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1. Introduction and Preliminaries

In the second half of the past century, a number of mathematicians realized the useful
features and the significant applications of a certain type of semiring structure. Semirings
are structures that are associative and distributive on both sides but do not, in general,
have additive inverses. These semiring structures are additively idempotent, like Boolean
and fuzzy algebras.

There are prominent applications for additively idempotent semirings including opti-
mization and control, differential equations, algebraic geometry, dynamic programming,
mathematical physics and chemistry, mathematical biology, interval analysis, mathematical
economics, game theory, computer technology, Petri nets, and cryptography (see [1-8]).

On the other hand, idempotents play an important role in ring theory and are closely
related to matrices since the matrix units are idempotents. There is very extensive research
dealing with idempotents. Following V. Drensky (see [9]), idempotents were introduced by
Benjamin Peirce [10] in 1870.

In 2021, X. Hou (see [11]) provided a complete characterization of idempotent triangu-
lar matrices over a ring in which zero and one were the only idempotent elements.

In 2022, S. Wright (see [12]) characterized the idempotency of upper triangular matrices
with entries from an arbitrary ring. Very recently, D. Vladeva (see [13,14]) considered the
semicentral idempotents of upper triangular matrix rings.

The study of idempotents of additively idempotent semirings has a short history.
In 2013, L. Trendafilov and D. Vladeva (see [15]) proved that in the endomorphism semiring
ks, 1<s<n-—1,isa
semiring of order I, (k41 — k). In the main result of the paper the authors prove that

of a finite chain, the set of all idempotents with s fixed points, kq, ..
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the set of roots of a fixed idempotent of the endomorphism semiring of a finite chain is a
semiring of the order Chy, Hf;ll Ct,Cs; ) Cro1—k g’ where Cj, is the p-th Catalan number.

In 2018, I. Chajda and H. Linger (see [16]) investigated a variety of commutative
additively and multiplicatively idempotent semirings.

In 2020, D. Vladeva (see [17]) studied a class of the right ideals of a subsemiring of the
endomorphism semiring of a finite chain and considered projections on these ideals, which
were derivations. For one of these derivations, d; ,,, and for the fixed endomorphism «,
the set of endomorphisms « such that d ,,(x) = ag is denoted by [ aody ,,. The last set is a
semiring if and only if g is an idempotent. The number of the semirings, f aody y, Where
1 <m < n-—1,isequal to F,;,, which is the 2m th Fibonacci number.

In 2023, D. Vladeva (see [18]) suggested the following definitions:

1. Let S and Sp be additively idempotent semirings, S be a noncommutative semiring
and an Sp-semimodule, Sy be a commutative semiring, and as = sa for any a € Sy
and s € S. Then, S is called an 5p-semialgebra.

2. Let S be an Sp-semialgebra and B(S) = {eij}, i,j=1,...,n,abasis of S (relative to
Sp) with the following properties:

o ey = { 60’ ﬁ ; i 2 ikl =1,...,m.
e Y, ei=1s, where 1 is the identity of S.
b ejj > ik for all k > ] and ejj > eh]-,h <.

Then, B(S) is called an e-basis. The basis elements e;; are idempotents, and since
eiiejj = ejjbutejie; = 0,if i < j, they do not commute. In this paper, we prove the following:
Let S be an So-semialgebra and B(S) = {e;;}, i,j =1,...,n an e-basis of S. Then, S is isomorphic
to a matrix subsemiring of M, (Sp). From this theorem, it follows that if B(S) is a triangular
e-basis, then S is isomorphic to a subsemiring of the semiring of upper triangular matrices.

Throughout the present paper, all semirings considered shall be assumed to be ad-
ditively idempotent and possess an identity and a zero. Basic facts about additively
idempotent semirings can be found in the seminal book of J. Golan (cf. [19]).

The present paper contains only new results and is arranged as follows. In Section 2,
we obtain the explicit form of an arbitrary idempotent triangular matrix over an additively
idempotent semiring. The next section deals with the left and right semicentral idempotents
of an additively idempotent semiring. A new type of semicentral idempotent, called
Jordan, specific for an additively idempotent semiring, is studied. We define a diamond
composition, e; ¢ e; = e1 + €3 + e1ep, where e1 and e are idempotents and eye; = 0, which
plays a crucial role in the decompositions of many triangular matrices. In Section 4, we find
the explicit form of an arbitrary left and right semicentral idempotent triangular matrix.
In the last four sections, we consider the decompositions of idempotent, strictly upper,
unitriangular, and nil-clean triangular matrices by semicentral idempotent matrices.

2. Results on Idempotents of Triangular Matrix Semiring

In the following, S is an additively idempotent semiring and T},(S) is the semiring of
n X n triangular matrices over S.

Example 1. It is well known that all the entries on the main diagonal of an idempotent triangular

2

. . er x e x

matrix are idempotents. Let ( 3 12 ) = ( (; 12 ) where eq,e3,x12 € S and e;?- =e;,
e e
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i = 1,2. Then, e1x1p + X1p62 = X1p, which implies that e1x1p + e1x1pe7 = e1x1p and x1p =
e1x1p + e1x1pex + x1pep. For an arbitrary wyp € S, it follows that

€1 e1&12 + e1x1282 + wqpen
E(el,ez)—<(} e ) M)

is an idempotent matrix. Thus, (1) represents the idempotent matrices of T, (S).

) . . e1 e1B1qe
Note that when a1y = e1 122, we obtain the idempotent matrix ( 01 1B1262 >, and
e

. s . e]  ejxqpe er  e1Pize
this matrix is a particular case of (1). Moreover, we have 01 171252 ) ( 01 1P1262 > =
€2 €2

€1 e1uqoe er e e , ) ,
R 1 b ; thus, idempotent matrices of this form commute.
0 € 0 €
€1 X12 X13
Example 2. Let X = 0 e x5 |, whereey,x;; €S,i,j=1,23,i<j and el-2 =g,
0 0 e3
be an idempotent matrix. As in the previous example, we have x1; = e1x12 + e1X12€2 + X12€2,
X3 = €pX23 + €2X23€3 + Xo3e3, and X13 = e1X13 + €1X13€3 + X13€3 + X12X23.
For arbitrary a3, 013,023 € S, we denote 6;; = eju;; + e;njjej + wjjej (this concept should
not be confused with the Kroneker symbol). Thus, x1p = 012, X23 = 023, and x13 = d13 + J12623.
er 012 0613+ 9012023
Conwersely, for arbitrary w1y, 13,03 € S, we consider X = 0 e 023 , where
0 0 €3
(51‘]‘ = ejnjj + ejwjjej + Kjje;. We obtain that e1015 + d10ex = 01 and epdys + dozez = dp3. Since
61‘(51‘]‘ + 51']‘ = (51‘]' and ‘Sijej + (51‘]‘ = 51‘]‘, it follows that 1012023 + 012023 = d12023 and d12023e3 +
012023 = 612023 Then, e1 (613 + 812023) + 612023 + (613 + 612023)e3 = b13 + 612023 and X is an
idempotent matrix. Hence,

er d12 613+ 12023
E(e;,ez,e3) = 0 e 023
0 0 €3

is the general form of the idempotent matrix of T3(S).

