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1. Introduction

At first, we will provide some definitions for the convenience of readers.

Definition 1 ([1,2]).

C™>": the set of m x n complex matrices;

R(A), N(A): the range space and the null space of A, respectively;

r(A), A*: the rank and the conjugate transpose of A, respectively;

A®MN) — A* — N=1A* M: the weighted conjugate transpose matrices of A with positive-definite
Hermitian matrices M and N.

Definition 2 ([3]). Let M be a positive-definite Hermitian matrix and let A € C™*", b € C™.
The aim of the so-called weighted least squares problem [WLS] is to find x € C" that satisfies
the following:

1 .
| Ax = blly = |M# (Ax — )]} = min | Ax — b,

where M = M2 M3, ||.||2 is a spectral norm, and ||.|| p is a weighted M—norm.

Definition 3 ([2]). Let A € C"*", and let M and N be two positive-definite Hermitian matrices.
X is the weighted Moore—Penrose inverse of A when it satisfies

(1) AXA = A, (2) XAX =X, (3M) (MAX)* = MAX, (4N) (NXA)* = NXA, (1)

where X is denoted by X = A(123MAN) — Al - Set’s A{1,3M, 4N }-inverses of A are
A{1,3M,4N} = {X € C"™™ | AXA = A, (MAX)* = MAX, (NXA)* = NXA}.
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The reverse order law for the weighted generalized inverse has been widely applied
in the study of the WLS (see [4-6]), the weighted perturbation theory (see [7-12]), the
optimization problems and other related topics (see [13-18]).

The reverse order laws for the weighted generalized inverses of matrix products have
attracted considerable attentions (see [19-28]). It is well known that the core problem here
concerns the reverse order law, which depends on what conditions the equations

k)

AFT) f ) L p R () Ay A )

hold, where i, j,...,k € {1,2,3M,4N}.
The purpose of this paper is to show some equivalent conditions for the following
reverse order law:
B{1,3N,4K}A{1,3M,4N} = (AB){1,3M, 4K}. )
Furthermore, the equivalent conditions for the inclusions
B{1,3N,4K}A{1,3M,4N} C (AB){1,3M, 4K} 3)
and

B{1,3N,4K}A{1,3M,4N} D (AB){1,3M, 4K}, 4)

are presented.
The following lemmas are essential in the rest of this paper.

Lemma 1 ([2,4]). Let M and N be two positive-definite Hermitian matrices, and let A € C™*",
Then,

X € A{1,3M} <= A*MAX = A*M, (5)
X € A{1,4N} <= XAN1A* = N14%, (6)
X € A{1,4N} <= X* € A*{1,3N"1}. @)

Lemma 2 ([17]). Suppose that A, B, C and D are four complex matrices, and suppose that M and
N are two positive-definite Hermitian matrices. Then,

(8)

A*MAN-'A* A*MB
r(D—CA} vB) = r( CN-LA* D ) —r(A);

max r(D o CA(1,3M,4N)B) — min { T(A MA A MB) - T(A),
A(1L3MAN) C D

AN-1A* B
r(CNlA* D) _7(A)}; )
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* * —1 A%
min (D — CA(1,3M,4N)B) _, A*MA A*MB np AN_lA B
A(L3MAN) C D CN-14* D

A B
—r(c D) —r(A). (10)

Lemma 3 ([29]). Let X and Y be two arbitrary matrices, and let A;; € CMir(1 < d,j < 3).
Then,

An Ap X A
. B Ann Ap
min An Axn Ap | =1(An, Axn, A +r|Ap | +maxqr A A
§ 21 Ax
Y Agz A33 A32

A1p Ap A Axn
— —rlA A |, — —1({A»n, A . (11
7<A22> 7( 21, 22) 7<A32 Ay r A 7( 2 23) (11)

The contents of this paper are organized as follows: In Section 2, we first present the
equivalent conditions for Inclusions (3) and (4) using the maximal and minimal ranks of the
generalized Schur complement and completions of partial matrices. Then, applying these
results, we study the reverse order law (2). At last, in Theorem 3, we obtain necessary and
sufficient conditions for the reverse order law (2) via rank conditions of known matrices.

