axioms

Article

Constructive Conditions for a High-Dimensional Hilbert-Type
Integral Inequality Involving Multivariate Variable Upper Limit
Integral Functions and Optimal Constant Factors

Qian Zhao !, Yong Hong ! and Bing He 2*

check for
updates

Academic Editor: Hyun Soo Chung

Received: 30 December 2024
Revised: 13 February 2025
Accepted: 15 February 2025
Published: 19 February 2025

Citation: Zhao, Q.;Hong, Y.; He, B.
Constructive Conditions for a
High-Dimensional Hilbert-Type
Integral Inequality Involving
Multivariate Variable Upper Limit

Integral Functions and Optimal

Constant Factors. Axioms 2025, 14,145.

https:/ /doi.org/10.3390/
axioms14020145

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

Artificial Intelligence College, Guangzhou Huashang College, Guangzhou 511300, China;
zhaogian@gdhsc.edu.cn (Q.Z.); hongyong@gdufe.edu.cn (Y.H.)

Department of Mathematics, Guangdong University of Education, Guangzhou 510303, China
*  Correspondence: hebing@gdei.edu.cn

Abstract: Hilbert integral inequalities are beautiful inequalities with a symmetric structure,
and have attracted much attention because of their important applications in the study of
integral operators, and the Hilbert-type integral inequality involving variable upper limit
integral functions is a generalized form of the Hilbert integral inequality. In this paper, we
use a construction theorem of the Hilbert-type n-ple integral inequality with homogeneous
kernels to discuss a high-dimensional Hilbert-type integral inequality involving multivari-
ate variable upper limit integral functions, and obtain the sufficiently necessary conditions
for constructing inequalities and the formulas for optimal constant factors, which improve
and generalize the existing results.
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1. Introduction

In 1934, Hardy et al. [1] derived a structurally elegant Hilbert integral inequality

400 +o00
/ / x+y

Due to its significant applications in operator theory and various analytical disciplines,

as follows:

(x)g(y)dxdy < — ( sin(@) [ lpl1glg-

this inequality has received widespread attention. For instance, Salem and Xu et al. [2-5]
introduced independent parameters and obtained some homogeneous kernel Hilbert-type
inequalities; Krnic and Pecaric [6] considered the reverse Hilbert-type inequality; You and
Guan [7] discussed a non-homogeneous kernel Hilbert-type inequality; Yang [8] explored
the relationship between Hilbert’s inequalities and Mulholland’s inequalities; Hong and
Rassias et al. [9,10] studied the conditions for optimal matching parameters in Hilbert-type
inequalities. In 2019, Adiyasuren et al. [11] introduced partial sums A, = Y/" ; a; and
B, = Y;' b, and discussed discrete Hilbert-type inequalities involving A;, and By:

ambn < M||Ay

|Bullg,

poes :
where l + l =1(p > 1). Mo and Yang [12] considered Hﬂbert—type integral inequalities

1nvolv1ng Varlable upper limit integral functions F(x) = [y f(t)dtand G(y) = [ g(t)dt
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Zhong and Yang [13] extended related results to multiple integral forms, and obtained
Hilbert-type integral inequalities with optimal constant factors:

R A dxy - - - ds
[ L

J0

1

1 too —pip-1 Pi
TH: z</0 X! Fip(xi)dxi> , 1)
=1

where Y1 | —- p 1(p; > 1), 00, L no=1 Fi(x;) = [, fi(t)dt (Note: The original text

X as F)Zj\r” ). Luo et al. [14] dlscussed Hilbert-type integral inequalities

involving multiple variable upper limit integral functions

Fi(x) = /Ox </OtM1 : "/Otlf(to)dio-“dtm—z> dty_1,

y b1 i
Gn(y):/ (/ / g(to)dtO"'dtnz>dtn—1,
0 JO 0
and obtained

+o0o  p+4oo 1
/o /0 mf(@g(y)dxdy

incorrectly wrote (

r 1 1
< WB;’(A2+n,/\+m/\Q)B;()\1+m,)\+nAl)
+ A i
(o°] ~ P (e8] ~ q
X [/ x”(l_Al_m)_lF,fl(x)dx] {/ y1U==m=1GT ) dy| ()
0 0
where 1 s T g L—1(pp>1),A4 = )‘_Tf‘z + %, Ay = %’h + )‘—pz They also considered

Condltlons for the constant factor to be optimal.