The next result is similar to Theorem 3.1 of S. Wright (cf. [12]) but different as we work
in an additively idempotent matrix semiring.

Theorem 1. An n X n upper triangular matrix, X = (x;;), over the additively idempotent semiring
S is idempotent if and only if x;; = e;, where el-2 =eifori=1,...,nand x;; = b; + Z{;Lrl XikXkjs
where 5;j = e;jn;j + ejajie; + ajjej, aj € Sfori,j=1,... nandi+1 < j Ifj =i+1, then
Xiiy1 = Oiit1-

Proof. Let X = (xij) be an idempotent matrix. Then, x;; = e; are idempotents for
. ; . ‘ i—1
i=1,...,nand fori+1 <j, it follows that x;; = Z{(:i XikXkj = €iXij + Xjjej + Z{{:iﬂ Xk Xgj-
Since €iXjj + Xjj = Xij and xjje; + Xjj = Xjj, we have €;Xjje; + xjjej = Xjje; and €;X;jej + €iXjj =
eixi]-. Therefore, ez-xi]- + x,-jej = (51] If] =i+1,we have Xijy1 = €iXjjy1 + Xjjr1€i41 = ‘Sii+1-

Conversely, for the matrix X = (xij), we assume that x; = ¢;, 1 = 1,...,n are
. i—1 . ) . .
idempotents, x;;11 = d;i1 and x;; = ;5 + Zf(:iﬂ xijxXgj, for i +1 < j. Our induction
hypothesis is the following.
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Suppose that for a fixed j < n, the matrices with the main diagonal x;;, . . ., Xy, where
i is an arbitrary positive integer and i < k < j, are idempotent.

Now, X is an idempotent matrix if and only if for the arbitrary element Xijs where
i+1 < j, we prove that x;; = e;x;; + x;jej + Z{;&H XikXgj. From the assumption of x;j, it
follows that the right side of the last equality is

j—1 j—1 j—1
e; (51']' + Z xikxkj> + XikXkj + <‘Sij + 2 xikxkj> e =

k=i+1 k=i+1 k=i+1
j—1 -1
= eiéij + 5ijej + Z (eixikxkj + xl-kxkjej) + Z XikXkj-
k=i+1 k=i+1

From this inductive conjecture, we have e;x;x + xjx = xj and xgje; + xx; = xi; fork, i <k <j.
Then, e;xjxxxj + XixXkj = XijgXxj and xXgje; + XXk = XXy Hence,

j—1 j—1 j—1
Z (eixikxkj + xikxkjej) + XikXkj = Z XikXkj-
k=i+1 k=i+1 k=i+1

Since e;6;; + d;je; = 6;; = e;x;j + xjjej, it follows that X is an idempotent matrix. [

For matrices over a field, the root of the matrix X is the matrix Y, such that Y™ = X
for some positive integer, m > 1 (see F. R. Gantmacher [20], Ch. 8). In 1979, S. K. Jain et al.
(see [21]) studied the nonnegative m th roots of a nonnegative 0-symmetric idempotent ma-

110
trix. Now, let Y be a matrix over an additively idempotent semiringandY = | 0 1 1
0 01
111
SinceY?=X=| 0 1 1 |,itfollows thatY isa square root of X. It is easy to check
0 01

that X is an idempotent matrix. Thus, the following question is reasonable:

Can we find a square root of an arbitrary 3 x 3 idempotent triangular matrix?

In the following, we will answer a more general question in the semiring of upper
triangular matrices over an additively idempotent semiring, S.

Let us consider the matrix A = (51-]-), i,j=1,...,n,i < j, where d;; = ¢, el-2 = ¢,
0ij = ejnjj + ejujjej + ajjej, and w;; are arbitrary elements of S fori,j = 1,...,nand i < j.
From Theorem 1, it follows that if X is an arbitrary idempotent triangular matrix, then
X + A = X. This implies that X + AX = X and X + XA = X and then from (X + A)? = X
we have X + A% = X. In the same way, it follows that X + A™ = X, where m is a positive
integer. Now, we will prove that A"~ = A",

Theorem 2. Let S be an additively idempotent semiring, A = ((Sij) €Tu(S),i,j=1,...,ni <],
where 0;; = e;, elz = ¢; and b;j = ejujj + ejnjiej + ajjej, a;; € Sfori, j=1,...,nandi < j. Then,
A" = A" and A" is an idempotent matrix.

Proof. We obtain that A? = (55]2)), where ‘51'(1'2) = ¢, (55?11
3]

0; :

super-diagonal all entries are J;;1 + ;i110;1+1i+2 and on the third super-diagonal all

= Jjjy1 and for j > i+ 2,

=+ Z{(: 11 9ikdkj- Note that from the last equality, it follows that on the second

entries are ;43 + 0;;110i+1i+3 + 0ii+20i12i+3. The proof is by induction. Let us assume
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that for an integer, m, where m > 2, we have A" = (51‘(]‘"1))/ where 51‘(z‘m) = i ‘Sz‘(infr)l =i+l
81y = Biisa + 8iis18i1112,and for j > i+ m
(m) S v
m
5" = & + Y bkt -+ Y. ik -+ Oy

k=i+1

In order to find A™*!, we obtain that

§(m+1) 5(7”) 2

ko1 =i+1
k<<

s
m+ m
01 =eibyq +diip1eit1 = diit1,
(m+1) _  o(m) L s(m) e
Ojiya = €0 T 0iit10 115 T Oiiy2eita =

= €i0jiy2 + €i0ii110it1i42 + 0iix10i41ir2 + 6iit2eit2 = diiy2 + 6iiv10iv1it2,

For j > i+ m 41, it follows that

+1
(55}” ) — Ei(sl(]m) + (51'1'4_1(51«(111)]' + 5ii+251'(r2)j +---+ (5,‘]'_25](ng + 51']'—15](112]‘ + (51']'6]' =
j—1 j—1
= ei(Si]- +e; 2 ‘5ik5kj + -4 Z 5ik1 . (5km,1j +
k=i+1 Ky oo g1 =i+1
k< <1
j—1 j—-1
Foiip1 | i+ ), Siprkdh oo+ ) Oit1ky Ok yj | T
k=it2 ki ooy 1 =i+2
k<o <kt
j—1 j—-1
+oiiv2 | Sivaj+ ), Siyakbh oo+ Y Oit2ky Ok, qj | T
k=i+3 Koo g1 =i+3
Ky < <kp_1
+---+ (Sij_Q(Sj_zj + (51']‘_2(5]'_2]'_15]'_1]‘ + 51']'_15]'_1]' + ‘Sijej =
j-1 j-1
2(51‘]‘4— Z 5ikfskj+"'+ Z (5,'](1...5](’”]-.
k=it+1 Kt oo Jom=i+1
Ky <<k
Therefore,
er 012 013+ 012023 1+ L) 61kkn + + -+ 012003 . . . By1p
0 e 023 S+ X423 6okn + -+ 023+ Op—1n
e San+ Y 6B+ -+ G306
e3 3n + Y g_g O3k0kn + -+ +034...0n—1n
0 0 0 ey

Now, it is easy to check that A"
A]’l+l - .. = (An71>2‘ 0

A""1. As a consequence, it follows that A"~! =

The next result describes all idempotent triangular matrices over an additively idem-

potent semiring.
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Theorem 3. An n x n upper triangular matrix, X = (x;;), over the additively idempotent
semiring S is idempotent if and only if x;; = e;, where > = e; fori =1,...,n, x;;4+1 = 6;i11 for
i=1,...,n—1,and

=1 =1
Xij =06+ Y Gkt Y ik Okt F i1 0jajs
k=i+1 Jky=i+1
k<k1

where 6;; = ejuj; + ejnjjej + ajjej, a;; € Sfori, j=1,... nandi+1 <j.