2. Main Results

To obtain the main results (Theorem 3), we need present the minimal rank of the

generalized Schur complement D — B(13NA4K) A(13MAN)

Lemma 4. Let M, N, and K be three positive-definite Hermitian matrices, and let A € C™*",
B e C"k, D € Ck*™_ Then,

min T’(D o B(1,3N,4K)A(1,3M,4N))
A(L3MAN) B(13N4K)

B (B*NBD B*N) r( N-1A*  BK-1B*

—+(A)—r(B
A*M  A*MA DAN-1A* I<‘1B*> r(A) = r(B)

+ max { r(B*A* — BENBDAN'A*) —r(BDAN"'A* — N~1A*) — r(B*"NBDA — B*N),

—1p*
r (A*zv][(ABilB* A?M> T (DABKTIE! KB S ATMABD — ATM) - n}. "

Proof. It is well known that A(L3MAN) — Al N + FAVEs, where Fy = I, — A}, VA,
Ej=1,— AA}/L y and V is an arbitrary matrix (see [17]). Combining this fact, we have
(D — B(1,3N,4I<)A(1,3M,4N))
= r[(BY x + FBWER) (Al + FAVE4) — D]
= (BN xAln + BN kFAVEA + FyWERA},  + FWERFAVE, — D)

O 0 o) o I, V
O O —E4 O O I
o 0 o) I, E4 O
- - —k—m—3n 1
"o B BfALy-D Bi, O O m=3n (13)
I, O EpAl, v Eg O O
WL 0 O 0 O
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where Fy = I, — A} yA, Ea = In — AA} \, Fs = Iy — B} B, Ep = I, — BB}, ; and the
matrices V and W are arbitrary. Applying Lemma 3, we have

min r(D— pB(13N4K) A(1,3M,4N))

—Ex o) . .
t — (FB B}L\I,KNAR{(N -D B&,KFA> } (14)
. M @) EgA EgF
EBA;VI,N EBFA B MN BrA

The next step is to use block matrix operations to simplify the rank of the right-hand side
of (14). For the first one, combining Fy = I, — A}, yA and Fg = I — B}, (B, we have

= gt 4t t o
r(Fs, BLxAln—D, BxFa)
_ t t oAt + t oAt
= r(Ik —ByxB, ByxAmn—D, Byx— BN,KAM,NA)

= r(L—B{ B BixAln—D, Bx—DA)

Bik  BykB  —ByxAun  “Bixk O
= r| O L—-BiB BixAln—D, Bix—DA O |—r(A)—r(B)
o) o Al n 0] Al N
B;F\I,K BNKB o B;\I,K BNKAMN
= r|Byxk I —-D, —DA O —7(A) —r(B)
o) O Ay O AN
_ r(B;f\,/fBD BY, xBDA — B} ¢ B}(LKJFAMN> k—r(A) —r(B)
AM,N o AM,N
B, «BD Bl )
= r : ’ +k—r(A)—r(B). (15)
( Ay AlunA

From Definition 1, we have A* = N~1A*M, B¥ = K~1B*N and
(B#B 0 )(B;(,fBD Jf}w ) _ (B#B#D B## )
0 A*A)\ A}y AlNA AF O AFA
and
#
B x(BX k) o B*BD B* \ _ (BYxBD Blx |
o Apn(Af )"\ AT ATA Ay AunA

That is,

. Bl xBD B} « . B*BD  B* _,(B'NBD B'N (16)
Al Alna) o\ At AfA] T AM ATMA)
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Substituting Formula (16) into (15), we have

. . B*NBD B*N
r(FB, Bl kAN — D, BL,KFA)=r< At M A*MA>+k—r(A)—r(B). (17)

