
Academic Editors: Iñigo Sarría and

Gradimir V. Milovanović
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Abstract: In this paper, we study the convergence and complex dynamics of a novel higher-
order multipoint iteration scheme to solve nonlinear equations. The approach is based upon
utilizing cubic interpolation in the second step of the King–Werner method to improve
its convergence order from 2.414 to 3 and the efficiency index from 1.554 to 1.732, which
is higher than the efficiency of optimal fourth- and eighth-order iterative schemes. The
proposed method is validated through numerical and dynamic experiments concerning the
absolute error, approximated computational order, regions of convergence, and CPU time
(sec) on the real-world problems, including Kepler’s equation, isentropic supersonic flow,
and law of population growth, demonstrating superior performance compared to some
existing well-known methods. Commonly, regions of convergence of iterative methods
are investigated and compared by plotting attractor basins of iteration schemes in the
complex plane on polynomial functions of the type zn − 1. However, in this paper, the
attractor basins of the proposed method are investigated on diverse nonlinear functions.
The proposed scheme creates portraits of basins of attraction faster with wider convergence
areas outperforming existing well-known iteration schemes.

Keywords: nonlinear equations; King–Werner type method; R-order of convergence;
efficiency index; complex dynamics

MSC: 65H05; 41A25; 65D05

1. Introduction
Solving nonlinear equations of the form f (x) = 0, where f : I ∈ R → R is a

continuously differentiable function defined on an open interval I, is a fundamental yet
challenging problem encountered across various disciplines of science and engineering. In
many practical applications, such equations do not admit closed-form analytical solutions,
necessitating the use of iterative numerical techniques to approximate the roots with a
desired level of accuracy.

Among these techniques, Newton’s method [1] remains one of the most widely used due
to its quadratic convergence and simplicity, particularly when the function f and its derivative
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f ′ are easy to compute. Newton’s method is a classical iterative technique, which starts with
an initial approximation x0 and generates a sequence xn from the following relation:

xn+1 = xn −
f (xn)

f ′(xn)
. (1)

Multipoint methods overcome the theoretical limits of any one-point method like Newton’s
method (1) regarding the order of convergence and informational and computational
efficiency [2]. Thus, they are of greater practical importance than one-point methods. A
comprehensive study of multipoint iterative methods for simple roots can be found in [2–4].
To expedite the convergence of Newton’s method, many third-order two-point methods,
requiring the evaluations of either the first derivative or first and second derivatives, have
also been proposed (see [1,2,5–9]).

Kung and Traub [10] conjectured that an optimal method of order n is a method
without memory which requires n + 1 function evaluations per iteration. To satisfy this
conjecture, several optimal fourth and eighth-order methods have been derived and inves-
tigated in the last few years (for example, see [4,11–20]).

Efficiency index of an iteration scheme (IS) is computed using a well-known formula
due to Ostrowski [1] given by:

E(IS) = p
1
η , (2)

where p indicates order convergence of (IS) and η is the total number of evaluations
of functions used by an iterative scheme per iterative cycle. For instance, the efficiency
of Newton’s method is E(3) = (2)

1
2 ≈ 1.414. Please note that an optimal fourth-order

scheme, for example, the well-known King method [21] has an efficiency index, 4
1
3 ≃ 1.587.

However, the new method designed in this paper has higher computational efficiency,
i.e., 1.732.

The main motivation of this work is to improve the convergence order and efficiency of
the well-known King–Werner method [22] by introducing cubic interpolation in its second
step. This enhancement raises the order of convergence from 2.414 to 3 and the efficiency
index from 1.554 to 1.732, outperforming many existing optimal fourth- and eighth-order
schemes in practice. Our aim is to present a more effective and computationally competitive
alternative iterative scheme for solving nonlinear equations.

