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Abstract: This paper presents a robust fitted mesh finite difference method for solving
a system of n singularly perturbed two parameter convection-reaction—diffusion delay
differential equations defined on the interval [0,2]. Leveraging a piecewise uniform
Shishkin mesh, the method adeptly captures the solution’s behavior arising from delay
term and small perturbation parameters. The proposed numerical scheme is rigorously
analyzed and proven to be parameter-robust, exhibiting nearly first-order convergence. A
numerical illustration is included to validate the method’s efficiency and to confirm the
theoretical predictions.
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1. Introduction

Singularly perturbed differential equations (SPDEs) are integral to many fields, includ-
ing fluid dynamics, chemical reactor theory, population dynamics and control systems [1,2].
Within this class, singularly perturbed delay differential equations (SPDDEs) present addi-
tional complexities due to boundary and interior layers that arise from small perturbation
parameters and delay terms, making numerical solutions challenging. Established tech-
niques like fitted mesh [3] and fitted operator methods [4] have provided accurate solutions
for SPDEs, such as within the work of Cen [5], who used a hybrid scheme with a Shishkin
mesh to achieve near-second-order convergence. Similarly, Gracia et al. [6] developed a
monotone method for SPDEs with two parameters influencing convection and diffusion.
SPDDEs typically involve boundary value problems influenced by two small parameters, u
and¢; (i=1,2,...,n), whose interactions generate complex layer behavior governed by
the ratio u?/e;. This work aims to construct a parameter-robust numerical method for a
system of n SPDDEs as both parameters approach zero, addressing boundary and interior
layers accurately regardless of perturbation values. Stability is established, and bounds
for the solution’s derivatives are derived, supporting the convergence of the fitted mesh
finite difference approach, which attains nearly first-order accuracy. Numerous studies
have explored singular perturbation problems, emphasizing their asymptotic behavior, the
development of parameter uniform methods and challenges in introduced delay differential
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equations to achieve robust and accurate solutions across varying perturbation parameters
[7-12]. The novelty of this research lies in addressing a system of n SPDDEs involving
two small parameters in a convection—diffusion context, contrasting with prior studies that
either considered single delay equations [13], a system of two equations without delay
terms [14] and a system of two equations with delay terms [15]. This paper considers
interacting variables affected by both delay and two distinct small perturbation parameters,
€ (i=1,2,...,n) and u, introducing challenges in boundary and interior layer forma-
tion. To overcome these challenges, this paper presents advanced mesh techniques and
robust numerical schemes that effectively resolve layers and achieve parameter uniform
convergence, significantly enhancing the numerical analysis of SPDDEs.

2. Formulation of the Problem

The following system of singularly perturbed delay differential equations involving
two small parameters is under consideration:

>/

Ei” (3¢) + p AW (32) = B()i(5¢) + D () (3¢ = 1) = f(%) forall x€ O =(0,2), (1)

W f1 e 0 - 0 Cll(%) 0 0
L o |w| L |f 0 e - 0 0 ay(s) -+ 0
I_Iere/u =1 . | f =1. /E =1. . . ) ﬂ(”) == . . . . 7
1, fu 0 0 - g 0 0 s ap(52)
bi1()  —bia() -+ —Db1u(5) di(»%) 0O -~ 0
—byi (%) Dbpa(s) o —Do(3) 0 do(s) == 0
B(x) = | . N o = | L T
_bnl(%) _bn2(%> bnn<%) 0 0 bn(%>
where €;, i = 1,2,...,n are small parameters satisfying 0 < €] < € < --- < ¢, < 1,

and u is another small parameter with 0 < u < 1. The coefficient functions a;(),

bjj(), d;(>2) and fi(¢) are all sufficiently smooth throughout the domain Q) = [0,2] and

Cli(%) >a>0, bii(%) + 2?21 bij(%) >p>0, bi(%) >0, bii(%) + 2;1:1 bij(%) - bi(%) > K>

0, fori,j=1,2,...,nand i # j. The @(x) is sufficiently smooth over the interval [-1,0].

L1 bij(39)-0i(5)
a;(5)

When u = 0, the above problem without a delay term has been considered in [16]. The

The value of y is determined as y = min_ ) fori=1,2,...,nand i # j.

problem demonstrates boundary layers influenced by both €; and p; in particular, the

layers are influenced by the ratio of ‘;—12 If % < %, 1 <i < n, the reduced problem can be
expressed as
—B(3)(3) + D(s)i(5c—1) = f(3¢), 2€(0,2], ()

with boundary conditions #(s) = @(3) on [~1,0]. This predicts that there will be a
boundary layer of width O( 1/€;) near > = 0 and an interior layer at s = 1, arising from
the unit delay component, under the assumption that 1#(0) # ¢(0). Additionally, a similar
boundary layer of width O( +/€;) is anticipated near » = 2, along with an interior layer at

2
w=1,ifu(2) # . If % > %, 1 <i < j £ n, the reduced problem is

A (36) = B(3)i(30) + D(3)i(3c=1) = f(3¢), € (0,2), 3)

with boundary conditions #(3) = @(5) on [-1,0], 1(2) = © This problem remains to
exhibit singular perturbation behavior due to the parameter . It is expected that a boundary
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layer with a width O(u) is anticipated near » = 2, and an interior layer at > = 1 (due
to the delay), unless the solution at s»x = 2 differs from L Additionally, a boundary layer
of width O(%) is anticipated near s = 0, with an interior layer at » = 1, if (0) # ¢(0).
Numerical experiments indicate that the interior right layer weakens considerably when
€; < u?. Consider the problem

[12(5) = E2" (3) + BA()Z (32) = B(3)2() = §(5), €y, 4)

LoZ(5¢) = EZ” (3¢) + uA(3)2 (3¢) = B(3)2(5¢) + D(50)Z(3c— 1) = fx), xey, ()

with boundary conditions Z(0) = ¢(0), z(1-) = Z(1+), Z'(1-)=2Z'(1+), Z(2) =1,
where §(5) = f(3¢) = D (3¢)@ (3¢ = 1), for 3¢ € Oy, Qg = (0,1) and O, = (1,2).

3. Analytical Results

This section presents a minimum principle, establishes a stability result for the problem
described by Equation (1) and provides its estimates for the derivatives of the solution.

N

Lemma 1. Let ) = (1, Py, )T be such that $(0) >0, 9(2) > 0, Ligp < 0on (0,1) and
Ly <0on (1,2), (1) =0, l]})/(l) < 0; then, ¢ = 0 on [0,2].

Proof. Assume that »* and s* are such that ¢ (") = Qmi{lz Y, (»). Suppose
x€Q), s=12,n

(") < 0. Then, »" cannot be at the boundaries 0 or 2. At 5", the first derivative of 1. is
denoted as 1. (»*) = 0 and the second derivative is denoted as 1P (") > 0.
Claim (i): »* ¢ (0,1). If »* € (0,1), then

(Lih)s (5¢7) = es Pl () + pas (2 me %) >0,

which contradicts the assumption that illﬁ <0on (0,1). Thus, »* ¢ (0,1).
Claim (ii): 5" ¢ [1,2). If * € [1,2), then

(Lath)s (') = es 21(%*)+Mﬂs*(%*)ll/§*(%*)—Z[bs*j(%*)]ll)j(%*)—bs*(%*)ll}s*(%*—l) >0,

=1

which contradicts the assumption that EZII) < 0on [1,2). Hence, »* ¢ [1,2). When
»* = 1, the differentiability of . at 2 = 1. If ¢’ (1) does not exist, then . (1) =
Y. (14) = ¢, (1-) > 0, which Contradicts the condition 1. (1) < 0. If ¢p.. is differentiable
at »z = 1, then pag (1)1l (1) - sj(1)p;(1) > 0. Since all entries of A(3¢), B(3) and
Y, (5) are continuous on [0, 2], there eX1sts an interval [1 —h,1) where

Has Z bs it > 0.

Next, the second derivative 1! () is examined. If ¢/:(p) > 0 for any p € [1 -k, 1), then
(illp)s* (p) = 0, which leads to a contradiction. Therefore, we assume 1P’ (»2) < 0 on the
interval [1 —,1). This indicates that 1. () is strictly decreasing over [1—F,1). Given that
Y. (1) = 0 and .. is continuous on (0,2), it follows that ¢.. () > 0on [1-1,1). Asa
result, the continuous function 1. (5¢) cannot attain a minimum at > = 1, which contradicts
the assumption that »* = 1. Thus, 1,7} > 0 on [0,2]. The proof of the lemma is completed. O
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Lemma 2 (Stability Result). Let ) € C2(Q)). For > € O,

9,1 < max{ i O)L ()L, Wi Bl Il |

Proof. Define

M = max{[§O)L 1)} TIE o, LIT P, )

Consider the functions 6% () = M&+ (), where = (1,1,---,1)T. Clearly, 6*(0) > 0,
6*(2) > 0, L16%(3) < 0 and L,6% (3¢) < 0 for all s € Q). Hence, by Lemma 1, it is proven
that [p;(5c)| < M, which yields the required result. The proof of the lemma is completed. O

Theorem 1. Let il be the solution of (1); then, its derivatives satisfy the following bounds on Q):

(k) C b\ il 1A
" ()| < (\/Ei)k(ljt(ﬁ))max{llull,llfll}, (6)
3
3) ¢ H max{|lill, LAl 11/
u®) (50| < T (1+( V‘)] s AL 1), 7)
(4) C by oA AN 1
Gl < ¢ \/5)4(1+(E) ]max{llull,llfll,llf LA ®)

where the constant C is independent of e;and u,i =1,2,--- ,nandk =1,2.