For the second partitioned matrix of the right-hand of (14), we have

- L, Al
—EA O —EL
r BLKA}VIN—D =r + A =n
EpAl Byk —D
M,N _EB O
Ay O Ay O
@) I, Ay O
] T N PO/ By
O -Blxy -D O
@) —Ep @ @)
O Bix O Blg
A;glN O Aln @)
—A%N I, o) @)
= r ~Afyy O © —n—r(A)—r(B)
@) O -D @)
@) -I, O —BBl

@) B}L\]’K 0 B}\,,K

A;/IN BB}.\IK
= , : —r(A) - r(B). 18

Similarly to (16), we have
Ayn BB\ (AA* O\ _( A" BB
DAAY, y Bk O BB* DAA*  B*
and
#
A BB*\ (Al ) AN o# _ [ Aun BB}L\,’K.
DAA* B 0 (BY, )" Bl « DAA}, Ny Blk
That is,
r( Alyn BB;(],K>r< A¥ BB#>r< N-1A* BKlB*> 19)
DAA}, vy Bl DAA* B* DAN-'A* K~ !B*
Substituting Formula (19) into (18), we have

—E4
N-1A*  BK~'B*
r BL,KﬂA}A{N -D| = r(DANlA* K 1p ) +m—r(A) —r(B). (20)
EBAM,N

Substituting E4 = I, — AA}, \ and Fg = Iy — Bf; ¢ B into the third block matrix in (14),
we have
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) Al,y O Alin o)
O —E O O —E O
B N,K*M,N — O B N,K*M,N — 1I}I,K
O O O BN,K
A}A%N o Ay O
—AA -1
. my O mo O ) - rB)
t O+ +Ik b BZJr\]'K
BN,KAM,N BN,KB @ BN,K

= r(B kAN — Bl kBDAAY ) +k+m—r(A) = r(B).

This is because

< 1Bl Al — B xBDAAY, )
and
# #
r(BLxAln — Bl cBDAAL ) = r[BL k(BN x) (B* A% — B'BDAAT ) (Alsn) Al
< r(B*a® - B*BDAAY).
Then,
r(BXLKA;/LN - BL,KBDAARA,N) = r(B#A# - B#BDAA#)
= r(B*A* - B*NBDAN—lA*)

That is,

@) —E,
"\F, Bt At . —
B N,K“*M,N

r(BfA" — B'BDAAY) = r[B*B(BY cAlyy — Bl (BDAAy ) AA"]

For the fourth partitioned matrix on the right-hand of (14), we have

o —E4 o —E4 o) —Ey4
r| Fs By xkAln—D|=r|F BLxAl,n—D|=r|[F Bi(BD-D
@) EgAl, N O A}, y—BD O A}y n—BD
@ —Ex Aln AN
= r|Fp ) =r(Fg)+r| O E, —1(A)
O A}, y—BD O A}, y—BD
AN Ay
= k—r(B)+r| AA Ny  Im | —1(A)

»
~Al Ny —BD

= r(BDAA}rVLN - A}A,N) +k+m—r(B)—r(A).

Using Definition 1, we obtain

r(BDAAY, y — Al n) = rl(BDAAY — A%)(Al, )" AL, ] < r(BDAAT — A¥)

(21)

]

(22)

D) = r(B*A* - B*NBDAN”A*) +k+m—r(A)—r(B). (23)

(24)
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and
r(BDAA* — A*) = r[(BDAA}, vy — Al n)AA] < r(BDAAY, y — Alun)-
That is,
r(BDAA}, y — Ay n) = r(BDAA* — A*) = r(BDAN 'A* — N1A%). (25)

Substituting Formula (25) into (24), we have

@) —E4
r|Fs BixAln—D| =r(BDAN'A* —=N7'A*) +k+m—r(B)—r(A).  (26)
o) EgAl; N

For the fifth block matrix in (14), via the row or column elementary block matrix
operations and E4A = O, E4 = Ly — AA}/LN, Fi=1,— A}LVLNA and Fg = I} — B;\,/KB,
we have