To this end, we propose a novel third-order multipoint iterative method and analyze
its convergence analysis as well as complex dynamics. The method is validated through
several numerical and graphical experiments, demonstrating both robustness and superior
performance. The iteration method derived in this paper is more efficient than the opti-
mal methods described above. Moreover, higher-order convergent techniques free from
the evaluation of derivatives, for instance, the schemes presented in the papers [23,24],
are of specific significance since a large number of nonlinear equations involve a non-
differentiable term.

We consider the derivative-free King–Werner method given as follows [22]:

zn+1 = xn −
f (xn)

[xn, zn; f ]
,

xn+1 = zn+1 −
f (zn+1)

[xn, zn; f ]
, n = 0, 1, 2, . . . , (3)

where x0, z0 are initial points and [xn, zn; f ] is first order divided difference. We im-
prove the convergence order of the King–Werner method (3) from 2.414 to 3 under the
same hypothesis.
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The contents of the paper are summarized below. The development of the new method
is presented in Section 2. In Section 3, the convergence analysis of the new method is
investigated. Numerical examples, including some real-world applications, are considered
for the verification of theoretical results and the comparison with some existing methods
in Section 4. Section 5 presents the complex dynamics and stability analysis of the new
method compared with some existing well-known methods using basins of attraction.
Finally, the summary of the key findings is concluded in Section 6.

2. The Method
We define a two-step iterative scheme given by:

zn+1 = xn −
f (xn)

[xn, zn; f ]
,

xn+1 = zn+1 −
f (zn+1)

C′(zn+1)
, (4)

where C is a cubic curve interpolation given by,

C(t) = a(t − xn)
3 + b(t − xn)

2 + c(t − xn) + d, (5)

employing the following conditions:

C(xn) = f (xn), C(zn) = f (zn) and C(zn+1) = f (zn+1). (6)

Now, for the coefficients b, c and d in terms of the coefficient a by applying the conditions (6)
in R(t), then

b =
δ1 − δ2

λ1 − λ2
+ a(λ1 + λ2), (7)

c =
δ2λ1 − δ1λ2

λ1 − λ2
+ aλ1λ2, (8)

d = f (xn), (9)

where,

λ1 = zn − xk, λ2 = zn+1 − xn,

δ1 =
f (zn)− f (xn)

zn − xn
, δ2 =

f (zk+1)− f (xn)

zn+1 − xn
.

Simple calculations yield:

C′(zn+1) = 3a(zn+1 − xn)
2 + 2b(zn+1 − xn) + c =

δ2(λ1 − 2λ2) + δ1λ2 − a(λ1 − λ2)
2λ2

λ1 − λ2
. (10)

Hence, by using Equation (10), the iteration scheme (4) yields:

zn+1 = xn −
f (xn)

[xn, zn; f ]
,

xn+1 = zn+1 −
λ1 − λ2

δ2(λ1 − 2λ2) + δ1λ2 − a(λ1 − λ2)2λ2
f (zn+1). (11)

The iterative scheme (11) includes a free parameter a, which plays a crucial role in enhancing
the behavior and performance of the proposed method. By varying the value of a, different
iterative methods can be derived from the same general formulation. This flexibility allows
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for tuning the method to achieve optimal convergence characteristics under different
problem conditions. In this manuscript, however, we focus on a specific case by selecting
a fixed value of a, namely a = 1. The convergence analysis of the iteration scheme (11) is
investigated in the next section.

3. Convergence
To study the convergence analysis of the method (11), we take into account the idea

of R- order of convergence presented by Ortega-Rheinboldt [25]. Let xn be a sequence of
approximations, generated by an iteration method, which converges to a zero α of f (x) = 0
with the R-order of convergence, OR ≥ r, then we can write:

en+1 ∼ er
n, (12)

where en+1 = xn − α is the error at the n + 1-th iteration.
Let en = xn − α, ēn = zn − α, be the errors in the n-th iteration of an iteration scheme.