Proof. The proof follows the methodology outlined in Lemma 2.2 of [8]. For any s € (0,1),
aneighborhood N, = (p,p + +/€;) such that s € N, and N, C (0,1). According to the mean
value theorem, there exists a y € N, satisfying

, u;(p + +ei) — wi(p) , 2[[uill
u. = f— . < —-.
Now, it follows that u’( y) + f N) dN. Thus,

I/ (5¢) 1+—)max {3l 1171

= w( v

The bounds for 1’ are obtained from Equation (1). Similarly, the bounds of ul@ and u§4) can
be established for higher-order derivatives through analogous manipulations. The proof of
the theorem is completed. O

4. Shishkin Decomposition of the Solution

For each of the cases ap? < ye; and ap? > VEj, il is expressed by #f = © + " + @k,
where

(50) — {7(%), for%e[O,l), ©)

§(5), forsxe|l,2]
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w1 () wi R ()
YU2L1 (%) ZU2R1 (%
wh (5) =1 , forxel0,1) W () =1 , forsxel0,1)
Ll Rl
) — wnL (52) ) = wnR (3)
w72 () wy 2 ()
ZUZLZ(% ZUZRZ (%
w2 () =1 , forxell,2] wR2 (3) =1 , forsell,2]
wy 2 () wn™2 ()
Case (i): ap? < ve;
In this case, for1 <i<mn,
L17(5) = §(5), for s € (0,1), #(0)and A1) are selected, (10)
[h3(5) = f_) %), forsxe(1,2), $§(1)ands(2) are selected, (11)
() =7#(5) on [0,1), (12)
LM () =0, forsce (0,1), @1(0) =#(0)—58(0)—ci(e,u), @1(1)=0, (13)
Lyt2 () =0, forsee(1,2), @2(1) =ki(e;,u)—caleru), @2(2) =0, (14)
W2 (3c) = W (), for x€[0,1), (15)
Liaf (3) =0, forsce (0,1), @(0) =ci(e;u), @(1) =ko(es ), (16)
LR () =0, forxe(1,2), @2(1) =cle,p), @2(2) =id(2)-58(2), 17)
@R (30) = @R (5), for € 0,1). (18)
Case (ii): ap? > ye;
In this case, for1 <i < j<mn,
L17(5) = §(5¢), for s € (0,1), #(0)and #(1) are selected, (19)
[55(5¢) = f(»), forsxe(1,2), §(1)and §(2) are selected, (20)
§(3) =#(3)on[0,1), (21)
Li@h =0, forsxe(0,1), @1(0) =#(0)-5(0)—ci(e;,p), @1(1)=0, (22)
Lyate =0, forsxe(1,2), @2(1) =ki(e,p)—cale,u), @2(2) =0, (23)
w2 (5¢) = @M (), for € [0,1), (24)
Liat =0, forxe (0,1), @(0)=ci(ep), (1) = k(e u), (25)
LR =0, forxe(1,2), @01)=ceu), @2(Q2)=i#2)-52), (26)
@R (30) = @R (5), for e [0,1). (27)

To ensure that the jump conditions at >z = 1 in Equations (10) and (19) are satisfied, the

constants ki (€;, u) and ky(€;, ) must be selected appropriately. Additionally, the constants

c1(e;, 1) and ca(e;, 1) should be determined separately for the two cases ap? < ye; and

ap® > y€j, ensuring they meet the bounds required for the singular component. Given that
1i(0) and #(1) are bounded by constants that do not depend on ¢; and y, even though c;,
2, k1 and k; are functions of €; and p, the magnitudes |c1], [c2l, [k1| and |ky| are constants

independent of €; and p.
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5. Bounds on the Regular Component and Its Derivatives

To establish the result, we estimate the bounds for the smooth components and their
derivatives on the interval [0, 1] and then use these bounds to extend the estimates to the
interval [1,2]. Specifically, decompose each component with respect to €, and then apply
€1 to the first n — 1 components, followed by €,,_» for the first n — 2 components, and so
on. This step-by-step decomposition approach is as follows for both cases:

Case (i): ap? < ye;
Establishing the bounds of the regular components 7and 3, it is broken down as in [17]:

F= B+ Veudn+ VEu2dn+ Ve  Bu  §=@n+ Vendu+ Veullut Vit
where 5, = (D1, 952, o Din) L P = (91, P2, - Pun) | is the solution of
=B ()0 (3¢) = §(5), forsx€|0,1], (28)
~ B (5)Pn(5) + D (36)Bu(¢—1) = f(5), forxe[1,2], (29)
where 3, = (311,312, -+ 3un) L 81 = (Gu1, Gn2, -y G ) | is the solution of

B (3)3u(5) = Ve, 'ENY + uve, '\ A, forxe[0,1, (30)
By (5)8n(3¢) = Du(5)30(2 = 1) = Ve, 'EGY + uvVe, " An,, forsxe[1,2], (31)

where G, = (0,1, 902, -/ qnn)T,f; = (b1, L, .y tun) T is the solution of

By (5)8u(2) = Ve, 'E3, + uvVe, A3, forxel0,1], (32)
By (50) 0, (5¢) = Dp(50)8u(3c— 1) = Ve, 'EG! + uNe, ' A,d,, forxe[1,2], (33)

where B, = (Pp1, Pu2, s pnn)T, ?n = (tu1, tha, s tnn)T is the solution of
L1Bu(>) = Ve, 'Eq + p Ve, Audiyon (0,1) (34)

Lot (3¢) = Ve, 'EC! + u e, Ayl on (1,2), 2,(2) = Oand 2,(0) remains to be chosen.  (35)

Since the matrix +/e, ~1E has entries that are bounded, it follows that, for 0 < k < 3,

I3 <P iz g iscnis®i<cid?i<c. @)

Now, using Theorem 1 as well as (34) and (35) for the choice of p,,(0) = 0,t,,(0) = 0,
we have

p®1 < ek, 1t < c ek, (37)
Then, from (36) and (37), we can obtain
O < 1+ (Ven)® ), 1% < (1 + (Ven)* ). (38)

Ek) and si(k) for 1 <i <n -1 and the notations

€1 0 ... 0 aq 0 ... 0

0 € ... 0 0 a ... 0
that are defined for 1 </ < n as follows: E; =| ., . A= P

Next, establish the estimation of the bounds r
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bll —blz ce _bll bl 0 ... 0
—byy by ... =Dy 0 b ... 0], _—
B = . : . - D) = T 2 (plerZZr--'/pl(l—l)) 91-1) =
-bp -bp ... DBy 0 0 ... ¥

B A

(g(l—l)l/g(l—l)Z/ e /g(l—l)(l—l))T/ with 9u-1)j = N q;] + %ﬂlq;j + b]-lpll. To proceed with
the analysis, let us focus on the first n — 1 equations of the system described by Equations
(34) and (35). It follows that

271 2 N

Ly () B = Enc1 B (5) + A (30) B (30) = B (30) Bu(30) = Gy (),

Loy B = Bt U(2) + Apd (0 (%) = Bt (0) Ta(x) + Dy (6= 1) = £y ().

The next step involves decomposing P similarly to the equation above, as follows:

b= t_)'n—l + Ven—lgn—l + Ven—l2an—1 + Ven—lgﬁn—l-

Proceeding like above, the problem associated with B,_1 is similar as in (34) and (35). By

applying the estimates, the bound on the solution is obtained for 0 < k < 3 as follows:
S(k - k —k =k k- .

B0 < €1+ (Ven) ), B9, < C(ven) ™, 1IR%, 1l < C(Ven)™ 1. Then, by applying
Sk . k 3 k -

Theorem 1, §*) yields ngn)_l)(n_l)l < Cve,® Ve k. Therefore, Irfl_)ll < C(1+ (Veu-1)375),.

n-1
Similarly, for [1,2] , the bounds imply Isfl]?ll < C(1+ (Veu—1)*7%). In an analogous way,
singularly perturbed systems of | equations are derived, where | = n-2,n-3,...,2,1,
as follows:

L1y Pro1 = BB (30) + A (52) B, (56) = By (56) Biya (3¢) = Gy (50),

2 2,

Lo 1) st = 11 () + A(0) 1 (0) = Bi(20) byt (x) + Di (o) (3 - 1) = ().

Using similar decomposition, it can be found that |rl(k) | < C(1+ (+e;)* ). Similarly, for

[1,2], it follows that |sl(k)| < C(1+ (e)®>7"). Thus, this satisfies the following bound for
1<i<nand0<k<3:

< e+ (Ve ), 1591 < c1+ (Ve ). (39)

Case (ii): ap? > ye;
By establishing the bounds of the regular components #and §, it is broken down as

> - 2> > > 7 g
7= Dn +€n§n +€nZQn+€n3pnr 5:§n+€n9n+€n2€n +€n3tn-

Furthermore, the maximum principle for a linear first-order operator is established and
demonstrated within the framework of a terminal value problem. Define the operators

Ly = pA()i’ (32) - B()il (), (40)
Ly = uA(5)it’ (32) = B(30)il(5¢) + D(5e)i (- 1). (41)

Decompose by, 3, Gn, Pn, n, i individually. Similarly, proceeding as in Case (i), the
following bounds are established for all i in the range 1 <i < n and k in the range 0 < k < 3:

|7’§k)| < C(l +€?_k[ik_3), |Sl(k)| < C(l _‘_e?—k‘uk—fi). (42)
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6. Layer Functions

The functions for the layers are denoted by 2351 (50), and 23:1 (5),1 <i < n are specified
over the interval [0, 1] as follows:

-0, 2 < . _Qi(l_%) 2 < ;
%i‘l () = {e—/t- , “#2 e ’%;1(%) - {e‘ (1-%) , “Hz o ’ (43)
e N*, au > V€| e F 0 au > V€|

The layer functions 235.2 (5), %;2 (5),1 <i < nare specified over [1,2] as follows:

e_ei(%_l),

23$2(%) = {e_/\i(”_l) , (44)

i =

ap® < yeil%rz (30) = e 0i(2=) ap? < ye;
ap? > ye; e, > e

where 0; = g ;A= e—” K= Z“ for 1 < i < n. Following Lemma 5, which is presented in

[16], the points s € (0, 1) which satisfy the conditions QS?’, QSZ,”, B BT 1<i<j<np=
p 2 y iV VD ] p

1,2 and for the case au? < ye; can be proved.