O —E, O O —E4 O
"\r, Bt At —D Bt .F,)” "\F Bt At .—D Bf. —DA
B N,K“*M,N N,KTA B N,K“*M,N N,K

Ay O Aty 0 0
0O O E 0 0
=1l 0 B BlAly-D Bl-Da Bl | @B
B PNKSMN T NK N,K
o o 0 0 BY «
Aj\g/N O Ay O @)
AA I
= | Ay O O O B)
0 I, -D -DA By,
ByxAun BixkB O  —Blx Blx
— r(BLxBDA - By ) +m+k—r(A)—r(B). (27)
From Definition 1, we have
r(B;f\,,KBDA - B}\,,K) = r[B;{,,K(BL,K)#(B#BDA - B#)] < r(B#BDA - B#)

— 1[B*B(BY (BDA — By )] < (B} (BDA — BY 1 )-
That is,
r(Bf xBDA - By ) = r(B*BDA — B*) = r(B*NBDA — B*N). (28)

Substituting Formula (28) into (27), we have

0 —Es 0
- .| =r(B — B k—r(A)—r(B). (29
r(FB B, (Al — D BL,KFA> r(B NBDA BN)+m+ r(A)—r(B). (29)

For the sixth block matrix in (14), using the same method as above, we have



Axioms 2025, 14, 344 8 of 18

’ B}\I K~A+M,N -D B;r\l kFa — v B1+\I KA;rvI,N -D BNgFA
EgAl, N EgFa A}y —BD Ey
B ¢ o 0O O
_ B}, xBD — D 0 Bl,x BLxkBD-D O O H(A) - r(B)
Al y—BD Fu O Al,y—BD F, Al
@) o o Al
B&K Bi xkBD O O
B -D 0] 0]
= "lo D I, Af r(4) = ()
. . n M,N
o _AMN AM,NA AMN
B} D
N,K
= r . +n—r(A)—r(B). (30)
(A}A,NABBLK ARA,N>

From Definition 1, we have

+
r( + PN + P >
AynNABByx  Amn

#
_ L 0] , B# D\ ((BLx) Bix O
O Al n(AlN)" ) \ATABB* A 0 I

B* D
< 7
- A*ABB* A*
and
; B* D
A*ABB*  A*
= # t  Appt t
O A*AJ\AL NABBL « Alnv/\ O 1
< r( t Bk t P )
AM,NABBN,K AM,N
That is,

Bl « D B* D K~1B* D
"\at, aBBt, . At ] ="\ ataBp* a*) ~ "\ A*MABK-1B* A*M (1)
M,N N,K M,N

Substituting Formula (31) into (30), we have

Bl kAl v —D Bl Fa K-1p* D
EpAf F ) —r(A)—r(B). (32
r( EpAly N EpFa "\ A*maBk1B am) " r(A)—r(B). (32
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For the seventh partitioned matrix in (14), using the same method as above with
EsA=0,Ep = In— AA}, , Fa = In — Al yAand Ep = I, — BBY, ¢, we have

—Ex o) —Ea o
r B}(LKNA}A,N -D B&,KfA =r B}\,,KNAR,LN -D Blg —-DA
EgAl N EgE, EgAly Ep
—Ey o)
= r|DAA}, v —D Bk —DA
o Ep
Al A}MLN O O
o —E4 o) @)
= r| O DAA},y—D Byx—DA O |—r(A)—r(B)
o 0] Ep o
@) @) B k BY k
Aun  Aun OO
-AAlyy  —Ian O o)
= r| -DAA}y -D -DA —Biy|—r(A)—-r(B)
O @] I, BB}
O O  Bhx Bhx
= r(DABBY  — By ) +m+n—r(4) — r(B). (33)