With the help of Taylor’s expansions of f (xn) and f (zn) about α and considering that
f (α) = 0 and f ′(α) ̸= 0, we have,

f (xn) = f ′(α)
[
en + A2e2

n + A3e3
n + O(e4

n)
]
, (13)

f (zn) = f ′(α)
[
ēn + A2 ē2

n + A3 ē3
n + O(ē4

n)
]
, (14)

where Ai = (1/i!) f (i)(α)/ f ′(α), i > 1.
By using the expressions (13) and (14) in the first step of (11), we obtain

ēn+1 = A2 ēnen + (A3 − A2
2)(ē

2
nen + ēne2

n) + . . . . (15)

Again, by using (13), (14) and (15) in the scheme (11), we obtain:

en+1 = (A2(A2
2 − A3 +

a
f ′(α)

))ē2
ne2

n + . . . . (16)

The above error relations are essential to prove the following result.

Theorem 1. Let x0 be an initial guess sufficiently close to a zero α of f , then the iteration scheme (11)
has R-order of convergence at least 3.

Proof. The Equations (15) and (16) yield, respectively:

ēn+1 ∼ ēnen (17)

and
en+1 ∼ ē2

ne2
n. (18)

Consequently,
en+1 ∼ (ēn+1)

2. (19)

Suppose that the sequences {xn} and {yn} have R-order of convergence r and p, respec-
tively. Then, the Equation (12) yields:

en+1 ∼ er
n (20)

and
ēn+1 ∼ ēp

n. (21)
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By combining (19) and (20), we obtain:

ēn+1 ∼ e
r
2
n . (22)

Also, by combining (21) and (22), we obtain:

ēn ∼ e
r

2p
n . (23)

Now, from Equations (18) and (23), we obtain:

en+1 ∼ e2
ne

r
p
n ∼ e

2+ r
p

n . (24)

From (23), we obtain:

ēn+1 ∼ e
r

2p
n+1, i.e. en+1 ∼ ē

2p
r

n+1. (25)

By comparing the pairs of expressions, (20) ∧ (24) and (19) ∧ (25), we obtain:

2 +
r
p
= r,

2p
r

= 2.

The solution to the above equations yields r = 3 and p = 3, indicating that the new
method (11) has third order of convergence. Hence the result.

4. Numerical Results and Comparison
This section evaluates the efficacy and validity of the proposed method (11) by employ-

ing Mathematica 11 programming environment with arbitrary-precision arithmetic. For the
sake of comparison, we consider second order methods of Newton [25] and Steffensen [26];
third-order methods by Özban [8], Weerakoon-Fernando [9], Halley [7], Ostrowski [1] and
the method given by (3). These methods are given as follows:
Newton’s method:

xn+1 = xn −
f (xn)

f ′(xn)
. (26)

Steffensen’s method:

zn = xn + f (xn),

xn+1 = xn −
f (xn)

[zn, xn; f ]
. (27)

Özban’s method:

zn+1 = xn −
f (xn)

f ′(xn)
,

xn+1 = xn −
f (xn)

f ′((xn + zn+1)/2)
. (28)

Weerakoon-Fernando’s method:

zn+1 = xn −
f (xn)

f ′(xn)
,

xn+1 = xn −
2 f (xn)

f ′(xn) + f ′(zn+1)
. (29)
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Halley’s method:

xn+1 = xn −
2 f (xn) f ′(xn)

2 f ′(xn)2 − f (xn) f ′′(xn)
. (30)

Ostrowski’s method:

xn+1 = xn −
f (xn)√

f ′(xn)2 − f (xn) f ′′(xn)
. (31)

Numerical results displayed in Tables 1–4 include the number of required iterations
(n), absolute error between two consecutive iterations (|xn+1 − xn|), for the first three
iterative steps (where B(−m) denotes B × 10−m), the approximated computational order
of convergence (ACOC) and CPU time (sec) elapsed as the program executes, computed
by Mathematica command “TimedUsed[ ]”. The ACOC is calculated using the following
expression [27]:

ACOC =
ln(|xn+1 − xn|/|xn − xn−1|)

ln(|xn − xn−1|/|xn−1 − xn−2|)
, (32)

based on the last four iterative approximations of the required root. The number
of required iterations (n) are calculated such that it satisfies the stopping criterion
(|xn+1 − xn| + | f (xn)|) < 10−150. For numerical tests, we consider the following four
examples from real-world applications.