2311 (%(k)) %11 (%(k)) %lz ( (k) 1) %12 (%(k) _ 1)
LW T o), — L= L on1,2)
ef el; 7 7 e? €I]C' 7 7
(1 - %(k)) (1 - %(k)) 822 %(k)) 822 %(k))
i ij j ij i i,j j i,j
- = - on [0,1], p = p onll,2], 0<k<2.
€i €j €l. €].

Similarly, for the case ayz > yej, it can be shown that there exist points %i(j,), s=1,2,3in
(0, %) such that

b (s) o (s)
B’ (%i,j ) QSJ.P (%i,j )

e €
i j

7. Bounds on the Singular Component and Its Derivatives

Theorem 2. Let wh, @R satisfy Problems (13), (16), (22), and (25) for the cases au® < ye; and
ap? > Y€ j, respectively. Consequently, the components of W and wWRv, p=1,2 satisfy the following
bounds on (0,1): For the case au? < ye;, 1 <i <n,

L 1
lw.” ()] <CB,; (50),
|wiLP'(1) (%)l < C(e.‘l/z%lf’ (%> + 6,;1/2%55 (%))/

Ly, (2 -1/2 lp
. |<CZ B/

i-1
|wiLl"(3) (%)l < Cel—l[z 6;1/2931? Z —1/2%117 ]

k=1
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For the case au® > vejp,l<i<j<n,

[0} (20| <CB} (),
|wf’“’(” ()1 < c#(efl%l»”(%) + eﬁl%f(ﬁ))’

| |<C‘U2Z 2pr

le.L”’(B’ o)l < Gl e [ -1 Z ekszlp Z 3%#7 ]
Moreover, the components satisfy the following bounds of WX1: For the case ay® < ye;,

[} ()| <CBY (32),

o (o)l < C(e7 /28 (56) + €128 (),

Ry, (2 _
o ® (30)] < CZekl/z%Zp(%)
i—1 n

| f}?/(3) 1 Ze 1/223 Zegl/sz;”(%) _

k=1 k=i

For the case au® > VE€ij,

[, (30)] < CBYY (52),
o™ (o) < a8 (), k = 1,2,3,

Proof. For the case ayz > yej, we define the barrier functions 1,;1' = (gbli, l/)zi, e, gbﬁ), where
gb_{i = cyh + wiLl fori =1,2,---,n. Itisevident that ¥ (0) > 0 and ¢¥ (1) > 0. Additionally,
(L1y*)i(5¢) < 0 for all x in the interval (0,1). Therefore, it can be demonstrated that
|wl.L1 (5)] < CB1 (30). Considering the equation of wiL1 from (22),

e (50) + pa; (¢ ) + Z bij (5 — 0. (45)
" : 5 1
This can also be written as wiLl' (5) + gai(%)wl.Ll' () = elzZ bij(%)w]L.l(%) = ;hi(%),
=1 ’
where h;( Z b;j(5 ). Now, taking A;(0) = a;,

Wb (30) = wht (0)e6 A >>+€¢1f y(s)ets HEOACD 4o
0

1 1 1

where A; () is the indefinite integral of a;(5c). Using the bounds on 1, it is established that
B (A(8) A (e B
Ile’ (0) < Ce;!. Using the inequality e < (Aile)=Ail) ¢ g=gPLe=s)

parts, it follows from the above that

and using integration by

[l (30)] < (e B (30) + ;" B} (52)),
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Using a similar argument, it is clear that |wl.L1 x)|<C Z 2‘811 ). Differentiating the

equation and using a similar procedure as above, it can be shown that

|wiLlr )| < C[ -1 Z 2%11 Z 3%11

It has been established that le.L 7)| < C( -1 %ll + ;! %f} ( %)) Consequently,

Lyt (52)] < c(ﬁ%l.l += %’1( ))

) = (H %fl( )+ # %ll( )) + le’/(%), it can be
1/7 (5) < 0 on [0, 1] wh1ch implies

By introducing the barrier function, y*

(>
demonstrated that * > 0 on [0,1] and L

Wb (30)] < C(E%{l(%) + ﬁ%f} (%))
i € ! €n

By introducing another barrier function, ¢p* () = ( 2 Z €, Z%ZI )+ Z 2%11 ]

n
(5), it can be derived that |wl.L1’” ()] < Cu? Z 6,:2 235(1 (5). Differentiating the equations
k=j

Ly,
Wy

of wl.L1 once and applying the bounds of wiLl’, and wiLl’” yields

|wf1,//r( | < C‘u [ Z 2%11 Z 3%11 (% ]

Similarly, this leads to analogous results for @™ on [1,2]. Next, the bounds on @" for the
case ap? < ye; are derived. The bounds on wZ.Ll (5¢) can be derived by defining the barrier

functions as follows: ¢ (3) = C%i} (5) £ wiL1 (%), i=1,2,---,n. Tobound le’ (5), the
argument proceeds by examining the equation of wllfl in (13). We proceed by applying the
result from Theorem 1, as follows: le.Ll', ()] < Cel._l/ 2235.1 (5). To improve the above bound
on Ile (5¢)|, this process continues by differentiating wiL1 from (13) once, which leads to

Lyl )i(5)] < Cei_l/ 2%? (x). To establish the necessary bounds, the barrier functions is
defined as follows:

¥ (x) = Ce]/2B) (50) + 6,128 (s0)) 2w} (30),i = 1,2, ,n.
The bound on wiLl’" (5) is obtained from the equation of wiL1 in (13). To derive the bounds
wiLl’” (5¢), we must differentiate the equation twice afld thrice, respectively. Applying an
argument analogous to the one used to bound wiLl’ (5) leads to the bounds which are
required. The bound on wfl’m () is obtained by differentiating the equation of wiL1 in (13)

once and using the bounds of wl.Ll’ (5) and le’ (5¢). This approach enables us to obtain

i-1
|wiL1, #)| < Ce—l Ze 1/2%11 Z —1/25311
k=1
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Similarly, it can be derived for @™ on [1,2]. The bounds on @k are established, and its
derivatives for the case ay?® > yej are obtained. In this scenario, @R is decomposed over
the interval (0, 1).

TR = 350+ ey + €32, + i’ (46)
uAG)TR - B()f =0, (47)
A, = B)py = —€; Ed, (48)

uﬂ( )2 = B(3)2, = —e,'ERY, (49)

Liij, () = —€; ' E3). (50)

veénLE is a matrix with bounded entries. Thus, for 0 < k < 3, it is implied that
17 ® < e g < cute2) 2000 ) < o, (51)
Now, using Theorem 1 and (50), for the choice of y,ﬁ} (0) =0, we have
oy 1 < CeFute. (52)

Then, from (51) and (52), we have

M) < cu (53)

The decomposition for each component with respect to €, is given. Then, apply €,_1 to the
first n — 1 components, followed by €,,_» for the first n — 2 components, and so on. Thus, the

bound foralliin therange 1 < i < nand kin therange0 < k < 3is as follows: Ile’(k)I < Cu*,

Utilizing the previous derivations by deriving [@"1 (5)| < C8B' () < Ce” #( %) . Similarly,
we find [wRvK) (50)| < Cu*®7 (5) for k = 1,2,3. Similarly, derive for @~2. For the case

R

ap? < ye;, the bounds on @R are obtained by the above analogous arguments to those

applied in bounding @w". The proof of the theorem is completed. O
8. Sharper Bounds for w ' and wL2
To achieve sharper bounds on the derivatives of the singular components wf‘l and wiLZ,
these components are further decomposed for the intervals [0,1] and [1,2]. This refinement
will help in demonstrating nearly first-order convergence of the proposed method. Now,
the case ap? > ye j is focused. In addition to that, the following ordering holds:
(k)

50 < 50

i, l+1]1fz—|—1<]and%() < 3% ifi < j.

i,j+1’
n
For @M and @2, it is decomposed as follows: wiLl = Z wlL; on [0,1] and wiL2 = Z wlL; on
p=1 p=1
[1,2], where the components wlL:) are defined, on the interval [0, 1], by

3 (;{ %(2)1 )k L, (@) .
: n—in 1,
W) () = ,;‘)( k! Jw 0,5 ,) on 0,567 ) (54)
w;' (%) on (2 1]
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forn-1>p2i,
3 (se— ) )k
p=Lp” \ (k)¢ (2) (2)
0ip (%) on (=2 1],
and fori—-1>p > 2,
3 (%_ %(1) )k
PPy ) (L (1) (1)
e on (1L
On the interval [1,2],
3. (3 (%(2)1 1))k .
n-ln 2(k)(2) _ @ _
wlLi( ) = ];)( k! >wi (%l’l—l,i’l 1)’ on [1’ %n—l,n 1)’ (57)
wiLz (5) on (%1(12_)1 L= 12],
forn-1>p2>1i,
5, (o= (g2, =)
p=Lp (k) 2) 1 1 2) -1
01 () on (7 ,-12],
andfori—-1>p>2,
3, (2= (g, = DF
p=Lp k), (1) o _
w2 (5) = Z( k! ))Qi,p (%p—l,P 1), on [x ~1,p 1,1), (59)

ip k=0

Oip (%)

on (%;1) -1,2],

n n
. L L L L
with g;, = Z wi; andw| =w;" - E wi’Z, p=12o0n/0,2].
k=2

k=p+1

Lemma 3. Given the decompositions of component wlL; foreachpandi,1 <i<n,1<p<mn,the
following estimates on [0,1] are satisfied:

Lllll/
lw;

|wf,;' (50)] < CpPe; e, 1) (), ifi< p <, |w§’gf (50)] < Cu2e7 2B (52), ifi > p,

()] < Cple1e,2 B0 (), ifi < p, [l ()] < Culer?e; B! (), ifi > p,

Ly, “1gal iy
0l (s0)| < Cpe; "B} (), ifi < p,

and the following estimates hold on [1,2]:

L /’// _ _ l Y L ’/// _ _ l .
Iwi; ()| < Cue; 1692%;(%), ifi <p, |wi,; (50)| < Cu’e; zepl%pz(%), ifi > p,

Ly’ -1_~1gnl py Ly, 2l o
|wl.j) ()] < Cpe; 1ep1‘13p2(%), ifi<p<n, |wl.,; (50)| < Cu’e; 2%5(%), ifi>p,

L) “1gnl L
wi,; ()| < Cue; 1%5(%), ifi < p.



Axioms 2025, 14, 246

13 of 30

Proof. For the interval [0,1], differentiating (54) thrice leads to

Iy, 2 )
Ly - |w11 (%;(1—)1,n)|’ on [0, %r(l—)l,n)’
iy (Gl =1 1~ )
;' (5)] on (3,7 1],
Then, for s € |0, 22 ), using Theorem 2, we obtain
n—-1n
i—1 .
L, -1 -2
ol (¢ |<Cy[ ¢ +Z B (42 )
k=1

Since %Igzn) < %15{)1,” fork <n, 622%11(1 (%’(12_)1,”) <28l (%}Sz_)lln), we have

iy () < Cule e 2Bl (542 ) < Cue e, B! ().

nr "’ _ _ _ l
For » € [%f_)lln,l}, leL; (%) = |wiLl’ (x)| < Cu’e 1(2;( ! kz%ll( )—l—ZZ:ieka%kl(%)).

As »x > %(2) ,:2235{1(%) < 652%5}(%), and hence for » € [%(2) 1], |wl.“1'm(%)| <

-1n’ n-1,n’ in -

Cy3€i‘1€;258nl( »). From (55) and (56), it is evident that for each p, n—1 > p > i and
2
» € [%é,;ﬂ’ 1]
- L L
L L L
W () = 0ip(32) =W (x) = ), Wi (30) =W (3¢) —w;’ (3¢) = 0.
k=p+1
Differentiating (55) thrice on » € [0, %;(;2—)1;;) leads to |wL1’ ()| = |@;';)( 5(72)1P)| <
312 Iy (2) (2)

Cue; €,7B, (s )Forze[plp pp+1)

L ,/// _ _ l
Iwi,; ()| < Crle; lepz%pl(%).

. . 1 L
From (55) and (56), it is evident that foreach p,i—1 > p > 2,and x € [%’g’; Y 1], wi,:)(%) =0.
(1)

Differentiating (56) thrice on s € [0, ", P), we have
i-1

[t (GOl = lei, (o4 I < Cuder | Y €28 Gell)y +Z S8 g )

_1 0
k=1

<Cu e_2€_1?Bll( (1) ) < Cy3ei_2651%i}(%).

(1) 1)
For s € [%p—l,p’ %p,p+1)’

e (30)] < Cy3e;ze;1 %fol (50).

ip

n
From (56) and w'! = wiL] - Z le it is evident that w; 1( ») = 0for s € [%(1) 1], and

Wia 127
k=2
for s € [0,54Y), [l ()] < [l ()] < CuPe (T €281 (30) + L 6,28} () <
Cy3e;261_1 %111 (5). Since wle (1) = 0 for p < n, it can be concluded that for any s € [0, 1]

andi> p,

1 1
’” ’/// _n 1 _ 1
|wiL’;' (50)] = |f wlL; (s)ds| < Cu? L € Zepl%pl (s)ds < Cyzei 2inl(%).

x
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Hence, Iw.Ll’N(%)I < Cyzei‘z%g(%), fori > p. Similar arguments lead to Iwi:)’“(%)l <
C,uz -1 —1 %i}(%),for i<p,and |wﬁ:)’ (5)] < Cye;l%g(%),l <i<n,1<p<n Similarly, it

is not hard to find this for the interval [1,2]. The proof of the lemma is completed. O

. ") L . .
Lemma 4. Given the decompositions of component wi,; foreach pandi,1 <i<n,1<p <mn,for
au? < ye;, the following estimates on [0,2],p = 1 for [0,1] and p = 2 for [1,2] are satisfied:
L 4 ”r

, = 1 e Ly, — 1 o
[,y (50)] < Ce, >8] (), ifi < p, oo,y (50)] < Ce, >8] (), ifi > p,

[ ()| < Ce;18) (), ifi<p<n, [ ()| < Cu2e; B} (52), ifi > p,

Proof. The proof follows the same logic as Lemma 3. Analogously, the decompositions can
be made for @R and @R? in both cases. The corresponding bounds for these components
can be demonstrated in a similar manner. O

9. Numerical Method

This section explains the numerical method proposed for (1).

Shishkin Mesh

For cases ap? < ye; and ap? > ye€j, appropriate Shishkin meshes are developed over
the interval [0, 2].
Case (i): ap? < ve;

A piecewise uniform Shishkin mesh is constructed over the interval [0, 2]. The interval
is partitioned into subintervals based on transition points, as follows: [0, 1] U [Ty, To] U

U [Ty, W] U T 1= T U1 =T 1= Tug] U U (1= T 1= KU L= T, U L1+

TUM 4T+ T U UL Ty, 14 T U1+ T 2= T UR =T 2= Ty U+ U
(2="T2,2 =] U [2 =TTy, 2]. The transition points T, for 1 < g < n are defined as

1 2+/en (91 24 )
-In—mm(4 \/_1 N) T —mln(q+1, \/y_alnN (60)

for g = n-1,...,1, ensuring finer mesh density near layer regions. The intervals are
populated with points. For £ points on all inner regions and for [T,,1 - T,], a uniform
mesh of % is placed. If each T, takes the left choice in its definition, the mesh becomes
a classical uniform mesh, with 7, = % and a constant step size h; = N ~1. The step
sizes in the intervals are defined as H; = %71, H,; = %’(‘Iq —Tg-1) for 2 < g < n, and
Hy41 = %(1-2+7T,). Ateach transition point Ty, the change in step size from hy to b is

given by h+ hy = 4”(q+1 (dg = dq_l)) where d; = q;l1+11 g, with d;, = 0 when T, = 4
The mesh QN becomes a classical uniform mesh when d =0forallg=1,...,n, ensuring
uniformly spaced transition points and a constant step size throughout the interval. Then,
from (60), 7, < C/gInN,1 < g<nandalso T; = %‘lm, dg=-=dy=01<g<m<n.
Case (ii):ap? > V€|

A piecewise uniform Shishkin mesh is constructed over the interval [0, 2]. The interval
is partitioned into subintervals based on transition points, as follows: [0, 1] U [T, Ta]U
[T-1, WU [T, 1=01]U---U[1=01,1JU LT+ U1+ T, 14+ TpUu--- U1+ Tq, 1+
Tn] U1 4Ty, 2= 01]U---U[2~01,2]. The transition points T, for 1 < g < n are defined as

7 2¢
Ty = min 12 —lnN , 1y = min| 1 qH,—qlnN ,01 = min E ElnN (61)
4" pa g+1" pa 4"y
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DIU(x;) =

Uorjn) ~U(e) U(og) ~U(se1) o 1

forq = n-1,...,1, ensuring finer mesh density near layer regions. The intervals are
populated with points. For &£ points on all inner regions and for [1 — 01, 1], a mesh of ¥ is
placed and for [,,1— 01| amesh of %’ isplaced. Ifeach 75, takes the left choice in its definition,
the mesh becomes a classical uniform mesh, with _Iq = % and a constant step size h i=N -1
The step sizes in the intervals are defined as Hy = 37Ty, Hy = 3 (Ty— Tg-1) for2 < g <n,
H, 1= %(1 —01— ) and Hs = %01 for [1-01,1]. Ateach transition point ,, the change

in the step size from /1 toh, is givenby ) —h; = %(% (dg—dgs )), whered,; = % -y
with d, = 0 when 7,, = }L. The mesh QN becomes a classical uniform mesh when dg =0
forallg = 1,...,n, ensuring uniformly spaced transition points throughout the interval.

Then, from (61), T; < Ce;InN,1 < g <n,and 7, = %‘im,dq = =d,=0,1<g<m<n.

