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Abstract: Hilbert-type inequalities derive from the classical Hilbert inequality, and their
theoretical work has key applications not only in operator theory but also in various
analytic disciplines. In this paper, we have achieved the parametric conditions required for
the construction of such inequalities, as well as the expressions for the optimal constant
factors. Through the utilization of the construction theorem for Hilbert-type multiple
integral inequalities with homogeneous kernels, our investigation centers on a Hilbert-type
multiple integral inequality that involves multivariable upper limit functions and higher-
order partial derivatives. Furthermore, we apply these results to discuss the boundedness
and operator norms of integral operators with identical kernels.

Keywords: multivariable upper limit functions; higher-order partial derivatives; Hilbert-type
multiple integral inequality; gamma function; bounded integral operator; operator norm
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1. Introduction and Preparatory Knowledge

Given that p > 1 and % + % = 1. In 1934, ref. [1] obtained a Hilbert-type inequality
for a homogeneous kernel K(¢, 17) of the order —1:

+00 400
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where the constant factor K, = 0+°° K(u,1)u ?du is the best value. When K(&, %) = ﬁ,

(1) is transformed into the classical Hilbert integral inequality

oot £(8)g (1) i
/0 /0 Wd@‘dﬂ < MHJ(HPHSHW

If we consider the integral operators with the same kernel as (1)

nHm = [ KENAOE BEE = [ Kzt

J0

then (1) is equivalent to the operator inequalities

ITL(Allp < Kpllfllp, 1T2(8)llg < Kpllgllg-
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It can be seen that T; is a bounded operator in the Lebesgue space L,(0,+o0), T> is a
bounded operator in the Lebesgue space L;(0, +c0), and the operator norms of Ty and T>
are both [|T1|| = ||Tz|| = Kj. Since Hilbert-type inequalities have important applications in
operator theory and analytical disciplines, they have received extensive attention. People

have introduced various independent parameters and discussed Hilbert-type inequali-
1

ties about homogeneous/quasi-homogeneous/non-homogeneous kernels such as @t

1 In &M —In g2 .
, etc., and obtained many useful results [2-10]. These results show that

gAl +77/\2 4 é’/\l 7’7/\2
in order to obtain an inequality of the Hilbert-type with the factor being the best constant,

it is necessary to carefully match each parameter. In 2016, Hong and Wen [11] explored
the laws of the best-matched parameters and subsequently achieved many important
results [12-15]. Based on these studies, in order to solve the boundedness problem of
related operators, people began to explore the construction problem of Hilbert-type in-
equalities, that is, what conditions should the parameters satisfy to construct a Hilbert-type
inequality? And are such conditions necessary and sufficient? Obviously, the exploration
of these issues is very important for the research on operator theory. Currently, important
progress has been made in this area [16-18], and many results have been extended to the
high-dimensional case [19-23]. In recent years, the exploration of Hilbert-type inequalities
that feature variable upper limit functions and derivative functions has also become one
of the hot topics in this field. They generalize the classical Hilbert-type inequalities from
another perspective [21,24-26]. For example, Yang and Rassias [27] discussed a Hilbert-
type inequality involving the multiple variable upper limit function associated with the

function f(§)
5 [ [5) f
Fu(S) = /0 /0 - /O /O f(to)dtodty - - - dby_q

and the higher-order derivative ¢("™) (1) of g(17), and they obtained

reorreo f(8)g(n)
bk e
SmB;(AZ,/\wLm/\Z)B;(MJF’”'/\M)
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where 711 = % + % and Ay = % + )‘—; It was also pointed out that when A + Ay = A
(0 < Aq1,Ay < A), the optimal value is precisely what the constant factor embodies. This is
a relatively complex result, but it has some deficiencies: (1) the parameter relationships are
complex, which brings inconvenience to applications; (2) the existing results are not fully
utilized, resulting in a very cumbersome proof process; (3) the conditions under which
such a Hilbert-type inequality can be constructed are not discussed.

