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Abstract: This purely theoretical study considers two new geometric state-space properties
of the classical linear time-optimal control problem with one input and real non-positive
eigenvalues of the system, with constraints only on the control input and without con-
straints on the state-space variables, following from Pontryagin’s maximum principle.
These properties complement the well-known facts from the maximum principle about
the number of switchings of the control function and the character of the optimal phase
trajectories of the system leading it to the state-space origin. They lay the foundation of a
new method for synthesizing the time-optimal control without the need to describe the
switching hyper-surfaces. The new technique is demonstrated on two examples. The
so-called “axes initialization” and the synthesis technique are illustrated on the double
integrator system in its entirety. The second one is on a hypothetical seventh-order system.

Keywords: time-optimal control; minimum time control; Pontryagin’s maximum principle;
synthesis of optimal systems; linear systems; switching surface
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1. Introduction
Pontryagin’s maximum principle and the respective mathematical theory of the opti-

mal processes [1] are some of the great achievements of the mathematical optimization in
the 20th century. For the researchers in the field of automatic control, these theoretical re-
sults are a great tool to resolve optimal control problems. The maximum principal solutions
lead to the so-called “bang-bang” control when the control constraints are within a lower
and an upper bound. The linear time-optimal control problem is a type of optimal control
problem where the system is described by linear differential equations, the initial state of
the system at the initial moment is known, and the final state is also presented, but the
final moment is not known in advance, the admissible controls are piecewise continuous
functions with corresponding lower and upper boundaries, and the problem consists of
minimizing the transition time from the initial state to the final state of the system.

The development and the maturity reached in the theory of time-optimal control [2–9]
as well as the contribution of the contemporary researchers [10–17] are a direct confirmation
of the long-standing efforts in this field. The main issues about the existence, uniqueness,
number of switchings of the control function, the maximum principle as not only a neces-
sary but also a sufficient condition for optimality in some cases, etc., are answered. The
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research in this field is accompanied and enriched by the years of its development and with
theoretical attempts to justify the existence of closed-loop time-optimal control [18,19]. The
difficulties of this topic are reason to note that “. . . there is still no complete time-optimal
analytical solution for systems higher than second order” [12] (p. 1). For their research,
“based on Bellman’s principle of optimality, a series of switching surfaces and curves in
phase space is generated using dynamic programming method“ [12] (p. 8).

The contemporary works [13–16] consider the time-optimal trajectory planning of
systems in the presence of limitations or time-varying parameters. They apply Pontryagin’s
maximum principle with other optimization techniques. In [14], it is noted that “in the
control engineering literature, it has been emphasized that to achieve high performances
in real applications, due attention has to be paid to the constraints which all the plant
variables must comply with”. Some of the studies [13–15] on the time-optimal control of
linear systems with constraints offer solutions where “the proposed idea is to discretize the
continuous-time system and to solve the resulting discrete-time problem by means of linear
programming” [14] (p. 2234), so that “by time discretization and linear programming, an
approximation of the generalized bang-bang control can be computed” [15] (p. 511). It
should be mentioned that the implementation of the theoretical background is based on
powerful numerical optimization methods.

In [20], far from the trend of the powerful application of numerical methods, but based
on the beauty of a purely geometric approach to a seemingly not-so-global optimization
problem, a new geometric property of the classical linear time-optimal control problem is
derived for a system with one input and real non-negative eigenvalues, with constraints
only on the control input and no constraints on the variables in the state space. The form
of the solution of this problem is well known. It follows Pontryagin’s maximum principle
and obeys the theorem about the number of switchings or the number of intervals of
constancy [1] (Chapter 3, §17, Theorem 10), [7] (Chapter 2, §6, Theorem 2.11, p. 116) [5].
In [20], the form of presentation of the controlled linear system makes it possible to consider
phase trajectories in the state space of the system, but generated by the time-optimal control
of the obtained sub-system of a lower order, and unveil an interesting relation to the
switching hyper-surface of the initial problem. As it is shown there, the idea of considering
trajectories in the state space of the system but generated by the time-optimal control of
the obtained sub-system of a lower order has led to a method for the synthesis of the
time-optimal control of any order for a class of linear problems for time-optimal control,
where the system’s eigenvalues are non-positive, but simple [14–17] of [20]. Now, with
regard to a basic property of the considered time-optimal problem, the requirement for the
eigenvalues of the initial system of being simple is overcome in [20]. Therefore, there is a
challenge to develop a strictly proven theoretical method for solving the above-mentioned
time-optimal control problem, which completely covers the case of the theorem about the
number of switchings or the number of intervals of constancy. It requires an answer to the
necessary theoretical questions about the relationship between the coordinate axes in the
state space of the system of the considered time-optimal control problem and its switching
hyper-surface, as well as the synthesis of the optimal control based on the solution of the
easier time-optimal control problem of a lower order generated by the original one. The
present work is a direct continuation of the author’s previous work [20] and deals precisely
with these necessary theoretical questions. It should be noted that, in the period since
the publication of [20], there are no other published studies on the linear time-optimal
control problem developing the idea above. Therefore, bearing in mind the objective of
this study, it is worth turning again to Pontryagin’s original sources [1]. The author and
his colleagues describe the solution of the problem of a linear time-optimal control system
fulfilling the condition of normality with real non-positive eigenvalues and one control
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input [1] (Chapter 3, § 20, § 21, Example 3). In [20], this technique is briefly presented in the
following way:

The time-optimal control for such a type of linear system has maximum n (the order
of the system) intervals of constancy, i.e., the maximum of the number of switchings is
(n− 1); the state space of the system is separated into manifolds Mn, Mn−1, . . ., M1 of
dimensions, 1, 2, . . ., n, respectively. The manifold Mn consists of all the points for which
the time-optimal control has one interval of constancy. Supposing that |u| ≤ 1, the trajectory
of the system under the control +1 ending at the state-space origin is defined as M+

n , while
the trajectory of the system ending at the state-space origin but under the control −1 is
defined as M−n . Together, M+

n and M−n compose the switching curve Mn. The final stage of
the time-optimal process represents a movement alongside M+

n or M−n . All the trajectories
of the system ending at a point of the curve M−n under the control +1 fill the surface M+

n−1.
Analogically, all the trajectories ending at a point of the curve M+

n under the control −1
fill the surface M−n−1. Combining M+

n−1 and M−n−1, we obtain the switching surface Mn−1,
so the last two stages of each time-optimal process are in Mn−1. In the same manner, the
rest of the manifolds are constructed. The manifold Mi is of dimension (n− i + 1); Mi+1 is
entirely in Mi and divides it into two areas, M+

i and M−i ; M+
i consists of all the trajectories

under the control +1 ending at a point of M−i+1, while M−i consists of all the trajectories
under the control −1 ending at a point of M+

i+1. The last manifold, M1, coincides with the
whole state-space of the system. The synthesizing function is depicted as:

u(x) =

{
+1 in all areas M+

i ,
−1 in all areas M−i .

Therefore, in order to synthesize the time-optimal control for a given system fulfilling
the conditions above, one needs to describe properly the switching surfaces M+

i and
M−i [20] (pp. 1–2).

In pursuing the goal of the present study, we intend to find here a new solution to
the problem discussed above by Pontryagin et al., without the need for a direct, explicit
description of the corresponding manifolds M+

i and M−i .
The current paper is structured in the following way. Section 2 presents the original

time-optimal control problem, its sub-problem, as well as the recently obtained new ge-
ometric property of the problem under consideration. In Section 3, a theorem about the
so-called “axes initialization” and a theorem with respective consequences about the new
way of synthesizing the time-optimal control are theoretically derived. In Section 4, the
author provides two examples. The first one deals with the time-optimal control of the
well-known system of a double integrator resolved by the new technique. It includes a
detailed presentation of the stage of axes initialization and the synthesis stage in order to
obtain the time-optimal trajectory. The second one shows the result of the application of
the considered technique on a hypothetical seventh-order linear system. Section 5 presents
some concluding remarks on the results.

2. The Time-Optimal Control Problem Under Consideration and Some
Preliminary Results of the Method

Let us consider the following linear time-optimal control problem of order n, n ≥ 2.
The system is described by Equation (1) and let us suppose it is normal and with real
non-positive eigenvalues. It should be mentioned that every normal system with real
eigenvalues can be transformed to such a type of representation. The initial state at the
moment, t0 = 0, of system (1) is (2) and the target state at moment t f represents origin (5) of
the system’s state space, where the moment t f is unspecified. The admissible control, u(t),
is a piecewise continuous function that takes its values from range (3), which is continuous
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on the boundaries of the set of allowed values (3), and at the points of discontinuity, τ, we
have (4).

The problem is to find an admissible control, u(x), which transfers system (1) from its
initial state (2) to the final state (5) in the minimum amount of time, i.e., minimizing the
performance index (6). Let us refer to this problem as “Problem P(n)”.

.
xi =

n−1
∑

j=1
aijxj + biu, i = 1, 2, . . . , n− 1,

.
xn =

n−1
∑

j=1
anjxj + λnxn + bnu.

