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Abstract: This article presents a fluid—elastic structure interaction (FSI) problem when
the temperature variation of the two media is also taken into account. We introduced
the mathematical description of this interaction in a recent article. Our model includes
the coupling between the fluid and the elastic medium equations and, in addition, the
coupling with the temperature equations. The novelty of this approach is that we succeed in
analyzing a complicated double-coupled problem that allows us to describe more complex
physical phenomena both from the theoretical and numerical points of view. Since the
main goal of this article is to analyze the influence of an exterior field of temperature
on fluid pressure variations, the theoretical results obtained in our previous article are
completed with qualitative properties concerning the fluid pressure, such as existence,
regularity and uniqueness. Our study continues with approximation schemes: in order to
improve the unknowns regularity, we introduce the pressure approximation by a sequence
of viscoelastic pressure functions and we prove the weak convergence of this sequence
to the pressure; then, we present a numerical approximation scheme with stability and
convergence results and Uzawa’s algorithm. The last part of the article is devoted to
numerical simulations that rely on the numerical schemes introduced and studied before
and highlight some physical phenomena related to the considered problem.

Keywords: thermal fluid—structure interaction; blood pressure; pressure uniqueness; viscoelastic
problems; numerical approximation; convergence; Uzawa'’s algorithm; simulations

MSC: 74F10; 74F05; 76D03; 65M12

1. Introduction

Fluid—elastic structure interaction is a phenomenon that appears in biology, aero-
dynamics and other fields of real life and represents a coupled multiphasic problem.
Mathematical and numerical analysis of the coupled fluid—elastic structure interaction
problem have been topics of interest in the last years. The works presented below have
been selected to highlight different approaches from mathematical and numerical points of
view regarding FSI problems. In [1,2] existence results are obtained, Refs. [3,4] present an
asymptotic analysis, Refs. [5,6] analyze optimal control problems, Refs. [7,8] deal with nu-
merical methods and algorithms, while [9] gives a mathematical introduction to modeling,
analysis and simulation techniques for FSI problems.

Our work represents a mathematical and numerical study associated with a simplified
model of blood flow through the circulatory system. We consider a thermal FSI problem,
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which means that in addition to the two coupled models—the incompressible Navier—
Stokes system for the fluid and the linear elasticity equations for the elastic structure—we
also consider the temperature variation in the two media. Temperature is a physical
parameter that plays an important role in many real-life applications. To support this
claim, we give two examples of very recent articles dealing with this parameter: [10,11].
So, considering temperature as an additional unknown of the problem on the one hand
leads to a mathematical model closer to a physical phenomenon, but, on the other hand, it
greatly complicates the mathematical study.

Theoretical studies of FSI problems involving temperature have been published, as
far as we know, rarely and only in the last few years (see [12-14]). In [12] only the fluid
is heat-conducting; the structure does not conduct heat; in [13] a nonlinear interaction
problem between a thermoelastic shell and a heat-conducting fluid is considered; the
model introduced in [14] deals with a weakly coupled thermal FSI problem; the stationary
Navier—Stokes equations for the fluid domain; the convection-diffusion problem for the
whole domain and the linear thermoelasticity system in the elastic domain are solved
separately. The novelty of our approach is that, unlike the problem studied in [14], we
succeed in analyzing, both from mathematical and numerical viewpoints, a fully coupled
system with nonlinear equations and nonhomogeneous boundary conditions. In our
model the fluid motion is described by the incompressible Navier-Stokes system in the
Boussinesq approximation; the behavior of the elastic medium is modeled by the linear
thermoelasticity equation and, in addition, the variation in the temperature is given by
a convection-diffusion equation corresponding to each medium (nonlinear in the fluid
domain). The coupling conditions on the interface between the two media are the continuity
of velocities and temperatures, and the continuity of normal stresses, and of heat fluxes.

We introduced this model in [15] where we presented the variational formulation for
the thermal FSI model, the approximation results and numerical schemes. The present
article represents the second part of our approach to the thermal FSI problem. Since the
main purpose of this article is to analyze how the changes in the exterior temperature
influence blood pressure variations according to our model, we begin by establishing
qualitative properties for the fluid pressure such as existence, regularity and uniqueness.

In order to improve the unknowns regularity, we approximate the variational problem
with pressure with a sequence of viscoelastic problems and we prove the weak convergence
of the sequence of viscoelastic pressure functions to the pressure.

The next step of the theoretical study is to introduce a suitable numerical approxima-
tion scheme and to prove its stability and convergence.

Uzawa’s algorithm allows us to solve the finite-dimensional problem studied before
by replacing a functional space with restrictions with a space without restrictions.

The last part of the article is devoted to numerical simulations chosen in order to
emphasize physical phenomena related to the considered problem. These simulations rely
on the numerical schemes presented before and highlight the following aspects:

1.  The way in which the changes in the exterior temperature influence the blood pressure
variations. For example, Ref. [16] says that high ambient temperatures are associated
with lower blood pressure; more specifically systolic blood pressure decreases by
5 mm Hg as the exterior medium temperature increases by 10 °C. Another article,
Ref. [17], analyzes in more detail the variation in blood pressure with the variation
in exterior temperature. So, when the exterior temperature is between 10 °C and
27 °C, the pressure decreases as the temperature increases, but if the temperature is
higher than 27 °C, the pressure increases. Another study, Ref. [18], shows a significant
influence of temperature in a closed space on blood pressure variation.
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2. A comparison between the thermal FSI and FSI models. These simulations highlight
the fact that taking into account temperature variations in the two media determines
major changes, for example, regarding the longitudinal velocity profile in the fluid.

3. The influence of the forces acting in the elastic domain on the fluid longitudinal
velocity. This study is of practical interest for the blood flow through vessels, repre-
senting one of the most important applications of the FSI. We give two examples that
support this assertion. The first example concerns blood flow in venous insufficiency.
The blood flow through a leg vein has an anti-gravity sense; when the vein loses its
elasticity, this sense is modified, determining the reflux of the blood, which leads to
medical complications. These complications are reduced by using elastic stockings. A
mathematical analysis of how the compression exerted by the elastic stocking influ-
ences blood reflux can be found in [6]. The second example is related to blood flow in
stenotic coronary arteries. In [19] the influence of the stenotic coronary arterial wall
compliance on the arterial blood flow is analyzed.

2. Presentation of the Mathematical Model

The purpose of this section is to present the mathematical model associated with
the thermal FSI problem introduced in [15] and some results and notation from [15],
necessary in what follows. The mathematical model describing the FSI consists of the
system of equations

0o "+po(3-V)7—2v div(D(9)) +pors (T —T5,)§+Vp=pog
o in Qfx(0,7),
divi =0
pﬁ”—ia<A--aﬁ>+k¢xV(T—T ) = fs in Q% (0,7) 1)
s =, ax; ij ax/' s s 0 s s ,T)s
ponT}—i-p()CfZ_)'-VTf—kaTf = Qf in QfX(O,T),
pscsTe + kasTsy (divit") — ksATs = Qs in Qs x(0,7),

with boundary conditions,

7=0 on fo(O,T),

=0 on T x (0,7),

Ty

% 0 on rf X (O,T), (2)
a—ns =0 onT!x(0,71),

To=T, onI?x(0,1),

junction conditions,

=i
_ PR il _
—pit +2vD (D)7t =) Aifax-”i — kas(Ts — T, )i
ij=1 / on T x (0, 1), 3)
Tf =T,
k E)i —k 9Ts
Fon — “on
and initial conditions
5(0) = ?70 in Qf/
i#(0)=i'(0)=0 inQy, (4)

T(0) = Ty in Q.
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The unknowns of system (1)-(4) are 7, p, Tf, ii, Ts, representing the fluid velocity, the
fluid pressure, the fluid temperature, the displacement and the temperature of the elastic
medium, respectively.

The data of the problem are as follows:

) The geometric data: (2 f (the fluid domain), ()¢ (the solid domain), () (the union of
the previous two domains), I's (the fluid boundary), I's (the solid boundary), I (the
interface between the two media);

e the positive constants: T (which gives the time interval), af, a5 (the thermal expansion
coefficients corresponding to the two phases), k Z ks (the thermal conductivities), ¢ r
¢ (the specific heats), po, ps (the densities), v (the fluid viscosity), k = (3A +2u)/3
(the bulk modulus), where A, y are the Lamé coefficients;

° the matrix-valued elasticity coefficients Ajj = (ag'l)lgk,lgnr i,j =1,...,n with the

E 20
kl
% 2(1+a)(1 200k T il )

following:

1\ .
where E is a positive constant representing Young’s modulus and ¢ € <—1, 2> is

a constant representing Poisson’s coefficient. The Lamé constants are linked to the
elasticity modulus E and the Poisson ratio o by

_ E 31— Ec )
=2+ " T O+ -20)

e (the gravitational acceleration);
e the functions 7y (the initial velocity), Ty (the initial temperature), with T5, = To|q o
Ts, = Tola., Qf, Qs (the internal heat sources), fs (the force in ()5) and Ty (a given

temperature on a part of the elastic domain boundary).

The elements of the elasticity coefficients A;; have the well-known properties

ai‘]l—af{l]—aﬂ,VU,kle{l },

Ik >0 st ;:allk]ln]’mk>1<2 7)) = (1 1<ji<n 1) = 1)
ij,

]

Of all the data, the most important role in our problem is played by T, that appears in
(2)5 and represents an exterior field of temperature that acts on a part of the boundary of
the coupled domain.

To reduce the number of unknowns of the problem we introduced the functions
@:Qx[0,7] >R*and T: Q x [0,7] = R,

. _ ) A t)  if(xt) € Qp x [0,71],
(xt) = { i'(x,8) if (x,1) € Qs x [0,7], ©)

) Te(x,t) if(x,t) € Qf x (0,7,
Txt) = { Tt i(nf) €0 x [0.1] ©)

and then we defined @ : Q) x [0,7] - R"and S: Q) x [0,7] — R:

{G'J(x,t) @(x,t) — To(x) in Q x [0, 7],

W
Te(x,t) in Q% [0,7],

S(x,t) = T(x,t) —
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where Tg : T2 x (0,7) — R represents an extension on Q) of T, and has the following
properties:
T, € HY(0,; H(Q)) N H2(0, 7; L*(Q)),
Te =Ty on T2 x (0,7), (8)
T4(0) = Tp in Q.