10. The Discrete Problem

The discrete problem is defined as follows:
INU(5¢) = E6PU(5¢) + pA(5) DU (52)) = B4 U(5¢) + D(5)U (3¢~ 1) = f(5) on QN, (62)

j < N -1, with boundary conditions specified as follows: ﬁ(%j -1) = @(%j-1), for0 <
N, W(sey) = il(5ey), where U = (U, Uy, -, W,,)T. Let

0
J

IN A

INU(5¢)) = ES*U(5¢;) + pA(5) DU (5¢)) — B3¢ U (5)) = §(5) on QF,  (63)

LNU(5¢)) = ES?W(5¢)) + uA(5¢)) DT U(5¢)) = B(5¢;) U (5¢)) + D(5¢))U(3¢; — 1) = f(5;) on QY. (64)

The discrete derivatives are defined as follows:

- -

DU (s) = — 7 5U(5;) = =

— hith -
; S — g g o O . N
with h] = xj— #j, h] =—=—, € N,

11. Theoretical Analysis and Error Estimation

This section establishes a discrete minimum principle, demonstrates a discrete stability
analysis of the proposed numerical method, and proves its first-order convergence.

Lemma 5 (Discrete Minimum Principle). Assume that the mesh function ‘f’(%j) =
(F1(5¢)), ¥2(5¢)), -+, ¥n(5¢))T satisfies ¥ (50) > 0and ¥ (5en) > 0. Then, y‘fll‘]‘f’(%]) <0 for
1<j<¥-1and I_jg"f’(%]) < 0 for N<j<N-1and ’/D*‘I_}(%%) - b“*f’(%%) < 0, it implies
that‘?(%j) >0forall0<j<N.

Proof. Let i* and j* be such that ¥;(sj) = rr;%nTi(%j) and suppose ¥« () < 0. Then,
j* ¢ {0,N}, ¥i(5¢) < ¥ir(5¢j41), and Y¥i(s¢j-) < ¥ (5¢j-1). Therefore, 62‘I’i»(%]-*) > 0.
Consider the two cases for 1 < j* < % -1 If 5 € Qg\] , then
n
(EN9)i (5¢f) = €062 (5¢f) + pa (365 ) DT Wi (341) = Y biej(56:) ¥ (37) > 0
j=1

which is a contradiction, which gives (iy‘f’)l(%]) <0. For ¥ <j <N-1,if s € OF,
then



Axioms 2025, 14, 246 16 of 30

n
(le\]‘fj)i*(%]'*) = Gi*(SZ‘YV (%]*) + Hag (%]*)D—H‘Pl*(%ﬁ) - Z bl*](%]*)‘P](%]*) - bi* (Xj*)‘Pi* (%]* - 1) >0
j=1
which is a contradiction, which gives (I_:ZN ‘f’) i(#) < 0. The only remaining possibility is that
= 2 Thus, by hypothesis, it follows that D_‘I’i*(%%) <0 and D“I’i*(%% ) = 0. This
implies D‘*‘Yp(%%) - D“I’i*(%%) < 0, and since D“I’i*(%%) <0< D‘*‘I’i*(%%), it holds
that EJﬂPi*(%g) < D_‘I’,’*(%g). Consequently, it follows that Ti*(%g—l) = ‘I’z(zg) =
Y (%% +1) < 0. Now, consider the operator acting on the solution at >y /21
n
(Lll\]‘f)i*(%g_ﬂ = €i*52‘1'i*(%g_1) + g (ey )Y (oey ) — Z b j(2ey 1) ¥j(5ey 1)

: 2
j=1

n

= €i*52‘fi*(%g_1) - Z by j(sey 1) ¥ (3n/2-1) > 0,
=T

leading to a contradiction, implying that ‘f’(%j) > (0 forall 0 < j < N. The proof of the
lemma is completed. O

Lemma 6 (Discrete Stability Result). If ‘f’(%]) = (Y1(5), ¥2(5¢)), -, ¥u(5¢))T is any mesh
function, then

I‘I’i(%]-)lSmax[l‘f’(%o)l,l‘?(%N)l, max ILI{]‘?(%]-)I, max ILIZ\"f’(%]-)I].

1<j<y-1 N<jsN-1

Error Estimate

Analogous to the continuous case, the discrete solution A can be decomposed into 1%
and W, as defined below.

— — . N > - -
INViG4) = ), for 0<j<z =1, Vi) =710), Va[ey)=71),  (69)

IMVa(5) = fl5), for = <j<N-1, %(;@:5(1), Vao(sen) =8(2),  (66)

o N .
W (5 1):WL1(%].7%), for 5 <j<N
It is clear that
Pioe) Vi(s), for 0<% =1 mi Wi (), for 0<j<¥-1
i) = - ’ »j) = -
J Va(sxj), for Y¥<j<N ! W2 (5), for ¥ <j<N

Lemma 7. If 7 is the solution of (9), (10) and (19), and V is the solution of (65) and (66), then

(V= 8)(5)| <CN7Y, for 0< j < N.
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Proof.
L (Vi=7)(5), for 0<j<N -1
|<v—n><z]>|={(f G N
|(V2=3)(5)l, for 5 <j<N

IN(V = 7)(x)) = §(5)) - L¥#(5¢j) = (L1 — LY)7(5)) (69)

dZ = d =
= E(ﬁ - 52)1’(%]‘) + [J(E - D*)ﬂ(%])r(x]) (70)

Determining the local truncation error

< Csejen = s¢m1) (eillr 1+ wlir] 1),

e 25 = o) + o) 1 - 2 i)

fori=1,2,...,n. Itis established that (1 — >j_1) < CN~!. In this case, where ap? < ye;,
we have the following based on (39) and (42): |i§\l(‘71 —7)(5)| <CN71, |z12\7(\71 =5)(3)l <
CN~L. Using Lemma 6, consider the following mesh functions: ‘f’i(%j) =CN1(ET)+
(171 -7)(5),0<j< Y. Provided that the value of C is sufficiently large, it follows that
ill\"f’i(%j) <0, forl<j<§- 1,9%(55) > Oand ‘f’i(%%) > 0. Thus, |(V; —7)(5)| <
CN1,for0 < j < §. Similarly, (V4 —§)(5j)| < CN™, for Y < j < N. For the case ay? > VEj,
(V2= 7)(5)l < N1, for 0 < j < ¥ Similarly, |(V2 - ) (5)| < CN7!, for ¥ < j < N. Thus,

|(V=%)(>)l <CN!, for0<j<N. (71)

The proof of the lemma is completed. O

The bounds on the error in the singular components @ and w2 are estimated for the

. . s s . N
case ap? > ve€;. These estimates are derived by utilizing the mesh functions B§ Y )(%]-),
where 1 < i < n, which are defined over QY as follows:

i -1
h
B () = H(1 * %) with B" (z0) = 1.
k=1 :

Lemma 8. For au? > V€|, the layer components Wikt and Wil2, 1 < i < n satisfy the following
bounds on ON:

IWH (52)] < CB™ (547),  IWF2(54)] < BN (54)).

Proof. This result can be demonstrated by defining the appropriate mesh functions
P (x) = CBSP'N)(%]-) + WI,LP(%]-), i=1,2,...,nand p = 1,2 and noticing that ¢/ () > 0
and ¢ (say) > 0. Furthermore, (Ell\jtﬁi),'(%j) <0,and (Elz\ltﬁi)l(%/) <0,j=12,--- ,N-1
Consequently, the discrete minimum principle yields the expected result. The proof of the

lemma is completed. O

Lemma 9. Assume that dy = 0, forq = 1,2,--- ,n. Let @l and w2 satisfy (22), WL and let
W2 satisfy (67) and (68). Then,

|Wh — @l < CNT' InN,  [[WE2 - @2 < CN'InN.
Proof. The local truncation error is given by

LY (Wht = @81 (34))] < C(s¢j.41 = 2¢j1) (el lIp + ulleo™ 1) (72)
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LY (W2 = @8"2) (3¢))| < C(s¢j41 = 2¢j1) (el lIp + ulleo 1) (73)

where D = [%j_l, %]-+1]. Since d; = 0, the mesh OV is uniform; thus, h = N7!. In this
instance, ‘ue]:l <CInNand y' <CInN.

i—1 n
(N (Wh —@1));(5¢))l < CN“12 In N[Z ek—lﬂsjg (5¢j-1) + Z e,;lﬂsjg (%j_l)]. (74)
k=1 k=i

i-1 n

Similarly, I(I_:IZ\I(I/K)/L2 - LBLZ))i(%j)I <CN~1?In N[Z e,:l %i{z (%j-1) + Z elzl %22 (%]-_1)]. Let
k=1 k=i

the barrier function ¢ () = (¢1(3¢;), P2(5¢)), - - ,qbn(%j))T be given by

CN-11InN =1y L
Gi(5) = m(kz_“le K Yk(%j)+kz_; K Zy(#)),
on Qy, where v is a constant and it satisfies 0 < v < a, as follows: Yy(x;) =
AN NI
i with Ay = 1+ 2% 1 < k < n,Z(x) = with G = 1+ 2% The

flsais Zk__ — e
AN & -1 e

mesh functions described above are inspired by those constructed in [18]. Now,
as 0 < Yk(%j),zk(%]’) <1, (€k62 + ‘LLVDJF)Y]((%]‘) =0, (€k52 + MVDJF)Z]((%]') =0,
DHY(5) < —vpe! exp(—vlu%jﬂel_l) and DT Zi(5)) < —vue;! eXp(_V‘Ll%j+1€£1). Then,
define Ji(%j) = ¢(3) = (WL - ZBL)(%j). It is easy to observe that () >0, j=0,....,N
anii Eg\] 1/7(}@) <0, EIZ\] 1/7 () < 0,1< j<N N 1. Hence, by applying minimum principle,
|((WEt —@l1) (5¢/)| < CN~1In N. Similarly, |(W!2 — @2)(5¢j)| < CN~!In N. The proof of the
lemma is completed. O

Lemma 10. Let @™ and @2 satisfy (22), WL and let WL2 satisfy (67) and (68). Then,
|Wh — @l < CNT' InN, W2 -2l < CN"InN.