Obviously, the parameter structures in (1) and (2) are relatively complex and entail
univariate functions and the conditions that render optimal constants. In this paper,
we will consider multivariate variable upper limit integral functions with multivariate
functions. Based on the constructive theorem of Hilbert-type multiple integral inequalities
with homogeneous kernels, we will discuss the parametric conditions for the validity
of Hilbert-type multiple integral inequalities involving multivariate variable upper limit
integral functions, and obtain constructive theorems for such inequalities and formulas for
calculating optimal constant factors.

Next, we introduce some notation: Let m € Ny, x = (x1,x2,- -+ , %) € R, [|x|| =
Yl xi. If p>1,a € R, we define

o= IxI%If(x)Ipdx); < +oo}

as the weighted Lebesgue space. If we denote Fy(x) = f(x), and define inductively

Lp(RY) = {f(X) ]

Xk -
Fk(x) = /0 Fk*l(xll' X1, b Xk+1s " /xm)dtkr

wherek =1,2,--- ,m, then
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~ " Xm
Fm(x) = /0 Fm—l(xlz T rxm—lftm)dtm

Xm—1
/ mez(xlr' s Xm=2, tmflrtm)dtmfldtm

I
cﬁ{
3

Xm X2 X1 .

= / / / FO(tlz"' //tm—l/tm)dtl"'dm—ldtm
0 0 0
Xm "X X1

- /O e /0 /0 f(tll te /rtm—ll tm)dtl et dtm—ldtm'

We call F,,(x) the multivariate variable upper limit integral function of the multivariate
function f(x1, %2, , Xm).

2. Preliminary Lemmas

Lemma 1 ([15]). Let m,n € Ny, % + % =1(p > 1), K(u,v) be a o-order homogeneous non-
negative measurable function, , B, € R, x = (x1,x2,- -+ ,xm) € R,y = (y1,y2,- - ,yn) €
R, and

o0 atm
Wy = / K(t, 1)t 714t < oo
0

(i) If and only if “J;’” + ﬁqﬂ = m + n + o, there is a constant M > 0 such that

pali&llg,pB: ®)

L[ Kl Iyl £ )3 ()dxcy < M

(ii) When ”‘J;m ﬁ;" = m + n + o, the best constant factor of (3) is

Lemma 2. Let m,n € N+,%—|—% =1(p > 1), a,p,€ R A > m—"‘JFT’” >0, x =

(xllle e /xm> S RT! ]/ - (]/1/]/2/' o /]/n) € Rﬁ»
(i) If and only zf"‘+7m + % =m+n — A, there is a constant M > 0 such that

1
/n /m mf(x)g(y)dxdy < M| fllpallgllg,p- )

(ii) When HTm + % =m+n — A, the best constant factor of (4) is

1
My=— Ty - B2
T(A)T4 (m)T¥ (n) P 1
Proof. Let K(u,v) = ﬁ Then K(u,v) is a homogeneous non-negative function of —A

order. When A > m — "‘JFT’” > 0, we have

+o0 _atm _ +oo 1 _atm _
WO:/ K(t, 1)t 7t 1dt:/ gy
0

= B(m — JA+ —m).