The functional spaces necessary for the study of the variational problem considered
n [15] are presented below

W={gec (Ho( )" |divg =0in O},

7_[ wileza )

W ={ge (H ()" |¢§=00nT},
T ={neH(Q)]y _00nr§}, ©)
Hy = {@ € L*(0,; W) |@’ € L*(0, 7; (LX(Q2))")},

Hyys = {il € H1(0 T W) i € L2(0,7; (L*(Qs))") },
Hyr ={T € L*(0,%;T)|T' € L*(Q x (0,7))}.

The units of the variables or constant expressions that appear in (1)—(4) are as follows:
m (for iy, i), m/s (for Ty, 7), K (for Ty, Ty, Ty, Ts), kg- K1 . m/s3 (for kf, ks), kg/(m- s%)
(for Qf, Qs), kg m/s? (for fs), s (for 1), kg/(m-s) (for v), K~ - m?/s? (for Cf, Cs), kg/m? (for
0s, p0), K1 (for af, as), kg/(m- ) (for Ay, k, p), m/s (for g).

The variational formulation that follows is written in dimensionless Variables, defined

X t . ) p T
foll =, = = s T = 8= = Teay,
as follows: ¥* L’ Lo, v o p P g vz/L caf
I T LAy K
u = fcl lxs == Tclxs, Al] = psT%, = {)ST%
Let us introduce the notation:
x1 = x(Qy) + zsx(ﬂs),
C
x2 = x(Qf) + f&x(ﬂs),
cs ps 1
s RePer( £+ cr Po RePrSX( )
. . . . 1 . - .
(1) = x(Q) (§ (@0 )0 + 500 — ar(Te(t) - To)
(10)

;’S X(Qa)fo(t) — kvcs;’; (Te(£) - To),

Re(t) = §— (@ - V)@ + EeAwO —as(Ty(t) — To)g - kas‘;; (T, — To),
Ks(t) = fo — kasV(Tg — Ty), .
G(t) = MOy (1) ~ To- V(1) + - z—;x<os>gs<t> — T,

where x(A) is the characteristic function of the set A.
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The variational problem presented below

Find (@,S) € Hyy x H7— such that:

/Xlw (P+/ V)@ - ¢+ 0 (@O'V)@(f)‘ﬁﬁ
f
2 pS

Z/ U (/ )d5> o /K @, VgeWae. in(0,7), (11)

1]1

/7(25 11+/ na(t VT0+/ 17wy - VS(t +/X3VS t) -V
s Ps

_CprECk,XS/QV Toy)-@ _/QG —/QF )-Vn, Vi €T ae. in (0, 7),

@(0) =0 in H;S(0) = 0 in L2(Q).

was studied in [15].
For obtaining more regularity for the function ¢, as explained in [15], we considered
the family of viscoelastic problems depending on a small parameter ¢ > 0

Find (&, e, Se) € Hyy X Hyys x Hy such that:
/Xlw q)+/w£ woq)+/w0ng P+ — /Dc?) (@)

P 9l ( P aw (t) o¢
+“f/58 &+ 321/ asx ax SZ/ i Bjc ox;
ij i i

—I—ktxsps/VS (p:/ K(t) - goV(peWaem(OT)

it (t 0 (1) s
1;1/ g ax Bxl Z.Z /s ox; axl VI‘UGW ae.in (0,7),
/X25 17+/ 10 (t VT0+/ nwo - V Se(t +/)(3VSS()~ n

_ & pSEcksz V (Ton)- o (¢ /G —/F )V VneTae. in (0,7),
Cf p O
@e(0) =0 in 7—[, ite(0) = 0 in W¥; S.(0) = 0 in L2(Q)).

(12)

In the remainder of this section, we present the elements of the numerical schemes
introduced and studied in [15], which are necessary in what follows.

Wh = {Z_th S Wh /SdiVl_thdx =0,VS e SP{}’

Wi ={¢: Qs =+ R*[§ =0onTs, § € (C°(%))%,

(¢n)ils are polynomials of degree <2, VS € S;, i =1,2},
Th={m:Q=R|p=00nT% € C(Q),

fnls is a polynomial of degree <2, VS € S},
Wy = {@: O — R?*| §, =00n 90, g, € (C°(Q))?,

(¢1)ils are polynomials of degree <2, VS € Sy, i = 1,2}

(13)

Consider N € N¥, a great parameter and divide the time interval in N intervals of
equal length % Let X be a Banach space. We associate to any function f : [0, 7] — X, the
approximations f}j € X, defined by

f(m T) if £ e CO([0,7); X),

(14)
. o
T/N/mlﬁf()dt if f e 12(0,7;X).
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For a fixed value of ¢, we associate to the viscoelastic problem (12) the following

numerical scheme

. m—1 . 1 1 )
Fm(r) wgi\(]), @y E):Vh,ﬁg,N, N EWS S%N,... ,Spn' €Ty given,
(wth/uhN'ShN) (0,0,0), find (&}, iy, Siin) € Wi x Wi X Ty s.t.

T/N/XlwhN §0h+/ WhN V) - fPh+/ W - V)whN Pn
/ D(¢n) +"‘f/ SN - Pn

N a§0h / oWy’ gy,
s P
ljzl/ ij ax ox; 00 i,jgl . ij ax ox;

1 ] = o=
+k¢xs /VShN P = /N/XWZle'@hJF/KN'%V(PhEWh,

where

(15)
Z/ N 9P i/AahN Py
T/N i axj dxi =)o Voox;  ox
dim= 1 9
_ ; hN ) 1Ph s
_T/N,,Zl/ o Y, € WS,
W/ XzShNUh+/ (@'n - VTo) 77h+/0f(1710'VSZ1,N)’7h
¢ -
+/ X3V Vi — = £ Eckay / V(Tonn) - &pin
cf Po 0 '
= T/iN/QX2SerZ:11’7h+/QGN77h */Q F -V Vo € Ty
@p N € L2 0, W
N h)s . (16)
@ (t _wthfte[( 1)N N) m=1,N,
{ ity N € L2(0,T; W), )
T
iy N (t —uthfte{(m 1)N N) m=1,N,
{ShNGL OTE) (18)
T
S n(t fShN1ft€[( 1)N N) m=1,N,
@,y € CO([0, T W),
Wy, N (1) = (@O — @M SR +ay! te{(m 1) T) m=1,N (19)
h,N h,N h,N /N h,N7 N’ N [t
&y € CO[0,T; W),
z __(qm —m—1 t T _ (20)
S () = (i} — uhN)( N )—l—uhN,te[(m 1)N N) m=1,N,
oun € CO([0,7); Th),
m—1 T — (21)
onn(t) = (Spn—S), >(/N )+ShN,t€{(m 1)N N) m=1,N.

Define the following functions:
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Ry € L2(0,7; (L2(Q))?),
IéN() RE for t € [ —1 —, m— ) m=1,N,
Gy € L2(0,7; L2(0)),
~ 22
GN(t) = GNfortE{(m—lm)m—l,N, @2)

Ey € L0, 7; (L2(Q)?)
_ m LI =
FN(t)—FN for t € [(m 1)N,mN),m 1,N.

Define the following sets:

{@yN, h >0, NeN", N>N},
{itpn, h >0, N € N*, N > N}, (23)
{Spn,h>0, NeN, N>N}L

3. The Variational Problem with Pressure

As can be seen, the variational problem (11), studied in [15], does not contain the fluid
pressure. The aim of this section is to introduce fluid pressure and to study its properties.
Unlike in the case of Navier—Stokes problems, when the pressure is unique up to an additive
constant/function of ¢, we will prove that in our case the pressure is unique.

In addition to the spaces given by (9) we also define the space

A = {§ € L2(0,; (Hy(()") | §' € L*(0, 73 (L*(€1))")}- (24)
Theorem 1. The pair (&0, S) is the unique solution of problem (11) if and only if there exists a
unique function p € L2(Q £ % (0,7)) such that (&, p, S) is the solution to the problem:
Find (&, p,S) € H x L*(Qf x (0,7)) x Hy such that

/X1w <P+/Q(w V) - (P+/Qf(wo V)&-¢+ — /

Ps 99
+Oéf/ Sg(P"r 2/ 1]ax]</ ()dS) a
os os [
+kuc—/VS~ —i—kuc—/Sdzv —/ div :/K~
* 00 Jo @ 0o o, P pr ¢ o ¢
—kasz—s/() (T, — To)div §, ¥§ € (HL(Q))" ae. in (0,7), (25)
0
/X25’17+/ nc?)-VTo+/ qwo~vs+/x3vs-w
_& pSEckocs/V Ton)-@ /Gn /FVW, Vi eTae in (0,7),

Cf Po

N gdivio =0, Vg € Lz(Qf) a.e. in (0,7),
f
@(0) =0in H, S(0) =0 in L2(Q).

Proof. 1. If we take in (25) a test function § € WV, we obtain that (&, S) is the solution
for (11).

2. Suppose next that (0, S) is the unique solution for (25).

Considering the space

= {# € (D))" |divg =0} (26)
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we notice that for all ¢ € V, the function ¢ = ¢ in Qy, § = 0 in O is a test function for

(11), which means that
o .2 . .
| @ ¢+/ V) - ¢+/ @0 V)@ §+ - [ D@):D(H)
/ (27)
Ps 277y .12
—i—zx/ S +kvcs—/ VS ¢ = Ke-9, VY € VinL“(0,T).
fogll’ 00 Jo, follJlP (0,7)
Denoting
Fo @ 4+ (@ V) + (@ V)@ — Riediv(p(a))) + ;58— K (28)

and taking into account the regularity of the terms from the right-hand side of (28), it
follows that
Fe L2(0,7; (H 1 (Qp)"). (29)

Integrating by parts the fourth and the sixth terms in (27) and using (29), (27) becomes
(F(t),$)yry =0,V¢ € Vae. in(0,7). (30)

Using Prop. 1.1 and Prop. 1.2 of [20], Chap. 1, we introduce a distribution g such that
F=-Vqin L*(0,7; (H'(Qy))") (31)

and
q € L*(Qf x (0,7)). (32)

Supposing that there are two functions g1, 42, 1 # ¢ that verify (31) and (32) it
follows that
71 — g2 = & in L*(0, 7). (33)

Relation (31) may be written as
(F(t) + Va(t), 01y miapy =0 VT E (Hy(Qy))" ae in (0,7).  (34)

Using the density of (H3(Q £))" in (L2(Q) £))" we can extend the functional E(t) +
Vq(t) from (Hé(Qf))” to (LZ(Qf))” and hence for a.e. f € (0, 7)

CE(t) + Va(t), ©) (1110 () (0 ) */ )+ V4(1)-g, Ve (Hy(Q)". (35
From (34) and (35) and using again the density of (H}(Q) £))" in (L2(Q £))" we obtain
o, 0+ 9a(0) - =0, v & (L20)" (36)

Let us define
Vi = {pe (H'(Qp)"|p=0on T}, 37)

Since V/ C (L2(Q £))", we can take in (36) 7 € V/, that yields

/Q (E(t) +Vq(t) - L =0,vC e V. (38)
f
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Let OO C R” open, bounded with 9Q) Lipschitz. Denote

T(Q) = {3 € (L2(Q))™" |divS € (LZ(Q))"}, (39)
the trace operator
701 (H(Q))" — (H*(202))" (40)
and
v, 1 T(Q) — (HV2(00))", 1,8 = Sii. (41)

For calculating / div (RzeD(cTJ(t)) — q(t)I) - p for § € V/ we will use the following
Qf

generalized Stokes formula:

/Q(S :V@+@-divS) = (1S, 708) (5120 ), (H1/2(900) )7 (42)
V@ € (H'(Q))", VS € T(Q).

