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Abstract: In this paper, we study three kinds of dentabilities and present their important
applications in the geometric theory of Banach spaces. First, the relations between weak-
denting points and extreme points are established. Moreover, we characterize strong convex
spaces and weakly locally uniformly smooth spaces by using weakly locally uniform
dentability. Finally, we provide some important applications of strong* dentability in
Fréchet-smooth Banach spaces while investigating the density of strong* points in dual
Banach spaces.
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1. Introduction

Let X be a Banach space and X* be its dual space. U(X) and S(X) are denoted as the
closed unit ball and the unit sphere of Banach space X, respectively.

U(X*) and S(X*) are denoted as the closed unit ball and the closed unit sphere of
the dual space of X*, respectively. w, w* and ||-|| represent the w, w* and norm topologies,
respectively. By co(A), co(A) and c0”(A), we denote the convex hull, closed convex hull
and weak closed convex hull of set A, respectively. Furthermore G“ (A*) denotes the

weak* closed convex hull of set A*. x, = x denotes {x,} converging to x and x}; = x*
denotes {x;; } weakly* converging to x*. Let us define the following:

Sy ={feS(X"): fx) =1= x|}

Ap={xeS(X): f(x) =1 =|fII}
E(f,6) = {x € B(X) : f(x) > 10}

In early 1936, the concept of uniformly convex space was introduced by J. A. Clarkson.
He also proved that uniformly convex space has the Radon-Nikodym property. In 1966,
M.A. Riefel introduced the notion dentability of a set and linked the Radon-Nikodym
property to the geometry of Banach space via the notion of dentability [1]. In 1940, M.
Krein and D. Milman asserted that if K is a convex compact subset of an 1. c. t. space,
then K is the closed convex hull of its extreme points, i.e., K = cov(Ext(K)); the result is
known as the Krein-Milman theorem [2]. Milman theorem [3], also known as a partial
converse of the Krein—-Milman theorem, states that if A is a subset of A and the closed
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convex hull of A is all of K, then every extreme point of K belongs to the closure of A,
ie, (A CK;K==2cov(A)) = Ext(K) C A). In 1961, Bishop and Phelps derived the Bishop-
Phelp theorem [4], which demonstrates that every Banach space is subreflexive; in other
words, they proved that in any Banach space X, given a functional x* € X* and an arbitrary
positive number € > 0, it is always possible to find a new functional y* € X* that attains
its norm and satisfies || y* — x* || < e. This means that, for every Banach space X, the set
NA(X) (the set of all norm-attaining functionals on X) is norm-dense in the dual space
X*. In 1961, N. V. Efimov and S. B. Stechkin introduced the Efimov-Stechkin property and
researched its geometric direction [5].

Some concepts of dentability in Banach spaces are known [6-18], and this is primarily
because these properties are strongly related to the Radon-Nikodym property, convexity,
smoothness, approximative compactness, the continuity of the metric projection operator
and the geometric properties of sets in Banach spaces. A variety of dentabilities have been
defined and recently studied. In 2018, we defined the notions of weak dentability, weakly
locally uniformly dentability and strong* dentability in Banach space and established the
relative connections between weak-denting, weakly locally uniformly denting, strictly
convex, very smooth and weakly locally uniformly smooth points [19]. Near-dentability
and weak-star near-dentability were studied by S. Q. Shang and Y. A. Cui [20-23]. Fernando
Garcfa-Castafio, M. A. Melguizo Padial and G. Parzanese focused on denting points of
convex sets and the weak property (7) of cones in locally convex spaces [24]. Moreover,
weak-star dentability and quasi-weak-star near-dentability were introduced by L.Y. Bao
and Suyalatu Wulede in their paper [25]. Three kinds of dentabilities in Banach spaces and
their applications have been thoroughly investigated by Z. H. Zhang and J. Zhou [26].

This paper builds on previous research in this direction.

2. Materials and Methods

In this paper, we recall the notions of weak dentability, weakly locally uniformly
dentability and strong* dentability in Banach space that were introduced by us in 2018.
Then, we study their further application by establishing the relative connections between
weak-denting, weakly locally uniform denting, extreme, strongly convex, weakly locally
uniformly smooth and Fréchet smooth points using the Krein—-Milman, separation and
Bishop—Phelp theorems.

3. Results
3.1. Preliminaries

Let us present three related notions: weak dentability, weakly locally uniformly
dentability and strong* dentability, which were introduced by us in [19].