Axioms 2025, 14, 145 4 0f 8

If”‘JrTm—l—ﬁ;n =m+n— A, then

WO:B(m—a+m,n—ﬁ+n).
p q

In summary, according to Lemma 1, Lemma 2 holds. O

3. Main Theorems
Theorem 1. Let m,n € N, %4—% =1(p>1),aBcR0< m—”‘JFT’" < A+m+mn,

Jf = (xlfxz,"' /xm) € RT/ Yy = (yl,yz,--- /yn~) € Ri/ Hx”m = ?1:1 Xi, HyHn = Z?:1 Yi,
Fe(x1,x0, -, xm) = o(e™) (xp — +oo,t > 0), Gr(y1,v2, -+ ,yn) = 0(e') (yx — +o0,t >
0), and

. Xm X2 X1
Pm(x) == /(; o /0 /0 f(tl/ e //tm—l/tm)dtl e dtm—ldtm/

~ Yn Y2 [
Gn(]/) == /0 t /O /0 g(tl/ e //tWZ7l/tm>dt1 e dtM7ldt}’l

(i) If and only if ”‘;m + % = —A, there is a constant M > 0, independent of f(x) and g(y),

such that the following Hilbert-type integral inequality holds:

. 1 B 5
/1 / " Wf(x)g(y)dxdy < M|[EullpallGnll,g- @)

(ii) When “*7’” + ? = —A, the best constant factor of (5) is

! P(m — Sy — B2

(AT (m)T'7 (n) P 9

).
Proof. (i) When a # 0, by the definition of the Gamma function, we have

+oo 1 [t 1
/ 1ot = 7/ e du = —T'(A),
0 ar Jo

thereby obtaining

—= / t/\ 1 t(Hme H n t
(|| ||”l ||y||”))\ ()\> 0

From this, we get

1
/Ri /M Tl T Ty, (F8)dxdy

_ r(1)\) [ [ ( /O+°° tmet<|x|m+|y|n)dt) F(x)g(y)dxdy
_ Iﬂ(l)\)/oﬂo t)\1</R e tlin xif(x)dx) </R etz?lyig(y)dy>dt.

Since Fi(x1,x2, -+, xm) = o(e!*) (xx — +o0,t > 0), using integration by parts, we have

m n
+ +
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e ER s )
T
—t i Xi O g
= Rmfle i7#1 \/O e Fo(x]/XZ,"' rxm)dxl Cle" .dxm
+

—tym . . _ ~
= e tz:#l Xi hm e txq Fl(xl, X, , xm)
Rm 1 X1—>+00

+t/ e ME (x1,x0, -, x m)dx1>dx2~~-dxm

7t2m X +o0 ¢ ~
= t/Rm*le i#1 Xi /O e X1F1(x1,x2,... ,xm)dxl de. . .dxm
+

moo o~
=t - e thit szl (xl,x2, L ,xm)dxldxz o day,
+

—tY, X teo —txy T
=t Rmfl e i#£2 1 /O e 2F1(x1IX2, e ,xm>de dxldx3 ce dxm
+

_ m .
:t/Rmile tZH&zx,( lim e tze(xsz, ,xm)

Xp—+00
‘H/ e P2F (x1, 20, - ,xm)dx2>dx1dx3---dxm
= tz/m et TN E (xq, X, - -+, 2t )y dits - - - daty

= " /m e—tZ?'Ll xiﬁm(xl,xz, ... ,xm)dxldxz e dagy

+

=" / e~ fIxlln £, (x)dx.
Zz
Similarly, we can obtain

[, e Eaglydy = ¢ [ e iI9IG, (y)dy.
+

n
+

Thus,

1
/(X dxd
Jos. ey TR T 80
1 +0o0 Am+ ]( tH H = )( _tH H ~
=y by o) ([ e G, )y ) at
/ : LB , ( / - tA+m+n—1e—t<|x|m+y|n)dt>dxdy

()H—m—i—n / / 1 - -
=T T Fu(x)Gp(y)dxdy.
O e (P e

if and only if “*m +
m+n—A+m+n)=—A, there is a constant M > 0 such that

,BJrn _

Gn

9.8 (6)

1 5N A -
oo e T Tyl PGty < Ml
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Denote M = WM It follows that

1
Jes fex Tt Ty @

—A =m+n— (A +m+ n), by Lemma 2(ii), the best constant

dxdy < MHFme,aHGn”q,ﬂ-

Bin _

(i) When “;m +
factor of (6) is

a+m " /3+n)'