Example 1. Kepler’s equation

First, we analyze Kepler’s equation given as follows [28]:

f1(x) = x − α1 sin(x)− K = 0, (33)

where 0 ≤ α1 < 1 and 0 ≤ K ≤ π. For different values of K and α1, a numerical inves-
tigation has been presented in [28]. For K = 0.1 and α1 = 0.25, the solution of (33) is
α = 0.13320215082857313. Numerical comparisons of different methods for this problem
are shown in Table 1, which demonstrates that the proposed method (11) achieves the
desired accuracy in four iterations, fewer than all the other methods, and confirms a theoret-
ical convergence order of 3. All the cubic-order methods converge in 5 iterations, but with
less accuracy than the proposed method. This indicates improved efficiency and reduced
computational cost of the new method.

Example 2. Isentropic supersonic flow

Consider isentropic supersonic flow around a sharp expansion corner. The relationship
between the Mach number before the corner (M1) and after the corner (M2), defined by
Hoffman [29], is given as follows:

∆ = θ
1
2

tan−1

(
M2

2 − 1
θ

) 1
2

− tan−1

(
M2

1 − 1
θ

) 1
2
−

[
tan−1(M2

2 − 1)
1
2 − tan−1(M2

1 − 1)
1
2

]
, (34)

where θ = ω+1
ω−1 and ω indicates the particular heat ratio of the gas. For ω = 1.4, M1 = 1.5

and ∆ = 100, the Equation (34) is resolved for M2 as a particular case, as follows:

f2(x) = tan−1(

√
5

2
)− tan−1(

√
x2 − 1) +

√
6(tan−1(

√
x2 − 1

6
)− tan−1(

1
2

√
5
6
))− 11

63
= 0, (35)
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where x = M2. A solution is of the above equation is α = 1.84112940685019962. The
numerical comparison of several methods for this problem is shown in Table 2 for an initial
guess x0 = 1.4. Again, the proposed method (11) achieves convergence in 5 iterations,
surpassing other methods in accuracy and speed. The higher ACOC and significantly
lower absolute errors for the proposed method indicate more rapid convergence, making it
best for nonlinear equations of the form (35).

Example 3. Population growth

The law of population growth is defined by [30]:

dN(t)
dt

= λN(t) + ν, (36)

where λ is birth rate constant of population, N(t) is the population at time t and ν is the rate
of immigration. If N0 is an initial population, then Equation (36) has the following solution:

N(t) = N0eλt +
ν

λ
(eλt − 1). (37)

As a particular problem, suppose that there are 1,000,000 individuals initially contained in a
certain population, that in the first year, 435,000 individuals immigrate into the community,
and that at the end of one year, 1,564,000 individuals are present. Then, to find the birth
rate, we must solve the following equation:

f3(x) = 1564 − 1000ex − 435
x

(ex − 1) = 0, (38)

wherein x = λ. A solution to this problem is α = 0.10099792968574979. The numerical
outcomes for this problem are presented in Table 3 which illustrates that the proposed
method (11) outperforms others, converging in 5 iterations with a high ACOC of 3. The su-
perior performance of the proposed method confirms its robustness and wide applicability,
even when other well-known methods fail.

Example 4. Transcendental-Polynomial Piecewise Function

Let us consider a nonlinear function as follows:

f4(x) =

{
x3 ln x2 + x5 − x4, x ̸= 0,
0, x = 0.

(39)

The above equation has three roots; −0.6111811894, 0, 1, where the root α = 0 is a mul-
tiple root of multiplicity 3. The simple zero at α = 1 is our desired root. The corre-
sponding numerical outcomes are presented in Table 4, which shows that the proposed
method (11) converges in only 4 iterations, outperforming all the other methods in both
speed and accuracy.

Table 1. Comparison of different iteration methods on f1(x), taking x0 = 0.5.