Definition 1 (see [19]). Let A be a subset of X. A point x € A is said to be a weak-denting point
of Aif x ¢ co® (A\(x + UY)) for every weak neighborhood U™ of the origin.

Definition 2 (see [19]). A point x € S(X) is said to be a weakly locally uniformly denting point, if
forevery f € Sy there exists 1 > 0, such that

inf () ~ fy) 1y €T UCO\(r+ U))) 2,

where U is a weak neighborhood of the origin.

Definition 3 (see [19]). Let A* be a subset of a dual Banach space X*. A point x* € A* is said to
be a strong*-denting point if for every ¢ > 0 there holds x* ¢ o™ (A*\Be(x*)), where Be(x*) is
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an € neighborhood of x*. If every x* € S(X*) is the strong*-denting point of U(X*), then X* is
said to be a strong™ dentable space.

Let us recall some definitions and some lemmas which will be used in the subsequent
sections of this paper.

Definition 4 (see [27]). We say that Banach space X has the (H) property if for any x € S(X),
{x,} C X, || 2 || = x || and x, = x; then, || x, — x || 0.

Definition 5 (see [28]). A space X is said to be smooth (or very smooth) if, for any
{x} € S(X*), x € S(X) with x};(x) — 1,; then, {x};} is weakly* convergent (resp. {x};} is
weakly convergent).

Definition 6 (see [29]). A space X is weakly locally uniformly smooth if and only if for every e > 0,
x € S(X), f € Syand g € S(X**), there exists 6 = 5(¢,x, f,q) > 0, such that | q(f — g) |< €
where g € S(X*) with || f% |>1-2.

Lemma 1 (see [5]). A space X has the Efimov—Stechkin property if and only if X is reflexive and
satisfies the following condition: whenever {x,} C X,x € X, || x, ||=| x || and x, = x, then
there exists a subsequence {x, } C {x,} such that || x,, — x ||—= 0.

Lemma 2. A space X is Fréchet-smooth if and only if {x;;} C S(X*) there exists x € S(X) such
that x;(x) — 1; then, there exists x§ € U(X*) such that x;, — x5, i.e., x;;(x) is convergent.

We also conducted research on the applications concerning three dentabilities in
Banach space and obtained the following conclusion:

Theorem 1 (see [19]). Let X be a Banach space. If every point x € S(X) is a weak-denting point of
U(X), then X is strictly convex.

Theorem 2 (see [19]). Let X be a reflexive Banach space. Then, X* is very smooth if and only if
every point x € S(X) is a weak-denting point of U(X).

Theorem 3 (see [19]). Let X be a Banach space. If X is weakly locally uniformly convex then for
every x € S(X), the weak neighborhood U™ of the origin and f € Sy, there exists 6 = §(x, U") > 0
such that F(f,6) C x + U".

Theorem 4 (see [19]). Let X be a reflexive Banach space. If X is weakly locally uniformly smooth,

then every x € S(X) is a weakly locally uniformly denting point of U(X).

3.2. Results and Discussion

We present the main theorem of this section.

Theorem 5. If X is a separable Banach space with the Efimov—Stechkin property, and xo € U(X)
is an extreme point of U(X), then xg is a weak-denting point of U(X).

Proof of Theorem 5. We prove the contrapositive. Suppose that xo € U(X) is an ex-
treme point of U(X) but not a weak-denting point of U(X). Then, there exists a weak
neighborhood Uy’ of the origin such that

%o € G (U(X)\ (x0 + UY)). 1)
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Since U(X) is a bounded closed set of X,
K = (U(X)\(x +Up)) 2
is a weak compact convex set. According to the Krein-Milman theorem,
K =co(ext(K)). 3)

Since X is separable and reflexive, X is quantifiable under (X, W), and then there exist
{un}, {vn} C U(X)\(x0 + U’) and {A,} C [0,1], such that

Aty 4 (1= Aoy = xo. (4)

Since X is reflexive, and U(X) is weakly sequentially compact, for 1o, vp € U(X) and
Ao € [0,1], there exist {uy,} C {un}, {vy,} C {vn}and {Ay,} € {A,}, such that

Aniuni —+ (1 — )tni)vni “ Xo = Agup + (1 — /\0)00, 5)

and since xp € U(X) is an extreme point of U(X),

Uug = 09 = Xo. (6)
Consequently,
Xo € U(X)\(XO + U(Z)U). (7)
Since
extU(X) Neo® (U(X)\(xo + Uy')) € ext(co® (U(X)\(xo + Uy'))) (8)
we have
ext(co” (U(X)\(xo + Uy'))) € U(X)\(xo + Ug), ©)

a contradiction. Thus, the assumption does not hold. [

e}

Example 1. Let X = £? = {(xl,xz, x3,...)|xi €eRorC, ¥ |x;12 < +oo}. Since X is a Hilbert
i=1

space and has a countable basis (e.g., the standard basis {e, }), X is separable. Since X is a reflexive