In this paper, we will consider an inequality of the Hilbert-type, a multiple integral
one, which is applicable to multivariate functions and encompasses variable upper limit
functions and higher-order partial derivatives. By using the construction theory of multiple
integral inequalities conforming to the Hilbert type and featuring homogeneous kernels,
we obtain the necessary and sufficient conditions for the tenability of the Hilbert-type
multiple integral inequality involving variable upper limit functions and higher-order
partial derivatives. The parameter relationships are concise, and the proof process is
optimized. Finally, using the obtained results, we discuss the construction conditions of
the corresponding bounded multiple integral operators and the calculation formula for the
operator norm.
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2. Preliminary Lemmas

To avoid unnecessary repetition, the following notations are introduced in this
paper: Ny ={1,2,---},

(’;: (61152/"' /ém) S RTI 77 = (771/772/"' /7]}’1) S Rn/

m n
1Glm =Y llnlln =Y nj
i=1 j=1

The variable upper limit function of f(&) = f(&1,82, -+ ,&m) is

RO@ = [ [F [ e e g

It is stipulated that when i = 0, F;(f)(&) = f(&). The higher-order partial derivative of
g(n) =g, m2, - ,nu) is

B ajg(m,... s M)

8inia--1yj (n) = o - '377]‘ )

It is stipulated that when j = 0, gy,..;;;(17) = g(). The weighted high-dimensional
Lebesgue space is

Ly®R™) = {£@) ¢ Ifllpw = ([, IEIHIA@)PAE)? < +eo}.

Denote oo
atm
Wo(p,zx,m):/ K(t, 1)t 7
0

If K(tu,tv) = t7K(u,v) (t > 0), then K(u,v) is said to be a homogeneous function
with an order of 7.

Lemma 1 ([20]). Given that p > 1and % + % =1 a B Randm,n e N, Let K(u,v) > 0bea
homogeneous measurable function of order o, & = (81,82, -+ ,Gm) € R, = (11,172,- -+ ,1n) € R,
and Wy(p,a, m) < +o0. Then,

(i) There exists a constant M > 0 such that

L, L KUl ) £(@)g(n)ddy < Milfllpallgllog @

zfandonlyzj"";m—k% =m+n+o.

(i1) When ”Tm + ﬁ# = m+n + o, that is, when (2) holds, it is the optimal constant
factor that

M; =inf{M} = Wo(p, a, m).

1
TV/a(m)rY/p (n)
Lemma 2. Let 3+ 7 = 1(p > 1), mn € Noy g p € R A > m— 5 > 0,

4
E=1(81,82, -+ ,Cm) ERY, and y = (1,12, -+ , 1) € R™. Then,
(i) There exists a constant M > 0 such that

Lo fow T T @842y < MIflalslos ®)

zfandonlyif“%”#—ﬁ;” =m+n—A.
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(ii) When ”Tm + ﬂ;" =m+n — A, that is, when (3) holds, the best constant factor is
1 x+m B+n
T(A)T/4(n)T177 () (’” p ) (” 7 )
Proof. Let K(u,v) = W with u > 0,0 > 0. Then, K(u,v), with the property of

K(u,v) > 0, is a homogeneous function of order —A. Since A > m —
)L—}—"‘JFT'”—m > 0. Thus,

=

at+m

7 > 0, we have

oo 1 7m+ -1
Wo(p,oc,m):/o (1+t))‘t P

:B<m_¢x—;m,)\+tx—;m_m> < +o0.

When"‘;m+ﬁ;" =m+n—)\,wehave)\+"‘+7m—m:n—ﬁ;”.Then,

( a+m ﬁ+n)
o(p,a,m) m— SN —

q
1

_m)r(’” ;m)r<‘ﬁ;>

In conclusion, Lemma 2 holds according to Lemma 1. O

3. Multiple Integral Inequality of the Hilbert-Type Incorporating
Multivariable Upper Limit Functions and Higher-Order

Partial Derivatives

Theorem 1. Given that p > 1and%+% =1lmneNg,aBeR0<k <m0<k <n,
Atki—ky >m—5M > 0,8 = (C1,8,Cm) € RY, and yp = (q1,12,- ,77n)
R™. Wheni = 1,2,--- ki, E(f)(&) = o(e®%) (& — +oo,t > 0); when j = 1,2, ,k,