Proof. From Theorem 1, we know that the matrix X = (x;;) is idempotent if and only
if x;; = e;, where e% =efori=1,...,n %1 = 6y and x;; = &;j + Z{;Ll xikXy;j for
i+1 < j. Successively applying this equality, we obtain x;; =

j—1 k-1 j—1 j—1
5i]’+ Z <‘5ik+ Z xikzxk2k> <5k]’+ Z xkklxk1j> :51']'+ Z 5ik5kj+

k=i+1 ky=i+1 ky=k+1 k=i+1

j—1 j—1 k-1 1
+ ) 5ik< ) <5kk1 + Y xkk3xk3k1> <5k1j + ) xk1k4xk4j>>+
k1 k3

k=it1 Zk+1 —K1+1 ky=ki +1
j—1 k=1 kp—1 k—1
+ Yo (it Y XiksXksks | | okt Y XkokeXkek | | Ok =
k=i+1 \ky=i+1 ks=i+1 ke=kr+1
j—1 j—1
= (51']' + 2 5ik5kj + Z 5ik5kk1 5](1]' +o0.
k=i+1 Ky =i+1
k<kq

-1

Some summands are reproduced; for example, lezzz i1

Oik,Ok,k0j is a part of

j—1
Zk,k1:i+l (Sikékkl 5k1j' For the sum
k<kq

-1 i1 j-1 ki1
o= Y G| Y (G D Mk Mkt ) FkksXkakyOkyj |
k1

k=i+1 =k+1 ky=k1+1 kz=k+1

k-1 k-1 kr—1
+ ) (G Y XiokeXkgk + Y XiksXkskaOkok | | Okjs

k2:i+1 k6:k2+1 k5:i+1

we have the following;:

j—1
o contains 2 0ikOkk, Ok, j and is part of this sum;
kki=i+1
k<kq
o contains all products d;, . . . O j where my < - -+ < m; and consequently the product
5”+1 “ e 5]71].

Hence, the result follows. [

Remark 1. We denote the equality from Theorem 3 briefly by

j
Xij = (Si]' + 2* (2)
i
and use it in Section 4.

Immediately from Theorems 2 and 3, we have the following.
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Corollary 1. Each n x n upper triangular idempotent matrix E(ey, ..., e,) over the additively
idempotent semiring S has the form

e1 O1n Si3+61203 0 Sint+ Ly, kb + 012003 . Fu1n

0 e 023 e o Y Ok e+ 003

0 0 e3 o Ot Ty Okt O3 a1 |7 ®)
0 0 0 e en

where 6;; = ejuj; + ejujjej + ajjej, a;; € Sfori, j=1,... nandi <j.

Each idempotent matrix, E(ey, ..., e,), has roots, which are the matrices A™, where
m=1,...,n—2.

As a consequence of the theorems above, we can show a result similar to the main
theorem of X. Hou (cf. [11]).

Corollary 2. Let A = (a;j) € Ty(S) be a matrix with the following properties:

(i) All diagonal entries of A are ones or zeroes;

(ii) If a;; = ajj = 0, then ajj = 0, wherei,j=1,...,nandi < j.

Then, all idempotent triangular matrices over S with only zeroes and ones on the main diagonal
are the matrices E = (x;;) such that x;; = a;,i =1,...,n, and

j—1 j—1
Xjj = a;; + Y Aikdxj + Y. Aiglgk, Ay j+ - T Aiip1 - 4j1j, 1 < i <j<n.
k=i+1 kky=i+1
k<kq

Proof. If in the proof of Theorem 2 at least one of the idempotents ¢; and e; are equal to 1,
it follows that d;; = a;;. When ¢; = ¢; = 0, we have §;; = 0. Therefore, the matrix A is the

same matrix A in the proof of Theorem 2 under the given conditions. This result follows
from Theorem 3. [

Since the entries of the idempotent matrix in (3) have rather complex structures, we
obtain idempotent matrices with the parameters «;; of a special form. Such a matrix is
e]  ejape . . L . .
< 01 1H12%2 ), considered in Example 1. To develop this idea to its conclusion, we con-
e
struct the matrix I' = ('yl-j), where v;; = ¢;, el.2 =e¢fori=1,...,nand v; = ejn;jej, a;; €S
for1 < i < j < n. Matrices of the form I' which are idempotents are called special idempo-
€1 €112  €1&13€3

tents. It is not difficult to verify that for n = 3, the matrixI' = 0 e €363
0 0 e3
€1 e1X12€y €1X13€3 1 €1/ 12€2K23€3
is not an idempotent, but the matrix 2 = 0 e €363 is
0 0 €3
e1 e1fex  e1Pises
an idempotent. Moreover, 2 = 0 e epBoses |, where B1p = gy, B13 =
0 0 e3

a3 + appeanns and Bz = an3. . Thus, for n = 3, the matrix I?isa special idempotent ma-
trix.

Theorem 4. Let T = (v;j) € Tu(S), where v;; = ¢;, e? =e;,fori=1,...,nand Yij = eijjej,

1

ajj € Sfor1 < i <j<mn.Then, "1 is a special idempotent matrix.
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Proof. Since ¢;7;; = 7;j and 7y;je; = ;j, it follows that the proof of the statement that -1
is an idempotent matrix is the same as the proof of Theorem 2. Following the proof of this
theorem, we obtain that "1 = (¢("~1)) where

-1 =1
-1
%4(;7 ):'Yij+ Yo ovavkit Y VY Thj T Vi1 Y1 =
k=i+1 kki=i+1
k<kq

=1 =1
=ei| ajj + Z XjkrXkj + Z kel Rk, ky Xy j+
k=it Ky —it1
k<k1

+o T 18R T2 - K2 1818 1] | €

and this completes the proof. [

The set of special idempotent matrices is denoted by SP(S). This notation is used in
Section 4.

3. Definitions and Results of Idempotents of Additively
Idempotent Semiring

Let S be an additively idempotent semiring. Following G. F. Birkenmeier et al.
(see [22]), we give the following definition: An idempotent, £ € S (resp.,r € S), is called
left (resp., right) semicentral if {x¢ = x{ (resp., rxr = rx) for an arbitrary x € S.

From this definition, we easily have the following.

Proposition 1. The set of left (resp., right) semicentral idempotents of the semiring S is a multi-
plicative semigroup with an identity.