Banach space, the closed convex hull of a weakly compact set is still weakly compact; thus, X has an
Efimov-Stechkin property. In fact, for any extreme point x € U(X) and any weak neighborhood
Uv of x, x ¢ co®”(U(X)\U™) holds. We can select xo = e; = (1,0,0,---) € S(X); since X is
strictly convex, x is an extreme point of U (X). We can select functional f1(y) = y1 (projection to
the first coordinate) and define U" = {y € X :|f1(y) — 1|< e} with e > 0. Obviously, U(X)\U"
contains all unit vectors with |y1|< 1 —e. Any z € co(U(X)\UY) can be written as

n
z=Y Aizi, i 20, Y Ai =1, z; = (zi1,2ip,2i3,- -+ ) € UX)\U".
i=1

Casel Ifeveryzj1 <1—¢,thenzy <1—e.

Case I1. If there exists zj1 < 0, thenz; < Y. Aj(1—¢) =1—e.

It follows that |z1|< 1 —¢; hence, |z|< 1 — €. Since X is a reflexive Banach space, the weak-
closed convex hull equals the norm-closed convex hull. Thus, every z € co® (U (X)\UY) still
satisfies |z|< 1 — e. However, e; = (1,0,0, - - - ) has the first coordinate, coordinate 1; thus, we can
obtain ey ¢ co® (U (X)\UY), which implies that ey is a weak-denting point of U(X).
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Theorem 6. Let X be a weakly sequentially complete and separable Banach space and X* be
separable. If xo € U(X) is an extreme point of U(X), then x is a weak-denting point of U(X).

Proof of Theorem 6. We prove the contrapositive. Suppose that xo € U(X) is an ex-
treme point of U(X) but not a weak-denting point of U(X). Then, there exists a weak
neighborhood Uy’ of the origin such that

xo € @ (U(X)\ (xo + UY)). (10)
Since U(X) is a bounded closed set of X,
K =" (U(X)\(xo +Uy)), (1)
is a weak compact convex set. According to the Krein-Milman theorem,
K =¢co(ext(K)). (12)
There exist {u, }, {v,} € U(X)\(xo+ U§), and {A,} C [0,1] such that
Aty 4+ (1= Aoy = xo. (13)

Since X is separable, U (X)\ (xo + U’ ) has a dense subset {y; } that is countable. Since
X* is separable, there exists a dense subset { f } that is countable. Based on the diagonal
rule, we can obtain a Cauchy sequence {fi(yx,)}, and since X is weakly sequentially
complete, there exists y € U(X)\ (xg + UJ’), such that

fiewk) = fr(y)- (14)

From (13) it follows that

M fie(un) + (1 = An) fre(vn) — fi(xo). (15)

Since {yx} is dense in U(X)\(xo + UY), for any ¢ > 0, there exists {yx,} € {vi}
such that
e =yl < e, (16)

for {u, }. For the same reason, for any ¢ > 0, there exists {yk]} C {yx} such that

W‘Wﬂ<& (17)
for {v, }. From (13), we can obtain
Anfie(r) + (1= Au) fie(y,) = fie(xo)- (18)
Furthermore,
fe(yk) = fieW), fi(yk,) = fie(y)- (19)
Thus, we can obtain
Anfie(yi) + (1= Au) fie(yk;) = fi(y)- (20)

Consequently,

fr(y) = fi(xo)- 1)
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Since {f}} is dense in X*, we can obtain y = x, and then
x0 € U(X)\(x + UY). (22)
Furthermore,
x € ext(K) NK C ext(K). (23)
Hence, we have
ext(K) = ext(co® (U (X)\(xo + Uy’))) € U(X)\(x0 + Uy'), (24)

a contradiction. Thus, the assumption does not hold. UJ

Theorem 7. Let X be a reflexive Banach space with the (H) property. If every point x € S(X) isa
weakly locally uniformly denting point of U(X), then X is strongly convex.

