energy:

Then, the difference scheme (12)—(14) is conservative for Q", i.e.,

Q=Q"l=...=Q° (15)

form=1,2,---,N.
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Proof of Theorem 1. Noting that
+,
hZ(U] )xzt =0, hz wxzzt =0, hZ(U; =0, (16)

from Lemma 1 and the boundary condition (14), we have

J-1 1 )=t 1 =1
R WU U = Sk URUTT 5k Y U U,
j=1 j=1 =1
_ n n+1 n+l n
= thu u; fhz (it uj

= 0.

hy uy), =o. (17)

Finally, multiplying both sides of (17) by T, by the definition of Q", we can get (15). [

Remark 1. In fact, in addition to mass conservation, the Rosenau—RLW Equation (3) also possesses
the property of energy conservation [9]. However, due to the extrapolated linearization treatment of
the nonlinear term in this numerical scheme, its discrete energy is no longer conserved.

4. Existence and Uniqueness of Numerical Solutions

Next, we use mathematical induction to analyze the existence and uniqueness of
numerical solutions for difference schemes (12)—(14).

Theorem 2. If the time step T is small enough, the numerical solutions of difference scheme
(12)—(14) are unique.

Proof of Theorem 2. Obviously, it follows from (13) that U° is uniquely determined by
the initial condition. Suppose that U"(n < N — 1) is the unique solution to scheme
(12)—(14) and

U <C, n<N—1. (18)

Now, we prove that there is a unique U"*! which also satisfies (12)-(14).
Consider the homogeneous linear equation system corresponding to Equation (12),

1 1 1 1
—UPT = (U e (U e + 5 (U + (U], U =0,
j=12-+]-Ln=012--N-1. (19)

Taking the inner product of (19) with U"*!, by Lemma 1, the boundary condition (14), and
the following result:

<UTA1+1 U?’l+1> =0
X 7 4
one can get

1 1 1
U+ P (U = (e, utth, utt, (20)
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Combining Lemma 2 and the Cauchy-Schwarz inequality with (18), we have

1=
_<¢(un,un+l), un+1> —Zh Z[u]n(u]n—&-l)f + u}z+l(u]yz)f]u}1+l
j=1
— _lhEun(unJrl)AunH_lh]_iuwrl(un) un+1
B =t A e A A~ e B K
1 =

1 = 2
+1 +1 +1
= fih 2 1 LI]”(UJ” )J?u}1 + Eh 2 1[(u]'? ) ],gu]’ﬂ
]: ]:

1/
= ——h .
2 j+1

—1 J-1
1
U (U7 eUf 4 oy U (U + ) (U )
]:1 jZl

J-1 J—-1
<R Y| gl U O YUY U U
= j=1
< (R + urt Py
< (R + urtp), 1)

Therefore, it follows from (20) and (21) that
U U+ U I < Ce(ug i + )
that is,

1—Cco)||u"Y? + (1 — co)||u™tY? + || U2 < o.
X

XX

If 1 — Ct > 0, the homogeneous linear equation system (19) about {U]’?H} has only a zero
solution. This completes the proof. O

5. Convergence and Stability of Numerical Solutions

By applying the Taylor expansion, we can derive the following truncation error of the
scheme (12)—(14),

1
= () — ()t + () e+ (] ) + P, ) (22)
u?:u()(xj)/ jzorlrzr"'/]_lr]r (23)
Wez) n=012--,N-1N. (24)

Clearly, if T,h — 0, the following result holds:
] = O(x* + ). (25)

Theorem 3. Let ug € H2. Then, the solution U™ of scheme (12)—(14) converges to the continuous
solution u(x,t) of problem (4)~(6) of the order O(T> + h?) by the norm || - ||c, provided that both
T and h are sufficiently small.
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Proof of Theorem 3. Denote: e? = u}l — U]’?. Subtracting (22)—(24) from (12)—(14), we have