(1)

x0 =
(

x10 · · · x(n−1)0 xn0

)T
(2)

−u0 ≤ u(t) ≤ u0, u0 = const > 0 (3)

u(τ) = u(τ + 0 ). (4)

x
(

t f

)
= x

f
=

0 · · · 0 0︸ ︷︷ ︸
n


T

(5)

J = t f → min. (6)

The form of the system (1) allows the introduction of the linear sub-system (7) of
order (n− 1) with a state-space vector, xn−1 (8), and a scalar output, yn−1, by the matrices
An−1, Bn−1, Cn−1 (9). Thus, the system (1) can be represented by (7) in the form (10), which
is also depicted in Figure 1. With regard to the sub-system (7), its initial state represents
x(n−1)0 (11) and the relation between the initial state (2) of the system (1) and the initial
state (11) of the sub-system (7) represents (12).

.
xn−1 = An−1xn−1 + Bn−1u,
yn−1 = Cn−1xn−1.

(7)

xn−1 =
(

x1 · · · xn−1

)T
(8)

An−1 =


a11

a21
...
an−1,1

a12

a22
...
an−1,2

. . .

. . .

. . .

a1,n−1

a2,n−1
...
an−1,n−1

,

Bn−1 =


b1

b2
...
bn−1

, Cn−1 =
(

an1 an2 . . . an,n−1

)
.

(9)

.
xn−1 = An−1xn−1 + Bn−1u,

yn−1 = Cn−1xn−1 ,
.
xn = λnxn + yn−1 + bnu.

(10)



Axioms 2025, 14, 97 5 of 30

x(n−1)0 =

x10 · · · x(n−1)0︸ ︷︷ ︸
n−1


T

(11)

x0 =

(
x(n−1)0

xn0

)
(12)Axioms 2025, 14, 97 5 of 27 

 

 

Figure 1. Schematic representation of the initial system (1) in form (10). 
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Let as formulate now the following linear time-optimal control problem of or-
der (n− 1), which we shall call “Problem P(n− 1)”. The system is represented by
Equation (7). The initial state of the system (7) at the moment t0 = 0 is (11), and the
target state at the moment t(n−1) f , which is preliminarily unspecified, is the origin (13) of
the (n− 1)-dimensional state-space of the system (7). The admissible control u(t) repre-
sents a piecewise continuous function that takes its values from the range (3), which is
continuous on the boundaries of the set of allowed values (3), and at the points of dis-
continuity τ we have (4). Problem P(n− 1) consists of synthesizing an admissible control
u(xn−1) that transfers the system (7) from its initial state (11) to the final state (13) and
minimizes the performance index (14).

xn−1

(
t(n−1) f

)
= x

(n−1) f
=

0 · · · 0︸ ︷︷ ︸
n−1


T

. (13)

Jn−1 = t(n−1) f → min. (14)

Let us assume we have found the solution of Problem P(n− 1) and denote by to
(n−1) f

the optimal time—the minimum time (15) of (14), by uo
n−1(t), t ∈

[
0, to

(n−1) f

]
, the optimal

control, and by xo
n−1(t), t ∈

[
0, to

(n−1) f

]
, the optimal trajectory in the (n− 1)-dimensional

state-space of the system (7), which is described by (16) and (17).

min(J n−1
)
= to

(n−1) f . (15)

xo
n−1(t) = eAn−1tx(n−1)0 +

∫ t
0 eAn−1τ Bn−1uo

n−1(t− τ)dτ

for t ∈
[
0, to

(n−1) f

] (16)

xo
n−1

(
to
(n−1) f

)
=

0 · · · 0︸ ︷︷ ︸
n−1


T

(17)
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Let us denote the scalar output of the system (7) in case it is the result of the optimal
vector function xo

n−1(t), t ∈
[
0, to

(n−1) f

]
, as yo

n−1(t), t ∈
[
0, to

(n−1) f

]
. In that case, yo

n−1(t)
is represented by (18) and (19).

yo
n−1(t) = Cn−1xo

n−1(t) for t ∈
[
0, to

(n−1) f

]
(18)

yo
n−1

(
to
(n−1) f

)
= Cn−1xo

n−1

(
to
(n−1) f

)
= 0 (19)

In [20], the following theorem has been proven.

Theorem 1. The trajectory of the system (1) or (10) with an initial point in x0 (2) under the optimal
control, uo

n−1(t), t ∈
[
0, to

(n−1) f

]
, of Problem P(n− 1) lies wholly on the switching hyper-surface

of Problem P(n) and ends at the moment t = to
(n−1) f at the origin of the n-dimensional state space

of the system (1) or (10) of Problem P(n), or lies entirely above or below the switching hyper-surface
of Problem P(n) nowhere intersecting it and ends at the moment t = to

(n−1) f at a point of the
coordinate axis xn different from zero.

The theorem above plays an essential role in the further consideration of this problem.
Let us present some elements of its derivation.

First, a vector function, x(t), with an initial point representing the initial state x0 (2)
or (12) of Problem P(n) under the optimal control uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of Problem

P(n− 1) is considered. The following expression is obtained for it:

x(t) =

 xo
n−1(t)

eλntxn0 +
t∫

0
eλn(t−τ)

(
yo

n−1(τ) + bnuo
n−1(τ)

)
dτ


for t ∈

[
0, to

(n−1) f

] (20)

At the second step, a special initial point, x1
0, in the n-dimensional state space of the

system of Problem P(n) is formed:

x1
0 =

(
x(n−1)0

x1
n0

)
(21)

x1
n0 = −

∫ to
(n−1) f

0 eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ

eλnto
(n−1) f

(22)

The first (n− 1) coordinates of the initial state x1
0 above and the first (n− 1) coordi-

nates of the initial state (2) of Problem P(n) are the same and are practically the initial state
(11) of the generated sub-problem, Problem P(n− 1).

At the third step, the trajectory x1(t) in the n-dimensional state space of Problem
P(n) with an initial state at point x1

0 under the optimal control uo
n−1(t), t ∈

[
0, to

(n−1) f

]
of

Problem P(n− 1) is formed. The result is:

x1(t) =

 xo
n−1(t)

eλntx1
n0 +

t∫
0

eλn(t−τ)
(
yo

n−1(τ) + bnuo
n−1(τ)

)
dτ


for t ∈

[
0, to

(n−1) f

] (23)
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We have determined that the trajectory x1(t) in the n-dimensional state-space of
the system (1) or (10) with initial point x1

0 (21)–(22) under the optimal control uo
n−1(t),

t ∈
[
0, to

(n−1) f

]
of Problem P(n − 1) ends at the moment t = to

(n−1) f at the origin of
the n-dimensional state space of Problem P(n). Taking into account that the function
uo

n−1(t), t ∈
[
0, to

(n−1) f

]
is the optimal control of Problem P(n− 1) and thereby it represents

a piecewise constant function with the maximum amplitude, u0, and number of switchings
(n− 2), i.e., with the number of intervals of constancy maximum (n− 1) [7] (Chapter 2, §6,
Theorem 2.11, p. 116), the trajectory, x1(t), lies wholly on the switching hyper-surface of
Problem P(n).

At the fourth step, the difference between the vector functions above, x(t) (20) and
x1(t) (23), is considered. We show that:

x(t)− x1(t) =


0 · · · 0︸ ︷︷ ︸

n−1


T

eλnt(xn0−x1
n0
)


for t ∈

[
0, to

(n−1) f

]
(24)

Let us cite the corollaries obtained in the discussion of the above result:
As for the last n-th coordinate of (31) of eλnt(xn0−x1

n0
)

for t ∈
[
0, to

(n−1) f

]
, we can

state that:

1. If xn0 = x1
n0, then the initial state x0 (2) or (12) of Problem P(n) coincides with point

x1
0 with coordinates (21)–(22). As already illustrated, x1

0 represents a point of the
switching hyper-surface of Problem P(n), and the trajectory with the initial point x1

0

under the optimal control uo
n−1(t), t ∈

[
0, to

(n−1) f

]
of Problem P(n− 1) lies wholly on

the switching hyper-surface of Problem P(n) and ends at the moment t = to
(n−1) f at

the origin of the n-dimensional state space of the system (1) or (10) of Problem P(n);
2. If xn0 6= x1

n0, then the initial state x0 (2) or (12) of Problem P(n) does not coincide with

point x1
0 with coordinates (21)–(22). The expression eλnt(xn0−x1

n0
)

for t ∈
[
0, to

(n−1) f

]
does not change its sign and is not equal to zero because to

(n−1) f is a finite time.
Thus, the trajectory with initial state x0 (2) or (12) of Problem P(n) under the optimal
control uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of Problem P(n− 1) lies entirely above or below the

switching hyper-surface of Problem P(n), nowhere intersecting it, and ends at the
moment t = to

(n−1) f at a point of the coordinate axis xn different from zero [20] (p. 7).