Sy (M) = o(e') (1j = +00,t > 0), and 1My, 0 Gy 4 () = 0.
(i) There exists a constant M > 0 independent of f and g, such that

- __f©)g(n) F
Jo o Tl 80 < MU Ol o @

ifandonlyif"‘*%—}-% =m+n—ki+k—A
(ii) When ”‘J;’” + ﬁ;" = m+n —ky + ky — A, the constant factor of (4) that attains the
optimal value is

rm)rl/q(;)rl/v(nf(m B ;m>r( - ﬁ:)

Proof. First, when a > 0, according to the property of the Gamma function, one has

+o0 1 [+oo 1
e tdt = / Mlemtdu = —T(A).
/0 s ut e *du o (A)

Mg = inf{M} =

Then,

! LS R W (T
= t e m Hlin dt 5
(1Ellm + lImlla)*  T(A) /0 6)
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(i) According to (5), we have

_ f(©)g(n)
A8 = oy gy T T 5%
_ r(lA) / e f(é)g(n>( /0*‘” tmet<|¢|m+|n|n>dt>dgd,7

:F&)A%”ﬁ1(/?efE%@f@kw)(/ietﬂ“mgwkm)w-

Using integration by parts and noting that when i = 1,2,- - , ki, Fi(f)(&) = o(ef%) (& —
+00,t > 0), we have

/ i et é‘if(g)dér

= [ ([T PR @ Ea G)dE ) dae - dE
.
Ry

— e_t Z:’;’él gz
-1
RY

=/ ftmﬂé’( e 'O dR (f)(&1, 8, ,ﬁm)>d(§2"~d§m

lim e t§11:'1 )(':1/':2/"'/‘:"1)

{1—+00

+ t/0+ooeft¢1?1(f)(61,é‘z,. - ,gm)dgl)dgz o dEm
=t et SE(f)(E1,8, -, En)dE1dEs - - Ao

m
R+

= th /Rm e 'LRGE () (&1, &, Em)dE1dE - &

"

=t [ e E () (@)de.

Since when j = 1,2,--- ks, Gpppeny (1) = o(et”f)(n]- —  +oo,t > 0) and
lim,7]._>0+ S 1 (1) = 0, then
e Mgy pon. (’7)’+oo = lim e gy (1) — Hm gy, (17) = 0.
miz-1j-1 0 11—+ miz:1j-1 T 12 1j-1

From this and using integration by parts, we have

/n e B lig(y)dy
+
noo +oo
= Jors e toia; (/0 e tmg(m,ﬂz/' .. /Un)d771>d772 digy
+

gy . 1 +o0 B
= Je € e (7?/0 8,z - mm)d(e ml))dﬂz---dﬂn

—+o00

Y 1 _
=/ e YR (—ze t’71g(,71/;72,,,. ,,7")|0
JRY
t/ tmgm M, 12,7 ,ﬂn)dﬂl)dqz...dﬂn

= ?‘/Rn 1 t):] 117]g77 (171/”2,' . ,1’]n)d171d;72. . d;,]n

1 7 7vl .
— th /” e EY ”’gﬂ1W2"'Wk2 (171,;72,' .. 'Wn)dﬂldﬁz ) "d77n

1 —
= Jan © tH”H"grm]zmmz (7)dy.
"
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In conclusion, we find
A(f,8)

= 1“(1M /0+°° Ak —ky—1 (/ ; e—tl\él\mfkl (f)(g)dg) (/1 e_tMl"gmnz---nkz(’?)dW) dr

_F(l?o/; Ak —kp— 1(//m el ) £, (f)(C)gmz--nkz(W)dCdn)dt

1 +oo ~
= o) / . /m (/ tA+k1—kz—1e—t(§|m+|ﬂ|n)dt) Fi, (£)(©)&mm--ni, (1)dCdy

F()\+k1 kz/ / Fkl ¢)8m 77k2() d&dy.
RY JRY \|§||m+||77|| YAtk

By Lemma 2(i), there exists a constant M > 0 such that

Fkl g771172 sz( )
d dn < M||F 6
/ . / . ||¢||m+||f7|| Tty 40 < MIB ()8, los (6)

if and only if ”‘;’”—Fﬁ;” =m4+n—A+ki—k) =m+n—k+k—A Let M =

Wﬂ; then, we obtain (4).