Relation (31) can also be written as

&'+ (& V)W + (@ - V)& + apS§ — Ky = div(RZe — qI) inL2(0,T; (H1(Q))")

and, taking into account the regularity of the left-hand, it follows that

div(RZeD(c?J) — qI> € L*(0,; (L*(Q))"). (43)

Applying next (42) for S = RieD(c?)(t)) —q(t)I, § = p € V/ we obtain a.e. in (0, 7)

<div (q(t)l - RzeD(cT)(t))), ﬁ>(wlw

o 2 2 s
= [, v~ gp@) = g [, P(@i): D) (a)
- / g(t)divp + <q(t)fi - 2D((D(t))ﬁ,ﬁ> Vie V.
o) Re (H-1/2(T)), (H-1/2(T))

Using the previous relation, (27) becomes

Qf Q
L2 I o
- /Qf R p+ o /QfD<w> . D(p) - /qu<t>dwp (45)
+<q(t)ﬁ — D(w(t))ﬁ,ﬁ> =0,Vp e Vin L2(0,7)
R (H=V/2(0))n (HA2(T))?

Proceeding in the same way for (); we obtain a.e. in (0, T)

Os [ .54 Ps / 9 /*~ 9P
Pofﬂsw p+P L sAl]axj<0w(S)dS 0x;

0j=1

4B Xn:Ai /td’)(s)ds ni, o
00 l]ax]' 0 irfP

ij=1

> (46)
(H=1/2(T))", (H/2(T))"

=

ps/ _,_Ps/ =3 =4 S 3 2
kas— VS(t)-p== Ks(t)-p, VpeV L*(0,
thaste [ v p=b [ R(0)p vpEVin 20,0
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with

VS ={p e (H(Qs))"|g=0onTs} (47)

Consider ¢ € (H}(Q))". Taking as a test function ¢ |Qf in (45) and § IQ in (46) and
adding the two relations we obtain a.e. in (0, 7)

'/(.)chvl(f)'(ﬁ+ (@(t) - V) - § +

A D((TJ(t)):D((ﬁ)+o¢f/0fs(t)§.¢*_
+kocs£;/ VSt - g+ £ i A,,§</()t@(s)ds> ¢
+(q <t>n—R3D< (0)77) 4

(H=Y/2(0)) (H ()"

t
< 1 Ajj ax w(s)ds> n;, (p>
ij= (H-1/2(T))n,(H1/2(T))"
= [ (x@)R 1)+ ()R (1)) 6, ¥ € (HY(@)" in 12(0,7).

An easy calculation gives

Os Os R

g — VS(t = kvcs VS(t + kog— S(t)div

o / / SR /nf (t)div ¢ )
—kocSZ—O< ()n, (P>(H_m(r))",(H”z(T))"'

Taking into account the Expression (10);_¢, the right-hand side of (48) may be
written as

/Q<x(0f)12f(t) + f}sx(ﬂs)ﬁs(t)> §= /ng(t),

Ps [ (7 Ps
—k“s% QETg( )— TO)d1V€0+k“sp <(Tg( )—

} (50)
To)1t, @) (r1-172(r)ym, (111/2(r)

Notice that the normal that appears in (48)-(50) is exterior to ()¢
Introducing (49) and (50) in (48) and using (11), we obtain

2 . o o
(a7 - gp(@yn.5)
H-1/2(20)), (H/2(90) )"

<l] : Z]%/ ds)nl (51)

—kas (S()+Tg(t)—To)7, c])'> =0, V§ecWa.e.(0,7).
(H=1/2(005))",(H/2(000s))"
Let us define the spaces

Hf—{¢e<Hl/2<an )" g =
= {§ € (H2(00,))" | =
H {yb.anUSQS%R”Wa

HO—{lpeH‘/raﬁds—o}

601'1 an\F = Ff}/
601’1 aﬂs\r :rs},

€ Hy, | a0, € Hs}, (52)
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We construct in what follows a function ¢ such that
V¢ € Hy there exists ¢ € W with (‘p"r =. (53)
Let ¢ € Hy. We consider the problem

Find g € (Hl(Qf))” such that
divg = 0inQy, (54)
ﬁ = l/J‘an Onan.

The compatibility condition being fulfilled, problem (54) has at least a solution.

Since the operator 'ys K (H L))" — (HY2(90%))" is surjective, there exists
6 e (H'(Q)s))" such that (6 1/J|aQ

We define ¢ : QO — R” by

(55)

and it is easy to show that $ € ¥V, which means that we have proven (53).
Let 1/_5 € Hybe an arbitrary element and let c])'L/; be an element given by (53). Taking
¢ = ¢¢ in (51) we obtain

L 2 . Lo
(407 -~ gep@0m )
H- 1/2 an)) (Hl/Z(an))

2 g a{[aon)n

—kas (S(t)+Tg(t)—To)7, 1ﬁ> =0, Vy € Aya.e. (0, 7).
(H=1/2(30%))", (H/2(20) )"

We define F : H — R

(H=1/2(00))",(HY/2(900p) )"

lya (s )
+p0<'z Az]axj (/O @(s)ds |n; (57)

H—l/Z(aQS))n,(Hl/Z(aQS))n

and we notice that F (t) is a linear and continuous functional on H that vanishes on Hy.
Using a linear algebra theorem, there is a Lagrange’s multiplier A(t) € R such that

(F (), ) — M) / §-7ids=0,¥¢ € Hae. in (0, 7). (58)
’ r
Consider @ € (H}(Q))" and define @3 100 U0 — R"

. 7} x) ifx € 0Q)y,
o) = | Pl (0) 1Fx €20y 59)
Plon, (x)  ifx € 0Qs.

—

From (59) and (52)3 it follows that lﬁ(p € H. So we can take in (58) ¢ = Pg and
(51) becomes the following;:
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/xlw <p+/ V) - <P+/ (@Wo- V) (t) <P+R/D D(¢)
—l—af/ gqo—irkucs /VS qo—i—kocsp—/ t)div ¢ — / t)div ¢
0p (60)
2/ 1]ax </ (S)ds> a£+/\( )/FQD-I’ZdS
0,j=1 ]

:/QK ~qo—kasp0/0f( To(t) — To)div §, ¥ € (HY(Q))" ae. (0,7).

In addition, the regularity A € L?(0, T) follows from (58). We define a new function

p=qg—A, (61)
that has the regularity
p € L*(Qf x (0,7)). (62)
From (36) and (61) it follows that
F(t) + Vp(t) = 0in L*(0,7; (L*(Qf))") (63)

or

-/

2
+(@-V)g+ (D - V) — ﬂdiv( (@) + Défsg-i- Vp

; (64)
= Krin L?(0, T; (L*(Q))").

The corresponding equation for () is

Z P ( i3 (/t (s)ds>)+kocsvs:f<'s in L2(0, 7; (L%(Qs))"). (65)

ij=1

Let ¢ € (H{(Q))". We calculate/ (64) - | + &/ (65) - @, that gives
Qf f Po JOs s

/Qxlcr/-<p+/ﬂf(cv-vmo-¢+/Qf(w0-vm-¢+/Q(—Rzediv(p(¢v))+vp)-ga

+zxf/ 53 cp——Z/ ax,< aa(/ )) q)—l—kocs /vs

1]1

_/< @)&s + Ex(0 > e (Hi(Op)".
Denote
_ (.2 ; 5 05y A WY Y
/()f( Redlv(D(w))+Vp> 17 % i’]Z:l/s ox) (A”ax] </0 w(s)ds)) 17
b [ s 5o 2 [ @b 2 [ Do
+kocsp0/SVS = Re /Qf D(&) : D(p) Re/FD(w)n 17

o [ [t - . B , .
B Z /Aijaxj(/o w(s)ds)ni-go—l—kvcsg; ,/QVS'(P_k“S%; VS @.
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The integration by parts gives

_2 [ p@):D 99
A_Re./QfD(w)' / ple(p+ Po /= 1/5 ]8x (/ )d) ox;
Ps '
+ka 7/ VS G+ ka 7/ Sdive
SPO Jo 7] SPO Jo, % (66)

—/ it + ZD@)i - AL /t(TJ(s)ds n; + ks 2 57| -
T P Re PO & ”ax]- 0 ! spo ¢

i,j=1

and using the coupling condition on I' for (&0, S), we obtain

2 0P
A_Re/()f /pdlvgo—l- Z/ ”ax]</ @(s)ds B,

1] 1
Ps Ps S
+ktx—/ VS @ —|—ktx—/ Sdivg —l—kac—/ T, — Ty)it -
SPO-Q ¢ SPO Qy ¢ SPo r( 8 0)7i- .