_ 1

My = T —(m— )T'(n—

T'(A+m+n)Td(m)I'v(n) P 1
Therefore, when 42 + £ ;" = —A, the best constant factor of (5) is
Tr 1
Mo = (ART)H) (= My B
T(A+m+n)T7(m)T?(n) P q
1 & +m +n

= 1 1 F( - )F(Tl - IB )

L(A)L7 (m)? (n) P 1
O
Taking m = n = 1 in Theorem 1, we obtain the following
Corollaryl Supposethat 1 +1 =1(p>1),apeR0< %—% <A+2, %—g >0,

= [y f(H)dt, G(y fo t)dt. Then
(z) if and only if & + g = —A — 1, there is a constant M > 0 such that

+o0 +00 1
|| s s dxdy < MIF|palGllg,

where f € L3(0,+00), g € LS(O,—l—oo).
(ii) When % + g = —A — 1, the best constant factor of (7) is

x. 1 B
- )I(=-%).
P) =7

= —A in Theorem 1 simplifies to £ p T ﬁ =

ayp(l B
p)l"( b~ g ). Thus, according to Theorem 1, it

1
My = m(

Proof. When m = n = 1, the term &

—A —1, and M, simplifies to ( 3
suffices to prove that, when t > 0,

1
q
F(x) = 0(e™) (x = 4+0), G(y) = o(e") (y — +c0).

In fact, since 0 < % - %, we have (1 —g)a +1 > 0. Applying Holder’s integral inequal-
ity yields
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ol < [T1rwlde= [(ehrmhe far
< ( /O f“|f(f)|pdt>; ( | ) tZ“dt)g’
< (/()+oot“|f () |Pdt) (/ t1- “dt)

1
_ (1—-q) tx+1
Hf p.x (1 q)zx—i—lx
It follows that for t > 0,
) F( ) 1 ) x(l—q)zx-H _
x1~1>11100 etx | = ”fHW( —q)a+1 xEToo =0

Hence, F(x) = o(e") (x = +00). Similarly, G(y) = o(e') (y — +o0). O

Corollary 2. Let m,n € Ny, 1 +1 = 1(p > 1), A > max{p(A, —m), —q(A; + 1)},
x = (x1,x2,,%m) €RY, y = (yi,y2,- - ,yn) € RY, [[x[lm = EiZq %3, [lylln = Ll vis
Fk(xlleI"' /xm) = O(etxk) (xk — oot > O)/ Gk(yllyzl'” /]/n) = O(Etyk) (]/k —
+oo,t > 0).

(i) If and only if Ay + Ay = 0, there is a constant M > 0 such that

f(x)g(y) = =
dxdy < M||F, —m-allG - 8
/1/” Nl + [[yll)? xdy < M| mnp,ml m—All n||q,qA2 n—A (8)

(ii) When A1 + Ay = 0, the best constant factor of (8) is

S LU L
(AT (m)T7r (n) P 1

Proof. Denote w = pA; —m — A, B = gA; —n — A. Then

x+m n M—m—A+m A—n—A+n
tm Btn_ ph tm 4k ks = (A1 +A2) — A
p q p
From this, we can deduce that the condition ”‘J;’” + £ qu” = —A in Theorem 1 is equivalent

toA + Ay =0.
Since A > max{p(Aq —m), —q(A1 + n)}, through simple calculations, we can obtain
0< m—’”Tm < A+m—+n,and

*a+m:mf)\1+&, nf@:nf)\er&.
p q q

In summary, based on Theorem 1, we can conclude that Corollary 2 holds. [

4. Conclusions

In this paper, we generalize the traditional Hilbert-type double integral inequality
from a new perspective and obtain sufficient and necessary conditions for constructing such
inequalities. The parameter structure is concise and easy to apply, and the proof method
has also been optimized. The conclusions laid a certain foundation for further exploring
the application of Hilbert-type inequalities in operator theory and other disciplines.
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