3. Derivation of Some New Properties of the Considered Time-Optimal
Control Problem

Let us continue with the consideration of the second case of the expression above
(24) with regard to its last n-th coordinate eλnt(xn0−x1

n0
)

for t ∈
[
0, to

(n−1) f

]
, i.e., when

xn0 6= x1
n0. In case

xn0 − x1
n0 > 0 (25)

and xn0 sequentially describes all the values of the interval (x1
n0, ∞), then by (24), all the

points of the line passing through point x1
0 with coordinates (21)–(22) parallel to the axis

Oxn and located above point x1
0 by (24) are transformed at the moment to

(n−1) f successively
into the points of the positive part of the axis Oxn of the n-dimensional state space of
Problem P(n), whereby all these trajectories are located outside the switching hyper-
surface of Problem P(n) having one and the same relation to it, simultaneously above or
simultaneously below the switching hyper-surface of Problem P(n). Thus, the positive
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semi-axis Oxn is outside the switching hyper-surface of Problem P(n), being wholly below
or wholly above the switching hyper-surface of Problem P(n). When

xn0 − x1
n0 < 0 (26)

based on the same reasoning, we see that the negative semi-axis Oxn is outside the switching
hyper-surface of Problem P(n), being wholly below or wholly above the switching hyper-
surface of Problem P(n), but in the opposite relation to the switching hyper-surface of
Problem P(n) relative to the positive semi-axis Oxn. Based on this conclusion, for the
considered class of problems, we can define the term for the variable xn+.

Definition 1. We define xn+ as a variable taking only one possible value, +1 or −1 , i.e.,

xn+ ∈
{
−1, +1

}
, (27)

so that, for the optimal control of Problem P(n)

uo(0) = u0 when
x0 =

(
x10 · · · x(n−1)0 xn0

)T

=

(
0 · · · 0︸ ︷︷ ︸

n−1

xn0
)T

, xn0 : sign(xn0) = xn+

(28)

is satisfied.

In order to determine xn+, let us now perform the following few constructions.

3.1. Construction 1

First, let us first choose (n− 1) random positive finite numbers t1, t2, . . ., t(n−1), i.e.,

ti ∈ (0, ∞) for i = 1, 2, . . . , (n− 1) (29)

Let us form the following piecewise constant function, u1(t), as an admissible
function for the considered class of problems, where its value in the i-th interval,
i = 1, 2, . . . , (n− 1), is

u1(t) = (−1)iu0 when t ∈
[
∑i−1

j=1 tj, ∑i
j=1 tj

)
for i = 1, 2, . . . , (n− 1)

(30)

Note that the value of u1(t) in the first interval of constancy is −u0.
Let us denote by t1

(n−1) f the length of the function u1(t) or the sum of the lengths of
all intervals of constancy of u1(t)

t1
(n−1) f = ∑(n−1)

i=1 ti (31)

Let the initial state of Problem P(n− 1) be the following point x1
(n−1)0 in the

(n− 1)-dimensional state space of Problem P(n− 1)

x1
(n−1)0 = −e−An−1t1

(n−1) f

∫ t1
(n−1) f

0
eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ (32)
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Let us now consider the trajectory in the (n− 1)-dimensional state space of Problem
P(n− 1) with an initial state x1

(n−1)0 (32) under the control u1(t) (30)

x1
n−1(t) = eAn−1tx1

(n−1)0 +
t∫

0
eAn−1(t−τ)Bn−1u1(τ)dτ

for t ∈
[
0, t1

(n−1) f

] (33)

It is easily seen that the control u1(t) (30) transfers the initial state x1
(n−1)0 (32)

of the system (7) of Problem P(n− 1) at the moment t1
(n−1) f at the origin of the

(n− 1)-dimensional state space of Problem P(n− 1):

x1
n−1

(
t1
(n−1) f

)
= eAn−1t1

(n−1) f x1
(n−1)0 +

∫ t1
(n−1) f

0
eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ (34)

x1
n−1

(
t1
(n−1) f

)
= eAn−1t1

(n−1) f

(
−e−An−1t1

(n−1) f
∫ t1

(n−1) f
0 eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ

)
+
∫ t1

(n−1) f
0 eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ;

(35)

x1
n−1

(
t1
(n−1) f

)
= −In−1

t1
(n−1) f∫

0
eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ

+

t1
(n−1) f∫

0
eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ;

(36)

x1
n−1

(
t1
(n−1) f

)
=

0 · · · 0︸ ︷︷ ︸
n−1


T

(37)

Thus, we can draw the following conclusion.

Corollary 1. The piecewise constant function u1(t) (30) with an amplitude of u0, (n− 1) non-zero
intervals of constancy t1, t2, . . ., t(n−1), and a value in the first interval of constancy −u0 transfers
the system of Problem P(n− 1) from its initial state x1

(n−1)0 (32) at the final moment t1
(n−1) f

(31) at the origin of the (n− 1)-dimensional state space of Problem P(n− 1). The function u1(t)
represents the optimal control of Problem P(n− 1) with an initial state of the system x1

(n−1)0. The

point x1
(n−1)0 is located outside the switching hyper-surface of Problem P(n− 1).

Let us denote by y1
n−1(t) the output of the system (7) of Problem P(n− 1) with an

initial state x1
(n−1)0 (32) under the control u1(t) (30) for t ∈

[
0, t1

(n−1) f

]
:

y1
n−1(t) = Cn−1x1

n−1(t) for t ∈
[
0, t1

(n−1) f

]
(38)

y1
n−1

(
t1
(n−1) f

)
= Cn−1x1

n−1

(
t1
(n−1) f

)
= Cn−1

 0 · · · 0︸ ︷︷ ︸
n−1


T

= 0.
(39)
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3.2. Construction 2

Secondly, let us now consider Problem P(n) with an initial state of the system (1) in
form (10) at the point x1

0 with coordinates

x1
0 =

(
x1
(n−1)0

x1
n0

)
(40)

x1
n0 = −

∫ t1
(n−1) f

0 eλn(t1
(n−1) f−τ)(y1

n−1(τ) + bnu1(τ)
)
dτ

eλnt1
(n−1) f

(41)

where x1
(n−1)0 is (32), y1

n−1(t) is (38), u1(t) is (30), but x1
n0 (41) is the initial state of the n-th

coordinate of the state-space vector x of the system (1) or (10). Let us consider the trajectory
x1(t) in the n-dimensional state space of Problem P(n) with an initial state at the point
x1

0 with coordinates (40) and (41) under the control u1(t), t ∈
[
0, t1

(n−1) f

]
, (30), which,

according to Corollary 1, represents the optimal control of Problem P(n− 1) with an initial
state x1

(n−1)0 (32). The vector function x1(t) based on the representation of the system (1) in
form (10) is described as

x1(t) =


eAn−1tx1

(n−1)0 +
t∫

0
eAn−1(t−τ)Bn−1u1(τ)dτ

eλntx1
n0 +

t∫
0

eλn(t−τ)
(
y1

n−1(τ) + bnu1(τ)
)
dτ


for t ∈

[
0, t1

(n−1) f

] (42)

For the state x1(t) at the moment t1
(n−1) f :

x1(t1
(n−1) f ) =

 eAn−1t1
(n−1) f x1

(n−1)0 +
∫ t1

(n−1) f
0 eAn−1(t1

(n−1) f−τ)Bn−1u1(τ)dτ

eλnt1
(n−1) f x1

n0 +
∫ t1

(n−1) f
0 eλn(t1

(n−1) f−τ)(y1
n−1(τ) + bnu1(τ)

)
dτ

 (43)

bearing in mind (34)–(37) and replacing x1
n0 with the expression for it (41), we obtain

consecutively:

x1(t1
(n−1) f ) =


x1

n−1

(
t1
(n−1) f

)
eλnt1

(n−1) f

− ∫ t1
(n−1) f

0 e
λn(t1(n−1) f −τ)

(y1
n−1(τ)+bnu1(τ))dτ

e
λnt1

(n−1) f


+
∫ t1

(n−1) f
0 eλn(t1

(n−1) f−τ)(y1
n−1(τ) + bnu1(τ)

)
dτ

 (44)

x1
(

t1
(n−1) f

)

=



 0 · · · 0︸ ︷︷ ︸
n−1


T

−
∫ t1

(n−1) f
0 eλn(t1

(n−1) f−τ)(y1
n−1(τ) + bnu1(τ)

)
dτ

+
∫ t1

(n−1) f
0 eλn(t1

(n−1) f−τ)(y1
n−1(τ) + bnu1(τ)

)
dτ


(45)
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x1
(

t1
(n−1) f

)

=


 0 · · · 0︸ ︷︷ ︸

n−1


T

0

.
(46)

x1
(

t1
(n−1) f

)
=

0 · · · 0︸ ︷︷ ︸
n


T

. (47)

Thus, we can draw the following conclusion.

Corollary 2. The trajectory x1(t) in the n-dimensional state space of the system (1) or (10) with an
initial point x1

0 (40) and (41) under the control u1(t), t ∈
[
0, t1

(n−1) f

]
(30) ends at the moment

t = t1
(n−1) f at the origin of the n-dimensional state space of Problem P(n). Taking into account

Corollary 1, where the function u1(t), t ∈
[
0, t1

(n−1) f

]
is a piecewise constant function with an

amplitude u0 and exactly (n− 1) intervals of constancy, and represents the optimal control of
Problem P(n− 1), whose purpose-built initial state x1

(n−1)0 is generated also as initial state of

the sub-problem by the initial point, x1
0 (40), of Problem P(n), then it follows that, in accordance

with [7] (Chapter 2, §6, Theorem 2.11, p. 116), the trajectory x1(t) lies wholly on the switching
hyper-surface of Problem P(n). The value of the optimal control for this point, x1

0, is −u0 = u1(0),
as the control in the first interval of constancy of u1(t). The point x1

0 is a point from the manifold
M−2 according to the exposition in Section 1 based on Pontryagin’s original sources [1] (Chapter 3,
§ 20, § 21, Example 3).