Method n |x2 − x1| |x3 − x2| |x4 − x3| ACOC

Newton 7 7.916(−3) 1.437(−6) 4.560(−14) 2.000
Steffensen 7 1.667(−2) 1.198(−5) 5.546(−12) 2.000
Method (3) (z0 = 0.1) 5 6.649(−6) 7.573(−16) 1.832(−39) 2.414
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Table 1. Cont.

Method n |x2 − x1| |x3 − x2| |x4 − x3| ACOC

Özban 5 4.903(−4) 1.561(−12) 5.034(−38) 3.000
Weerakoon 5 1.335(−3) 6.648(−11) 8.207(−33) 3.000
Halley 5 2.250(−3) 6.206(−10) 1.300(−29) 3.000
Ostrowski 5 2.399(−3) 7.547(−10) 2.349(−29) 3.000
Method (11) (z0 = 0.1) 4 7.490(−6) 3.645(−19) 2.357(−59) 3.000

Table 2. Comparison of different iteration methods on f2(x), taking x0 = 1.4.

Method n |x2 − x1| |x3 − x2| |x4 − x3| ACOC

Newton 7 7.463(−3) 5.958(−6) 3.756(−12) 2.000
Steffensen 8 4.138(−2) 2.899(−4) 1.334(−8) 2.000
Method (3) (z0 = 1.7) 5 4.347(−5) 1.510(−12) 1.082(−30) 2.414
Özban 5 3.903(−3) 1.842(−9) 1.936(−28) 3.000
Weerakoon 5 8.875(−3) 1.925(−8) 2.022(−25) 3.000
Halley 5 2.448(−2) 1.392(−6) 2.434(−19) 3.000
Ostrowski 5 2.342(−2) 1.152(−6) 1.296(−19) 3.000
Method (11) (z0 = 1.7) 5 2.025(−4) 2.745(−14) 2.313(−43) 3.000

Table 3. Comparison of different iteration methods on f3(x), taking x0 = 0.5.

Method n |x2 − x1| |x3 − x2| |x4 − x3| ACOC

Newton 8 6.480(−2) 2.065(−3) 2.013(−6) 2.000
Steffensen fail - - - -
Method (3) (z0 = 0.25) 6 5.706(−3) 1.021(−6) 1.104(−15) 2.414
Özban 5 1.008(−2) 1.882(−7) 1.229(−21) 3.000
Weerakoon 5 1.498(−2) 9.943(−7) 2.934(−19) 3.000
Halley 5 4.448(−3) 6.324(−9) 1.769(−26) 3.000
Ostrowski fail - - - -
Method (11) (z0 = 0.25) 5 1.075(−4) 2.511(−13) 3.504(−39) 3.000

Table 4. Comparison of different iteration methods on f4(x), taking x0 = 1.05.

Method n |x2 − x1| |x3 − x2| |x4 − x3| ACOC

Newton 8 6.174(−3) 1.158(−4) 4.027(−8) 2.000
Steffensen 9 1.686(−2) 4.603(−3) 2.748(−84) 2.000
Method (3) (z0 = 0.999) 5 1.842(−5) 3.526(−12) 1.816(−27) 2.414
Özban 5 7.826(−4) 3.911(−9) 4.903(−25) 3.000
Weerakoon 5 9.852(−4) 1.009(−8) 1.089(−23) 3.000
Halley 5 5.729(−4) 1.084(−9) 7.351(−27) 3.000
Ostrowski 5 1.446(−4) 3.862(−12) 7.358(−35) 3.000
Method (11) (z0 = 0.999) 4 3.865(−8) 5.133(−22) 1.217(−63) 3.000

Figure 1 presents a graphical representation of the numerical results shown in Table 1.
It is evident from this figure that the proposed method (11) demonstrates superior conver-
gence behavior compared to the existing methods. Specifically, Method (11) reaches the
desired root with significantly fewer iterations, indicating higher computational efficiency
and faster convergence. This improvement confirms the advantage of the new method in
solving nonlinear equations.
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Figure 1. Graphical comparison of the convergence behavior of different iteration methods for f1.