The multiplicative semigroup of the left (resp., right) semicentral idempotents of the
semiring S is denoted by (£(S),.) (resp., (R(S),.)).

For /1,4, € L(S), we consider the Jordan product {1 o ¢; = ¢1{ + {»¢;. Similarly, for
r1,12 € R(S), we define r1 o rp = rrp + rpry. It is straightforward to prove the following.

Proposition 2. The semigroup L(S) (resp., R(S)) is closed under the Jordan product.

Let LR(S) be the semigroup generated by £(S) UR(S). For the products and Jordan
products of elements of LR(S), we easily have the following.

Proposition 3. Let ¢ € L(S) and r € R(S). Then, we have the following:

(i) rl is an idempotent, but it is neither a left nor a right semicentral idempotent; also,
lrxlr = rlxrl for all x € R and then ((r)* = r/.

(ii) (Lor)? =1l

(iii)rorl =Lorl =L

(iv)lolr =rolr=A4ror=4{(lLor)=Lo(lor)=ro(lor)=Lor.

In order to keep this exposition self-contained, we present some definitions very
similar to those in [14]. Let ¢1, ¢, € £(S). We define

ly > ¢y if and only if lpx¢; = x¢; forall x € S.
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Then, it follows that 1 > ¢ = 0 for £ € L(S). Since lrxty = {01x/q, it follows that,
if /41 = £1, then ¢ > /1. On the other hand, if ¢, > /1, then /{1 = ¢1. Hence,

52 > fl — 6261 = fl. (4)

Let £y, 01,0, € L(S) and ¢, = ¢1. From (4), we have (rlgl16y = €r01£y = £1£y. Thus,
Uy = U1 = Lyl = {14y. Similarly, for r1,r, € R(S), we define

rp >~ rq if and only if rixrp =rix forall x € S.

It immediately follows that 1 = r = 0 for r € R(S). Since rixry = r1xrirp, it follows
that ryro = rq, which implies that r, > r;. Conversely, if r, > r{, we obtain 17, = r1.
Consequently,

T =1 <= rirp =r11. (5)

Let rg, 71,72 € L(S) and r, > r1. From (5), it follows that rorirgry = rorira = ror1,
which implies ry > 11 = rgry = ror1.

We define an equivalence relation on £(R) as follows. From the definition, we have
the following:

(i) 41 > ¢1 for an arbitrary /1 € L(R);

(ii) £ = ¢; and {3 > {5 implies that {3 > /1.

Then, we state that {1 ~,, ¢ if and only if /1 > ¢; and ¢, > ¢1. Thus, ~,, is an
equivalence relation on £(R).

The definition of an equivalence relation on R(R) is similar. We have the following:

(i) r1 = rq for an arbitrary r; € R(R).

(ii) o = r1 and r3 = rp implies that r3 = 1.

If we define r1 ~,, 12 if and only if r; = rp and rp > rq, it follows that ~,, is an
equivalence relation on R(R).

Let e € S be an idempotent. Since the additively idempotent semiring S is partially
ordered (a +b =a <= a > b), we can consider two cases:

Case 1. Let e < 1. Then, e is called left (resp., right) if ex > xe (resp., xe > ex) for an
arbitrary x € S (see D. Vladeva [23]). If e is a left idempotent, it follows that exe > xe.
But, from e < 1, we have exe < xe. Thus, exe = xe, i.e., ¢ is a left semicentral idempotent.
Similarly, if e is a right idempotent, we obtain that it is a right semicentral idempotent.

Note that if ¢ is a left or a right semicentral idempotent, then ex + xe > exe.

Case 2. Let e > 1. If e is a left (resp., right) idempotent, it follows that exe > ex > xe
(resp., exe > xe > ex). Therefore, exe > ex + xe.

The underlying idea of the last inequality is to construct a new specific class of
idempotents. An idempotent, j € S, is called Jordan semicentral if we have the following;:

@7=>1;

(b) 7x7 = j o x = jx + xj for an arbitrary x € S.

In order to find examples of such idempotents, we consider 1 + ¢, where e is an
idempotent of S. Since 1+ ¢ is an idempotent, it follows that 1 + ¢ and 1 + r, where
¢ e L(S)and r € R(S) are idempotents.

We obtain (14 ¢)x(1+4) = x+lx+xl+Ixl = x+{x+x0 = (1+ £)x +x(1 + ¢) for
any x € Sand ¢ € £(S). Similarly, (1+7)x(1+7) = (14+r)x+x(1+7r) forany x € S and
r € R(S). Moreover, if e is an arbitrary idempotent of S, then 1 + e is a Jordan semicentral
idempotent. Thus, we have enough examples for Jordan semicentral idempotents.

As in ring theory, the idempotent ¢ from the centre of the semiring S is called a
central idempotent. If we denote by (C(S), .) the semigroup of central idempotents, then
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C(S) = L(S)NR(S). On the other hand, if we denote by 7 (S) the set of Jordan semicentral
idempotents, it follows thatif c € C(S) and ¢ > 1, thenc € J(S).

Proposition 4. Let j € J(S). If c € C(S), then jc € J(S).

Proof. From jxj = jx + xj for all x € S, it follows that jexjc = (jexj)c = (jex + cxj)c =
jex +xje. O

Proposition 5. Let £ € L(S),r € R(S) and j,j1 € J(S). Then, we have the following:
@) (O =16 @ () =tog; B)(m)?=r; @ (r)*=roy
(5)(jol)2 =104 (6) (jor)2=j0r; (7)(r]0)*> =r114;
(8) (o tr)? = (jort)> = (jor)(jol);
) ((Log)or)(lo(jor)) = (or)(jel);
(10) (joj)* =701

Proof. The proof is routine from these definitions. [

Proposition 6. Let ey and ey be idempotents of S. Then, e1 + ep + 1 o e is an idempotent in the
following cases:

(a) ere; = 0; (b) ey,e0 € L(S); (c) ey, e € R(S); (d) e1,e2 € T(S);

(e)eg € L(S),e2 € R(S); (leg € L(S),e2 € T(S); (9 e1 € R(S),e2 € T(S).

Proof. The proof is routine from these definitions. [
Proposition 7. If 1,71 € J(S), then (171)* = (j17)*

Proof. We obtain (jj1)* = iy = (1 +J71) = JaJ+J1 = ja+7) = jojr. Since
(]1])2 = j1 0, the result follows. O

Let, 1 € J(S). We write j > j1 if jxj1 = jx + xJ1 for an arbitrary x € S. Thus, when
] = 11, we have jj; = j + j; and then j and j; commute.

We now define j ~ j; ifj > 71 and j; >~ . Note that for Jordan semicentral idempotents,
the relation “>=" is not transitive and the relation “~” is not an equivalence relation.

From j > 1, it follows that; > 1 and 1 > j; thus, j ~ 1 for any ; € J(S).

It is easy to see thatif j; = 1+ /1, jop = 1+ ¥, and ¢; > 0, then j; > j», where
0,0y € L(S). Similarly, if ; = 1+7r1, jo = 1+rp and r, = r1, then j; > jp, where
r1,12 € R(S).