— Os o
S / 64) - +—/ 65) - @| . leads ust
0 Q/( ) (P|Qf o0 Qs< ) go|Qs eads us to

St

Jpuad g+ [ @ Vg + [ (@ 9)@
2 N
+Re/fD(a)) :D(¢) / ple(p—fo/ Sg- ¢
Ps v 0 (/h )84) Ps Ps o
e X Ag | fy @E)ds )50 ks /vs G+ ks> [ sdiv g
m o Po 0 (@)
= [, (7~ @ 91+ gaiv(D@) 7T -T0)) -3

Ps/ R Ps/ ~ N
—ktx— T, — To)div @ — kas = VT, —Ty) -
SPO Qf( g 0) @ SPO 0, ( g 0) %

& r T L= — 1 n
He [ (F - kae¥V(T = To)) -6, ¥ € ()",

1

that represents (25);.
To achieve the proof it remains to show the uniqueness of the pressure. Let us suppose
that (25) has two solutions (@, p;, S), i = 1,2. From (33) and (61) it follows that

p1—p2 = B in L(0,7). (69)

Writing (25); for the two solutions and subtracting them we obtain
) /Q divg =0,V € (H)(Q))"in L2(0,7), (70)
f

which means = 0, that achieves the proof. [

4. The Viscoelastic Variational Problem with Pressure

In this section we introduce the viscoelastic problem with pressure, following the
ideas of [15] and we prove that the sequence of viscoelastic pressure functions is weakly
convergent to the fluid pressure. To this aim, we consider first the variational problem:
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Find (@, i, p,S) € H x Hys x L*(Qf x (0, 7)) x Hy such that:

- 2 - ~
[ nd ¢+/ & - V) - <o+/ o - v>w 7+ [, D@): D)
Re o)

_/prd1v<p+ocf/Q 53- (p—I—f 2/ ”ax axl

1] 1
—|—kocs&/ VS ¢+ kucs&/ Sle(p:/QK~(p

—kasps /Q (T To)dlvqo, Vq) e (H)(Q))" in L2(0,7),

Z / if ax axZ

ij=1
/;(25/17+/ na - VT0+/ N - VS+/X3VS \%/i

s Ps . 2

———Ek/VT .f/G—/F-V,VET L7(0,7),

& po ok Jo o) @= | Gy— | F-Vn, ¥y €T inL0,1)
qdiv =0, Vq € L*(Qy) in L*(0,7),

Oy

@(0) = 0in H, i#(0) = 0 in W*, S(0) = 0 in L2(Q2).

(71)
ow 0
Z/ “. ;fl VI/JEWSmLz(OT)

ij
i ax

Asin [15] we prove
Theorem 2. (&, p, S) is solution for (25) if and only if (&, i, p, S) is solution for (71).

We associate the viscoelastic solution (e, ile, S¢) introduced in [15] with the viscoelas-
tic pressure and we have a result similar to Theorem 1:

Theorem 3. Let (g, ilg, S¢) be the unique solution of the viscoelastic problem (12). Then there
exists a unique p, € LZ(Qf x (0,7)) such that (e, ilg, pe, Se) verifies

(e, ile, pe, Se) € H x Hyys x L2(Qf x (0, ))><HT

/Xlw (P+/ @V )ty - (P+/ (Wy- V)0 /
Oy

p il
_/ pedlv¢+af/ Ssg q)+ & 1]21/ ij axg sz

a(dg ps = s R
| ke /vs +k 7/ Sed
]Zl/ 7oz, 3xz A PTEES o S, T
:/ K-(p—kocs—/ (T, —To)divg?), V@ e (HY(Q))" in L2(0,7),

ail, 0, 81/) s 2
Z/ ’]ax Bxl Z/s ’]ax VP e WS in L*(0,7),

ij=1

/)(25 17+/ N (t VTO—i-/ N - VSg+/ x3VSe-Vy
1 it for- | :

— =2 Eck V(Ton) -@e= | Gy — E-Vn, Yy e T inL%0,7),
cfpoc"‘sn o) @e= | Gy— | F-Vr, Vi in L=(0,7)
qdiv e =0,V q € L*(Qy), inL*(0,7),

Oy

(72)

@:(0) =0 in H, i:(0) = 0 in W*, S¢(0) = 0 in L*(Q).

The main purpose of this section is to give a sense of the approximation of the unique
function p introduced in Theorem 3 by the sequence of viscoelastic pressure functions
{pe}e- To this aim, we prove some auxiliary results.
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Proposition 1.
@, — &' weakly in L*(0,7; (L2(Q))"). (73)
Proof. In our previous article, Ref. [15], we have obtained
1€ o (0,722 (02)ym) < € (74)
and
1&e = @l 00,2512y < e/ (75)

The convergence (73) follows by combining the previous two results. [J

Proposition 2. Let p € L2(Qf x (0,7)) be an arbitrary element. Then, there is ¢ €
L?(0, T; (H}(€2))™) that verifies

divp = p in L*(Qf x (0,7)),
- 1
divth = ——— in L2(Qs x (0,7)),
P IoN pr (Qs x (0,7)) (76)
H1P||L2(0,T;(H3(Q))n) < CHPHLZ(Qfx(O,T))'
Proof. We verify first the compatibility condition associated with the problem (76), namely

/Qdivq;(t) :/mlp(t)-ﬁds ace. in (0, 7).

We have

/Qdivﬁ(t)z/ﬂfp(tw/s(—'és' pr(t)) :oz/mgb'(t).ﬁds.

The assertion of this proposition follows using a result of [21], Chap. II1.3. O
Proposition 3. Let (g, ile, pe, Se) be the unique solution to the problem (72). Then
1Pellz2 (0% (0,0)) < C (77)
with C independent of e.

Proof. We write (72); for t € (0,T) fixed, we choose as a test function @ = P (t) with ¢,
the unique solution of problem (76) corresponding to p = p. and we integrate from 0 to 7;
this yields

T 2 /T/ oo /T o Lo /T/ _ o=

= P s'v P -V e e

/O /pre 0 X1We l/J + Qf(w )wO l/J + Qf(wo )“J l/)
2 (Tro 0 T dile Y

ool fpes S LS

BELRAE Eend ffoes o [
s [

To obtain (77) we estimate each term from the right-hand side of (78), denoted Tj, .. ., T11.

(78)
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For Ty we use (72) and (76)3 and we obtain

T " —
/O '/QX@Q e < Cllpellrz (o< (0,0)) (79)

with C; independent of «.
Using the boundedness of the sequence {, }. in L?(0, T; (H}(Q)))") established in [15]
and (76)3 we obtain for Ty, T3

Ti < Cillpell iz x 0,001 = 2,3, (80)

with Cy, C3 depending on @y and independent of «.

We continue in the same way for the remaining terms using the boundedness of the
sequences {Ws }¢, {ils}¢, {Se }e established in [15] and (76)3 and we obtain estimates of the
same type as (79), (80) with constants independent of e. Introducing all these estimates in
(78) we obtain

IPellE (0,01 = CllPellizayx 0,0))
which represents (77). O

The main result of this section is given by

Theorem 4. Let (&, 1, p,S) be the unique solution of problem (71) and (e, ile, pe, Se) the unique
solution of (72). Then

pe — p weakly in LZ(Qf x (0,7)) when e — 0. (81)
Proof. From (77) on a subsequence we have
pe — p* weakly in L?(Qf x (0,7)) when ¢ — 0. (82)
We write the relations (72), 345 corresponding to subsequences {e. }. for a fixed
t € (0,7), we take the test function ¢ = ¢(t) with ¢ € L2(0, 7; (H}(Q))"), 7 = 0(t) with

6 € L2(0,T; W*), 7 = v(t) withv € L2(0,7; T) and g = r(t) with r € Lz(Qf x (0,7)) and
we integrate from 0 to T

Jyxi@e b [ @eso g [ @0 Viae -
L. A vA Y V@ -
Jo Jade g [[ ] @ Dao- g 1] @ V) d
2 T N T . T .
+—// D(@,):D(Ip)—// pediv + & // s,§-¢
Re 2 oF € . € fa ¢
o E M B E [ o
00 z‘,jZ::l 0 SA” 0x; Bx Z i ox; ax,
O0s [T — Os .
+kzx5—//VS£/-1p+k1xs—// Sudiv
—// R-g— kasf’S// TO div §, Vl/JELZ(OT (HYQ)Y),  (83)
ot ,
Z// Ayt ag // l]a“’s 9 vEer20,nwe),
ij=1 0 s ax] i s ax] xz
T, T T
//Xzss,v+// V@ (t -VT0+// vwo.vs5,+/0/nx3vss,-vV

T -
_SPspe koc//V Tov) wg/—//Gv //F-VV,VVGLZ(O,T;'T),
Cfpo Q
// rdiv @y =0, Vr € L3(Q x (0,7)).
0 Qf
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Passing to the limit with ¢ — 0 in (83); and using the estimates from [15] and (82)
we obtain

[ a+[] <cv~v>wo-47+/T/ <wo-V>w-lﬁ+é/T/ D(@):D({)
I, Pd1V¢+“f// 24 WSZ// uax, o

1]1

+ka5&//VS~zp+kas&//Q delp://
f

o //Qf ~Ty)div§, V§ € L2(0,7; (HY(Q)").

(84)

We choose in (84) ¢ = p(t)@(x) with p € L2(0,7); # € (H}(Q))" arbitrary functions,
which leads to

@ 0§+ [ @0 D@0 g+ [ (@ V)30 - §

+R£/Q D<w<t>>:D<¢>—/Q/p<>d1v<0+“f/ Vg9

Z / ks [ Vs(t)- Ve + ka2 [ s(t)d *)
+ / + ko / iv @
052 /0, i E)x] axl 4 * 00 Qf ¢
- / R(t kocs / (To(t) — Ty)div §, ¥ @ € (HL ()" in L2(0,7).
Oy
From (85)—(71), it follows that
/Q (p(t) —p*(1))divg =0,V § € (H}(Q))" in L*(0, 7). (86)
f
Taking in (86) as a test function ¢ € (Hj(Qf))" C (Hj(Q2))" we obtain
V(p—p") =0in L0, (H ' (Q))"), (87)
which means
p—p*=a(t) in Lz(Qf x (0,7)), (88)
« being a function that depends only on f. Introducing (88) in (86) we obtain
a(t) /Q div§ =0, Vg € (Hi(Q)"
f
and hence
p* =pin L*(Qf x (0,7)). (89)

So, any weak limit point of the sequence {p; }¢~¢ is equal to p, which means (81) and
the proof is achieved. O
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5. The Numerical Approximation Scheme with Pressure

In Section 7.3 we presented the numerical scheme associated with the viscoelastic

problem (12). Below we introduce a more convenient numerical scheme associated with
the same problem

ForwhN, ,w GWh,uhN, ,uh EWh,ShN, ,ShN €Ty given,
(wglN, iy N/ Sh,N) (0 0, 0), find (wh,N, uh,N, Sh/N) EWLXW; x T s.t.
1

TN @ it [ @ -+ [ (@ DI G

1
+Re/fD(¢vgi ):D(q?)'h)—l—txf/ SZ”N§~QBh+ksz&/ Sptydiv @,
4P N 3% s / 9N 390;1 ps/
1]21/ i 0x; ax, 1]21 dxj  0x; + ka VSin: P

(90)
= omn—1.3 m o= & Fo\m PR —
= T/N/XlwhN €0h+/KN @n kt’ésp0 /Qf((Tg>N To)div @y, ¥V @, €Wy,
1

AN Oy ©iN P, iy, N al,bh
T/NZ/ i dx; Ox; Z/ i ox;  Ox; T/Nz/q” 0x; thewh’

i,j=1

W/ X2 hN'?h+/ thhN'VTo+/ WhWO'VShN+/ x3VSyn Vi

P
C; SEcers/V Torn)-@hyn = T/N/XzshN ﬂh+/GNf7h—/FN Vi i € Ty

The spaces W), W}, Tj, are defined by (13) and the functions Km, Gy, ﬁﬁ} are given
by (14).