It is observed from the numerical results that for each test problem, the approximated
computational order of convergence (ACOC) of the proposed method (11) consistently
confirms the theoretical convergence order. Furthermore, our method possesses better accu-
racy than existing methods using only two function evaluations. The proposed method (11)
consistently demonstrates faster convergence, higher accuracy, and superior computational
order of convergence. This confirms the practical advantage of the proposed method over
existing methods.

By comparing efficiency indices of different methods using (2) offers additional insight
into the computational efficiency. Efficiency indices of different methods are computed
as follows:

E(3) ≈ 1.554, E(11) ≈ 1.732, E(26) = E(27) ≈ 1.414,

E(28) = E(29) = E(30) = E(31) ≈ 1.442.

We observe that the new method (11) is more efficient than the method (3) and the methods
of order 2 and 3 as considered above. Moreover, the efficiency index 1.732 is even higher
than the efficiency indices of optimal fourth-order methods (i.e., E = 4

1
3 ≈ 1.587) and of

optimal eighth-order methods (i.e., E = 8
1
4 ≈ 1.682) [11,13,31–33].

5. Complex Dynamics and Comparison
This section presents the comparison of dynamical analysis of the several iteration

schemes in terms of the basins of attraction on a variety of nonlinear problems discussed in
Section 4. We acquire a better understanding of the behavior of root-finding techniques by
plotting their attractor basins or regions of convergence containing the required root in the
complex plane. It is fascinating to see that each iterative scheme produces distinct attractor
basins for the same nonlinear problem, which enhances their importance in investigating
the root-finding techniques. The border between the attractor basins for consecutive zeros
of f indicates a complex fractal structure. Assigning a distinct hue to every basin typically
yields beautiful visuals that showcase the effectiveness of iterative techniques. First, in 2001
and 2002, respectively, Stewart [34] and Varona [35] looked into the graphical comparison of
a few classical iterative techniques. Plotting the portraits of attractor basins of root-finding
algorithms has then become a frequent way for their comparison graphically. Studies on this
type of comparison have been conducted more lately; for example, one can see [11,14,16,36].
By plotting the attractor basins, all these papers compared various iterative techniques
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on simple polynomial functions of the form zi − 1, in the complex plane. However, we
examine the attractor basins of different methods by visualizing their phase portraits on
diverse nonlinear equations presented in Section 4.

To draw attractor basins for a nonlinear function f (z), a point z0 is chosen as an initial
guess from a square I ⊂ C, containing the required root. Each point in I is then painted
with a unique color, specific for each root (except blue), for which an iteration method
converges to a simple root of f (z) = 0. If, for an initial point, the method fails to converge
to any of the roots within 25 iterations and for |α − z0| > 10−3, then that specific point is
marked with color blue (indicating divergence or failure). Brighter shades within each
basin represent initial points that converge more quickly, requiring fewer iterations.

A mathematical explanation to obtain basins of attraction for an iteration method is
given as follows.

Let f : C → C be a nonlinear function, and let α1, α2, . . . , αn ∈ C denote its simple
roots, i.e., f (αj) = 0 and f ′(αj) ̸= 0. Consider an iterative method defined by

zk+1 = ϕ(zk), k = 0, 1, 2, . . . ,

to approximate the roots of f (z) = 0.
To visualize the basins of attraction, we proceed as follows:

1. Define a square region I = [a, b]× [c, d] ⊂ C, which contains the desired roots αj.
2. For each point z0 ∈ I, use it as an initial guess and apply the iterative method. The

iteration continues until one of the following conditions is met:

• Convergence: The method converges to a root αj, i.e., |zk − αj| < 10−3 for some j,
and k ≤ 25.

• Divergence or failure: The method does not converge to any root within
25 iterations, i.e., for all j, |zk − αj| > 10−3.

3. Coloring scheme:

• If the iteration converges to a root αj, assign a unique color (excluding blue) to
the initial point z0 based on αj.