Proof of Theorem 7. We prove the contrapositive. Suppose that X is not strongly convex.
Then, for any f € Sy,, there exist xg € S(X) and {x,} C S(X), which are weakly locally
uniformly denting points of U(X), indicating that {x, } does not converge to x, although

fxy) — 1. (25)

Since xp € S(X) and {x,} C S(X) are weakly locally uniformly denting points of
U(X), there exists 7 > 0, such that

flxo) = f(@®(U(X)\(xo +UY)) =1 > 0. (26)

From (25), it follows that for any ¢ > 0, we select ¢ < 3, and there exists ng € N
such that

fxo0) = fxn) <€ <1, (27)
This implies that
{41 200" (UX)\ (xo + U)™)- (28)
Since f(x,) — 1 is reflexive, there exists {x,,} C {x,},x; € U(X), such that

{xn } 5 x1, || 2y 1= 21 ]] - (29)

Hence,
f(x”i) - f(xl>~ (30)
Moreover, according to (25),

f(xo) =1=f(x1). (31)

Since f(x,) — 1 has the (H) property,

Xn; — X1, (32)
Thus
Xo # X1 1.e. xg — x1 # 0. (33)
Note that
f(x0) = f(x1) = 0= f(x0 — x1), (34)

which contradicts f € S(X*). Therefore, the assumption is not true. [J
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Theorem 8. Let X be a reflexive Banach space that has the (H) property. If every point x € S(X)
is a weakly locally uniformly denting point of U(X), then X* is weakly locally uniformly smooth.

Proof of Theorem 8. We prove the contrapositive. Suppose for any 0 < § < 1, there exists

g > 0,x5 € S(X¥),xp € Axg,yé € 5(X%), (35)
such that
lyo(x0 —y)[> eo, (36)
and n
X
| =2 l<1-0. (37)

According to Formula (36), we have
y & xo+ UY, (38)
where U{ is a weak neighborhood of the origin. Therefore, we obtain
v € U(X)\ (xo + ) C S0P (U(X)\ (0 + UY))- (39)

Since x is a weakly locally uniformly denting point of U(X), there exists # > 0
such that

fo(xo) = fo(@® (U(X)\(x0 +U")) = 1, (40)

where U" is any weak neighborhood of the origin. Then,

fo(xo) = fo(y) > 1. (41)

Therefore, according to Formula (37), we find that

) <l o -2 <1 @)
Then,
fo(xo) + fo(y) <[fo(x0) + fo(y)|< 2(1 —4). (43)
Furthermore,
1 +2fo(y) < fo(xo) + fo(y) <2(1—9). (44)

The proof requires a consideration of the two cases separately.
Case I. When fo(y) >0, wecansetd =1 — % Hence, according to Formula (44), we

find that 5
n+2fo(y) < o (45)
Then,
n+2fo(y) <0asn — oo, (46)
which contradicts 7 > 0, fo(y) > 0.
Case II. When —1 < fy(y) < 0, since
folxo) = foly) = 7, (47)

it holds that
Ifo(y) + 1< 2. (48)
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Select
1— w <5<l 49)
Moreover, according to Formula (44), we find that
1 +2fo(y)|< 2(1-6), (50)
which shows that )
5 <1 1+ 20() -

2 7
which contradicts Formula (49). Therefore, the assumption is not true. [

Following from Theorems 4 and 7, we will determine a necessary and suffi-
cient condition regarding weakly locally uniformly denting points and conclude the
following corollary.

Corollary 1. Let X be a Banach space. Every x € S(X) is a weakly locally uniformly denting point
of U(X) if and only if X* is weakly locally uniformly smooth.

Theorem 9. If X is a reflexive Fréchet-smooth Banach space, then every point x* € S(X*) isa
strong*-denting point of U(X™*).

Proof of Theorem 9. We prove the contrapositive. Suppose that x; € S(X*) is not a
strong*-denting point of U(X*). Then, there exists a weak neighborhood UY" of the origin
such that

x5 € " (U(X")\ (x5 + UY)). 52)

Since X is reflexive, there exist xo € S(X) and {x};} C S(X*) such that
x5(x0) = 1,25 (x0) — 1. (53)

Since X is Fréchet-smooth, according to Lemma 2, there exists x} € U(X*), such that
x;, — x7, and from (53), it follows that

x1 (x0) = x(%0)- (54)
Thus, x] = x5, i.e., x;; — x;. Then, there exists 19 € N such that
(i © x5 + U(XY). (55)
Consequently,
(i @ U(XO\ (x5 + U) © 0 (U(XH)\ (x5 + U")), (56)

when n > ny for any neighborhood U* of the origin. According to the separation theorem,
there exists y € S(X) such that

x(y) > sup (@ (U(X)\(x§ + UF™) (v)- (57)

However,
x5 € 20 (U(X*)\(xg + Ug"))- (58)

Then, there exists r > 0 such that

xp(y) —x5(y) >r,m=mng+1,n9+2, (59)
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which contradicts xj; — x;. Therefore, the assumption is not true. [

Theorem 10. If X is a smooth Banach space, then the strong*-denting points are norm-dense
in S(X*).