From Definition 1, we have
r(DABBY  — BY ) = r[(DABB* — B*) (B ) Bl ] < r(DABB* — BY)
and
r(DABB* — B*) = r[(DABB,  — BY, ) BB*] < r(DABBY  — By ).
That is,
r(DABBY  — BY ) = r(DABB — BY) = r(DABK1B* — K"1B"). (34)

Substituting Formula (34) into (33), we have

—Ex O
r| BixAfin =D BlkFa | =r(DABK1B* —K-'B*) +n+m—r(A) —r(B). (39)
EsAl,y  Esfs

For the last partitioned matrix in (14), using the basic block matrix operations for
rows or columns and BFg = O, Fy = I, — A}, yA, Fg = I, — B}, (B and Eg = I, — BB,
we have
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. Fp BL’KA}VLN -D B}L\J’KFA _. Fg Bl xAlny—D B;{LEF“A
o EgAl, N EgFa O A} y—BD Fp
. Fg By xBD-D O
O A}y n—BD Fa
Bl x O 0] o O
Blx Fs BYxBD-D O O H(A) - r(B)
O O Al y—BD Fx A}y
O O @) O A}y
Bl x BLxB —BLyBD O @)
B B D0 Oy
o o —B+D +1n Ay,N
o o Al ALNA Al
r(AfNABD = Al ) +n+k—r(A) = r(B). (36)
From Definition 1, we have
r(AlnABD — Al ) = rlAln (A} )" (AFABD — A%)] < r(A*ABD — A¥)
and
r(A#ABD - A#) = r[A*A (A+ ABD — At )] < r<A+ ABD — At )
M,N M,N )1 —= M,N M,N }*
That is,
r(AfNABD — A}y ) = r(A*ABD — A*) = r(A*MABD — A*M). (37)

Substituting Formula (37) into (36), we have

Fs BlxAun—D BlxFa
SN M =r{A*MABD — A*M k—r(A)—r(B). (38
r(o EBA}VI,N EoE, r( )+n+ r(A) —r(B). (38)

According to the above proof process, by substituting Formulas (17), (20), (23), (26),
(29), (32), (35) and (38) into (14), we have Formula (12). Thus, Lemma 4 is proved. [

Theorem 1. Let M, N, and K be three positive-definite Hermitian matrices, and let A € C™*",
B € C"*k, Then,

(AB){1,3M,4K} C B{1,3N,4K}A{1,3M,4N}

<= r(AB) = max { min{ay, a;}, min{k —r(B), m —r(A)} + a3+ a4 — n}. (39)

where

. _,( BNB B*A* [ BN (a0)
V= B*A*MAB B*A*MAN-1A* ] * ~ "\ Bra*MA
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min

and

s ANT1A*  ABK 'B*A* s AN1 (1)
>7 7\ B*A* B*NBK'B*A*)” " "\ ABK-1B*)

Proof. We can see that there are some (AB)(13MA4K) ¢ (AB){1,3M, 4K}, A(13MAN) ¢

A{1,3M,4N} and B(13N4K) ¢ B{1,3N,4K}, such that the following three formulas

are equivalent:

(AB){1,3M,4K} C B{1,3N,4K}A{1,3M,4N}, (42)
B(L3NAK) 4(13MAN) _ (AB)(I,SM,4K) (43)

and
max min ’ (AB)(1,3M,4K) . B(1,3N,4K)A(1,3M,4N)) -0 (44)

(AB)(1L3MAK) A(L3MAN) B(13NAK)

It is well known that AB(AB)}; = AB(AB)AMAK) — Ppoup ypeas) and
(AB)}, xAB = (AB)(13MAK) A B — Prg# a#),n(aB) (see [4]). Combining this fact with For-
mula (12) in Lemma 4, we have

(A B)(1,3M,4I<) _ g(13NA4K) A(1,3M,4N))

A(L3MAN) B(13N4K)