Therefore, if {1 ~ £y for j; = 1+ 41 and j, = 1+ {5, it follows that j; ~ j, and,
similarly, if 71 ~gu 72, then j; =1 +r; and jo = 1 4 rp implies j; ~ j2.

For a fixed j € J(S), we consider the set J, = {11 ~ j}.
Proposition 8. Forany j € J(S), the set J, is a commutative semigroup.
Proof. Let},7; € J(S) and j ~ j;. Then, for an arbitrary x € S

U+ 70)x( + 1) = 721 + %0+ pxg + pxpn =

=Jx)+x+xp +nx+xp+pxp = gxp+nxpn = G+ p)x+x(+n)-
Hence, jj1x771 = jnx +xj51. O
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Remark 2. In the next section, we give examples of left semicentral idempotent triangular matrices,
0y and Uy, such that {1 ~,, {y and there is similar for right and Jordan semicentral idempotent
triangular matrices.

Now, let e; and e be arbitrary idempotents of S. It is straightforward to prove the
following.

Proposition 9. Ife; <1, then ey + ey is an idempotent.

Similarly, it follows that )" ; e; is an idempotentif ey, ..., e, are idempotents such that
e <l1lfori=1,...,n—1

Proposition 10. Let e be an idempotent of the semiring S, with £ € L(S), r € R(S), and
1€ J(S). Then, ele € L(eSe), ere € R(eSe), and eje € J (eSe).

Proof. The proof is routine from these definitions. [

Let e be a fixed idempotent of the semiring S. We include some basic results related to
idempotents of the semiring eS.

(i) el is a left semicentral idempotent of eS for any £ € L(S).

(ii) Since (er)? = ere for any r € R(S), from Proposition 10, it follows that er is a
square root of an idempotent.

(iii) (er)(ef) is an idempotent where ¢ € £(S) and r € R(S). Moreover, elr and er¢
are square roots of (er)(ef). Similarly, (er)(ele) is an idempotent.

(iv) Since ((ef)(ere))? = (er)(ele), we have that (ef)(ere) is a root of an idempotent.

(v) (e7)(ef) is an idempotent where ¢ € £(S) and j € J(S). Similarly, (ej)(ele) is
an idempotent.

(vi) (er)(eje) is an idempotent where r € R(S) and j € J(S).

(vii) (er)(ej)(el) is an idempotent where £ € L(S),r € R(S),and j € J(S).

(viii) (e7)? = eje + ¢ and eje + ej are idempotents where ; € J(S). Consequently,
(e))* = (en)*.

Now, we describe the dual results related to idempotents of the semiring Se:

(i) re is a right semicentral idempotent of Se for any r € R(S).

(ii) Since (fe)? = ele for any ¢ € L(S), from Proposition 10, it follows that /e is a root
of an idempotent.

(iii) (re)(le) is an idempotent where ¢ € L£(S) and r € R(S). Moreover, rle and (re
are square roots of (re)(le). Similarly, (ere)(le) is an idempotent.

(iv) Since ((fe)(ere))? = (ere)(le), we have that (fe)(ere) is a root of an idempotent.

(v) (re)(je) is an idempotent where r € R(S) and j € J(S). Similarly, (ere)(je) is
an idempotent.

(vi) (eje)(Le) is an idempotent where ¢ € £(S) and j € J(S).

(vii) (re)(je)(¢e) is an idempotent where ¢ € L(S),r € R(S),and j € J(S).

(viii) (je)? = je + eje and je + eje are idempotents where ; € J(S). Consequently,
(o)t = (e)*.

Let e; and e; be idempotents of S and exe; = 0. Note that, by Proposition 6a, it follows
that e; + ey + ejey is an idempotent.

We denote e; 0 ey = e1 + er + e1er. (The reader can obtain the same construction in
ring theory, related to non-unital rings, in [24].)

The next proposition motivates the results in APPLICATION A.
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Proposition 11. Let e be an idempotent of the semiring S, with £ € L(S) andr € R(S). Ifr{ =0,
then (a) ¢ o r and (b) el o re is an idempotent of S.

Proof. Part (a) follows immediately from Proposition 6 (a). Since (re)(el) = rel = rlel =0,
(b) holds. O

Remark 3. In the next section, we will show natural examples of a left semicentral idempotent, ¢,
and a right semicentral idempotent, r, such that r¢ = 0. So, it will be interesting to describe the
semiring closure (the minimal subsemiring of S) generated by the fixed € and r. The semiring closure
consists of the nilpotent Ur, since (¢r)? = rf = 0, the square root £ +r, since (£ +1)> = +r + {r,
and five idempotents: , v, £ + Lr, v + Lr, and £ + v + Lr.

Using a left semicentral idempotent, ¢, and a right semicentral idempotent, r, such
that 7/ = 0, we can construct a new Jordan semicentral idempotent.

Proposition 12. If ¢ € L(S), r € R(S), and rl = 0, then it follows that j = 1 + {r is a Jordan
semicentral idempotent.

Proof. We obtain (1 + ¢r)x(1 + ¢r) = x + lrx + xlr + brxlr = (1 + €r)x + x(1 + 0r) + rx¥,
where x € S. Since rx{ = rxr{ = 0, we have that jx; = jx + x7. O

Proposition 13. If ¢ € L(S) and r € R(S), then for the Jordan semicentral idempotents j, =
1+ {landj, =1+, it follows that jp 05, =1+ Lor.

Proof. It is easy to check that 1 + ¢ is an idempotent for any idempotent e of S. We know
that jy =1+ /¢ and j, = 1 4 r are Jordan semicentral idempotents.
Consequently, jpo 7, = (14+0)o(14+r)=14+l+r+lr=1+lor. O

We can extend the last result as follows.

Proposition 14. Let e < 1 be an idempotent of S, with ¢ € L(S) and r € R(S). Then, it follows
that 11 = 1+ el and jp = 1 + re are Jordan semicentral idempotents and j1 0 jo = 1+ el ore.

Proof. As in the proof of Proposition 13, we obtain that (1 +ef) o (1 +re) =1+ el ore.
When e < 1 for an arbitrary x € S, it follows that j1xj; = (1 +el)x(1+ef) = x +elx +
xel +elxel = (1+el)x + x(1 + el) = jx + xj1. Similarly, we observe that ), =1+ reisa
Jordan semicentral idempotent. [J

4. Results on Semicentral Idempotents of Triangular Matrix Semiring

For the proofs of the following two important theorems, we need another lemma
(similar to Proposition 3.1 of [14] for trangular matrices over a ring).

Lemma 1. Let X = (x;;) € Ty(S) be an arbitrary matrix. If P = (71;;) € Ty(S) is a left (resp.,
right or Jordan) semicentral idempotent of T, (S), then 1;;, i = 1,...,n, are left (resp., right or
Jordan) semicentral idempotents of S.