In our previous article, Ref. [15], we associated problem (12) with a different numerical
scheme, namely (15). In (90) we add two terms containing the expression div ¢, in order to
obtain a numerical scheme of the same type as (72). We will analyze these terms separately
when we prove the convergence result.

In addition to the spaces introduced by (13), we define the step functions space

Xy = =) nsx(S), ns Ry, (91)
865{1

with x(S) the characteristic function of the set S. So
m(x) =ns, Vx €S, (92)

which means that the elements of X, have the property that 7j,| g = const(S),VS € S;{ .
The next theorem introduces the pressure approximation and establishes its properties.

Theorem 5. Let (&))", U]\, Sii'y) € Wi X W, X Ty, be the unique solution of the problem (90).
Then, there is a unique element nZ’N € X, such that
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1 - - - L ~ - q
T/N/Q)Clwﬁfw'(i’hﬂL/Qf(waN'V)wo-§0h+/0f(w0'v)wﬁfw'¢h
2 - ~ - ~
+ e Jo, D@IN) s D@0 +ar [ SENG: = | 7nDi

f
/ oily'y; @y
i oxj O

+kas = S div ¢, + =
*00 Ja, TN ' 01]21

£s Ps 1 =
+e 1]221/ ij ax] axl +k /VShN (Ph /N/Xl hN Pn

+/ K " Pn _k"‘sg /Q ((Tg)N - To)dw Pn, V@ € Wy,
f
auhN alph hN alph hN 31,011
T/]Vijz—:l/s if ax] ox; iz/e if ax] ox; T/NZ/S ij ax] . lehGWh,
1
/N /0)625;'?1\1% - /Qf TN VTo /Qf Nho - VSpn + /Q X3VSZ1,N'V’7h

Cs Ps om 1 / m—1 / " / -
~ ¢, o ks | V(Torn) - @y =7 | x2S Gliyy— [ Bl gy Y €T
¢ po CK&g o ( 077h) wh,N /N QXZ N ny+ O N G N L, Yy i

(93)

Proof. The differences between problems (90) and (93) are the additional term — /Q anNDh O
f
with

Dyd;, = Zf |S‘ (/S diV&mﬁlX)X(S), Yay, € Wy, (94)
SeS;,

and the fact that the space for the test function @, is different.
We define the functional T}",, : W, — R by

, 1 o = - .
TN (@n) = T/iN/Q?ﬁwaN’(Ph‘f'/ W}TN'V)WO‘%
+ [, @0 V)t it g [, D@l (@)
VR

+«xf/ s,TNg’.(kaasf/ ShNdwgoh

95
Ps Z / N 9P Ps Z / AWy 0P, )
i ox; axl i oxj  9x;
1] 1 z] 1
—i—kvcs /VShN Pn — T/N/nghN '%—/QKN-%
Ps / o
—k T —Tp)d .
DCSPO Qf(( Io)N — To)div @
Using (90); it follows that
TN (@r) =0,V @, € Wy, (96)

which means that the functional T}" N is a linear functional on W, that vanishes on W,,.
Hence, using a linear algebra theorem it follows that

T}y vanishes on W, if and only if there exists {(/\ZfN)S }Ses

. I - 97
Tin(@n) = X (Vs [ divgidx =0, € W, 7
Ses]

P{ C R s.t.

We define 71y, : QO — R by
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Tils = (iin)s, VS €8] ©98)
or
iy = 2 (Min)s x(S) € X (99)
Ses]
Using the regularity of the functions 71", given by (99) and the equality
Z (A%N)S /SdiV(_P’hdx = /Q n;TNDh(_p’hdx, ch’h < Wh/
ses) f

we obtain

= NZTN € X s.t. Z (/\ZfN)S A diV(P’hdx = ,/Q anNDh(P’hdx, VgBh e W, (100)
f

Ses,{

which achieves the proof of the existence result.
Uniqueness

We suppose that 77}, is not unique. Then, there exists (71}'y); € X such that

((BZ”N, THONS (niran)i' SZ1N) verifies (93), i = 1,2. Defining ;'\, = (niran)l — (niran)Z and

subtracting relations (93); corresponding to i = 1,2 we obtain

/ N;TZNDh@h =0, V(ﬁh € Wy,
0y
or, using the previous computation and (98)
/Q it div @, dx = 0, ¥ §, € W,
f

Let us define the spaces

Y, = {ﬂh =) nsx(8), ns € R},
Sesy,

) ={oc )| [ ptrjar=of,

Mo =Y, NL3(Q).

and the function iy, : Q — Rby

nZV,’N(x), ifx € Qf,
m = 1
7N (%) —m/ 'y (s)ds, ifx € Q.
s| /O g

Standard calculations give
erN € Mh,Q'

(101)

(102)

(103)

(104)

(105)

We are now in a position to apply a result from [22], Chap. IT and so, for any 7}, there

exists lﬁ?N € Wy, such that

[ (iv iy —ri)dx =0, vS €8,

(div @L”N —1pn)spdx =0, Vs, € My q,

H'ﬁZfNH(H&(Q))" =< CHV}TNHB(O)'

(106)
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Since ¢Z1N € Wy, we can take in (102) @), = II;Z1N and we obtain

/ it div ity = 0. (107)
Qf
Taking in (106)2 s, = 7]’y €M}, q it follows that

0= [ (diviiy — i+ | (diviiiy — i) = [ (diviy — ety

f s s

1 . . L
S ——— it dx / divyt, —r? :/ div g, — ) Tl

0] ( /Qf N ) Qs( PN — ThN) Qf( PN — TN) TN
So
)2 = / o div
/Qf( 1N o, TN Yy, N

and, using (107), the uniqueness of 77", follows.

We establish a stability theorem for the pressure approximations. To this aim, we
define the functions

{ N ¢ [0, T] = X,

_om T T (108)
N (t) =y if t € [(m 1)N,mN>,
and the set
Ex={myn|h>0 NeN", N>N}, (109)

where N = max{Np, N; }, with Ny, N; defined in [15]. O

We prove
Theorem 6. The set £ is LZ(Qf x (0,7)) stable.

Proof. The relation (93); may be written as

1 @?N_@?il
. div g, = / . z ~*+/ oty - V)W - @
/Qf ondiv ey = 5 | iy @ Qf( N V)@o - @

2 - ~ -
+ [ @0 Vi g [ D<w$N>:D<¢h>+af i
Oy

Qf
. (110)
Ps N 9P ps / IDR N AP
+k0€5 / Sh Nle (Ph+ l]z:l/ Z] ax axl Z Z] ax] axl
Tk 7/vs - —/K~ i &/ T —Td Y G Wy,
% 5o Jo¥ ShN Pn oK Pt kas oo Qf(( 2N 0) v @p, Ve eWy
since
/ N?thp‘h:/ ﬂ?diV@h,Vﬂh GXh,V(ﬁh e W, (111)
Qf Qf

Using (104) we obtain the following estimate

n €| n
Iz @) <1 + |Qf| th,NHLZ(Qf)' (112)
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We estimate each term from right-hand side of (110) written for @), = ﬁfN using (106)
and (112). We present below some examples of these calculations:

-1

GpN = N o .
h= T/N/ MTTON Py < 1 17Nz (0,),

(L2()?

Te = k“s&/ Spndiv %E}TN < C6||SZ1,NHL2(Q)||7T}TNHL2(Qf)/
Po JQf

INIL
7872/ if ax ‘ ox;

1]1

(@) (L2(0%) 2x2||”hNHL2 ()

All the constants introduced by the previous estimates are independent of ,m,N,e.
Introducing these calculations in (110) we obtain

<C<T 3 e
Qp)x(07) = "\ N &~ T/N (2

N
T
Z hN” (L2(Q 2+ 2 HD c‘JhN H2L2 Qf 2x2+* Z HSZTN”%Z(Q)

(113)
+ Z ||E,' H L2 (Q%)) 22 = 2 ||£ || LZ ))2><2
i y o2 Fo\m 2
+Nm; VShNH(LZ Q) 2+Nm;1”KN”(LZ(Q))2+Nm;1H(Tg)N - TO”LZ(Q) ’
since
T m |2
NNl = )x(0,7)" (114)

We estimate the nine terms from the rlght-hand side of (113), denoted Ty, ..., Ty. The
calculations for

- —m—1 |2
T T N || @y — Dy
=N Z /N
m=1 (L2(Q))"

are given in Appendix A.
For Ty, ..., To we apply either Theorem 6.2 from [15] or Proposition Al and, introduc-
ing all these estimates in (113), we finally obtain

07) <4, (115)

with @ independent of i, N and the proof is achieved. [

From (93), independent of time, we will build the equivalent problem that depends
on time. We have the functlons @y, N/ iy, N, Sun, Ty,N defined by (16)—-(18) and (108),

respectively, Wy, n, (fh Ns OnN/ KN, Gn, FN defined by (19)-(22). We also have

(/T;)I/V e L2(Qx (0,1)),

G i 116
(Tg)N(t):(Tg)"I\}forte[(m 1)N ;}) me{1,...,N}. (116)

Let the functions @&y, v, i, N, SnN, WnN, Eh,N, OnN» I_éN, Gn, ﬁN and 7, y be given by
(16)-(22) and (108), respectively. We associate to problem (93), independent of time, a
time-dependent system and we prove the following obvious result:
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Proposition 4. (&}'y;, Ui T N SZfN) is a solution for (93) if and only if &y, N, iy N, TN/
Sh,N; Wn,N, GnN, O N verify the problem

J -G+ [ @0 V)0 Gt [ (@G- Vdnn(t)-
f f

s gfww( >>:D<¢h>+af/sw<t>g~¢h - /Q : 0, (8) D1

auh N aq)h
+ ks — / S Hdiv @y, + /
S h N qoh 1]21 ax axl

oy N (t) 0Py Ps -
1]21/ ij oy, oy +kD¢sFO/QVSh,N(f)'§0h

—_~—

:/KN ~<ﬁh+kas£0/Q(T — (Ty)N)div ¢, ¥ §n € Wy in L2(0,7T), (117)

Z/ a‘:’KhN al;bh Z/ awhNt 34’11 \V/1,U EWS ZI’lL2(O’L')

i ox; ax;

/Q)Qtfh,N 7711"’/ Hucon,N (t )'VToJr/Q thO'VSh,N(f)
1
+/ X3V Sun(t) - V’7h - &ECk‘Xs/ V(Ton) - @n,n(t)
Q Cf Po Q

= /QGN(t)Wh_/QFN (1) Ny Vy, € Ty in LZ(O,T).