’ (A*M — A"MAB(AB)}, A*MA

r(A) -

@) BN ) L, N-1A* BK™1B*
O K !'B*—(AB)} (ABK 'B*

r(B) + max { r(B*A* — B*NB(AB)(13MAK) AN~—1 A%)

r(N~1A* — B(AB)(1PMAK) AN~1A*) — r(B*NB(AB)(13M4K) 4 _ B*N),

. A*M A*MABK-1B*
(AB

1 -1 -1
)(1,3M,4I<) K-1p* ) — V((AB)M,KABK B* — K 'B*)

r(A*MAB(AB)} x — A*M) — n}. (45)

Applying (8) of Lemma 2, we have

. o) B*N
A*M — A*MAB(AB)}; x A*MA

@) B*N @)
— AB)}
(A*M A*MA) (A*MAB>( S (1'” O)
(AB)*MABK~'(AB)* (AB)*M O
= 7 @) @] B*N | —r(AB)
A*MABK~1(AB)* A*M  A*MA
= az3+r(A)—r(AB) (46)

= 7
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and

. N-1a* BK~1B*
O K 'B*—(AB)} xABK !B

N-1A* BK1B* @) + .
r ( o K13*><1k> (AB)}x (0 ABK1B*)

(AB)*MABK~!(AB)* O (AB)*MABK~'B*
- o) N-1A* BK~!B* —r(AB)
~1(AB)* O K~ 1B*
= ay+r(B)—r(AB) (47)

and

r((AB)}; xABK 'B* —K"'B*) = r(K"'B* — (AB)}, xABK 'B*)
* —1nx
_ ,((4B) MABK (AB) (AB) ]\/ZXBK B (4B
K~1B*
= 7(B) - (48)

and

r(A*MAB(AB)} x — A"M) = r(A*M — A*MAB(AB)}, x)
* -1 * *
_ ,((4B) MAB£ (AB)* (AB)*M (AB)
A*MABK~1(AB)* A*M
= r(A) —r(AB). (49)
Applying (9) and (10) of Lemma 2, we have
min (N 'A* — B(AB)(13MAK) AN—1 4%)
(AB)(1/3M,4K)
_ (AB)*MAB (AB)*MAN™'A* . ABK~1(AB)* ANT'A*
B B N—1A* BK~'(AB)* N7lA*
—1 A%
-7 AB AI\il A —1r(AB)
B NlA*
= a4 —1(AB)
= max r(N"'A* - B(AB)1AMAK) ANTA%)
(AB)<1/3M/4K)
and
min  r(B*NB(AB)13M4K) 4 _ B*N)
(AB)(LBMAK)

= min  r(B*N — B*NB(AB)(13M4K) 4)
(AB)(LBMAK)

_ r<(AB)*MAB (AB)*MA)_H< ABK~1(AB)* A)

B*NB B*N B*NBK~1(AB)* B*N
-7 AB A —r(AB)
B*NB B*N
= a3—r(AB)

= max  r(B*NB(AB)(13M4K) o _ BN,
(AB)(1,3M,4K)
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For any (AB)(13M4K) ¢ (AB){1,3M,4K}, we have
r(N"1A* — B(AB)(IBMAK) AN~1A*) = g, — r(AB) (50)

and
r(B*NB(AB)1PMAK) A _ B*N) = a3 — r(AB). (51)

Combining Formulas (45)-(51), we have

max min r(A B)(1,3M,41<) _ B(13N4K) A(1,3M,4N))
(AB)(13MA4K) A(13MAN) B(13N4K)

= max{ max r(B*A* — B*NB(AB)(13MAK) AN~1 4%),
(AB>(1,3M,4I<)

A*M A*MABK1B*

(ABI)I(I%)A(AAK)r((AB)(1/3Mf4K) K-1p* ) +az+ay —r(A)—r(B) —n}. (52)

Using (9) of Lemma 2 with A = AB, B = AN—1A*, C = B*NB and D = B*A*,
we obtain

max r(B*A* — B*NB(AB)PMAK) AN—1 A%)
(AB)(l,BMAK)