(ii) When ’”T’”—i—ﬂ# =m+n—ky+ky—A=m+n— (A+k; —ky), according to
Lemma 2(ii), the best constant factor of (6) is

Mo = r()\+k1—kz)l{l/q(m)rl/p(")r(m_ “;m)r<n_ ﬁ:”).

Then, the best constant factor M of (4) is

CT(A+k—k)— 1 a+m B+n
Mo= =50y Mo= F(A)Fl/‘i(m)Fl/F’(n)r<m_ )r(”_)'

O

4. Applications in Operator Theory

Letp > 1/q > 11 0‘1,3 S ng = (511621"' /Cm) S Rr_ﬂ,r-l/ﬂ = (711/772/"' 17771) S Ri/
0<ky <m,and 0 < ky < n. Define

LY (RY) = {f(C) >0 [[By (f)llpa < +00, Bi(f)(E) = o(e™)
(i = +o0,t >0),i=1,2,--- ,kl},
akng(Rﬁ) = {8(77) &y g < 400 Gy, (11) = o(e')
(j = +oo,t > 0)/}7}3{)1+ Sy (1) =0,j=1,2,- - ,kz}.

In the following, we use Theorem 1 to discuss the boundedness and norms of multiple
integral operators defined on I ke 5(R) and ok2 L’g (R%).
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Theorem 2. Given that p > 1 and % —5—% =1mneN_,apecRO0<k <mand
A+ky>m— "‘J”Tm > 0. The integral operator Ty is defined as follows:

_ f(&) ki1 mm

(i) Ty is a bounded operator from Ik1 LE(RY) to Lﬁ(1 (Rﬁ’r) if and only if ”‘;m + % =
m+n — ki — A. That is, there exists a constant My > O such that

IT (Al pa—p) < MillBe (Hllpar @)

(ii) When Ty is bounded, its operator norm is

e Gl R Gy

Proof. First, we prove that (7) is equivalent to

_ &8 P
Jo s T T80 < MlF Dl ®

If (8) holds, let g(i7) = [l |5" | Ty (f) () [P~ Since f(&) € I LE(R™), then f(Z) > 0
Thus, ?k] (f)(¢) > 0. Then,

ITs AL gy = [, I T3 () Pty

f(&)g(n)
= Joy SOOTOI e = [ [ e
< MullF (F)lpallgllog

= Ml (Pl [, HWHE(HUIIQO”)ITl(f)(W)’”)qd’?);

= Ml e [, ||n||5“—">n(f)(nwdn)"
— M (Dl OIS,

From this, we obtain [|T1 (f) |, 1-p) < Mi HFkl (f)|lp,a, that is, (7) holds.
Conversely, if (7) holds, accordmg to the Holder integral inequality and noting that
—%p = B(1 — p), we have

f(&)8n) _
/M /M el + Inx e = /M g(n)Tu(f)(n)dy

17l[n)?
_B B
= Jo <||77||n qTﬂf)(v)) <||11|2g(17)>d77

1 1

_Bp ; .
= (/R1 Il * m(f)de) ( fo Hnumgwﬂ‘fdn)
= [T (H)llppa-p)l8llap < M1||i-:k1 (F)llpeligllg,p-

So, (8) holds.
In conclusion, (7) is equivalent to (8).
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In Theorem 1, take k; = 0 and rename M as M;. Then, (4) becomes (8), and the
condition ”‘;’” +% =m+n—ky+ky — Aisreduced to “—’”+ﬁ% =m+n—k —
So, according to Theorem 1, the conclusions of Theorem 2 hold. O

Theorem 3. Given that p > 1 and % —|—% =1mneN;, B R 0Lk <n,and
A—ky>m— "‘J”Tm > 0. The integral operator is defined as follows:

RDE) = [, T, ) € LR )

(i) T, is a bounded operator from akZLg(Rﬁ) to L;(l_q) (R™) if and only if “J;m + ﬁq# =
m + n + ky — A. That is, there exists a constant My > 0 such that