The following theorem gives the convergence of the scheme (117) to the problem (72).

Theorem 7. Leth > 0, N € N*, N > N. Forallm € {1,..., N} let (@}, 'y, 7, Sity)
be the unique solution of problem (93) and the functions &y, N, iy N, SnN, ©nN, Eth, Oh,N»
iy, N be defined by (16)—(22) and (108), respectively. Let (i, ile, pe, Se) be the unique solution
of the problem (72). Then, this solution represents the only weak limit point of the sequence

{(&@n,n, TN, TN SN }h N When h — 0, N — oo with respect to the weak convergence in the
sets for which the stability of the sets £y, Eu, Ex, Eg holds.

Proof. Let us begin with the comparison between problems (117) and (72). The last one
has an additional equation, (72)s, that does not appear in (117). This additional equation
appears since in problem (72) the divergence-free condition for & is not included in the
space and this property is obtained from (72)s. Unlike in (72), in problem (117) we have a
weaker condition for divergence.

Using the estimate (115) it follows that there exists a subsequence {71 N/} N7 C
{7ty N }nn such that

7 v — Pe weakly in L*(Qf x (0,7)) when h' — 0, N’ — co. (118)

Let us consider rh WS = W, rh T = T
In a similar way, we define the restriction operator

rr o (Hy(Q))? = Wy, (119)

with F = (H}(Q))? and W}, given by (13)4. Since W), represent a convergent internal
approximation of (H}(Q))?, it follows that
rE(§) — @ strongly in (H§(Q))? V¢ € (H3(Q))%, h — 0. (120)

Consider 8 € C'([0,7]) with 8(t) = 0. For any fixed value t € (0, 7) we multiply
problem (117) corresponding to the subsequence I/, N’ by 6(t), we integrate from 0 to
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7, integrating by parts the terms with zTJ;l/ NI 6’2/ N ‘7}/1/ v and finally, we choose as a test
function (. G, i) = (5 (§), 7Y (@), 7] ().

Using M = {0 € C!(]0,7])|68(t) = 0} dense in L?(0, T), (118) and the calculations
from the convergence theorem in [15], we obtain, passing to the limit, that (¢, ile, P, S¢) is
a solution for (72) and from the pressure uniqueness, we have

pe = pe in L2(Qf x (0,7)). (121)

So
7N — pe weakly in L2(Qf x (0,7)), h — 0, N — oo, (122)

that achieves the proof. [

Remark 1. Details concerning the convergence of the terms that do not contain the pressure can be
found in Theorem 6.4 from [15].

6. Uzawa’s Algorithm

Solving the finite-dimensional problem (93) means determining (0}, if}' . Sit'n: Ty
€ Wy x W; x T, x Xj, and verifying the relations of the system (93). Taking into account
the definition of the space W, namely (13);, it follows that the first component of the
unknown, @j'y, is subject to the constraint of the space. In order to overcome this difficulty,
we consider the problem presented below:

For (d’)g N,i[g N? nh N Sg N) = (6, 0, 0,0), find, forallm € {1,...,N} and forallr € N,

—sm,r+1 —m r+1 mr+1 mr+1 s
(whN SN TN S, ) € Wy, x Wy x Xj, x Ty, such that

T/N /X@ZZQH @h+/ @;TIGH V) - (Ph+/ wo - V @Znﬁl o

2 . Lo .
+R?/ D(&p ) - ((Ph +"‘f/ sp'g G'?h—/Q 70N Dr @i
0 oK 3,

k 5/ mr+1d s / .
cinl [ sigang 0 8 [ a2 0

—»mr+1 aqo 0
Fs h s m,r+1 —» _
+8,001] 1/q Bx dx; ke /VS 1'/N/)Cl hN P

+ / Ry qoh—k«sfj L ()% = To)div i, i, € W,

! R R (123)
5 [ 4 G T [ 4 W@ o,
Nl] X if ax ox; = o, if 0x; ox;
il 1
) hN 9,
T/lel/ ax, P €W
J

m/ X2 Smr—&-lnh +/ thmH_l VT()-i-/ 77th Vsmr—H +/QX3VS;Z,1:]+1'V77}:

Cs P 1 .
c; ps Bckas |V (Totmn)- w’m T/N/szsh,w M +/QGN77h —/QFK?‘VW V€T,

/ e +P/ Dy an = / mndn Y an € X

The unknown of the previous problem is (&’ o ﬁ,ﬁ”{lﬂ 71;1”]:,“ S L) € Wy x Wi x

Xj, X Tp,. We notice that, unlike @}"y;, which is subject to the constraint of the space W, the
first component of the solution to (123) belongs to the space without constraint Wj,.
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So, Uzawa’s algorithm represents the iterative process of approximating a function
subject to restrictions by a sequence of functions without restrictions. This leads to the
approximation of (&}'y, 'y, i TTty) by the sequence {(@}'N, i, &, TN Sia) renv-

The following theorem gives the existence and uniqueness of the solution of
problem (123).

Theorem 8. Forallh > 0,N € N*, N > N, m € {1,...,N} and r € N, the problem (123) has a

unique solution (G’JZ%H L_[ZK]H 7TZ1K]+1 S Hl).

Proof. The problem (123) is divided into three problems
Problem 1 (for (&, a /S Hl))

For (wh Nl,ﬂ?Nl,Sm hyew, x W, x Ty, and nL"I\r] € Xj, given
find ("’mr+1 Smr+1) € W, x T, such that:
T/iN/QX@Z%H ¢'h+/ (@) w0'§3h+/ (@o- V)@ @
2
+§/ D(@): D () +af/ sprtig. (ph+kasPS/ Sy div g,
—m,r+1 ~ +1 -
Z/ QONT 9 Z/ TN AP,
= if ox; axl 055 if ox; ox;
AN 9, (124)

Ps mr+1 =
ka2 / Vs - / D, — /
‘XSPO o TN uf Dni = 1;1 i oxj  0x;

L gt ] R Bt [ (TR —To)div 19
+I/N/Q?C1wh,N (Ph+/ KX @n kaspo E(Tg)N To)div @, V@ € W,

—0—/ X3 VS"”H Vi, — C; :;S Ecktxs/QV(Toiyh) w;an:rH

_ 1 - o
B T/N /QXZSW UhJF/QGNW /QFN Vitn, Vi € Ty

PON

Problem 2 (for ﬂ%:,“)

{ For i[;l”g,l ew; given we have
Zmr+1 i 1 —m,r+1 . (125)
N = iy +N“’hN in Wj.
Problem 3 (for nhm,}fIH)
For 7'y, € X, given we have (126)
n;l”l\rjﬂ = 70,5 — PDud, 'y 71 in X,

Remark 2. Because 1/_[211(]—1—1 and T are uniquely determined by (125), and (126),, respectively,

everything we need to prove is the existence and uniqueness for (124).

Define by, n : (W), x T;)?> = R, Li'n = Wi X Tn — Rby
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b, N (&, Sp), (Proin)) = T/N/ X1&, - svh+/ @y, - V)Wo - @

+ ), @0 V)@ g+ o / D(¢y) +le/ Sn& - @n
1
k ps S di awh a(Ph
+ as— L 1V(ph+77 Z Aij ox;  Ox;
o 5 Ni= : (127)
w
Z/ ij axh az?““sps/ VOOt N / 25l

z; 1
+ / thv,'l"]\’,“ -VTy+ / NhWo - VSy,

+/ x3VS, -V, — —Sz—sEck(xs/ @y, - V(Tony)
cf

and

oy ! 9Py
L:m 7 7 :/ 7T D / i 5 °
nn (@ 11n) o, i Dnn — p L Moy,
Ps 5 P 128
T/N/Xlw (Ph+/KN G”h—klxspo /Qf((Tgm—TO)le(Ph (128)

[ - m _— m.
+T/N /Q)Czsh,N 77h+./QGN77h /QFN Vi

We notice that

b, N (&, S), (Proin)) = an N (D, Sp), (Pron)) + k"‘s% /Q Spdiv @p,
JQg

3 (129)
L @) = Litn () + [ 7% D=k 22 [ (T)Ri=To)div i,
Qr ™ Po/0f

where aj, 5y : (W), x T;)* — Rand L'y : Wi x T — R were defined in [15] by

- - 1 - o o\ a
aww%&uwwm:;w/waw+/wwvmm%

+ Q(wo V)@ - G+ 7g / D(¢n) +“f/ Sn8 - Pn
f
2
TP /) aq’h &/ .
+Np0 2/ At e st [ Vi

awh E)(ph 1 —
1;1/ iy, ox; W/ 2625;117h+/Q (@ - VTo)nn

+/ Wo - VS 77h+/ x3VSy - v’?h_;ZSECk“s/QV(TOUh) - @y,

om- 1, = Ps auZan aq_o'h
LN (Pns 1in) = T/N/Xl nN W—”Zl/ T ox; ox;  0x;

Rn. g 7/ g1 /G —/ﬁ*”- .
+/Q NPt N o XN et | OGN | EN Vi

Starting with the corresponding properties for aj,y and Lj'y, it is easy to prove that
by, is bounded and coercive and L}, is bounded; hence, the existence and uniqueness of

(&')Z’I:]H S r+1) follows by means of the Lax-Milgram theorem and the proof is completed. [