1
P = () = ()est + (@ )axsat + (€] 2)e + @, ™) — (U, UMY, (26)
jzlrz/"'ljilr n:l,Z,---,Nfl,

3? :0/ j:0/1/2/"'/]_1/]/ (27)

ez n=012--,N—-1N. (28)
By Lemma 6 and (25), there exist constants C, and C,, independent of T and & such that
["lleo < Cuy [I7"[leo < Co(T*+1%), n=1,2,--,N~1. (29)
From (13) and (27), we have
el =0, U]l < Cu (30)
Assume that
'] + llek ]| + ekl < G (7> + K, 1=1,2,--,n,(n <N -1), (31)

where C; is a constant which is also independent of T and k. Then, applying Lemma 3 and
the Cauchy—Schwarz inequality, we obtain

lleo < Cor/llelly/liekll + e
<SGl + ek
< %COCZ(TZ +1?), (32)
and
I oo < o + 1o < Cut SCoCH (P12, T=1,2,-n. (33)

Taking the inner product of (26) with 2¢"*1, from the boundary condition (28), Lemma 1,
and the following result:

we have
(1", 26" 3) = [le" [} + X1 + el +2(p(u", u™ 1) — p(u, U™, e 2),  (34)
Using the Mean Value Theorem yields

bnttnin tnttnpn
n+l H(X'_;,_l,T)—u(X‘_], ) ) ] t, +t +1
(j *)e=— ) = (G ) (i <G < xa).

Then, according to Lemma 6, we have

n+

1
e 2 e < C. 35)
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When the parameters T and h are sufficiently small such that

3 2
5Co- (Orglag;Cz)(T +h7) <1, (36)

based on (33), (35), (36), Lemma 2, and the Cauchy—Schwarz inequality, we have
(cp(un n+1) _ (p(un’unJrl) % n+%>

+3 +3
—h Z n+l Pt un( n+1) ] T3 +h Zl n+1 ])x +6?+1(u}1)£]€7 2
]

n+%
J)aeef

-1 Z n+1 +un( n+1) ] "+z +h Zun-H
et
—h Z n {1+1 ]+1 _|_en+1(] )32]

1 1
< ECu(He”II2 +led > +2[le" 2 1?)

1 1 +1
+5[Cu+ CoCr (T + H)] (|12 + 2[5 12 + 2lle" 2 |12 + le 2 1)

1
< ECM(ZIIB”H2 + lledl? + [le" %)
1
+7(Cut 1) (4lle" 2 + 5llex 12 + 20le™ (> + [leX]?), (37)
and
1 1
(r",2e"T2) < |7 + E(IIE”HII2 + e 1P) < 1)1 + e |2 + [le™ ]| (38)

where we employ the identity

=
hZe"H R —hZe”H n+2(ll]) — hZU” Can 7+2)x
]_

1 n+1 n+2 n+1 7Z+§

— €. e.

— 5 U” j+17j+1 j—17j—-1

Z %

+1 045 1 ity +1 05 g1 ity

_ 21 ur (efs ]+12 —elie ) ey —eie )
-y 20

= nron+1y it n1y (s
= —h Z Uj [(e]- )J%ej+1 + (e]'_1 )(ej+1 )J?]

=1

Substituting (37) and (38) into (34) yields

e 17 + llex 17 + llekelI?

<+ lle™ 12 + eI + %(Cu +1)(6lle" |+ 3[leX | + 6lle™ 2 + 5l ex %)

< 1P [le™ 1+ e I +2(Cu + 1) (lle™ 1 + 1R 1 + le™ 1 + lle 1%

< +3(Cu + 1)(1le" 12 + llexl? + eI + ez ™ 1%). (39)
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By multiplying (39) by T and summing from 1 to 7, we obtain
n
le™ 1+ llex ™ 12 + el 12 < et + llex 1 + lexell? + 7 3 I
k=1
e k12 k12 k12
+9(Cu +1)7 Y (e 1° + llexl® + llexe - (40)
k=1
Also, we can see that
n
T Y7 17)1? < nT max [|7F])2 < T(C)2 (72 + H2). (41)
=1 1<k<n
Let T be chosen to be sufficiently small such that
R — )
18(Cu +1)