HTZ(g)Hq,zx(lfq) < M2||g771772""7k2||q,/3‘ )

(ii) When T, is bounded, its operator norm is

e e G L Gl

Proof. Similarly, we first prove that (9) is equivalent to

B () (V)
oo e T 2227 < Ml o (10

a(1- 1o
If (10) holds, let f(&) = ||§||m D T2(g)(&)]7". Since |g771772'“7’lk2 (1) and |g"71’72“~7]k2 (1)
are equal almost everywhere, then [|gy, -, 9,6 = 11815172, llg,p- It follows that

1@y = f I @1

= Jeu J® / . <||¢|mgf|)n| jrn oz

D)l
< e /m ||cum+ ||77|| el + I lyr 2%

< Mo || fllpalllgluma--m, lg.p = Mall fllpall€numa--m, llg.p

P b
= Mallgnne log ([, Vel (JEIS" 0 Tl @1 ) ¢

= Mal|gyuna-e, llgp ( /. . Izl 1T (s) de) ’

q-1
= MZHgm?iz“"?kz Hq,,B”TZ( )l qa(1—q)

From this, we obtain || T2(g)[g,x(1—¢) < M2Hg,71,72...,7k2 ll4,5, that s, (9) holds.

Conversely, if (9) holds, according to the Holder integral inequality and noting that

_aq _
) = (1 —¢q), we have
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_ @)
Jeo oo T E Ty RE

= | f(0)T2(g)(8)dg

m
R+

= [ (1elhf@) (el T2(2) (@) )de
o (le1hr@) )

1

< ([ 1emsir@rrae) ([, lel In) @)
= 1l T lgairg) < Mol pallgians -, s

So, (10) holds.
In conclusion, (9) is equivalent to (10).
In Theorem 1, take k; = 0. Then, the condition ”Tm + ﬁ;" =m+n—ki+k—Ais

reduced to "‘J“Tm + ﬂ# =m+n+ky — A. Rename M as Mj; then, (4) is reduced to (10). So,
according to Theorem 1, the conclusion of Theorem 3 holds. [

In Theorem 2, taking « = 8 = 0, we can obtain the following Corollary 1.

Corollary 1. Given that p > 1 and % + % =1,mneNL,0<ki <mand A+ky > % The
integral operator T is defined as follows:

— f(g) k1 m
TN = L o e SO € By (R,

(i) Ty is a bounded operator from I{? Ly(R%) to Ly(R™) if and only zf% + % = A+k.
(ii) When Ty is bounded, its operator norm is

Im = e ()" ()

In Theorem 3, taking &« = B = 0, we can obtain the following Corollary 3.

Corollary 2. Given that p > 1 and % + % =1,mneNy,0<k <nand A —ky, > % The
integral operator T, is defined as follows:

T(8)(5) = /R” (||§||mgj‘17|)|77||n))‘dn, g() € a7 Ly(RY).

(i) Ty is a bounded operator from 9¥2Ly(R™) to Lo(R™) if and only fe+y=2A-kx
(ii) When T, is bounded, its operator norm is

I = e ()T ()

If we further take n = m in Corollary 1, then we can obtain the following Corollary 3.

Corollary 3. Given that p > 1 and % +% =1,meN,,0< ki <mand A+k > % The
integral operator T is defined as follows:

_ f(‘:) k1 m
TN = [ et s S € By ®D.

(i) Ty is a bounded operator from I{E Ly(R%) to Ly(R7) if and only if A = m — ky.
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(ii) When Ty is bounded, its operator norm is

1 T
(m — k1)L (m) sin(mrmt/p)

T =
Il = ¢
If we further take m = n in Corollary 2, then we can obtain the following Corollary 4.

Corollary 4. Given that p > 1 and % —i—% =1,neN;,0<ky <nand A —ky > g. The
integral operator T, is defined as follows:

T = [, T 8() € FLy(R).

(i) Ty is a bounded operator from 9K2Ly(R™) to Ly(R™ ) if and only if A = n + ky.
(ii)When T, is bounded, its operator norm is

1 7T
n+kp)T(n) sin(nmt/p)

T =
T2l = ¢
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