3.3. Construction 3

Let us employ the matrix representation of Equation (1) of the original system of
Problem P(n) and the relation by the form (10) with the system (7)–(9) of order (n− 1)
of its sub-problem Problem P(n− 1), a matrix representation of which is also depicted in
Figure 1.

.
x = Ax + Bu (48)

A =




a11

a21
...
an−1,1

a12

a22
...
an−1,2

. . .

. . .

. . .

a1,n−1

a2,n−1
...

an−1,n−1

 0n−1,1

an,1 an,2 . . . an,n−1︸ ︷︷ ︸
n−1

λn


, B =




b1

b2
...

bn−1


bn

 (49)

A =

(
An−1 0n−1,1

Cn−1 λn

)
, B =

(
Bn−1

bn

)
(50)

x =

(
xn−1

xn

)
(51)

.(
xn−1

xn

)
=

(
An−1 0n−1,1

Cn−1 λn

)(
xn−1

xn

)
+

(
Bn−1

bn

)
u (52)
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Let tn be an arbitrary positive number, i.e.,

tn ∈ (0, ∞) (53)

and consider the state x0 in the n-dimensional state space of the system of Problem P(n)
with coordinates

x0 = e−Atn

(
x1

0 −
∫ tn

0
eAτ Bu0dτ

)
(54)

as well as the trajectory starting at this point under the constant control +u0 when t ∈ [0, tn]

x(t) = eAtx0 +
t∫

0
eAτ Bu0dτ

for t ∈ [0, tn]

(55)

The final point of this trajectory at moment tn is the state x1
0 (40)–(41) in the n-

dimensional state space of the system of Problem P(n).

x(tn) = eAtn x0 +
∫ tn

0
eAτ Bu0dτ (56)

x(tn) = eAtn

(
e−Atn

(
x1

0 −
∫ tn

0
eAτ Bu0dτ

))
+
∫ tn

0
eAτ Bu0dτ (57)

x(tn) = In

(
x1

0 −
∫ tn

0
eAτ Bu0dτ

)
+
∫ tn

0
eAτ Bu0dτ (58)

x(tn) = x1
0 (59)

We see that the points of the trajectory starting at x0 under the control +u0 fall into
point x1

0, which is a point from the switching hyper-surface of Problem P(n). Keeping in
mind Corollary 2 and following Pontryagin [1] (Chapter 3, § 20, § 21, Example 3), we can
draw the following conclusion.

Corollary 3. The entire trajectory, x(t) (55), with an initial point x0 (54) under the constant
control +u0 with a duration tn, ending at x1

0 (40)–(41), but without the endpoint itself x1
0 ∈ M−2 , is

a part of the manifold M+
1 , which is the part of the state space of Problem P(n) outside the switching

hyper-surface M2 = M−2 ∪M+
2 of Problem P(n) with a value of +u0 of the optimal control for the

points of this manifold.

Briefly stated, the points of the manifold M+
1 are above the switching hyper-surface

of Problem P(n), while the points of M−1 are below the switching hyper-surface of
Problem P(n).

Let us form the following piecewise constant function, u2(t), with n intervals of
constancy, where the duration of the first interval is tn and the value of the function there is
u0, while from the second till the n-th interval, the function u2(t) represents the shifted-to-
the-right by a distance tn function u1(t) (30), i.e., the duration of the second interval is t1

while the value there is (−1)1u0 and so on for the intervals after the second one till the n-th
one, which is with a length tn−1 and a value of the function within it (−1)n−1u0. We can
describe the function u2(t) in the following two ways.

u2(t) =


u0 when t ∈ [0, tn)

u1(t− tn) when t ∈ [tn, tn +
i

∑
j=1

tj

]
.

(60)
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u2(t) =


u0 when t ∈ [0, tn)

(−1)iu0 when t ∈
[

tn +
i−1
∑

j=1
tj, tn +

i
∑

j=1
tj

)
3a i = 1, 2, . . . , (n− 1).

. (61)

Then, the point x0 (54) in the n-dimensional state space of the system of Problem P(n)
expressed in (54) by x1

0 (40) and (41) is also expressed as:

x0 = e−A(t1+t2+...+tn)

(
−
∫ (t1+t2+...+tn)

0
eAτ Bu2( (t1 + t2 + . . . + t n)− τ)dτ

)
(62)

Corollary 3 can be amended with the following corollary.

Corollary 4. The piecewise constant function u2(t), t ∈ [0, ∑n
i=1 ti], (60) or (61) with n non-zero

intervals of constancy represents the optimal control of Problem P(n) with an initial state x0 (62)
or (54).

3.4. Construction 4

Let us now consider Problem P(n) with an initial state x0 (62) or (54) and its respective
sub-problem Problem P(n− 1). Let us form the trajectory in the n-dimensional state
space of the system of Problem P(n) with an initial state x0 under the optimal control
uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of Problem P(n− 1):

x(t) = eAtx0 +
t∫

0
eAτ Buo

n−1(t− τ)dτ

for t ∈
[
0, to

(n−1) f

] (63)

According to Corollary 3 and 4, x0∈ M+
1 . Therefore, in Theorem 1, this trajectory also

lies in M+
1 —lies above the switching hyper-surface of Problem P(n), nowhere intersect-

ing it and ends at the moment t = to
(n−1) f at a point of the coordinate axis xn different

from zero.
Considering the relation (12) between the initial state x0 (2) of Problem P(n) and the

initial state x(n−1)0 (11) of Problem P(n− 1):

x0 =

(
x(n−1)0

xn0

)
(64)

the trajectory x(t) (63) according to (20) represents:

x(t) =

 xo
n−1(t)

eλntxn0 +
t∫

0
eλn(t−τ)

(
yo

n−1(τ) + bnuo
n−1(τ)

)
dτ

∈ M+
1

for t ∈
[
0, to

(n−1) f

] (65)

The final point x
(

to
(n−1) f

)
of this trajectory lies on the axis Oxn:

x
(

to
(n−1) f

)
=


xo

n−1

(
to
(n−1) f

)
eλnto

(n−1) f xn0 +

to
(n−1) f∫

0
eλn(to

(n−1) f−τ)(yo
n−1(τ) + bnuo

n−1(τ)
)
dτ

∈ M+
1 . (66)



Axioms 2025, 14, 97 14 of 30

x
(

to
(n−1) f

)
=



0 · · · 0︸ ︷︷ ︸
n−1


T

eλnto
(n−1) f xn0 +

to
(n−1) f∫

0
eλn(to

(n−1) f−τ)(yo
n−1(τ) + bnuo

n−1(τ)
)
dτ


∈ M+

1 . (67)

Thus, the value, more precisely, the sign of the last n-th coordinate

eλnto
(n−1) f xn0 +

to
(n−1) f∫
0

eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ 6= 0 (68)

indicates whether the positive or negative part of the Oxn axis is a part of the manifold M+
1 ,

i.e., is above the switching hyper-surface. We obtain

xn+ = sign

eλnto
(n−1) f xn0 +

to
(n−1) f∫
0

eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ

. (69)

Thus, if xn+ = 1, then the positive part of the Oxn axis is a part of the manifold M+
1 ,

i.e., is located above the switching hyper-surface, and accordingly the negative part of the
Oxn axis is below the switching hyper-surface or is a part of the manifold M−1 .

When xn+ = −1, then the negative part of the Oxn axis is a part of the manifold M+
1 ,

i.e., is located above the switching hyper-surface, while the positive part of the Oxn axis is
below the switching hyper-surface or is a part of the manifold M−1 .

Thus, the following theorem with regard to the “axes initialization” has been proven.