From Lemma 5, the combination of (33), (34) and (42) leads to

eI + flex ™12 + el 12 [T(Cr)? + (C1)?) (72 + 1?22 EH ]

<
< (CuX @AY, n=12N-1
where
Cus1 = (VTC, + C1) exp(9T(Cy +1)).
Clearly, C,,41 is a constant, independent of n. Thus, by the induction,
le"]| <O+ 1), ek <O +1?), |legll <O +1?)
hold forn = 1,2, - -, N. Finally, according to Lemma 4, we have
le"|lo <O(T>+H?), n=1,2,---,N.

This completes the proof. [

Theorem 4. Let uy € H2. Then, under the condition that both T and h are sufficiently small, the
solution of scheme (12)—(14) satisfies

[U"[lo < Co, n=1,2-N,

where Cy is a constant independent of both T and h.

Proof of Theorem 4. From Theorem 3, it follows that for sufficiently small T and & that
1" loo < Nl [leo + fle™ leo < Co.

This completes the proof. [

Remark 2. According to Theorem 4, if T and h are sufficiently small, the solution U" of scheme
(12)—(14) is stable in the norm || - || o
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6. Algorithm and Numerical Experiments
6.1. Algorithm

For the convenience of calculation, the finite difference scheme (12)—(14) can be rewrit-
ten as follows:

LUt B U+t 4 DY U+ B U = HY, (43)
1§]S]—1,7’l—0,1,2, /N_lr
U =uolxj), j=12---], (44)
uty =Ug =Uj =Uj,, =0, n=12---N, (45)
where
no_ 1
Li ™
n
w14 1 W
Lj W2 Tht  4h 4k’
1 2 6 1
pr 14 1 W
L Th2  Th* " 4h ' 4n’
no_ 1
Li ™ pt’
H‘rl 7lui’l - un _ 1 u?’l _ ]' u‘rl
1/j = ] T( j )xx + ( ] )xxxx 2( ] )x

Obviously, Equation (43) is a five-diagonal nonhomogeneous linear equation system about
U1, which can be quickly numerically solved using the initial condition (44) and the
boundary condition (45).

6.2. Numerical Experiments

The exact solitary-wave solution of the Rosenau—-RLW Equation (3) takes the form

15 VI3 VI3, 169

M(x,t) ESEC 26 (x7 @t)]
with the associated initial function
15 V13

up(x) = u(x,0) = ESQCAL(YX)‘

We fix x; = —40, xg = 80 and the final time T = 40. Define

orderly =log,(|le" (h, )|/ ( )H)

hT

orderles = logy ([le” (1, T)|eo/ [[€*" (5, ) lleo)-

Next, the waveforms of u(x, t) generated by scheme (12)—(14) with different T and &
are illustrated in Figures 1-3. The waveforms at t = 20 and 40 in Figures 1-3 with different
ratios of ;; demonstrate a significant level of agreement with the waveforms at t = 0, which
also indicates the stability and the efficiency of scheme (12)—(14).
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Numerical solutions of u(x, t) with T = 0.2, = 0.01.
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Numerical solutions of u(x, t) with T = 0.01,h = 0.2.
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Figure 3. Numerical solutions of u(x,t) with T = 0.1,h = 0.1.