Proof. We obtain the diagonal entries of the following matrices:
x;;7t;; of the matrix XP;
715 x;; of the matrix PX;
;X5 + Xx;;7;; of the matrix PX + XP;
71,1 77;; of the matrix PXP fori=1,...,n.
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Now, if P is a left semicentral idempotent of T,,(S), we have 7;;x;;7;; = x;;7;; if Pis a
right semicentral idempotent of T;,(S), we obtain 77;;x;;7;; = 71;;x;;; and if P is a Jordan semi-
central idempotent of T, (S), then 7t;;x;;7t;; = 7 x;; + x;;7;;. Thus, the result follows. [

Theorem 5. Each left semicentral idempotent triangular n X n matrix over an additively

0 0
Ay = diag(Aq,..., Ap), Ay € L(S), fori = 1,...,k, Ajq = A, i = 2,...k and
®jj) € Myx(n—r) fork =1,...,n—1, or is of the form £, = diag(Ay,...,Ay), where
(S)fori=1,...nand Aj_1 = Ajfori=2,...,n.

) .. . . . A ALA
idempotent semiring, S, without zero divisors is of the form {, = k k ), where

A=
A eL
Proof. From Lemma 1, it follows that diagonal entries of the left semicentral idempotent

matrix A are left semicentral idempotents of S. Thus, from the notations in (2) and from (3),
it follows that

Mo b S XNk e S+ Xfx

0 Ay -+ Syp+Yhx v Syt Yix
A= . : . . . )

o 0 - Ag R

o o0 - 0 An

where A; € E(S) fori = 1,...n, is a left semicentral idempotent matrix. Note that
Oim+ L' %, 1 < i<k < m < nisjust the (i, m)-entry of the matrix from (3) for ¢; = A;.
Since AXA = XA for every triangular matrix, X, we can choose X = ¢;_1x, where ¢;_1 is
a matrix unit for 1 < k < n.

Then, we obtain XA = Agex_1x + Skxr1€k—1k+1 + - + (Okn + L *)ex—1, and

k—1 k=1
AXA = <(51k_1 + Z *> Areir + <(51k_1 + Z *) Okk+1€1k41+
1 1

k—1 n
et <51k_1+ Z*) <5kn+2*>em+---+
T k
n
+0k—2 k-1 kCk—2k *+ Ok—2k—10kk+1€k—2k+1 + - - + Ok—2k—1 | Okn + I * | Gk—2nt
k

n
+Ak 1Ak 1k + Ak—10kkr1€k—1ke1 0 Akt <5kn +) *> k—1n-
k

Comparing the corresponding elements, we find Ay_1A, = Ay whichis A;_1 = Ay. There-
fore, A\ = Ap = -+ = Ay

As a consequence, we have that Ay_10kk11 = Okki1,-- - Ak—1(Okn + L %) = Oy + L1 *
are identities for every k = 2,...,n — 1. Since A; = )\j for i < j, it follows that 51‘]‘ =
/\z’aij + )\iu‘i]’)\j + Dél']')tj = /\i“ij + Dél']')L]'. Ifi < j <k, wehave 5ij)\k = ()\ioci]- + Oéi]')tj)/\k = D‘ij/\k-
From (51 -1+ Z’ffl *) Ax = 0, it follows that J 1Ay = 0 (since an additively idempotent
semiring a + b = 0 implies that 4 = 0) and then a1 ;1A = 0, where k > 3. Similarly, from
(52;(,1 + le<-1 *)/\k =0, we find ay;_1Ar = 0 where k > 4.

Thus, using A1 > - - - = Ay, we obtain ocl-]-/\k =0forl<i<j<k<n.
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Now, we choose matrix X = ey. Then, XA = Agegr + Ok pr1€kk1 + -+ (Okn + Lf *)ekn-
Next, we obtain AXA = (51k + Z’{ *) Areyr + ((Slk + Z’{ *) Skkr1€1ka1+

k n
4+ 4 (%ﬁZ*) <5kn+2*>e1n+---+
1 k
n
+0— 1 kAkC—1k + Ok— 10k k41€k—1k1 T - + Ok—1k | On T Y_* |€k—1n+
3

n
+Akerk + Akl kr1€krrr T+ Ak <f5kn +) *) €kn-
k

We compare the corresponding elements and find that é1;Ax = 0 which implies that
a1 Ax = 0. Similarly, we obtain ay Ay =0,. .., ax_1xAf = 0.

Hence, oci]-)\k =0forl <i<j<k<n Asaconsequence, if k = nand A, # 0,
since there are no zero divisors in S, it follows that all jj = Owherel <i < j < n. Thus,
A =/{, =diag(Ay,...,Ay), where Ay = Ay = -+ = Ayl

Now, assume that k is the largest number such that Ay # 0. Then, all a;; = 0 where
1 <i<j<k Since Agpq = -+ = Ay = 0, it follows that the nonzero entries of the
matrix A are Ay, ..., A, and, generally, the entries of the k x (n — k) matrix on the right
upper corner of A. These entries are dij + Zﬁ xfori=1,...,kandj=k+1,...,n From
ajj = 0, for1 < i < j < k, it follows that Zg x = 0. So, the enties of the matrix are
Sij = Miwjj + ajjA; = A, wherei =1,...k, j = k+1,...,n. Hence, A = /.

Conversely, it is easily checked that the matrix ¢ is a left semicentral idempo-

XY
tent. Let X € Miy, Y € ka(nfk)/ and Z € M(nfk)x(nfk)' Then, >Ek =

0 Z
XA XMA N o (XY ), [ MXAe AXAA
0 0 0 Z 0 0

Since the matrix Ay is a left semicentral idempotent of Ty (S), it follows that ¢ is a left
semicentral idempotent of Ty (S), and the result follows. [

The number k, 1 < k < 1, in Theorem 5 is a type of the left semicentral idempotent
;.. For a fixed k, the set of all left semicentral idempotent matrices of the type k is denoted
by ,Ck.

Remark 4. Recall that SP(S) is the set of special idempotent matrices over the semiring S.
From Theorem 5, it is easy to see that for an arbitrary number, k, 1 < k < n, it follows that

SP(S)N Ly = 0. Therefore, SP(S) N L(Tx(S)) = 0.
Proposition 15. The set Ly is a subsemigroup of L( Ty (S)) with an identity.

Proof. Let /; with the diagonal entries Ay, ..., A; € £(S) and ¢} with the diagonal entries
AL, .., AL € L(S) be left semicentral idempotents of the same type. It is easy to verify that

)\1)\’1 cee 0 )L1)L/10é1 k+1 )\1)\10&171

0d 0 MAL AMrrr o M
ke = 0 .- 0 0 . 0
0 0 0 0
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Thus, for a fixed k, 1 < k < n, the set £ is a noncommutative semigroup. It is easy to

I, A
k ), where [} = Zi-;l e

verify that the identity element of £ is the matrix 1£ =
0 0

and A € ka(n—k)<s)' O

The matrix 1£ is called a monic left semicentral idempotent of the type k.

In the papers [13,14], the author considered some properties of monic semicentral
idempotents.

Note that £} = Enlﬁ, where ¢, = diag(Aq,...,Ay), for1 <k <n-—1.