• If the iteration does not converge within 25 iterations, color the point z0 blue,
indicating divergence or failure.

• The brightness of the color is determined by the number of iterations required
for convergence: fewer iterations correspond to brighter shades.

The resulting plot is a phase portrait or basins of attraction that visualizes the sets

B(αj) =

{
z0 ∈ I : lim

k→∞
zk = αj

}
,

highlighting the regions in the complex plane from which the iteration converges to each
root, as well as the speed of convergence.

For the attractor basins of f1(z) (33), which has a root at 0.13320215082857313 . . . , we
chose a grid of 300× 300 points in I = [−5, 5]× [−5, 5] ⊂ C. Due to the limited paper space,
the significant digits of the root are reduced. The color cyan is assigned to each point in I for
which the iteration scheme converges to the root 0.13320215082857313. The corresponding
phase portraits of basins of attraction are displayed in Figure 2. The proposed method (11)
and the method (3) have far superior performance regarding the speed and wide areas of
convergence in comparison with other classical methods.

For f2(z) (35), which has a zero at 1.84112940685019962 . . . , we chose a grid of
300 × 300 points in I = [0, 3] × [−1.5, 1.5] ⊂ C. Similar to the previous example, each
point of the square I is painted with the color cyan, for which a method converges to the
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root 1.84112940685019962. The corresponding portraits of basins are shown in Figure 3,
which exhibit the superior performance of the proposed method (11) in terms of conver-
gence speed and convergence region. The proposed method has only two non-convergent
points in the selected region.

We have taken a grid of 300 × 300 points in a square I = [−5, 5] × [−5, 5] ⊂ C to
plot the phase portraits for f3(z) (38), which has a zero at 0.10099792968574979. The color
cyan is assigned to each point in I for which an iterative scheme converges to this zero.
Figure 4 depicts the corresponding portraits demonstrating the worst behavior (divergence)
of the methods by Steffensen (27) and Ostrowski (31) while our method (11) exhibits wider
regions of convergence. In particular, the brighter color of basins for the proposed method
illustrates its robust convergence in comparison with other methods.

Figure 5 shows the basins of attraction for f4(z) (39), for which a grid of 300× 300 points
is taken in the square I = [−1.5, 1.5]× [−1.5, 1.5] ⊂ C containing two roots of f4(z) = 0;
one multiple root at 0 and a simple root at 1. Each point of the square I is marked with
the colors magenta and cyan, for which an iterative scheme converges to the roots 0 and 1,
respectively. The blue color indicates that the method fails to converge to any of the zeros.
Figure 4 depicts that the methods of Steffensen, Ostrowski, Newton, Ozban, Weerakoon,
and Halley possess smaller areas of convergence while the proposed method (11) has wide
regions of convergence for the desired root, i.e., α = 1.

Figures 2–5 depict the basins of attraction for the nonlinear problems f1 − f4, providing
a visual representation of the convergence behavior of several iterative methods discussed
in Section 4. The figures clearly demonstrate that the proposed iterative scheme (11) exhibits
significantly wider areas of convergence in comparison to the existing methods in several
instances, indicating their robustness and efficiency in solving complex nonlinear problems.
This implies that the proposed methods can successfully converge from a broader set of
initial guesses, which is a key advantage in practical applications where selecting initial
values can be challenging.

Tables 5–8 provide the comparison of different iteration schemes in terms of average
number of iterations (AVGIT), number of non-convergent initial points (NCP) and CPU
time (e-time) to plot basins for f1(z), f2(z), f3(z) and f4(z), respectively. The proposed
method has outperformed other methods in all the metrics, as it has taken less time and
performed fewer average iterations to plot the portraits of basins of all functions. Moreover,
the basins generated by the proposed method are brighter and wider with fewer diverging
points compared with those of the existing iteration methods.
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Figure 2. Attractor basins for f1(z) using different iteration methods.
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Table 5. Comparison of AVGIT, NCP and CPU time for f1(z).