We prove next the convergence of the Uzawa’s algorithm.
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Theorem 9. Let h > 0, N € N* with N > N, m € {1,...,N} and r € N. We suppose that

p satisfies:
1
0<p< 5 Re’ (130)
Then, for fixed values of h, N, m, we have the following convergences when r — co:
&'JZK] — @'y strongly in Wy,
TN — T Strongly in LZ(Qf) (131)
il — iy strongly in W,
Spn — Sion strongly in Ty,
Proof. Since h, N, m are fixed, denote
(I)}’ = C?)Zf}(] - (BITN/
— m,r —
uV = uh,l\/] — quN, (132)
T = TN~ TN
S = Sm’ — SN
The calculation (123); 5 4—(93) gives the following:
N @t [, @80 Gt [ (o 9 g
2 . -
+§/ D(&") : D(@) —l—zxf/ srtlg. (ph+koasgs /fS’“le(ph
Z / i1 a(ph Z / 9" ag),
ij . ) ij o .
0571 ox; X; 0571 ax] ox;
+ers Ps / Vst g, = /Q " Dh(ph, V@, €Wy, (133)
ﬁr+1 al/]h awr+1 al/Jh
Nzlf ij oxj Z/ xl_o Vi €W,
i,j s

r+1 —r+l . r+1
T/N/XZS Uh+/ @ VToﬂth/wao VS

+ [ xaVS V- —f"—o Bekas | V(Tom) @1 =0, Vg € Ty

Eliminating i’ ! between (133); 5, choosing as a test function (@, 77;,) = (@"+1, S"+1)

and adding the equations, it follows that

(@12 / O - @ B - V)@ . @
T/N/xl + [, @D [ (@)

T / @) +a / Sz @ *’H—l—kocsps/ g1 giy @'+

2/ ol 1 awr+1 Ps 2/ ‘awr+1 oot
PON” : Z] ax 8 055 if ox;

&/ r+1 | 4l / 5r+1)2
+ktxspo QVS w +T/N Q)(z

_’_‘/Q Sr+l((:)7+1'VTo)+/Q (wo.vsr+1)sr+1_i_/st(VSHl)Z
f
_Cs Ps Ec k‘xs/ V(TOSrJrl) s :/ - Dh&]r+1.
Cf Po Q Qy

(134)
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We estimate next the terms of the left-hand side of the previous equality, denoted
Ty,. .., T14. We give below a few examples of these calculations:

T = [ (@1 V)o@ =~V ie o el @ iz e
f

_ kzxs Ps / s Hdiv @t > _k“5%|‘sr+1|‘L2(Q>HdivderrlHLz
0

1 L1y )2 s\ a1 2
Z “RelP@ )||<L2<of)>m_2Re(k“Sp? 15" iz

ad}ﬂ»l awH»l
84—2/ > L €@ Pz

Z] ; 2x27
) ax ox; 00 0))

nzﬁh“”@”“vh)E%W%Mmmm%wﬁ“ﬁmmy+M”W@m)
Th = —ES Zs Eckas / (S*HIV Ty + Tyvs™1) - @'+
f

C —
> = 2 B Bkl VT o0 (157 o 10 o)

— A omind o S LA ggre
4Re Prf Cf Po Pr, (L2
4R i
_ e = Bokag | | Tol ey I 12 0
. { 1 Cs ps 1 } Cf ,00
min ;

Pl'f, Cf Po PI‘S

Introducing all these calculations in (134) we obtain

0 1
(mm{l S}T/N HV@UonLooQ )2 —arlg]
4Re

ket ) Vol 1 5 05 B okag [V Tl 7o

Prf' ¢ po Prs
4Re

C
. { 1 csps 1 }
min

Prf Cf Po Pr,

(135)
: Cs Ps 1 Ps .
+<m1n 1, = & fo N —a¢[g] — 2Re (ktxs > IV Toll ()2

& 8 Bk [V Tl e ) 157 By
Cfp

o Ps i 1
2 ID@ )R 20 oo (Nx+st)||s< IR

1 cs ps 1 412 / 1y, 1
L5 s < D
+2Re 1‘1{ Prf' Cf Lo Prs Hvs ”(LZ(Q))Z —Ja T Ene

2x2
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Taking into account the expressions of the coefficients of ||@" ! ||2
it is obvious that there is N € N* such that

1 o2 1 . Cs Ps r+112
2mm{ }H || ))z"‘imm '5970 IS HL2(Q)

)2 and ||Sr+l||L2(Q

1T . T -
+ffW(”Whmfm+£QN+%@*WW”Wmew (136)
1 ¢ Os 1 4112 / —r+1
— — .50 - < >
+Re {Prf cf po Prs }N” Vst 22 = N Jo "Dy NZN.

Using the notation (132) and the property @'y, € W, the relation (123)5 may be
written as

/ ("t — 7" )gy, = —P/ D"y, Y gy € X (137)
Oy Qy

Choosing g;, = 7"+1 in (137) we obtain

/ ((nr-i-l)z _ (ﬂr)z) + / (nr-i-l _ 7Tr>2
=20 [ (A =AD& —20 | A'Dp@L
Qf Qf

Using the estimate

ﬂhdiV (rJh

(139)

‘ / 71, Doy,
Oy Qy

< V2l 20 ID (@)l 122520 ¥ 7 € Xy, @4 € Wy

for the right-hand side of (138) we obtain

/Q ((nr+1)2 o (n_r)Z) + ”n,r rHLZ(Q < 5”7.[7’4-1 o 71]”%2(0 )
f +27102||D(d3r+1)”2 ) 2 _2P/ ﬂrDhc?)hLl (140)
L*(Q) x
6 (L2(2)) o}
Calculating next 20(136) + %(140) we obtain
. - . C
1 p\T o2 Ps T 2
+2P(Re ) ” ( )” (L2 Qf))2><2+zp (N)(+£)(B) ||(€( )”(LZ(QS))ZXZ (141)
P oind L Gs LT Gorin2
+Re PI‘f’ Cf Lo PI'S HVS ”(LZ(Q))Z
T T
o (174 ) = 722 ) + 5 A= O = ) <.

Writing (141) for 6 = %,
follows that

0 < z5— Re and adding the relations forr = 0,1,...,v, v € Nit
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pmm{ P} Z erﬂ” ()2 —|—pmin{ S } Z ||5r+1|| Q)
pO r=0
1 .
+20( -5 ) 2 ID( ’“)IIsz o

Ps (@ +1)|2
20l (Nx+st)N§0||s A [

P oind L Gsps LT N o
T Re mm{Prf' cf po Prs } N ; IVS™ a2

v

T o+l 11 rHl 0
e iy + 53 L 17 =Wl < 17,

The inequality (142) shows that the series Z |1 ||2 j2r Z |D(&" ) ||2L2
1’_

r=0 =
convergent; this gives using Korn’s mequahty

@& = 0in (H(Q))? when r — oo,
or, using the fact that the norm on Wj, is the one induced by (H}(Q)))?,
@ — 0 in W), when r — oo,
namely (131);. In the same way, we obtain
S™1 5 0in 7, when r — oo,

namely (131),.

- 1
Relation (133), for ¢, = T/—Nﬁ”l — @& becomes
0 1
or+1 _ or+1) Y 2r+l _ sr+l ) 0
1]2:1/ ’]ax (T/Nu «“ ) axi(r/Nu @ ) ’

Using the properties of the matrices A;; we obtain

1
—r+1 . or+l S
——1 =w in W,
/N h

and, hence

1 5 0in W, when r — o

which is (131)3.

Z Hg(@rH)H%LZ(QS))ZXZ? Z ||Sr+1||L2(Q Z ||VS’+1H2L2 )27 Z ||7Tr - nrHLZ(Q
r=0 r=0

(142)

)2><2/

f) are

(143)

(144)

(145)

(146)

(147)

(148)

It remains to prove (131),. The estimate (142) shows that { 77" ! }r cy is bounded in
L2(O ¢) and thus it contains a weakly convergent subsequence in Xj, i.e., there exists 77"

such that
't — 71 weakly in Lz(Qf) when k — oo.

[e0]
On the other hand, the same estimate gives the convergence of y_ ||7" ™! —

r=0

7TrH22

(149)

L2(Qy)

which shows that {7}, is a Cauchy sequence in the strong topology from L(Q)y).

Combining these two properties we obtain
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" — 7" strongly in Lz(Qf) when r — c0. (150)
It remains to prove that 77* = 0 in L?(Q)f). Passing to the limit with r — oo in (133);
we obtain
/Q T Dy = 0, ¥ &) € W, (151)
f

and, since {7t },en C X, with X}, a closed subspace in L?(Q) ¢) it follows that 77 € Xj,.
Using next (94) and (91), (151) may be written as

/Q 7 div § = 0,V § € Wy (152)
f
We define the function
7'(*, in Qf’
AR S 159

and, with the same technique as in Theorem 5, it follows that there exists a function lﬁ*

such that B
l[J* c Wh ,

/ (divg* —r*)dx =0, VS € S, (154)
(divy* —r*)spdx =0, Vs, € My .
o)

Taking @, = ¢* in (152) and s;, = r* in (154)3 and using (153), (154)3 we obtain

L. 3 % ok Sy ¥ * 1 *
OI/Qf(lel/J —r*)r +/Qs(d1V1p —r )(—m er)

=/Qf(div¢*—n*)n*— Iés\ (/an*> /Qs(diwﬁ*—r*):/Qf(divﬁ*—n*)n*

and hence

*\2 __ ¥ e Tk
/Qf(rc) /an div §* = 0. (155)

This means
=0 in L*(Qy), (156)

which gives the convergence (131),. O

7. Numerical Simulations

The FSI problems appear in many real-life examples that can be found in the literature.
A lot of aspects from numerical and mathematical points of view have been studied in
the last few years in the case where the temperature is constant; therefore, it does not
influence the characteristics of the model. In everyday life, the fluid—structure interac-
tions depend on temperature and we want to show that the temperature influences the
motion. The following numerical simulations emphasize the role of temperature in actual
life phenomena.

In all examples presented below, we considered a simplified domain, namely
[0,4] x [0,12], representing the cross-section of a blood vessel, which means that the central
domain is the domain occupied by the viscous fluid surrounded by two strips that represent
the elastic domain.
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The approximation schemes used for the simulations are associated with the viscoelas-
tic problems. We use a finite difference method for time and a finite element method
for space. Then, we use Uzawa’s algorithm. The small parameter ¢ introduced with the
family of viscoelastic problems, which is a fixed parameter in the numerical schemes, must
be higher than max{ %, dxf,dxs, dy}, where % is the time step and dxf, dxs, dy are the
space steps on Ox and Oy axes, respectively. We have chosen different space and time steps
in order to obtain optimum convergence.