Theorem 2. If x0 (62) is the initial state of Problem P(n), where t1, t2, . . ., t(n−1), tn are n random
finite positive numbers, the function u2(t), t ∈ [0, (t1 + t2 + . . . + tn)], is a piecewise constant
function with n non-zero intervals of constancy (61) with an amplitude of u0, and starts with a
value u0 on its first interval, then:

• The point x0∈ M+
1 and the function u2(t), t ∈ [0, (t1 + t2 + . . . + tn)] represent the optimal

control of Problem P(n);
• The trajectory (63) in the n-dimensional state space of the system of Problem P(n) with an

initial point, x0, under the optimal control uo
n−1(t), t ∈

[
0, to

(n−1) f

]
of Problem P(n− 1)

is also located in the manifold M+
1 —lies above the switching hyper-surface of Problem P(n),

nowhere intersecting it and ends at the moment t = to
(n−1) f at the point (67) of the coordinate

axis Oxn different from zero;
• The sign of this n-th coordinate xn+ (69) indicates whether the positive or the negative part of

the Oxn axis is a part of the manifold M+
1 , i.e., is above the switching hyper-surface. Thus, if

xn+ = 1, then the positive part of the Oxn axis is a part of the manifold M+
1 , i.e., is located

above the switching hyper-surface, and accordingly the negative part of the Oxn axis is below
the switching hyper-surface or is a part of the manifold M−1 . When xn+ = −1, then the
negative part of the Oxn axis is a part of the manifold M+

1 , i.e., is located above the switching
hyper-surface, while the positive part of the Oxn axis is below the switching hyper-surface or is
a part of the manifold M−1 .
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3.5. Construction 5

Let us now consider Problem P(n) with an initial state at the point x0, which can now
be any point in the n-dimensional state space of the system of Problem P(n). Suppose
that we have solved the simpler sub-problem Problem P(n− 1) and obtained uo

n−1(t),

t ∈
[
0, to

(n−1) f

]
of Problem P(n− 1). Let us consider the trajectory in the n-dimensional

state space of the system of Problem P(n) with an initial point x0 under the optimal control
uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of Problem P(n− 1):

x(t) = eAtx0 +
t∫

0
eA(t−τ)Buo

n−1(τ)dτ

for t ∈
[
0, to

(n−1) f

] (70)

Based on the relation (12) between the initial state x0 (2) of Problem P(n) and the initial
state x(n−1)0 (11) of Problem P(n− 1)

x0 =

(
x(n−1)0

xn0

)
, (71)

the trajectory x(t) (70) according to (20) is described as:

x(t) =

 xo
n−1(t)

eλntxn0 +
t∫

0
eλn(t−τ)

(
yo

n−1(τ) + bnuo
n−1(τ)

)
dτ


for t ∈

[
0, to

(n−1) f

]
.

(72)

The final point of this trajectory, x
(

to
(n−1) f

)
, lies on the xn axis:

x
(

to
(n−1) f

)
=


xo

n−1

(
to
(n−1) f

)
eλnto

(n−1) f xn0 +

to
(n−1) f∫

0
eλn(to

(n−1) f−τ)(yo
n−1(τ) + bnuo

n−1(τ)
)
dτ

. (73)

x
(

to
(n−1) f

)
=



0 · · · 0︸ ︷︷ ︸
n−1


T

eλnto
(n−1) f xn0 +

to
(n−1) f∫

0
eλn(to

(n−1) f−τ)(yo
n−1(τ) + bnuo

n−1(τ)
)
dτ


. (74)

According to Theorem 1, this entire trajectory, x(t) (70) or (72), i.e., all its points, have
the same relation to the switching hyper-surface of Problem P(n). Let us now consider the
possible cases.

Case 1. The trajectory lies entirely on the switching hyper-surface of Problem P(n),
and the final point x

(
to
(n−1) f

)
at the moment to

(n−1) f is the origin of the n-dimensional state

space of the system of Problem P(n). Therefore, the n-th coordinate of x
(

to
(n−1) f

)
(74) is

also 0:

0 = eλnto
(n−1) f xn0 +

to
(n−1) f∫
0

eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ. (75)
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In this case, the optimal control uo
n−1(t), t ∈

[
0, to

(n−1) f

]
—the solution of the

sub-problem Problem P(n− 1), which is a piecewise constant function with at most
(n− 1) intervals of constancy, i.e., with at most (n− 2) switchings, is also the solution of
Problem P(n):

uo
n(t) ≡ uo

n−1(t),
to
n f ≡ to

(n−1) f .
(76)

Case 2. The trajectory lies wholly above or below the switching hyper-surface of
Problem P(n), nowhere intersecting it, and the final point x

(
to
(n−1) f

)
at the moment to

(n−1) f
is a point of the coordinate axis Oxn different from zero. Therefore, the n-th coordinate of
x
(

to
(n−1) f

)
(74) satisfies:

eλnto
(n−1) f xn0 +

to
(n−1) f∫
0

eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ 6= 0. (77)

Case 2.1. If the sign of the specified n-th coordinate above and the sign of the variable
xn+ (69) are the same, then according to the proved Theorem 1, the entire trajectory, x(t)
(70) or (72), belongs to the manifold M+

1 , i.e., all the points of x(t) are points of the manifold
M+

1 or are located above the switching hyper-surface of Problem P(n):

If
(

eλnto
(n−1) f xn0 +

∫ to
(n−1) f

0 eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ

)
xn+ > 0, then

x(t) ∈ M+
1 for t ∈ [0, to

(n−1) f ].
(78)

Case 2.2. If the sign of the specified n-th coordinate and the sign of the variable xn+

(69) are opposite to each other, then according to the proved Theorem 1, the entire trajectory,
x(t) (70) or (72), belongs to the manifold M−1 , i.e., all the points of x(t) are points of the
manifold M−1 or are located below the switching hyper-surface of Problem P(n):

If
(

eλnto
(n−1) f xn0 +

∫ to
(n−1) f

0 eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ

)
xn+ < 0, then

x(t) ∈ M−1 for t ∈
[
0, to

(n−1) f

]
.

(79)

Let us define the variable xn,v, which is the value of the n-th coordinate of the final
state x

(
to
(n−1) f

)
(74) of the trajectory, x(t) (70) or (72), obtained under the optimal control

uo
n−1(t), t ∈

[
0, to

(n−1) f

]
of Problem P(n− 1), at the moment to

(n−1) f in the n-dimensional
state space of the system of Problem P(n) with an initial state x0:

xn,v = eλnto
(n−1) f xn0 +

to
(n−1) f∫
0

eλn(to
(n−1) f−τ)(yo

n−1(τ) + bnuo
n−1(τ)

)
dτ. (80)

Thus, the following theorem with regard to the synthesis of the time-optimal control
at the initial state x0 of Problem P(n) has been proven.



Axioms 2025, 14, 97 17 of 30

Theorem 3. If the optimal control of the sub-problem Problem P(n− 1) is found—the solution
uo

n−1(t), t ∈
[
0, to

(n−1) f

]
, then the optimal control uo

n(0) at the initial state x0 of Problem P(n)
can be determined as:

uo
n(0) =


+u0 when xn,vxn+ > 0

uo
n−1(0) when xn,v = 0
−u0 when xn,vxn+ < 0

(81)

The following consequence of Theorem 2 holds.

Consequence 1. In the case that xn,v = 0, then the solution of Problem P(n) represents the already
found solution of the sub-problem Problem P(n− 1):

uo
n(t) ≡ uo

n−1(t),
to
n f ≡ to

(n−1) f
when xn,v = 0. (82)

Let us consider the case when xn,v 6= 0. This means that the initial state x0 of the
system of Problem P(n) is outside the switching hyper-surface of Problem P(n), i.e., it is
a point of the manifold M1, M+

1 , or M−1 . In this case, assume that the optimal control at
the initial state x0 of Problem P(n) and the optimal control at the initial state of Problem
P(n− 1) are the same, i.e., both have the value +u0 or −u0 simultaneously:

uo
n(0) = uo

n−1(0). (83)

It follows from the above that the optimal control of Problem P(n− 1) as a piecewise
constant function with at most (n− 1) intervals of constancy with an amplitude u0 has at
least one interval of constancy. Let us denote its length as to

(n−1),1. So, it is valid:

0 < to
(n−1),1 ≤ to

(n−1) f . (84)

Let us consider the trajectory x(t) (70) or (72) in the n-dimensional state space of
the system of Problem P(n) with an initial state x0 obtained under the optimal control
uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of the sub-problem Problem P(n− 1). According to Theorem 1,

this trajectory, x(t) (70) or (72), lies entirely in one of the two manifolds M+
1 or M−1 of the

state space of Problem P(n). Let us consider the first section of this trajectory formed under
the constant control with a value uo

n−1(0) and a duration to
(n−1),1:

uo
n−1(t) = uo

n−1(0) for t ∈
[
0, to

(n−1),1

]
. (85)

Then, the first section of the trajectory, x(t) (70) or (72), for t ∈
[
0, to

(n−1),1

]
in the

n-dimensional state space of the system of Problem P(n) is described as:

x(t) = eAtx0 +
t∫

0
eA(t−τ)Buo

n−1(τ)dτ

= eAtx0 +
t∫

0
eA(t−τ)Buo

n−1(0)dτ

for t ∈
[
0, to

(n−1),1

]
.

(86)
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Since (83) is fulfilled in this case, then for (86) or the first section of the trajectory, x(t)
(70) or (72), it is valid that:

x(t) = eAtx0 +
t∫

0
eA(t−τ)Buo

n(0)dτ

for t ∈
[
0, to

(n−1),1

]
.

(87)

The possible options for the optimal control at the point x0 can only be uo
n(0) = +u0

or uo
n(0) = −u0. If x0 ∈ M+

1 , then uo
n(0) = +u0, and if x0 ∈ M−1 , then uo

n(0) = −u0.
Thus, this section (87) of the trajectory x(t) (70) or (72) in terms of uo

n(0) is:

x(t) =

(
eAtx0 +

t∫
0

eA(t−τ)Buo
n(0)dτ

)

=

(
eAtx0 +

t∫
0

eA(t−τ)Bu0dτ

)
∈ M+

1 i f uo
n(0) = +u0

for t ∈
[
0, to

(n−1),1

]
,

(88)

x(t) =

(
eAtx0 +

t∫
0

eA(t−τ)Buo
n(0)dτ

)

=

(
eAtx0 +

t∫
0

eA(t−τ)B(−u 0

)
dτ

)
∈ M−1 i f uo

n(0) = −u0

for t ∈
[
0, to

(n−1),1

]
.