For various values of T and /, Tables 1-3 present the errors of the numerical solution,
the results of accuracy tests, and the discrete mass quantities at different times, respectively.
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Table 1. The errors of the numerical solutions for the scheme (12)—(14).
llell llellco
T=0.2 T=0.1 T = 0.05 T=0.2 T=0.1 T = 0.05
h=02 h=0.1 h = 0.05 h=02 h=0.1 h = 0.05
F=10 6.7029 x 10~3  1.6805 x 1073 42042 x 10~% 26525 x 1073 6.6560 x 10~%  1.6653 x 10~*
F=20 12440 x 1072 31213 x 1073  7.8109 x 10~% 47213 x 1073  1.1855 x 1073  2.9670 x 10~*
F=30 17372 x 1072 43612 x 1073  1.0916 x 103 6.3893% 103 1.6058 x 103 4.0197 x 10~*
F=40 21849 x 1072 54869 x 1073 13735 x 1073  7.8847 x 1073 19813 x 1073  4.9603 x 10~*
Table 2. Accuracy verification of the scheme (12)—(14).
orderl, orderly
T=0.2 T=0.1 T = 0.05 T=0.2 T=0.1 T = 0.05
h=0.2 h=0.1 h = 0.05 h=0.2 h=0.1 h = 0.05
t=10 - 1.9959 1.9990 - 1.9946 1.9989
£ =20 - 1.9948 1.9986 - 1.9937 1.9984
£ =30 - 1.9940 1.9983 - 1.9924 1.9981
t =40 - 1.9935 1.9981 - 1.9926 1.9979
Table 3. Mass conservative quantity (15) for scheme (12)—-(14).
T=0.2 T=0.1 T = 0.05
h=02 h=01 h = 0.05
t=0 7.590639955020484 7.590639955020483 7.590639955020486
t=10 7.590634665809471 7.590636068121576 7.590641816651537
=120 7.590634945172798 7.590637353103019 7.590647235368987
=130 7.590635182737761 7.590638486631225 7.590652070720461
t=40 7.590657869703787 7.590752977258113 7.590646799689627

Both Pan et al. [13] developed a two-level nonlinear Crank-Nicolson finite difference
scheme, while Fu et al. [31] proposed a pseudo-compact Crank-Nicolson conservative
difference scheme that achieves comparable accuracy to the numerical scheme (12)—(14)
presented in this paper. For clarity in comparison, we designate the compact scheme
from [31] as Scheme I and the nonlinear scheme from [13] as Scheme II. Our comparative
analysis focuses on these existing schemes and the proposed scheme (12)-(14). All numeri-
cal experiments were conducted with a fixed final time T = 20. In Table 4, the || - || norms
for absolute errors for various T and / are listed. it can be seen that the proposed scheme
(12)—(14) yields slightly smaller numerical errors than Scheme II and both schemes exhibit
larger errors compared to Scheme I. The enhanced accuracy of Scheme I results from its
compact stencil formulation, though this comes at the cost of increased computational
expense and a longer runtime. Notably, our scheme achieves its superior performance
relative to the nonlinear Scheme II while maintaining a linear structure—a particularly
advantageous feature for practical implementations.

Table 4. Comparison of different finite difference schemes at T = 20.

Scheme I Scheme I1 Scheme (12)-(14)
T=h=02 3.6696 x 103 48122 x 1073 47213 x 1073
T=h=0.1 9.2056 x 10~* 1.2083 x 104 1.1855 x 1073
T=h=0.05 2.3034 x 104 3.0242 x 1074 29670 x 104
T=h=0.025 5.7597 x 10> 7.5628 x 107> 7.4285 x 107>
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7. Conclusions

In this paper, a linearized difference scheme (12)—(14) for problem (4)—(6) is proposed,
which can possess second-order theoretical accuracy both in the temporal and spatial
directions. Compared with existing methods, the proposed linearized scheme not only
avoids the computational complexity of nonlinear iterations inherent in the traditional
Crank-Nicolson scheme but also preserves the mass conservation property of numerical
solutions. Typically, conventional three-level linear schemes are not self-starting and require
auxiliary methods to compute the initial values. In contrast, the proposed two-level scheme
can eliminate this requirement.

Although in the current work, we only focus on the second-order accurate scheme,
higher-order numerical schemes can be derived using higher-order Taylor expansions
or other novel techniques [17,23,32]. Furthermore, extending this approach to construct
similar linearized conservative difference algorithms for more complex models, such as
the Rosenau-KdV-RLW equation and the Rosenau-Kawahara-RLW equation, will be the
subject of our future research.
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