* * —1 A%
(A A

-1 * —1 A%
. ABK 7(1AB) ANT'A — +(AB)
B*NBK *(AB)* B*A*

= min {al —r(AB),ap — r(AB)}. (53)
Using (9) of Lemma 2 with A=AB X = (AB)(1’3M’4K), B= (Im/ O)/ C= ( OI ) and
— 1k

5o (AM A*MABK™1B*
~\ o K~!B*

> , We obtain

max

* * —1np*
r((ABA M ATMABK B ) = max r(D-CXB)

(AB)(13MAK) )(1/3Mr4K) K~1B* (AB)(13MAK)
(AB)*MAB (AB)*M O
= min{r O A*M  A*MABK'B* |,
—1Ii ) K~1B*
ABK~Y(AB)* I, O
r O A*M A*MABK~1B* }—r(AB)
—~K~Y(AB)* O K~1B*

= min {r(A) —r(AB)+k, r(B) —r(AB)+ m}. (54)
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Combining Formulas (52), (53) and (54), we have

max min r( AB)(LSMAK) _ g(13N4K) A(1,3M,4N))
(AB)(13MAK) A(13MAN) 'B(13NAK)

= max { min{ay, a}, min{k —r(B), m —r(A)} +az +ay — n} —r(AB). (55)

According to Formulas (42), (43) and (44) (i.e., (55)), we obtain Formula (39). O

Theorem 2. Let M, N, and K be three positive-definite Hermitian matrices, and let A € C™*",
B € C"*k. Then,

B{1,3N,4K}A{1,3M,4N} C (AB){1,3M,4K}

<= min {al +m—r(A), 113} =r(B) and min {az +k—r(B), u4} =r(A),(56)

where ay, a,, a3 and a4 are the same as in Theorem 1.

Proof. For the convenience of future research, we simply provide an idea for proving this
theorem. For any ALBMAN) A{1,3M,4N} and B(13NAK) B{1,3N,4K}, according to
Lemma 1, Formulas (57)—(59) are equivalent, as follows:

B{1,3N,4K}A{1,3M,4N} C (AB){1,3M,4K}. (57)

(AB)*MABB(1,3N,4K)A(1,3M,4N) — (AB)*M
and
B(1,3N,4K)A(l,3M,4N)ABK71(AB)* = K 1(AB)*. (58)

and

max
A(L3MAN) B(13NA4K)
and
max r(K~1B*A* — BUANAK) g(13MAN) ABK~1B* A*) = 0.  (59)

B(L3NAK) A(13MAN)

From (9) of Lemma 2 with A = A, B = I,,, C = B*A*MABB13N4K) and D = B*A* M,
we have

max_ r(B*A*M — B* A* MABB(13NAK) 4 (13MAN))

A(L3MAN)

= mingr ATMA AM —r(A)
- B*A*MABB(1,3N,4K) B*A*M ’

. AN—1A* I\
B*A*MABB(LBNAK)N—lA* B*A*M

= min {r(B*A*MA — B*A*MABB(1,3N,4K))/

r(B*A*MAN'A* — B*A* MABBUISNAKIN =T A*) {1y — r(A) } (60)
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Using (10) of Lemma 2 with A = B, B =1,, C = B*"A*MAB and D = B*A*MA, we have

min r(B*A*MA — B* A*MABB13NAK))

B(L3N,4K)
_ [ B'NB BN ), BK~!B* I
N B*A*MAB B*A*MA B*A*MABK 1B* B*A*MA
B I,
—r(B) = a3 — r(B). 61
r(B*A*MAB B*A*MA) r(B) = a5 —r(B) (61)

B, B = N1A*, C = B*A*MAB and D =

Using (10) of Lemma 2 with A =
B*A*MAN~1A*, we have

min r(B*A*MAN~'A* — B* A*MABBPNAK N—1 4%)

B(L3NA4K)