Proof. The required result is established for each mesh point 5; € (0,1) by partitioning the
interval (0, 1), as shown in the figure below, for2 <m <n-1.

(O [T @ [T Tusn),

(@ [T 1)

In each scenario, the local truncation error is first estimated. This is followed by the
formulation of a suitable barrier function, designed to capture the essential properties of
the solution within a specified domain. By utilizing these barrier functions, the desired
estimate is obtained.

Case (a): ;€ (0,7Tp).
Clearly, > 1 — j-1 < Cey pIN7!In N. Then, utilizing the standard approach to local

truncation through Taylor expansions, error estimates are obtained, which are valid for
»j€(0,71) and 1 < i < n, as follows:

i—1 n
(LY (Wh = a11))i(6)1 < CNT 2 InN| Y 18] (3411) + ) '8 (341) |, (75)
k=1 k=i
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i-1

(LY (W2 — @t2));(5¢))] SCN_lyzlnN[Zekl%IZ(%j 1 —i—Zek (¢ 1)} (76)
k=1 k=i

Let the mesh functions be defined for ; € (0,7N1), where1 <i<mnandp = 1,2, as follows:

1 i-1 2vuHq n 2vuH n (lp,N)
¢i5) = N InN| Y e % B (1) +Z B o) [+ ) BN ().
k=1 k=1

Utilizing the minimum principle and barrier function & () = (j_)) (3) = (Wht —ggl1) (),
it has been established that |(WE — @) (%) <CN ~1In N. Similarly, for the interval (1,2),
we have [(W'2 — @2) (5¢;)] < CN~!InN.
Case (b): »; € [Ty, To).

The two scenarios considered are Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1):

In this case, where d; = 0, the mesh is uniform within the interval (0, ;). Consequently,
for any s, 1 — 21 < Ce1u 'N~'InN, for »j € [Ty, T2). Then,

i—1

|(Z¥(WL1 — 1)) (5 )l < CN- 1H21nN[Z w (%j-1) +Z€k v (i1 ] (77)

k=1

Now, for »; € [T1, T2) and 1 < i < 1, define

1 i—1 21/211"12 ( p’ n 2ng2 ( pzN) (lp,N)
¢i(x) = CN~ 1nNkZ1 © B, %]+k2 ¢ B, ZB
= 1

Utilizing the minimum principle and barrier function P ( xj) = cf_)) () £ (Wh —ggl1) (),
it has been derived that [(WEt — @) (%j)| < CN~'InN. Similarly, for the interval (1,2), we
have |(WL2 — @) (%)l < CN"'InN. Case (b2): In this case, where dq > 0, 5j4q1 — 2j_1 <
Ce;N~'u~'InN. Hence, for »; € [Ty, Tz), by utilizing the standard approach to local
truncation errors in Taylor series expansions, h = Hjt1 — Hj-1. Then,

|(z11\](WL1 _zD’Ll))i(%jN < C€il~1|wﬁ'( (5 i 1)|+C(%]+1 o ) €12|w 1(3) %j—l)|
k=2

+Cul ™M (i)l + C ot = 751) Z i (54i1)1.
k=2

Now, using Lemma 3, it is not hard to derive that

(YA =), ) < ON B2 Y 81 1) + Cue 9 (1),
k=2

and, for 2 < i < n, we have

n
(N (Wh —@1));(5¢/)] < CN~! In N2 Z 180 (/1) + Culer B! (5¢11).
k=i

Specify

1(x) = CN~! lnNZ exp(2apH2/ek)B£lp’N) (xj) + CBY”’N) (xj) + Z Bl(clp'N) (Tk)
k=2 k=2
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and, for 2 < i < n, we have

Pi(xj) = CN~! lnNZ exp(2auHs /ek)B](:p'N) (xj) + CBEZ”'N) (xj) + Z B,EIP'N) (Tk)-
k=i k=2

Case (¢): ¢ € [T, Imr1)-

The three scenarios are outlined below. Case (c1): d = dy, = --- = d;; = 0, Case (c2):
dg >0and dyiq =--- =dy = 0 for some g, 1 < g <m-1, Case (c3): dy, > 0. Case (cl):
di =dp =+ =dp = 0. Since 1; = C ;11 and the mesh remains uniform over the interval

(0, Tuy1), it can be concluded that for »; € (Tm, Tmr1], 2¢j41 — -1 < Ce1u 'N~'InN.
Hence,

i—1

|(E§V(WL1 —zD’Ll))i(%j)I < CN_lpzlnN[Zekl%ll(%] 1 +Z€k %/ 1)}
k=1 k=i
i-1

(LY (W2 — @12));(5¢j)] < CN™ 1y21nN[Z 201 —l—Zek (51 ]

k=1

For1<i<n,

i-1 Z‘HHmH n ZmeH < I,,N
Gi(3) = CcN UnN Z & k %] +Z + Z B,((p' )(—Ik)~
=1 k=m+1

Utilizing the minimum principle and barrier function P (5 i) = cp(%]) (WLl — W) (5)),
it has been derived that [(WE1 — @) ()| < CN~'InN. Similarly, for the interval (1,2), we
have [(WL2 — @) ()| < CN"'InN. Case (¢2): d; > O and dyq = -+ = dp = 0 for some
7,1 <q <m~1. In this case, since ;1 = C Iy 11, the region (7, T;u41) exhibits uniform
mesh points and satisfies ;1 — -1 < CegaN~'u~ ' InN, for any point 3¢j € (T, Tns1]-
The utilized approach to local truncation is derived from Taylor expansions, as follows:

|(LN(WL1 - _)Ll) |< CGZHZW) 1(2 %] 1 |+C(%]+1—%] 1)€i 2 Iw )(%],1)|
k=gq+1

+Cuzlw %,1|+C<%]+1—%]1k21|w ) (s2j20)).
q+

Now, utilizing Lemma 3, it is evident that for i < g, we have
(IN (Wh = @), (5¢))] < N1 InN Z ;18! (52-1) + CZ 1B (500)
k=q+1 k=i
and, for i > g, we have

(LY (W =)o)l < C ylnNZek (3611) + CeT Bl (31).
k=i

Now, for i < g, specify

1 - 2auH,, I, L Iy,
¢i(5) = CNInN Z exp(—yek + )B}(”N)(%j) —O—CZB,((”N)(%]-) +C Z BIEPN)(Tk)
k=q+1 '
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and, for i > g, specify

1 1 2001 H 41 (Ip,N) (Ip,N) = (l,N)
Pi(s) = CN lnNkZ_; exp(T B," () + CB,” () + C}(;ﬂ B."" (Tk).

Case (¢3): d;; > 0. In the previous arguments of Case (c2), by replacing g with m and applying
the inequality xj 41 —xj-1 < C—~ ’"“ £~ In N, the estimates are valid for 5 € (T, Vmy1] -For
i <m, we have

m
(EN(Wh = @h1));(5¢)] < CNT' 2 InN Z 18] (341 +cze,;123§;(%j_1)
k=m-+1 k=i

and, for i > m, we have
1 < i I
I(Lll\](WL1 —Z(_J’Ll))i(%j)l < CN[JZ lnNZ e;l%kl(%j_ﬁ + Ce;l%,}l(%j_l).
k=i

For i < m, define

N

B, B, (%)

m
k=i k=m+1

¢i(3) = C InN Z exp

k=m+1

(zaUHm-i-l) (Ip,N) +C

€k

and, for i > m, define

1 - 2apHy 1\ (1,N) (Ip:N) " )
Gi(5)) = Cﬁ lnNZexp(Tm B," " (xj) +CB,/" () +C Z B" ().
k=i k=m+1
Case (d):

There are three distinct cases that need to be considered: Case (d1):d; =--- =d,;, =0,
Case (d2): d; > 0andd,;,1 =--- =dy, = 0forsomeqg, 1 <g<n-1and Case (d3): d, > 0.
Case (d1): d; = --- = d;, = 0. In this case, the mesh is uniformly distributed over the
interval [0,1]. The corresponding result for this situation is derived in Lemma 9. Case
(d2): d; > 0 and dq+1 =..-=d;, = 0forsome g, 1 < g <n—1. For this scenario, based

on the definition of T, it can be shown that i1 — #j-1 < Ceq+1N_ly_1 In N. Moreover,
by applying analogous arguments similar to Case (c2), this leads to the estimates for
€ (TMn,1). Fori<g,

(YA = @)))1 < N2 IN Y '8l (o +c2 Al ()
k=q+1

and, fori > g,
1 - ! !
(Y (Wh = @))i(54))] < Cop? INN Y e8] (51-1) + Cei 1B (1),
k=i
Now define, for i < g, the following:

ZayHnH) (I, N i (1 N
(5 —lnN exp| =L | gUn N (5))+C)Y B (5;
le( ]) k;rl p( €r ] kZ; k ]
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and, for i > g, define

1 . 20uHy 1\ (1N LN
009) = g Y expl 2B )+ B ),
k=i

respectively. Case (d3): For d, > 0, let 1, be defined as 1, = 0 N. Then, considering

pa
the interval (7, 1], we have

[(Wikt = wi™) (5¢))| < Wit (5¢7)| + w1 (3¢))
< CBIN) (32)) + CBl1 ()
< BN () + el (T,) < N
Hence, [(Wi"1 — wil1)(5)] < CN7!, and |(W;*2 —w;!2)(5¢j)] < CN~L. Thus, for each of the

cases, the barrier function is constructed. Moreover, using minimum principle, it was
derived that |( WL — @) (%))l < CN~'InN and |(Wk2 — @) (%)l < CN~InN. Therefore,

|(WE =) (5¢)l < CN'InN.