Methods AVGIT NCP CPU-Time (s)

Newton 3.348 17150 4.50
Steffensen 1.68 54264 4.46

Özban 2.31 17882 2.29
Weerakoon 2.59 15608 11.5

Halley 2.31 31514 24.97
Ostrowski 3.58 22192 8.84
Method (3) 1.70 34 0.453
Method (11) 1.28 2 0.359

0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Newton
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Steffensen
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Özban
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Weerakoon

0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Halley
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Ostrowski
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Method (3)
0. 0.75 1.5 2.25 3.

-1.5

-0.75

0.

0.75

1.5

Method (11)

Figure 3. Attractor basins for f2(z) using different iteration methods.

Table 6. Comparison of AVGIT, NCP and CPU time for f2(z).

Methods AVGIT NCP CPU-Time (s)

Newton 3.13 159 1.18
Steffensen 2.67 19778 11.59

Özban 2.22 456 6.07
Weerakoon 2.28 152 4.31

Halley 2.44 887 3.90
Ostrowski 2.71 10 4.29
Method (3) 1.56 3 1.78
Method (11) 1.37 3 0.26
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Figure 4. Attractor basins for f3(z) using different iteration methods.
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Table 7. Comparison of AVGIT, NCP and CPU time for f3(z).

Methods AVGIT NCP CPU-Time (s)

Newton 3.48 1 0.234
Steffensen Diverges 89999 5.46

Özban 2.27 1 1.57
Weerakoon 2.58 27 3.46

Halley 1.96 1 2.57
Ostrowski Diverges 89999 5.43
Method (3) 1.88 1 0.218
Method (11) 1.00 1 0.156
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Figure 5. Attractor basins for f4(z) using different iteration methods.

Table 8. Comparison of AVGIT, NCP and CPU time for f4(z).

Methods AVGIT NCP CPU-Time (s)

Newton 13.36 12079 1.64
Steffensen 4.14 63437 7.90

Özban 8.42 12485 5.46
Weerakoon 9.06 11549 8.57

Halley 7.64 14626 4.28
Ostrowski 1.28 71438 5.46
Method (3) 3.92 28 1.89
Method (11) 1.40 20 0.156

6. Conclusions
In this paper, we have introduced and analyzed a novel higher-order multipoint itera-

tion method for solving nonlinear equations, employing the cubic interpolation to enhance
the convergence of the King–Werner method [22]. The proposed approach increases the
convergence order from 2.414 to 3 and improves the efficiency index from 1.554 to 1.732,
surpassing the efficiency of even optimal fourth and eighth-order methods [11,13,31–33].
Through extensive numerical and dynamic experiments, the method’s robustness and
superiority have been validated using metrics such as absolute residual error, computa-
tional order of convergence, CPU time, and regions of convergence using attractor basins.
The method is tested on real-world problems, including Kepler’s equation, isentropic
supersonic flow, and the law of population growth, consistently outperforming existing
well-known methods. The proposed method is derivative-free and therefore remains appli-
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cable even when f ′(x) = 0 at or near the root. This gives it a significant advantage over
Newton’s method, particularly for functions that are non-differentiable or have stationary
points near the root. The convergence of our method does not depend on the behavior of
the derivative but rather on the function evaluations, making it broadly applicable.

Furthermore, the study extended the analysis of convergence and stability beyond
traditional polynomial functions like zn − 1 to diverse nonlinear functions, providing a
more comprehensive understanding of the method’s applicability. The proposed scheme
demonstrates faster generation of basins of attraction with wider convergence regions,
highlighting its stability and efficiency. These results underscore the method’s potential as
a reliable and high-performance tool for solving nonlinear equations in both theoretical and
practical applications. The proposed method is designed for solving nonlinear equations
where the function is at least continuous and sufficiently differentiable. Its applicability to
problems involving non-smooth or discontinuous solutions is limited, as the convergence
behavior in such cases may not be guaranteed. This limitation is a subject for future
research, particularly extending the method to handle such non-smooth functions.
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