Remark 5. Let k,1 < k < n —1 be a fixed number and A,B € My, (,_y)(S). The matrices

0 0 0 0

easy to see that £ 4 ~,, £p. Thus, 1£ is an equivalence class under the relation ~.

I, A Iy B . . . . .
by = ( K ) and lp = ( K > are monic left semicentral idempotent matrices. It is

For right semicentral idempotent triangular matrices, we prove a result quite similar
to Theorem 5.

Theorem 6. Each right semicentral idempotent triangular n X n matrix over an additively idem-
0 A%y
0 9y

diag(pp—ki1,---,0n), pi € R(S), fori=n—k+1,...,n,0i41 =pji=n—k+1,...,n—1,
and A = (ajj) € M(_gyxx fork =1,...,n —1, or is of the form r, = diag(p1,...,pn), where
pi € R(S)fori=1,...nand pjy1 = pifori=1,...,n—1.

potent semiring, S, without zero divisors is of the form ry = ( ) where Ry =

Proof. Again using Lemma 1, we obtain that diagonal entries of the right semicentral
idempotent matrix R are right semicentral idempotents of S. From the notations in (2) and
from (3), it follows that

pr o S+ Xy e SpH Xhe oo Syt Xk

s | O Pr—1 Sk vt Okein T Xgogx
o - 0 Pk EEE W '
0o ... 0 0 On

where p; € R(S), fori =1,...n,is a right semicentral idempotent matrix and &;,, + }_/" *,
1 <i <k < m < n,isjust the (i, m)-entry of the matrix from (3) for e; = p;.

Since RXR = MRX for every triangular matrix, X, we can choose X = e;_1, where
er_1k is a matrix unit for 1 < k < n.

We obtain RX = (51k—1 + Zlf_l *)elk + -+ pr_16r_1x and

k=1 k-1
RXR = (51 -1+ ) *)pkelk + <5lk1 +) *) Okk+1€1k+17F
1 1

k—1 n
+oet (51k1+2*) <5kn+2*>e1n+~~+
1 k

n
+0k-10k€k—1k T Pk—10kk+1€k—1k+1 + * + Pr—1 <5kn +) *) €k—1n-
k
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By comparing the coefficients of e;_1, we find py_10x = pr—1 thatis px = px_1 (see
(5)). Therefore, oy = 01 = -+ = p1.
Also, we have that

1

k-1 k— n
<5lk1 +) *) Okk+1 =0, (51k1 +) *) <5kn + 2*) =0,...,
1 1 k

n
k

Since p; = p; for i < j, it follows that 6;; = p;a;; + piaijp; + aijp; = piij + aijp;.

Then, if p <i < j, we have p,d;; = ppaj.

From p_1 (6, + Xf *) = 0, it follows that py_qa;; =0for 1 <k <i<j<n.

Now, for X = ey, we have RX = ((51k + le‘ *)elk + -+ Op_1kek_1k + pxexk and
then obtain

k k
RXR = (51k +) *) Preik + <5lk +) *) Okk+1€1k41+
1 1
k n
+ot [ S+ Y | (G o e+ o+
1 k
n
+ 0k 1 kPkCk—1k + Ok—1kOkk+1Ck—1 k11 + - T F—1k | Ohn + 3% |€x—1n+
k

n
+prek + PkOkk1€kk+1+ -+ Pk <5kn +) *) Ckn-
k

It is easy to see that (51k + Z}{ *)Pk = + Z’{ *,...,0k_1kPk = Ox_1k are identities.
It follows that

k k n
<5lk+z*>5kk+l =0,..., <§1k+z*> (fskn +Z*> =0,...,0—1k0%k+1 =0,
1 1 k

n n
---;5k—1k<5kn+z*> =0,...,060kk41 20,--.,Pk<5kn+2*> =0.
k k

Now, prdxx+1 = 0 implies that pragryq = O0forall1 < k < n — 1. Thus, if p; # 0, we
have a1, = 0, and from pqa;; = 0,1 < i < j < n—1, we obtain that pja;; = 0 for all i < j.
Therefore, R = r, = diag(p1,-..,0n)-

Letpy =+ =p,x =0and p, ;1 # 0. As shown above, it follows that a;; = 0 for
aln—k+1<i<j<n.

Sinceéij =0forl <i<j<n-—kandalsoforn—k+1<1i < j < n,itfollows
that the (i, j)-entries, where 1 <i <n—kand n —k+ 1 < j < n, of the matrix are equal:
dij = wjjp;. Hence, R = ry.

Conversely, by the same reasoning as in the proof of Theorem 5, we check that r; is a
right semicentral idempotent matrix, and the proof is completed. [J

The number k, 1 < k < n, in Theorem 6 is called a type of the right semicentral
idempotent ry. For a fixed k, the set of all right semicentral idempotent matrices of the type
k is denoted by Ry.

As in Remark 3, it follows that SP(S) N R(T,(S)) = 0.

Proposition 16. The set Ry is a subsemigroup of R (T, (S)) with an identity.
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Proof. The proof is similar to that of Proposition 15. [

A
The identity element of Ry is the matrix 1} = 0 ), where I, _j,1 =

0 In7k+1
Yty kp16iand A € M,k (S). This matrix is called a monic right semicentral idempo-
tent of the type k. In a similar way to in Remark 5, it follows that 1} is an equivalence class
under the relation ~ .

Remark 6. In spite of some evident similarities with semicentral idempotent matrices over a ring,
there is a significant difference. All non-diagonal left and right semicentral idempotent matrices
over an additively idempotent semiring are singular.

I A
0 I
main diagonal and an arbitrary matrix, A € My, ), in the right upper corner. Then,

Further, we construct the matrix 1%}{ =1+ 1£ = with only ones on the

it follows that 1]&{ is a Jordan semicentral idempotent for k = 1,...,n — 1 (see Section 3).

In—m
0

= 1]&(. These semicentral idempotents are called monic

A
Similarly, the matrix 1, = I+ 1}, = < I ) is a Jordan semicentral idempotent
m

form=1,...,n—1. Then, 14"7,{
Jordan semicentral idempotent matrices.

Remark 7. (i) Assume that k, where 1 <k < n — 1is a fixed integer and A, B € My, (,x)(S).

. I, A I, B . .
Now, the matrices 14 = k and jp = k are monic Jordan semicentral
0 I« 0 I«

idempotent matrices.
Let X € My, Y € ka(nfk) and Z € M(nfk)x(nfk)'

. XY X Y+ AZ XY X XB+Y
We obtain j 4 = and B =
0 Z 0 z 0 Z 0 V4
and then XY n XY [ X XB+Y+AZ '\ XY
a0 2z oz )%~ o z “ Mo oz )P

Therefore, 14 ~ |p.
(ii) There are no monic Jordan semicentral idempotent matrices that are special idempotent matrices.

The next result shows that there are other Jordan semicentral idempotents.

Proposition17. Ifj; € J(S),i=1,...,nand j; = j fori < k, the matrix A = diag(j1,...,Jn)
is a Jordan semicentral idempotent.