The proof of the lemma is completed. O

The bounds on the error in the singular components @' and @ are estimated for
. . e . I, N
the case au? > ye;. These estimates are derived by utilizing the mesh functions Bi( pN) (3¢),
where 1 < i < n, which are defined over QY as follows:

j 1
1,,N o
BV (3¢)) —H(1+ 1/7;_ihk) ) (78)
k=1

(ZP'N)(%O) =1 for(y,p =1 for Oy p=2.

with B,

Lemma 11. Let @™ and w2 satisfy (13), and let WL and WL satisfy (67) and (68). Then,
Wl — @] < CN"'InN,  ||W2 — @)l < CN'InN.

Proof. Assume thatd; = 0. Forg=1,2,---,n, the local truncation error is given by

Y (W =) (56)] < Cs¢541 = 2¢11) (edlleor™” llp + pllw™ lIp) (79)

LY (W2 = @5'2) (3¢))| < C(3¢j41 = 3¢j1) (el lIp + ullew 1) (80)

where D = [}f]'_l, %j+1]- Since dy = 0, the mesh ON is uniform. Then, the value of h = N1

In this instance, (—:;1/ 2<CInN ,

n

i—-1
|(IN (Wh = @81));(56/)] < C(5¢j1 = 3¢j-1) Z e /2Bl (s¢_1) + Z e./?8 (5.1) | < CN"'InN.
k=1

k=i

This is established for each mesh point 5; € (0,1) by partitioning the interval (0,1) as
follows, for2 <m <n-1:
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[(IN(WE — @L1));(5¢)| < CN"L /e InN
1 ]

(O [T, [©: [T Ta),

(@) [T 1)

In each scenario, the local truncation error is first estimated. This is followed by the
formulation of a suitable barrier function, designed to capture the essential properties of
the solution within a specified domain. By utilizing these barrier functions, the desired
estimate is obtained.

Case (a): »; € (0, Tp).
Clearly, »j 1 — 5j-1 < C/eIN ~1InN. Then, by utilizing the approach to local trunca-

tion in Taylor expansions, error estimates are obtained, which are valid for »; € (0, 7;) and
1 <i<n,asfollows:

—_

i— n
- ! - I -
e /2B (1) + ) 6178 (%]-_1)] <CN7'InN,

k k=i

Il
—_

[y

i— n

7 2 - — — 1 - I —
(LY (Wh2 — @'2))(5¢j)] < CN7! \/e_llnN( e 1282 (5-1) + Zekl/z%;(%j_l)) <CN7!'InN.

»
Il
—_

k=i

Case (b): 5 € [T1, o)
The two scenarios considered are Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1):

di = 0. In this case, the mesh is uniform within the interval (0, 7). Consequently, for any
Hjp1— -1 < C\/aN_l InN, for nj € [-ll, -lz) Then,

n

i—1
(N (Wh = 8l1));(5¢)) < CN7! \/6_111‘11\{2 e /2B (341) + ) &2 (%,-_1)] <CN'InN.
k=1

(TN (Wh = @"1))i(54))l < CNT! ey InN| ) /28] (1) +
k=1 k

k=i

Case (b2): d; > 0. Tor this case, 5,1 — 1 < C vezN~1u~!In N. Hence, for xi € [T, ),
by utilizing the standard approach to local truncation errors in Taylor series expansions,
the term i = Hjp1 = #j-1. Then, using Lemma 4, we have

(IN(Wh —81));(5¢)l < CN“1InN.

Case (¢): Xj € [T, Tmy1)-

The three scenarios are outlined below. Case (c1): d; = dp, = --- = d,;; = 0,Case (c2):
dg>0andd;q =---=dy = 0forsomegq, 1 <qg<m-1and Case (c3): dy, > 0. Case (c1):
di =dy =--- =dy = 0. Since I; = C ;11 and the mesh remains uniform over the interval

(0, Tuy1), it can be concluded that for »; € (T, Vi), 41— #j-1 < C verN~!InN. Hence,
i—1 n
e."/28! (s_1) | < CN"'InN.

1

Case (c2): d; >0and dy 1 = -+ = dyy = 0 for some g, 1 < g <m—1. Since Ty 1 = C 1,
the mesh is uniform in (7, T 41), which implies that 5,1 — 51 < CE; 1IN ~1InN, for
5 € (T, Vmy1]- The approach to local truncation is derived from Taylor expansions, and
it is outlined in Lemma 4, as follows:

(N (Wh —1));(5¢)l < CN“1InN.



Axioms 2025, 14, 246 24 of 30

Case (c3): d;; > 0. In the previous arguments of Case (c2), by replacing g with m and
applying the inequality sj,1 — »j-1 < C/, 11N 'u~'InN, the estimates are valid for
7 € (jm, —lm+1]-
i-1 n
(N (Wh —@811));(5¢/) < CN7! Ve InN Zelgl/z%lﬁ(%j_l) + Y /28 (5.4) | < CN"LInN.
k=1 k=i

Case (d): There are three distinct cases that need to be considered: Case (d1): dy = --- =
d, = 0, Case (d2): d; > 0 and dq+1 =--=d, =0forsomeq,1<g<n-1and Case (d3):
dy > 0. Case (d1): d; = --- = d,, = 0. In this case, the mesh is uniformly distributed over
the interval [0, 1]. The corresponding result for this situation is derived in Lemma 9. Case
(d2): d; > 0 and dq+1 =..-=d, = 0forsomeq, 1 < g < n-1. For this scenario, based
on the definition of 7, it can be shown that i1 —#j-1<C \/eq?N_1 In N. Moreover, by
employing arguments analogous to Case (c2), this leads to the estimates for x; € (T, 1].
Case (d3): d, > 0. Let 1, be defined as 7, = ;—';lnN on the interval (7,,1]. Hence,

|(Wh — @11 (5¢;)] < CN~'InN. Similarly,| (W' - @"2)(5¢;)] < CN~" In N. Therefore,
|(WE = @) (5)l < CN"InN.

The proof of the lemma is completed. O

To establish the bounds on the error |(WR — @R1) (3¢ i)|, the mesh function is defined
over ON

N -1

h.

BUPN) (5)) = H (1 + );_ul) , BU»N)(50y) =1, where BN p =1,2.
i=j+1

Lemma 12. For the case ap?® > YV€j, the layer components W and W2, 1 < i < n satisfy the
following bounds on QN

IWR (52) < CBY™ (5¢), WK (56)1 < CBYPN (5¢)).

Proof. This result can be demonstrated by defining the mesh functions PR (%)) =
CBUN) (5¢) + WR and ¥R2(5j) = CB2N)(5)) + WRe.  Also, since WRi(0) < e,
WR1(0) < BU1N)(3q). Hence, ¥R1(0) > 0. Also, for an appropriate choice of C,
it follows that ¥% (5y) > 0. Further, IN¥R1(5) < 0 and LY¥R(5;) < 0. Hence,
by the minimum principle , ‘?Rl(%j) > 0 and ‘?RZ(%]') > 0, for 0 < j < N. Hence,
|WR1(%1)I < CB(”'N)(%]-) and IWRZ(%]-)l < CB(’Z’N)(%j) on OVN. The proof of the lemma is
completed. O

Lemma 13. At each point ;€ OV, |(WR — @WR) (%) < CN71InN, for the case ap? > ye;.
Proof. The local truncation error is given by

LN (WR = @R1) (56))] < Cs¢j1 = 3¢j-)(eillo™ lIp + o l1p) (81)

CuN~!'InN. Hence, Ifll\](V_\?Rl —@R)(xj)] < CN"'InN, II_%\’(I/_\)/R2 —wR2)(5)] < CN"'InN.
Consider the case di > 0, »; € (0,1 - 01]. Hence,

where D = [%j_l,%jH},[fl < CInN. Consider the case d; = 0. Then, ;11 — 51 <
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[(WRY = R0, (5611 < W (5)] + w8 (5¢))] < CBUYN) (5¢7) + B (52;)
< CB"N)(07) + CB'(07) <CN 7Y,

for »; € (1,2 — 01]. Similarly, like above,
|(WR2 —R2);(34))] < W2 (567) | + w2 (5¢)] < CBUN) () + CBZ (01) < N7

Examine the mesh region (1—o01,1]. It is known that i = »jy1 — xj-1. Then, s 1 —
s < CuN~" In N, |IZN(WR1 = R1) (5¢7)| < CN~!InN. For (2 - 01, 2], ILN (WRe —R2) (5¢)| <
CN~!InN. The proof of the lemma is completed. O

Theorem 3. Let i be the solution of (1) and let M be the solution of (62)—(64). Then, for each mesh
point ;€ QN,
I8~ #lljpv < CN"'InN,

for both of the cases ap?® < ye; and ap® > VEj.
Proof. The proof follows Lemmas 7,9, 11 and 13. O

12. Numerical Illustration
12.1. Example

The numerical approximation of the solution to the following system on the interval
(0,2) is obtained by applying the proposed method to both cases, where au? < ye; and
a,uz > yej, as follows:

Eil” (5¢) + p AR (5¢) = B(3)ii(3¢) + D(30)ii(3c = 1) = f(3¢) forall € Q = (0,2),

60 -1.0 -1.0
where A() = diag(0.5,0.5,0.5), f(s) = (-1.0,-2.0,-1.5)T,B(s) =|-1.0 60 -1.0|,

1.0 -1.0 6.0
D(3) = diag(0.8,0.8,0.8).