(89)

But (88) describes the part of the optimal trajectory of the system in the manifold M+
1

of the n-dimensional state space of the system of Problem P(n) with an initial point x0

obtained under the optimal control for the points of this manifold +u0 for t ∈
[
0, to

(n−1),1

]
in the case when uo

n(0) = uo
n−1(0)= +u0, while (89) describes the part of the optimal

trajectory of the system in the manifold M−1 of the n-dimensional state space of the system
of Problem P(n) with an initial point x0 obtained under the optimal control for the points
of this manifold −u0 for t ∈

[
0, to

(n−1),1

]
in the case when uo

n(0) = uo
n−1(0)= −u0. Thus,

we proved the following corollary of Theorem 2.

Consequence 2. When xn,v 6= 0 and uo
n(0) = uo

n−1(0), then the first section of the tra-
jectory in the n-dimensional state space of the system of Problem P(n) with an initial point
x0 obtained under the optimal control uo

n−1(t), t ∈
[
0, to

(n−1) f

]
of the sub-problem Prob-

lem P(n− 1) and formed under the constant control with a value uo
n−1(0) and a duration

to
(n−1),1, in addition to being outside, above or below and nowhere intersecting the switching

hyper-surface of Problem P(n), is also a part of the optimal trajectory of Problem P(n) lo-
cated in the manifold M+

1 when uo
n(0) = uo

n−1(0)= +u0 or located in the manifold M−1 when
uo

n(0) = uo
n−1(0)= −u0.

4. Examples
4.1. Example 1

Let us consider the following already classical example of synthesizing the time-
optimal control of a double integrator [7] (§ 3. Example. The problem of synthesis,
p. 38), [10] (Chapter 7, Problem 7.1, p. 150) [11]. This example found a place in on-
line optimal control courses on world platforms with video content [21–24]. To illustrate
in [20] the extension of the main ideas of the proposed method, we have already partially
used this example there. Precisely because this example is quite popular, our aim is to
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demonstrate on it the new technique in its entirety. This includes first the axes initialization
stage based on Theorem 2 and then the synthesis stage based on Theorem 3 to obtain
time-optimal trajectories of the double-integrator system.

The system of a double integrator is represented in (90). For convenience, in terms of a
mechanical system, we can denote the variable y as the position and v as the velocity. Let
the constraints of the admissible control u (3), (4) be (91).

dy
dt = v,
dv
dt = u.

(90)

−u0 ≤ u(t) ≤ u0, u0 = 1. (91)

First, let us make a suitable change in variables y and v by x2 and x1, respectively, as
presented in (92), and obtain a representation of the initial system (90) by (x1, x2) in the
form (1) following the technique in [20] (pp. 9–10). We successively obtain:

x1 = v, x2 = y. (92)

T =

(
0 1
1 0

)
. (93)

T−1 =

(
0 1
1 0

)
,

T−1T =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
= I.

(94)

(
y
v

)
=

(
0 1
1 0

)(
x1

x2

)
= T

(
x1

x2

)
. (95)

 .

y
.
v

 =

(
0 1
0 0

)(
y
v

)
+

(
0
1

)
u. (96)

( .
x1
.
x2

)
= T−1

(
0 1
0 0

)
T

(
x1

x2

)
+ T−1

(
0
1

)
u. (97)

( .
x1
.
x2

)
=

(
0 0
1 0

)(
x1

x2

)
+

(
1
0

)
u. (98)

.
x1 = A1x1 + B1u,

y1 = C1x1,
.
x2 = λ2x2 + y1 + b2u,

(99)

x1 = (x1),
A1 = (0), B1 = (b1) = (1), C1 = (1),
λ2 = 0, b2 = 0.

(100)

.
x1 = A1x1 + B1u,

y1 = C1x1.
(101)

.
x1 = 0x1 + 1u,

y1 = 1x1.
(102)
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The system (98) is now in the form (1) of the system of the original Problem P( n)
when n = 2. Then, (98) in form (10) is represented as (99)–(100) (as (1) in form (10)). The
sub-system of (99)–(100) is (101) or (102).

4.1.1. Axes Initialization

Let us carry out an “axes initialization” for Problem P(2) above with equations of
the system (99)–(100) and equations of the system of the sub-problem Problem P(1) (101)
or (102).

The fact that x2+ = −1 is simply stated in the example of [20] (p. 11). We will derive
this result based on the theoretical conclusions obtained here.

For n = 2, according to Construction 1, we choose an arbitrary finite positive t1 (29),
for example

t1 = 2 (103)

The piecewise constant function u1(t) (30), in this case with only one interval of
constancy with a length t1 = 2 (103), represents

u1(t) = (−1)1u0 = −u0 for t ∈ [0, t1). (104)

The duration t1
(n−1) f of u1(t) is

t1
(n−1) f = t1

1 f = t
1
= 2. (105)

We obtain for the initial state x1
(n−1)0 (32) of Problem P(n− 1), here x1

10 in the one-
dimensional state space of Problem P(1):

x1
10 =

(
x1

10

)
= (2). (106)

Figure 2 shows the transition from the initial state above, x1
10, of the system of Problem

P(1) to the one-dimensional state-space origin under the control u1(t) (104) with a duration
t1
1 f (105), which is an illustration of Corollary 1 of Construction 1. Since C1 = (1), the

output of the system of Problem P(1) y1
n−1(t) (38) is y1

n−1(t) = y1
1(t) and coincides with

x1
n−1(t), the state x1

1(t) here.
We obtain for the point x1

0 (40) by Construction 2:

x1
0 =

(
x1
(n−1)0

x1
n0

)
=

(
x1

10
x1

20

)
=

(
2
−2

)
, (107)

where the coordinate x1
n0 (41), in this case x1

20, is

x1
n0 = x1

20 = −2. (108)
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(107), for which the control u1(t) (103)–(105) is the time-optimal one: (a) the
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Let us proceed to Construction 3. We now choose tn, in our case t2, as an arbitrary
finite positive number according to (53). Let, for example,

t2 = 1. (109)

For the point x0 (54), we obtain

x0 =

(
1
−3.5

)
. (110)

As an illustration of Corollary 3 of Construction 3, Figure 4a shows the process of the
system of Problem P(2) with an initial point x0 (110) under the constant control +u0 for
t ∈ [0, t2] transferring the system at the point x1

0 (107). The phase trajectory is depicted
in Figure 4b. This trajectory without the final point x1

0 (107) is a part of the manifold M+
1 ,

while the final point x1
0 (107) belongs to the manifold M−2 .
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point 𝒙଴ଵ itself, is in the manifold 𝑀ଵା, while the second section starting at 𝒙଴ଵ (107) till 
the state-space origin is a movement lying in the manifold 𝑀ଶି   or on the part of the 
switching hyper-surface formed under the control −𝑢଴. According to Corollary 4 of Con-
struction 3, the piecewise constant function 𝑢ଶ(𝑡), 𝑡 ∈ [0, 𝑡ଶ + 𝑡ଵ], (111) with two non-zero 
intervals of constancy is the time-optimal control of Problem P(2) with an initial state at 
the point 𝒙଴ (110). 

  
(a) (b) 

Figure 5. The optimal process of the system of Problem P(2) with the derived initial state 𝒙଴ =(1 −3.5)்  (110) for which the time-optimal control is the specially constructed function 𝑢ଶ(𝑡) 
(103), (109), (111): (a) the process; (b) the trajectory in the phase plane 𝑥ଵ𝑥ଶ. 

Figure 4. The trajectory of the system of Problem P(2) with a duration t2 = 1 s from the initial

state x0 =
(

1 −3.5
)T

(110) in the manifold M+
1 until entering the manifold M−2 at the state

x1
0 =

(
2 −2

)T
(107): (a) the process itself; (b) the phase trajectory in M+

1 .

Let the piecewise constant function u2(t) with 2 intervals of constancy be formed
according to Construction 3 in the way (61):

u2(t) =

{
u0 when t ∈ [0, t2)

−u0 when t ∈ [t2, t2 + t1)
(111)

Figure 5a shows the process of the system of Problem P(2) with an initial point

x0 =
(

1 −3.5
)T

(110) under the piecewise constant function u2(t) (111), while in Fig-
ure 5b, the respective trajectory in the phase plane x1x2 is depicted. The first section of the

trajectory from the point x0 (110) until the state x1
0 =

(
2 −2

)T
(107), but without the final

point x1
0 itself, is in the manifold M+

1 , while the second section starting at x1
0 (107) till the

state-space origin is a movement lying in the manifold M−2 or on the part of the switching
hyper-surface formed under the control −u0. According to Corollary 4 of Construction 3,
the piecewise constant function u2(t), t ∈ [0, t2 + t1 ], (111) with two non-zero intervals
of constancy is the time-optimal control of Problem P(2) with an initial state at the point
x0 (110).
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Figure 5. The optimal process of the system of Problem P(2) with the derived initial state

x0 =
(

1 −3.5
)T

(110) for which the time-optimal control is the specially constructed function
u2(t) (103), (109), (111): (a) the process; (b) the trajectory in the phase plane x1x2.