_ [ B'NB B*A* . BK~!B* N-1A*
- B*A*MAB B*A*MAN-1A* B*A*MABK 1B* B*A*MAN-1A*

B N-1a*
— #(B). 62
r(B*A*MAB B*A*MANUX*) r(B) (62)

This is because
. BK-1B* N-1a*
B*A*MABK™1B* B*A*MAN-1A*
BK~1/2 N-lA* (BK-1/2)" O
B*A*MABKY/2 B*A*MAN-1A* @) I

BK~1/2 N-1A*
< r
- B*A*MABK1/2 B*A*MAN-1A*

= 7

and
BK~1/2 N-1A*
"\ B*A*MABK-1/2 B*A*MAN-14*
. BK~1B* N-1A* (BK-1B*)'BK-1/2 O
- B*A*MABK 1B* B*A*MAN-1A* ) I
BK~1B* N-1A*
< r 1 1 . (63)
B*A*MABK 1B* B*A*MAN 1A*
Then, we have
. BK~1B* N-1A* _, BK~1/2 N-1A*
B*A*MABK 1B* B*A*MAN-1A*| B*A*MABK1/2 B*A*MAN-1A*
B N-1a*
= r 1 . (64)
B*A*MAB B*A*MAN-1A*

Combining Formulas (62)-(64), we have
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min r(B*A*MAN 'A* — B*A*MABB(ANAK) N—1 2%)

B(L3N,4K)
_, B*NB B* A* (B)
a B*A*MAB B*A*MAN 1A*
= m —r(B). (65)

From Formulas (60), (61) and (65), we have

T(B*A*M B B*A*MABB(L?)NAK)A(1,3M,4N))

max
A(L3MAN) B(13N4K)

= min{ (min r(B*A*MA _ B*A*MABB(1,3N,4K))’
B

1,3N 4K)

[ min r(B*A*MAN 'A* — B*A*MABBSNAN N1 A*)] 4 m — r(A)}

B(L3NA4K)
= min {al —r(A)—r(B)+m, a3 — r(B)}. (66)

On the other hand, using Lemma 2 again and similarly to the method in (66), we have

max r(Kle*A* _ B(1,3N,4K)A(1,3M,4N)ABK71B*A*)

B(L3NAK) A(13M4N)

= min{az—i-k—r(A) —r(B), a4—r(A)}. (67)

Finally, by combining Formulas (57), (58), (59), (66) and (67), we have
Formula (56). O

The reverse order law (2) holds if and only if the two inclusions (3) and (4) hold. Thus,
combining Theorems 1 and 2, we immediately obtain the main result of this paper.

Theorem 3. Let M, N, and K be three positive-definite Hermitian matrices. Let A € C™*" and
B € C"*k. Let aj, ay, a3 and ay be the same as in Theorem 1. Then, the following statements
are equivalent:

(1) B{1,3N,4K}A{1,3M,4N} = (AB){1,3M,4K}

(2) r(AB) = max { min{ay, ap}, min{k —r(B), m —r(A)} + a3+ as — n} and
7(B) = min {al +m—r(A), a3} and r(A) = min {az +k—r(B), a4}.

Corollary 1. Let A € C"*" and B € C"*K. Then, the following statements are equivalent:
(1) B{1,3,4}A{1,3,4} = (AB){1,3,4}

(2) r(AB) = max { min{by, bp}, min{k —r(B), m —r(A)} + bz + by — n} and

r(B) = min {b1 +m—r(A), b3} and r(A) = min {bz +k—r(B), b4},
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where

o, BB B*A* oo B
V= \B*A*AB B*A*AA*) ° "\ B*A*A
and
yo_, (A4 ABBAT [ A
27"\ p*a* B*BB*A*|” * "\ ABB*)

3. Conclusions

The reverse order law for a matrix product’s weighted generalized inverses was
studied in this article by using the ranks of generalized Schur complements. The work in
this paper can be utilized as a useful tool in many algorithms for the computation of matrix
equations” weighted least squares technique.
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