7.1. Pressure Dynamics When Changing the Temperature

In Figure 1 we present two numerical simulations that give the influence of an exterior
known field of temperature on the blood pressure variations. They are in agreement with
real-life examples: [16] says that high ambient temperatures are associated with lower
blood pressure, more specifically the systolic blood pressure decreases with 5 mm Hg as
the exterior medium temperature increases with 10 °C. Another article, Ref. [17], analyzes
in more detail the variation in blood pressure with the variation in exterior temperature. So,
when the exterior temperature is between 10 °C and 27 °C, the pressure decreases as the
temperature increases, but if the temperature is higher than 27 °C, the pressure increases.
Another study, Ref. [18], shows a significant influence of temperature in a closed space on
blood pressure variation. As we can see in the figures below, if we increase the temperature
(400 K), we obtain lower pressure values and if we decrease the temperature (300 K) we
have higher pressure values.

Figure 1. The pressure profiles for different exterior temperature values, T, = 300 K (left),
Ty = 400 K (right).

7.2. Temperature Influence on the Fluid—Structure Coupling

In real life, there are many situations in which the interaction between a fluid and an
elastic medium is strongly influenced by temperature variations. As an example of the
important role played by the temperature we mention the connection between the ambient
temperature and the variation in velocity in these two articles [23,24]. In the simulations
presented in Figure 2 it can be seen how the velocity profile has important differences if we
take into account or not the temperature variations.

[r— [RP—

Figure 2. The velocity with and without temperature.
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7.3. Velocity Dynamics When Changing the Forces

Among many other examples, the FSI model describes the interaction between the
blood and the blood vessel walls. The blood flow through a leg vessel has an anti-gravity
sense and this sense is modified when the vein loses its elasticity. When the vein has less
elasticity, stagnation and recirculation of the blood might occur. The negative consequences
of the lack of vein elasticity can be prevented by exterior compression applied on the blood
vessel walls to diminish the blood recirculation phenomena. We have many examples that
illustrate what we want to show in our study [25-27].

The compression forces act on the xj-axis. As we will see in Figure 3, lower force
values (10 mm Hg) lead to predominant negative values of the velocity and higher force
(40 mm Hg) values to predominant positive values.

[EET— [ —

Figure 3. The velocity profiles for different force values, f; = 10 mm Hg (left), f; = 40 mm Hg (right).

7.4. Convergence

Data used

Section 7.1 dxs = 0.25, dxf = 0.2, dy = 0.1, Ty = 300 K, T; = 300 K, ay = 303¢~°,
as = 80e7°, kf =0.52, ks = 0.46, Cr=cs = 1, ps = po =1000,g = -9.81,0 =035, 7t =1,
N = 25,¢ = 0.5, f; = 1000, p = 0.005, E =1,000,000.

Section 7.2 dxs = 0.25, dxf = 0.25, dy = 0.05, Tp = 300 K, T} = 300 K, ap = 303¢°,
s = 80e6, ky = 0.52, ks = 0.46, u = 0.003, cy = 3210, cs = 3617, ps = 960, pg = 900,
g=-981,0=03,7=1,N = 400,¢ = 0.5, f; = 750,000, p = 0.005, E =500,000.

Section 7.3 dxs = 0.25, dxf = 0.2,dy = 0.1, Tp = 300 K, Ty = 300 K, ay = 303¢"°,
as = 80e°, kf =0.52, ks = 0.46, Cf=cs= 1,ps =po=1000,g = —9.81,0 =035t =1,
N =25,¢ = 0.5, f; = 1000, p = 0.005, E =500,000.

The convergence has been reached in most cases for N = 4, N = 5. It can be said
that the present numerical method has successfully demonstrated the applicability of the
scheme in analyzing the fluid-structure interaction problem.

8. Conclusions

The present article represents the second part of a complete theoretical and nume-
rical approach for an FSI problem when the temperature variations are also taken into
account. The mathematical model describing this double-coupled problem (fluid/elastic
medium/temperature variation) was introduced in [15] and it represents a challenging topic
both from the mathematical and from the numerical viewpoints. In this article, we succeed
in obtaining qualitative properties for the fluid pressure by means of variational techniques
and proposing suitable approximation schemes, establishing stability and convergence
results. Relying on these approximation schemes, we perform numerical simulations that
show that our mathematical model faithfully describes real-life physical phenomena. We
summarize step by step the proposed approximations, which establish the connection
between the calculated solution and the exact solution of the problem. As the following
scheme shows, we have proven the calculated solution converges by means of Uzawa’s
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algorithm to the solution of (123), solution equivalent to the solution of (117). This solution
converges to the viscoelastic solution that converges to the exact solution when ¢ — 0.

(C?)Zl;], ﬁZlK], 7Th N’ 211(]) Uzawa's algorithm ((Z)ITN’ ﬁZZN’ 7'[]2”]\], ITN)
—> r 7 7 ’
solution of (123) (calculated solution) r—o0 solution of (93)
(N, B, N, TN, SHN) 10 (e, e, pe, Se)
solution of (117) N—oo  solution of (72) (viscoelastic solution)
e—0 ((TJ/ ﬁ/ p/ S)

solution of (71) (exact solution)

The novelty of this article is represented by the complex model considered since, as far as
we know, there are no similar models in the literature (except for a simplified one in [14], in
which the problems are decoupled so the study is much simpler) and the methods proposed
for overcoming all the difficulties determined by the double-coupling, the nonlinearity
and the nonhomogeneity of the problem. Since our work represents a mathematical and
numerical study associated with a simplified model of blood flow through the circulatory
system, some directions of future research could be to consider a more realistic geometry of
the problem or a model closer to reality for modeling blood flow.
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tion, R.S. and A.C. All authors contributed equally to this work. All authors have read and agreed to
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Appendix A

We take @), = @}'y, — c?);l"gll € Wy in (90), and we estimate each of the terms, denoted
L,..., I

2 —m—1 12
11—110—/)(1 (@t — @y >mm{ Ps}i @iy — DN
/N Po T/N (L2(Q))?
L= —/Q (@i - V)@ - (@t — @it
f
12 /N 2 S
< 7/NHwhN whN || oet 7||VWOH (L=(Qy)) 2><2||wh,NH(L2(Q))2
. 2
whN —w;lan vaOH (L=(Qp))>2 T om
<o | =R L[
(L2(0))? 2
b= [ (@ V)@ @y — TN
f
—m—1 12 =112
<a whN_wlTN HwOH(L (Qf))z Hvd}m H
N v e a— ~ BN I(L2(0))272
] () “o N

2 - - -1
14:R*e‘/QfD(WZfN) D(&yy — @yly') =

_ m o2 L am-1yy2 , L o ~m—1yy2
= Re Jo, P@IN ~ g [, (P@IND? + g | (PG GNP,



Axioms 2025, 14, 88 36 of 43

—Is = —ay /Q SinG (@i — @) < ag|glISiN 2 1@ — @tz )y
s

~m—1 (|2 2
whN W'y f‘g|
<a — ||5hN||
T/N
(LZ(Q))

_ Ps/ m . —m—1

—Ig = —kag— S div(wity, — @

6 SPO Qf h,N ( h,N h,N )

_ Ps / m c o M / m—1 —m—1 pS/ m—1

= —kas=—= Sihydivaolty — S divo + ko -S divo
5p0< Qf h,N h,N Qf h,N hN) SPO Qf( h,N hN) h,N

S_k“s& / SZTNdiVJ)}T,N_/ S;znﬂrldl ‘?’Z1N1 "‘k“s&”SZfN _5211?71||L2(Q)HdiV‘7’Z1K71||L2(Qf)
pO Qf Qf ¢ po 4 7

_kaPs / s divar, — / Sm 14y}
00 Qf h,N h,N Qf h,N h,N

2
o || spn - SRt 2(,{“5;%)

N N 0 —m—1Y12

+ﬂ6* - - + *HD( )” LZ O ))2><2r
N T/N LZ(Q) ag f
1
= Z/ auhN (whN_w?N)
7= if ox; ox;

z]l

- 1 5-m—1
_ P i / A LN a‘“ZfN_/ A”a”h 'a“’?N
po ;= \ o i 0xj  0x o, 7 ox; ox;
+ Ps i aMle. (" — L—[mfl)g (@ l)
. 0. ij <jl\Up,N hN i\ N
- _m—1  A-m—1
ps i / A oily'y; aw;l'fN _/ A”aung . aa;ZfN
po ;7= \ o i oxj  0x; . ox; ox;
+ 50 max{aff |i,j,k,1 = 1,2} E iy — BNl 20022 | €@ 20022
. —m—1
< 7& i / A auhN aw;”’N 7/ AHBMZTN . awh’N
= if dxj O o, 7 ox; ox;
+ R €N = BN D202 + (55 max{aj ) 1€ @D iz 2

- 1 5-m—1
([ a2 B0 O 0
po ;= \ /o 7 0x; ox; o, 7 ox; ox;

T —m—1y2
+ Na7|‘g(wZ1N )H(LZ(QS))zxz,

IN

2
N HS(w}ZN) H(LZ(OS))ZXZ
- 1
Ig = ¢ Z/ l Iy AWy — @)
P = j 0x; ox;

- m—1  A=m—1
_€ps i / 5. CIB/EN BwaN _/ B“aw,g'jN . owy'y
200 5=\ Jo, if ax ox; o, 1 ox; ox;




Axioms 2025, 14, 88 37 of 43

1
‘C’ps 2/ whN Cl)th) a(whN w?N)
2P01] 1 ox; ’

_ Ps/ m —~m—1 Ps m
—Iy = —kas— S ol < kas—||VS
9 "‘spo o VN (@ — @) < ”‘SPOH a2y

Ps
- 2 ks
om . — @om-1 < >
1 N N Po mo|2

We estimate next the two remaining terms from the right-hand side of (90),.
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Introducing these computations in (90)4 written for 77, = SJ', — SZ1N we obtain
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We calculate (A1) + (A2) choosing ay, a3, as, a9, 411, &5 and ay, a3, a5 1, a7, 4g such that
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We estimate the last five terms from (A3), denoted Dy, ..., D5 as follows
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We estimate next the thirteen terms of the right-hand side of (A4), denoted A;, ..., Aj3
using some results from [15].
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The previous calculations concern the terms that contain unknown functions. For the
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remaining terms we use
., N} we define the time

Proposition A1. Let f € H'(0,7; X). Forall N € N* and m € {1,

approximations of f, denoted 3, by (14) (because H(0,7; X) C C°([0, 7]; X)). Then
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Proof. (A5) was proved in [15]. Next, using (14), it follows that
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Using (A5) and (A6) we estimate the last six terms from (A4)
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All the constants appearing in the previous calculations are independent of /1, N and r.
Using these calculations it follows that
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with 4; independent of / and N.
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