Let us proceed to Construction 4. We form the sub-problem Problem P(1) of Problem
P(2) with an initial state, x0 (54), which in this case is the obtained point x0 (110). The
equations of the system of Problem P(1) are (102), and the initial state of Problem P(1)
derived from x0 (110) is:

x10 = 1. (112)
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The solution of Problem P(1) according to [20] (p. 10) is:

uo
1(t) =

{
0 when x10 = 0,

so
11u0 f or t ∈

[
0, to

11
]

when x10 6= 0.
(113)

so
11 = −sign(b1x10),

to
11 = |x10|

|b1|u0
.

(114)

minJ1 = to
1 f =

{
0 when x10 = 0,

to
11 when x10 6= 0.

(115)

We obtain in our case:

uo
1(t) = so

11u0 f or t ∈ [0, to
11

]
, (116)

so
11 = −sign(b1x10) = −1,

to
11 = |x10|

|b1|u0
= 1,

to
1 f = to

11 = 1.
(117)

Figure 6a presents the process of the system of Problem P(2) with an initial state at the
point x0 (110) under the piecewise constant function uo

1(t) with one interval of constancy
to
11 = 1 and a value so

11u0 = −1, which is the solution of Problem P(1). The process in this
case corresponds to the process x(t) (63) or (65) of Construction 4. The black trajectory in
Figure 6b shows the respective trajectory in the phase plane x1x2 of Problem P(2), while

the blue one outlines the trajectory from the same initial point x0 =
(

1 −3.5
)T

(110) but
obtained under the piecewise constant function u2(t), t ∈ [0, t2 + t1 ] (111), and also shown
in Figure 5b. The final point of this process x

(
to
1 f

)
, which corresponds to the final point

x
(

to
(n−1) f

)
(67) of x(t) (63) or (65), is:

x
(

to
(n−1) f

)
= x

(
to
1 f

)
=

(
0
−3

)
∈ M+

1 . (118)
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(a) (b) 

Figure 6. Trajectories of the system of Problem P(2) with an initial state 𝒙଴ = (1 −3.5)் (110): (a) 
the process under the optimal control 𝑢ଵ௢(𝑡)  of the sub-problem Problem P(1) ; (b) marked with 
black, the phase trajectory corresponding to the process in (a), and the optimal phase trajectory for 
the point 𝒙଴ marked with blue. 

Figure 6. Trajectories of the system of Problem P(2) with an initial state x0 =
(

1 −3.5
)T

(110):
(a) the process under the optimal control uo

1(t) of the sub-problem Problem P(1); (b) marked with
black, the phase trajectory corresponding to the process in (a), and the optimal phase trajectory for
the point x0 marked with blue.
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That is a point on the axis Oxn, in this case Ox2, different from the state-space origin.
The sign of the value of the last coordinate, the second coordinate here, of this point
indicates which part of this axis belongs to the manifold M+

1 . Following (69), we obtain:

x2+ = sign(−3) = −1. (119)

Thus, according to Theorem 2 for x2+ = −1, the negative part of the axis, Ox2, belongs
to the manifold M+

1 , i.e., is located above the switching hyper-surface, while the positive
part of the axis, Ox2, is below the switching hyper-surface or is a part of the manifold M−1 .

4.1.2. Synthesis of the Time-Optimal Control

Let us now illustrate the synthesis of the time-optimal control and Consequence 2 of
Theorem 3. For this purpose, let the initial state of Problem P(2) be:

x0 =

(
x10

x20

)
=

(
1
1

)
(120)

The sub-problem Problem P(1) in this case is with an initial state

x10 = 1. (121)

We use the already known solution of Problem P(1) with this initial state (121) or (112).
For the variable xn,v (80), in our case x2,v, we obtain successively:

x2,v = eλ2tx20 +

to
1 f∫

0

eλ2(to
1 f−τ)

(yo
1(τ) + b2uo

1(τ))dτ; (122)

x2,v = x20 + x10to
11 +

b1so
11u0

2
to
11

2; (123)

x2,v = x20 +
x10|x10|
|b1|u0

+
(−sign(b1x10))x10

2

2b1u0
; (124)

x2,v = x20 +
sign(x10)x10

2

2|b 1|u0
; (125)

x2,v = 1.5. (126)

For oblem P(2) according to Theorem 3 by (81), taking into account x2+ = −1 (119),
we obtain:

uo
2(0) = uo

(
(1 1)T

)
= −u0 = −1. (127)

It follows from the result above and the solution (116)–(117) of Problem P(1) that:

uo
2(0) = uo

1(0) = −u0 = −1. (128)

Thus, according to Consequence 2 of Theorem 3, the first section of the trajectory in

the phase plane x1x2 of Problem P(2) with an initial state x0 =
(

1 1
)T

(120) obtained

under the optimal control uo
1(t), t ∈

[
0, to

1 f

]
(116)–(117) of Problem P(1), in addition to

being outside, above or below, nowhere intersecting the switching curve, the manifold
M2 of Problem P(2), is also a part of the optimal trajectory of Problem P(2) located in the
manifold M−1 . This relation is also shown in Figure 7b, where the black trajectory concerns
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the phase trajectory under the optimal control uo
1(t), t ∈

[
0, to

1 f

]
(116)–(117) of Problem

P(1), the manifold M−2 is marked with blue, the manifold M+
2 is marked with red, and

the switching curve is M2 = M−2 ∪M+
2 . The process of the system of Problem P(2) with

an initial state x0 =
(

1 1
)T

formed under the control uo
1(t), t ∈

[
0, to

1 f

]
(116)–(117) is

depicted in Figure 7a.
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Figure 7. The trajectory of the system of Problem P(2) with an initial point 𝒙଴ = (1 1)் obtained 
under the control 𝑢ଵ௢(𝑡), 𝑡 ∈ ൣ0, 𝑡ଵ௙௢ ൧ (116)–(117): (a) the process itself; (b) the trajectory in the phase 
plane 𝑥ଵ𝑥ଶ of Problem P(2). 

(a) (b) 

Figure 8. The near-time-optimal trajectory of the system of Problem P(2) referring to the initial state 𝒙଴ = (1 1)் with an accuracy of 𝜀௥ = 1.0𝑒 − 03: (a) the near-time-optimal process; (b) the trajec-
tory marked with green in the phase plane 𝑥ଵ𝑥ଶ  of Problem P(2)  alongside the manifold 𝑀ଶ 
marked with red and blue. 

4.2. Example 2 

Let us now consider the following time-optimal control problem for a hypothetical 
system of order seven with the data: 𝐴 = 𝑑𝑖𝑎𝑔(−5 −1 −1.5 −2 −2. 5 −3 0),𝐵 = (5 15 −60 90 −60 15 10)்,𝒙(0) = (−1 1 1 1 1 1 −1)்,𝑢଴ = 2.  (129)

On the basis of Problem P(7) according to the relations (49)–(52), the set “Problem 
P(7), Problem P(6), …, Problem P(2), Problem P(1)” is established. 

Let us set for a given accuracy, 𝜀௥, a 2𝜀௥ hyper cube around the state-space origin 
and assume that the terminal state for a given problem can be any point in the correspond-
ing 𝜀௥ area. We consider an admissible control as an approximate problem solution, a 
near-time-optimal solution with an accuracy of 𝜀௥ if it is the optimal control making pos-
sible to reach a terminal state within the established 𝜀௥ area. 

Let us denote the approximate solutions for the class of problems P(𝑛), P(𝑛 − 1), …, 
P(1) by 𝑢௞௢෤(𝑡) and 𝑡௞௙௢෤  for 𝑘 = 𝑛, 1തതതതത. The control functions 𝑢௞௢෤(𝑡) are piecewise constant 
functions with no more than 𝑘  non-zero intervals of constancy with lengths 𝑡௞௜௢෤   and 
signs 𝑠௞௜௢෤ , respectively. 

After the first axes’ initialization stage, the following set for the variables 𝑥଻ା, 𝑥଺ା, 
…, 𝑥ଶା is obtained: 

Figure 7. The trajectory of the system of Problem P(2) with an initial point x0 =
(

1 1
)T

obtained

under the control uo
1(t), t ∈

[
0, to

1 f

]
(116)–(117): (a) the process itself; (b) the trajectory in the phase

plane x1x2 of Problem P(2).