12.2. Example

The numerical approximation of the solution to the following system on the interval
(0,2) is obtained by applying the proposed method to both cases, where au? < ye; and
a,uz > ye€j, as follows:

Eil” (5) + p AR (5¢) = B(3)i(3¢) + D(30)ii(3c = 1) = f(3¢) forall € Q = (0,2),

70 -1.0 -1.0
where A(>) = diag(0.3,0.5,0.7), () = (-2.0,-1.5,-2.0)T, B(s) = |-15 80 -1.0|,

-20 -10 6.0
D(x) = diag(1.0,1.0,1.0).

To evaluate the order of convergence, maximum pointwise errors and error constants,

a modified two-mesh algorithm was utilized. The results are summarized in Tables 1-4. As
the parameter 1 decreases, the error stabilizes for each N, while the maximum pointwise
error Dy decreases and the observed order of convergence py improves as N increases,
confirming the theoretical predictions. Figures 1 and 2 display the solution profiles for
the n-system over the interval (0,2) for Example in Section 12.1. Figures 3 and 4 display
the solution profiles for the n-system over the interval (0,2) for Example in Section 12.2.
2

. . P Y
In Figures 1 and 3, corresponding to the condition = < 7, boundary layers are observed
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for the components u; (i = 1,2,...,n) near s = 0, > = 1 and » = 2, which is consistent
with the theoretical expectations. On the other hand, Figures 2 and 4 illustrate the case

2
where £ > L. Here,

€ T a

near » = 2 and are delayed near » = 1. Log-log plots effectively illustrate the relationship
between the number of mesh points N and the maximum pointwise errors, offering a clear
depiction of convergence behavior. Figures 5 and 6 present the maximum pointwise errors
for different 1 values in Cases 1 and 2, demonstrating how the error decreases as N increases.
These plots validate theoretical predictions and emphasize the impact of 17 on the accuracy

of the numerical method.

0.8

Numerical Solutions
7

0.6
L

Uy

U3

0.5
L

0.0

Figure 1. The graphical representation of numerical solutions for Example in Section 12.1 for the

0.5

X - Axis

following case: ay? < ye;.

T
1.0

20

layers are observed for u; near » = 0, while boundary layers emerge

Table 1. For Example in Section 12.1. Values of Dy, DN, pN, p* and CQ{ when €1 = 3%,62 =

|

0,1 2
16,63 = g, b = g for ap” < ye;.

1 Number of Mesh Points N
96 192 384 768
0.1 x10° 0.4050 x 1072 0.2201 x 1072 0.1123 x 1072 0.5639 x 1073
0.1x107! 0.3832 x 1072 0.2522 x 1072 0.1509 x 102 0.8641 x 1073
0.1x1072 0.3832 x 1072 0.2522 x 1072 0.1509 x 1072 0.8641 x 1073
0.1x1073 0.3832 x 1072 0.2522 x 1072 0.1509 x 1072 0.8641x 1073
0.1x107* 0.3832 x 1072 0.2522 x 1072 0.1509 x 1072 0.8641 x 1073
DN 0.4050 x 1072 0.2522 x 1072 0.1509 x 1072 0.8641 x 1073
pN 0.6828 x 10° 0.7408 x 10° 0.8049 x 10°
cy 0.2424 x 10° 0.2424 x 10° 0.2329 x 10° 0.2140 x 10°

The order of convergence p* = 0.6828 x 10°

Computed error constant, C;\f =0.2424 x 10°
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1.0

0.9

Uz

U3

0.8

0.7

Numerical Solutions

0.6
1

0.5

S E—
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Figure 2. The graphical representation of numerical solutions for Example in Section 12.1 for the
following case: ap? > YVEj.

Table 2. For Example in Section 12.1. Values of Dy, DN, pN, p* and C;\f when €] = 6—1,62 =

] A
35,63 = 16’4 —

1

for ap? > YEj.

n Number of Mesh Points N
96 192 384 768

0.625x 107! 0.1369x 1071 0.6205x 1072  0.1707x 1072 0.4365x 1073
0.156 x 107! 0.1420x 1071 0.1353x 1072 0.6080x 1072 0.1669 x 1072
0.391 x 1072 0.1258 x 1071 0.1401 x 1071 0.1317 x 1071 0.5811 x 102
0.977 x 1073 0.4006 x 1071 0.2536 x 1071 0.1383 x 1071 0.1242 x 1071
0.244x 1073 0.8087 x 1071 0.6491 x 107! 0.4528 x 1071 0.2625 x 1071
DN 0.8087 x 1071 0.6491 x 107! 0.4528 x 1071 0.2625 x 1071

p 0.3170 x 10° 0.5195 x 10° 0.7862 x 10°
cy 0.1742 x 10! 0.1742 x 10! 0.1514 x 10* 0.1093 x 10°

The order of convergence p* = 0.3170 x 10°

Computed error constant, C;‘l =0.1742 x 10!

1.0

0.9
L

0.8
L

Numerical Solutions
07
.

06
L

05
'

|

|

10

X - Axis

Figure 3. The graphical representation of numerical solutions for Example in Section 12.2 for the
following case: ay? < ye;.
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Maximum point-wise errors

Table 3. For Example in Section 12.2. Values of DY, DN, pN, p* and CQ{ when €1 = 312,62 =

n _n _n 2
1663 =g/ b= g for au® < ye;.

n Number of Mesh Points N
96 192 384 768
0.1 x 10° 0.3314x 1072 0.1772x1072 09087 x 1073  0.4569 x 1073
0.1x107! 0.3220 x 1072 0.2227 x 1072 0.1359 x 1072 0.7837 x 1073
0.1x1072 0.3220 x 102 0.2227 x 1072 0.1359 x 1072 0.7837 x 1073
0.1x1073 0.3220x 1072 0.2226x1072  0.1359x 1072  0.7837x 1073
0.1x107* 0.3220x 1072 0.2226x 1072 0.1359x 1072 0.7837 x 1073
DN 0.3314 x 102 0.2227 x 1072 0.1359 x 1072 0.7837 x 1073
pN 0.5734 x 10° 0.7119 x 10° 0.7947 x 10°
cy 0.1384 x 10° 0.1384 x 10° 0.1257 x 10° 0.1078 x 10°

The order of convergence p* = 0.5734 x 10°

Computed error constant, C;\i =0.1384 x 10°
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Figure 4. The graphical representation of numerical solutions for Example in Section 12.2 for the

following case: ap? > ye;.

Case 1 Case 2
10° 10°
« n=10" e n=27
4 =107 ®— 4 =2
10" - . n 10! \\.\\ 1
e — < .
T e * =107 S - \.\\"1\:28
—e @ T — .
2 @ 10
1072 ° n-to 2, b —— \\'\\ "=z,
- s = 10 e T a T o
— -10 S e —— e n-2"
S o AN T T
1072 4 S e N'Ne E \\\A _— T e * NTIANA
o E 1073 | \\\\
g e
107
107
T T T T T T T T T T T T T T
100 200 300 400 500 700 100 200 300 400 500 700

Number of mesh points N

Number of mesh points N

Figure 5. For The graphical representation of maximum pointwise errors for Example in Section 12.1

for different ) values for Cases 1 and 2.



Axioms 2025, 14, 246

29 of 30

Table 4. For Example in Section 12.2. Values of Dy, DN, pN, p* and C;\{ when €1 = %,62 =

1 _ 1 _n 2 .
3,63 = 1g,p = 3 for ap” = ye;.

n Number of Mesh Points N
96 192 384 768
0.625x 107! 0.1250 x 1071 0.5441 x 1072 0.1502 x 1072 0.3815x 1073
0.156 x 107! 0.1468 x 1071 0.1218 x 1072 0.5175x 1072 0.1418 x 102
0.391x 1072 0.2277 x 1071 0.1405 x 1071 0.1151 x 1071 0.4628 x 1072
0.977 x 1073 0.5803 x 1071 0.4096 x 1071 0.2434 x 1071 0.1133 x 1071
0.244 x 1073 09866 x 1071 0.8324x 1071 0.5966x 101 0.3902x 107!
DN 09866 x 1071 0.8324x107'  0.5966x 101 0.3902x 107!
pN 0.2451 x 10° 0.4805 x 10° 0.6124 x 10°
cy 0.1933 x 10! 0.1933 x 10! 0.1642 x 10! 0.1272 x 10°
The order of convergence p* = 0.2451 x 10°
Computed error constant, C;‘i =0.1933 x 10!
Case 1 Case 2
10° o 10° — 2
107 | e~ . © omst0 10" N \\\\\.\\\\\\. son=2
e I
3 o 8107
: 2 .
107 —
100 200 300 400 so0 700 100 200 300 400 soo 700

Number of mesh points N

Number of mesh points N

Figure 6. The graphical representation of maximum pointwise errors for Example in Section 12.2 for
different n values for Cases 1 and 2.

13. Conclusions

This paper presented a robust fitted mesh finite difference method for solving a system
of two-parameter ‘n’ singularly perturbed delay differential equations of the convection—
reaction—diffusion type. The method leverages a piecewise uniform Shishkin mesh to
address the intricate challenges posed by small perturbation parameters and delay terms
across multiple equations. Our theoretical analysis demonstrates that the proposed scheme
attains nearly first-order convergence in the maximum norm, uniformly with respect to the
perturbation parameters. Numerical experiments confirm the method’s robustness and
accuracy, demonstrating its capability to resolve boundary layers with precision across a
system of equations. This work marks a significant advancement in numerical techniques
for SPDDEs, emphasizing the critical importance of developing parameter-uniform methods
to address the unique challenges posed by systems of equations with multiple layers and
delays. Future investigations could focus on extending these methods to enhance the
computational efficiency, improve convergence rates and handle more intricate systems
encountered in real-world applications.
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