Proof of Theorem 10. The proof requires us to consider two cases separately.
Case L. If y* € S(X*) is norm-attaining on U(X), there exists yg € S(X) such that
y*(yo) = 1. Select {y;;} C S(X*), satisfying y;;(y) — 1 for every y € S(X). Since X is

smooth, then according to Definition 5, there exists y; € Sy, such that yj; < vy Then,

we obtain
Yn(Y0) = Yo (yo)- (60)
Thus,
Yo(o) =1 =y"(vo)- (61)
Consequently,
V' =Yo (62)
Then,
Vi Sy, (63)

There exists {z;} C U(X*)\(y§ + UY") such that

2y (yo) = ¥ (Yo), (64)

where U is a w* neighborhood of the origin. Following from the previous proof, we obtain
z N Yo, (65)

which contradicts {z};} < U(X*)\(yj + U""). Therefore, there exists s > 0 such that
z5(yo) +5 < v (yo) for every {z:} C U(X*)\(y5 + U™"). Let

K= U(X)\(y +U""), (66)

Then,
Yo (yo) — s Zminsup{z;(vo) : z, € K}
>sup{z (1) : 7 € co(K)}
zsup{zfl(yo) 1z € o (K)},
which implies
Yo (o) & c0” (K), (67)

i.e., y§ is a strong*-denting point of U (X*), since y* € S(X*) is norm-attaining on U(X).
According to the Bishop-Phelps theorem, functionals reaching the norm on U(X) are dense
in S(X*).

Case I If y; € S(X*) is not norm-attaining on U(X), then there exists 7 € (0, 1) such
that ﬁ < e for every £ > 0, defining a neighborhood of 7y,

* * * * 1-—
v eux) sy —nysll < —2}, (68)

ie.,
1—-3y . 1+7
— <l <—= (69)



Axioms 2025, 14, 306

10 of 11

since

1l <l gl ¢ [
[ -wl < T H] ' I Yo
<yt iy (1717)+(1731171)
_ _4
=13
< &

According to the Bishop—Phelps theorem, there exists yj E U(X*), satisfying
||y1 17y0|| < 1 such that yl is norm-attaining on U(X), and then ||y I is norm-attaining
1

on U(X), which 1mp11es that
(70)

H Toil

Therefore, the strong*-denting points are norm-dense in S(X*). O

Example 2. Let X be the Hilbert space; X is strictly convex, smooth, and reflexive. In fact, all
points in S(X*) are strong*-denting points. Since X is smooth, for every x € S(X), there exists
a unique unit functional x* € S(X*) such that x*(x) = 1. According to the Riesz theorem,
we have x* = x. For any ¢ > 0 and x* € S(X*), consider the neighborhood Be(x*). Suppose
x* € @™ (S(X*)\Be(x*)). Then, there exists a convex combination Y Aixt with x7 ¢ Be(x*)
converging weakly to x*. However, weak convergence is equivalent to norm convergence in X. Thus,
|| Y Aix} —x* ||[—= 0, which contradicts || x; — x* ||> . Therefore, x* & @0 (S(X*)\Be(x*))
and all points in S(X*) are strong*-denting points, and the strong*-denting points are norm-dense
in S(X*).

4. Discussion

The discussions in our paper concerning these dentabilities indicate that they play a
very significant role in some recent trends related to the geometric theory of Banach spaces,
and they can further be used to solve the problem of accurately reflecting the shape and
geometric structure of unit spheres in Banach space.

5. Conclusions

In this paper, we study three kinds of dentabilities and present important applications
of these dentabilities in the geometric theory of Banach spaces. First, the relationship
between weak-denting points and extreme points is investigated (1) if Banach space X
is separable and then has an Efimov-Stechkin property; (2) if X is weakly sequentially
complete and separable, and if dual-space X* is separable. Second, we characterize strong
convex spaces and weakly locally uniformly smooth spaces for (1) if X is a reflexive and
has the (H) property and only (2) if X is reflexive. Furthermore, we study the strong™
dentability in Fréchet-smooth Banach spaces. Finally, we prove that the strong*-denting
point is dense in the closed unit sphere S(X*) of the dual Banach space X* if Banach space
X is smooth.
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