Figure 8a shows the near time-optimal process of Problem P(2) with an accuracy
εr = 1.0× 10−3. The green trajectory in Figure 8b outlines the corresponding trajectory in
the phase plane x1x2 of Problem P(2). It covers the black phase trajectory obtained under
the optimal control uo

1(t), t ∈
[
0, to

1 f

]
(116)–(117) of the sub-problem Problem P(1), which

is also shown in the previous Figure 7b. The manifold M−2 , presented in blue, and the
manifold M+

2 , presented in red, are also shown in this Figure 8b. The switching curve is
M2 = M−2 ∪M+

2 .
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…, 𝑥ଶା is obtained: 

Figure 8. The near-time-optimal trajectory of the system of Problem P(2) referring to the initial state
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1 1
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with an accuracy of εr = 1.0e− 03: (a) the near-time-optimal process; (b) the trajectory
marked with green in the phase plane x1x2 of Problem P(2) alongside the manifold M2 marked with
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4.2. Example 2

Let us now consider the following time-optimal control problem for a hypothetical
system of order seven with the data:

A = diag
(
−5 −1 −1.5 −2 −2.5 −3 0

)
,

B =
(

5 15 −60 90 −60 15 10
)T

,

x(0) =
(
−1 1 1 1 1 1 −1

)T
,

u0 = 2.

(129)
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On the basis of Problem P(7) according to the relations (49)–(52), the set “Problem
P(7), Problem P(6), . . ., Problem P(2), Problem P(1)” is established.

Let us set for a given accuracy, εr, a 2εr hyper cube around the state-space origin and
assume that the terminal state for a given problem can be any point in the corresponding εr

area. We consider an admissible control as an approximate problem solution, a near-time-
optimal solution with an accuracy of εr if it is the optimal control making possible to reach
a terminal state within the established εr area.

Let us denote the approximate solutions for the class of problems P(n), P(n− 1), . . .,

P(1) by u
∼
o
k (t) and t

∼
o
k f for k = n, 1. The control functions u

∼
o
k (t) are piecewise constant

functions with no more than k non-zero intervals of constancy with lengths t
∼
o
ki and signs

s
∼
o
ki, respectively.

After the first axes’ initialization stage, the following set for the variables x7+, x6+, . . .,
x2+ is obtained:

x7+ = −1, x6+ = −1, x5+ = −1,
x4+ = −1, x3+ = −1, x2+ = −1.

(130)

An approximate problem solution with an accuracy of εr = 0.0005 is computed using
the proposed technique for time-optimal control synthesis. The results are presented in
Table 1 and Figure 9. The system output

y = Cx, C =
(

1 1 1 1 1 1 1
)

(131)

is also shown in Figure 9.

Table 1. Results of an approximate solution of Problem P(7) with an accuracy of εr = 0.0005.

i t
∼
o
7i (s) s

∼
o
7i x (t

∼
o
7i)

1 0.609375 +1 −0.1168× 10−3

2 1.045230 −1 −0.1143× 10−3

3 0.833837 +1 −0.1413× 10−3

4 0.582455 −1 −0.0848× 10−3

5 0.378225 +1 −0.1520× 10−3

6 0.211823 −1 −0.0405× 10−3

7 0.068071 +1 +1.1102× 10−15

t
∼
o
f = t

∼
o

7 f
= 3.729016 εr = 0.5× 10−3
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Figure 9. An approximate time-optimal process of Problem P(7) from the initial state x(0) =(
−1 1 1 1 1 1 −1

)T
to the origin of the state space with an accuracy of εr = 0.0005: (a)

the near-time-optimal process with respect to the state-space variables; (b) the respective approximate

time-optimal control u
∼
o
k (t) and the system output y.
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Let us consider now Problem P(7), but with an initial state

x(0) =
(

0 0 0 0 0 0 1
)T

. (132)

According to the results (130) of the axes initialization, x7+ = −1. So, the negative part of
the axis Ox7 belongs to the manifold M+

1 , i.e., is located above the switching hyper-surface
of Problem P(7), while the positive part of the axis Ox7 belongs to the manifold M−1 . Thus,
the time-optimal control uo

7(0) at the initial state x0 (132) of Problem P(7) is

uo
7(0) = −u0 = −2 (133)

and uo
7(t), t ∈

[
0, to

7 f

]
represents a piecewise constant function with just seven intervals of

constancy or with just six switchings.
We can obtain (133) also applying Theorem 3. The initial state of the sub-problem P(6)

bearing in mind the relation (12) represents

x60 =
(

0 0 0 0 0 0
)T

. (134)

This means that the initial state x60 coincides with the final state of Problem P(6)
representing the state-space origin of the system of Problem P(6). Therefore, we can
formally represent the length to

6 f of the time-optimal control function uo
6(t) of Problem

P(6) as
to
6 f = 0. (135)

The calculated value of the variable xn,v, in our case x7,v, needed in (81) for Theorem 3,
in accordance with (80) represents

x7,v = eλ7to
6 f x70 +

to
6 f∫
0

eλ7(to
6 f−τ)(yo

6(τ) + b7uo
6(τ)

)
dτ

= eλ70x70 +
0∫

0
eλ7(to

6 f−τ)(yo
6(τ) + b7uo

6(τ)
)
dτ

= x70.

(136)

x7,v = x70 = 1. (137)

Thus, we obtain according to Theorem 3:

xn,vxn+ = x70x7+ = 1(−1) = −1. (138)

uo
7(0) = −u0 = −2. (139)

The results of an approximate problem solution with an accuracy of εr = 0.0005 are
presented in Table 2 and Figure 10. The number of non-zero intervals of constancy of the

function u
∼
o
7 (t) is seven.
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Table 2. Results of an approximate solution of Problem P(7) with an initial state x0 (132) and an
accuracy of εr = 0.0005.

i t
∼
o
7i (s) s

∼
o
7i x (t

∼
o
7i)

1 0.465625 −1 0.09754× 10−3

2 0.808107 +1 0.08654× 10−3

3 0.691773 −1 0.18137× 10−3

4 0.508559 +1 0.01954× 10−3

5 0.340489 −1 0.16935× 10−3

6 0.194176 +1 −0.04729× 10−3

7 0.062956 −1 −0.02× 10−3

t
∼
o
f = t

∼
o

7 f
= 3.071685 εr = 0.5× 10−3
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Figure 10. An approximate time-optimal process of Problem P(7) from the initial state

x(0) =
(

0 0 0 0 0 0 1
)T

to the origin of the state space with an accuracy of εr = 0.0005:
(a) the near-time-optimal process with respect to the state-space variables; (b) the respective approxi-

mate time-optimal control u
∼
o
k (t) and the system output y.

5. Concluding Remarks
Example 2 shows that the solution of the time-optimal control problem based on

the considered method in the case of the system order being higher than two includes
generating from the original Problem P(n) the sub-problems Problem P(n− 1), . . ., Problem
P(2), Problem P(1). Every single problem of the set “Problem P(n), . . ., Problem P(2)”
requires an axes initialization, in order to determine the respective value of xi+ for the
considered Problem P(i) and obtaining the set xn+, x(n−1)+, . . ., x2+. A feature here is to
obtain this set starting from x2+ and by successive ascent reaching the original highest
order, xn+.

Obtaining by Theorem 3 the optimal control for a given initial state is based on the
solution of the corresponding sub-problem. Consequences 1 and 2 are the theoretical bases
for an accelerated solution of all sub-problems of the original Problem P(n) by jumping
in certain cases along the optimal trajectories of these sub-problems without the need
for internal movement along them. This further reduces the computational load that has
already been reduced based on the preliminary knowledge of the corresponding state
spaces of Problem P(n) to Problem P(2) through the axes initialization and the subsequent
synthesis based on the solution of the generated lower-order lighter sub-problem relative
to the original one.

It is easily seen that, in case of the second-order system, such jumps while moving
continuously along the optimal trajectory are not possible. However, in the case of a
third-order system or higher, such jumps when the lower-order time-optimal control
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problem is invoked, are absolutely reasonable and accelerate the synthesis process of the
higher-order problem.

On the other hand, it is also easily seen that the spared computing time depends on
the initial state of the invoked problem. At the time of presenting the theoretical findings
here, a software has not yet been developed to implement the new method in its entirety
for higher-order systems also including such estimations. The numerical aspects arising in
higher-order systems in the implementation of the method are a matter of special study.

One might say that the results obtained here sound similar to some previous works,
but this is not exactly the case. A detailed tracing of the evolution of the idea shows
the following main distinctive features of the current results. The first feature concerns
the basic fact that the properties here completely cover the case of the theorem about
the number of switchings or the number of intervals of constancy and differ from the
narrower case of simple and non-negative eigenvalues of the system. The second feature
concerns the derivation technique here, which is much more elegant and different from
the previously adopted approach involving some properties of certain systems of linear
differential equations under the piecewise constant control function [14] of [20] (Chapter
2, pp. 16–27), [15] of [20] (p. 319), [16] of [20] (pp. 42–45). The previous paper [20]
and the current work are examples of how a seemingly small property of a problem can
be developed into a rigorously proven method by the research from the particular to
the general and discovering subsequent properties contributing in our case to the state-
space analysis of the linear time-optimal control problem following from Pontryagin’s
maximum principle.

There exists a natural interest to know how the proposed design performs under
different types of time delay, saturation, and uncertainties, which are very important in the
practical industrial context [25]. These issues form a bridge between the anti-windup and
override feedback schemes [26–28]. These topics deserve special study, bearing in mind the
potential of the proposed design to deal with higher-order systems and possibly reduce the
computational load.
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