Proof. Let X = (xj) € T,(S). Then, it follows that AX = (j;x;x), XA = (xjJx) and
AXA = (]ixik]k). Since jixikJk = JiXik + XixJx for any i < k, we have AXA = AX+ XA. O

Remark 8. The monic Jordan semicentral idempotent matrices and diagonal matrices considered

I, 0 B
p
in the last proposition are particular cases of the matrices | 0 C 0 |, wherel, = Zle eii,
0 0 I
q

I, = E;’:n,qﬂ eii, B € Mpx4(S), and C = diag(]pﬂ,...,]n,q), where ; € J(S), i =
p+1,...,n—q,and j; = jx fori < k. When p = q = 0, the matrix is diagonal, and when
n = p + q, all the diagonal entries of the matrix are ones. The proof of this fact is routine.

In the next example, we describe idempotents of certain triangular matrix semirings.
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Example 3. Let B = ({0, 1}, +,.) be a Boolean semiring. We present all idempotents as well as
left (right and Jordan) semicentral idempotents, roots of idempotent matrices, and nilpotent matrices
in the semiring T,,(B) forn = 2 and n = 3.

The matrices 10 and 1 are left semicentral idempotents, 00 and
00 00 01

0

1 ) . . . 1 1. .
0 1 ) are right semicentral idempotent matrices, and 01 )57 Jordan semicentral

. . . 0o 11Y\. . o . .
idempotent matrix. The matrix 00 |5 nilpotent. The identity matrix and the zero matrix

can be considered a Jordan semicentral idempotent and nilpotent matrix, respectively.

Let ejj = lore; = 0fori,j =1,...,n withi < j. Then, every matrix of T, (B) has
the form (ei]'). For n = 3, it is easy to verify that the matrices {1 = e11 + €10e12 + €13€13 and
Uy = {1 + ey + en3en3 are left semicentral idempotents. Therefore, we obtain 12 left semicentral
idempotent matrices.

Similarly, the right semicentral idempotents are r1 = e33 + €x3€03 + €13€13 and rp = 11 +
exn + e1pe1p. The Jordan semicentral idempotents are j = I + p = I 4 e1pe1p + €13€13 + €23€23.
Thus, we obtain 32 semicentral idempotent matrices.

From Proposition 3, we find that ryly = ey + e12e12 + €13€13 + €23€03 are idempotents.
Since ¢1r1 < 11, from Proposition 3 again, we obtain that {1 ory = e11 + e1pe1n + €13€13 +
€23€03 + es3 are idempotent matrices. Therefore, we find 16 idempotent matrices that are not
semicentral idempotents.

It is easy to see that e1pe1p + €13€13 + €23€03 are strictly nilpotent matrices.

All other matrices are square roots of semicentral idempotents. Thus, e11 + €10e12 + €13€13 +
ep3 are roots of £1 and esz + €323 + €13e13 + e1p are roots of ry.

5. Application A: Decomposition of Idempotent Triangular Matrices into
Semicentral Idempotents

Example 4. In Example 1, we obtain that all idempotent 2 x 2 matrices over S are E(e1,e;) =

< e1  ejayp +ejngper + &z

0 ), where eq,ep, 012 € S, and e1 and ey are idempotents.
e

. . . . 1 « .
Let us consider the monic left semicentral idempotent 1{ = ( 0 (1)2 > and the monic right
. . 0 K12
semicentral idempotent 1} = o 1 )
Then, we construct new idempotents as follows: Ef = diag(e;, ep) 1§ = 601 6100412 ) and

0 o 0 0
E{ + Ef + E{E} = E{ o E!.

0 0
E] = 1] diag(ey, e2) = ( 1262 > Then, E{E} = ( e1i12e2 ) Therefore, E(e1, ) =

) ) 1 « . .
We can now state another representation. The matrix 1 = ( 0 12 ) is a monic Jordan
: . . . e ex
semicentral idempotent. We construct the matrices Eileﬂ = diag(ey,e2) V = 5 1712 > and
€
BT = 1 diag(e1, e2) = 101222 ) s, we have BTt/ — €1 €1812€2
! ' 0 €2 ’ ! ! 0 e

and then it follows that E(eq,e;) = ]5]1left + E]1right + E{MtE]lright = E{Mt o Ejlright.
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Example 5. In Example 2, we find that all idempotent matrices of T5(S) are matrices of the
e O12 013+ 012013

form E(E],Ez, 63) = 0 e 623 , where (Si]' = ejn;j + ejjjej + xjjej, e, jj € S,
0 0 €3
i,j=1,2,3,i<j,and elz =e;.
1 ap a3 1 0 ag
The matrices 1= 0 0 0 and15=| 0 1 ay | aremonicleft semicentral
0 0 O 0 0 O
0 0 ag 0 app a3
idempotents. The matrices1] = | 0 0 ap3 |andly,=| 0 1 0 are monic right
0 0 1 0 0 1

semicentral idempotents, where a1y, w13, 03 € S.
€1 112 €113

Now, we can construct Ef = diag(ey, ez, €3) 1{ = 0 0 0 and Eﬁ =
0 0 0
(4] 0 €113 0 0 1363
diag(ey, ez, €3) 1% = | 0 e e |. Similarly, E] = 1] diag(e1, ez, e3) = 0 0 Kr3e3
0 0 0
0 apex wizes 0 6’1“1262 62061363 )
and Ej, = 1} diag(ej,e2,e3) = | 0 e 0 . Then, Eng =10
0 0 es 0
0 0 €113€3
and EéE{ =1 0 0 eyases |.Allthesematrices are idempotents.
00 0
er o2 d13 er 0 413
Next, let Ay = E{oE, = | 0 e 0 |andAy =ES0E; = | 0 e & |,
0 0 €3 0 0 €3
er 612 13
which are also idempotents. Then, we have Ay + Ay = 0 e do3 = A and, from
0 0 e3

Theorem 2, it follows that E(eq,e,e3) = (A1 + Ag)?.
There is another way of describing the idempotent matrix E(eq, ea, e3). It is easy to see that
(E{ o E5)(ES o Ef) + (E5 © ET)(Ef o E5) = E(e1, €2, €3).

1 a;p ag3
From the monic Jordan semicentral idempotent 1;1 = 0 1 0 , we construct
0 O 1
eft €1 e11p  e1413 e €1 Q1262 &13€3 left 1 iaht
ES=( 0 e 0 and E"'8" =1 0 e 0 . Then, E,*"E/"'8" =
0 A by Th
0 0 es 0 0 e3
€1 €112  €1413€3 ot e
]le jright
0 e 0 . Therefore, E 0y © E 3 =A;.
0 0 €3
) 1 0 n13
Similarly, E{lleft o Eilnght = A,, where 1]r1 = 0 1 aps is another monic Jordan
00 1

semicentral idempotent. Thus, we can represent E(eq, ey, e3) only by the monic Jordan semicen-
tral idempotents.
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Theorem 7. Let E(ey, ..., e,) be an arbitrary idempotent triangular n X n matrix over an addi-
tively idempotent semiring. Then,

n—1 n—1
E(er,...,en) = (Z E,{oE;_k> , (6)
k=1
where Ef = diag(ey, ..., en) 1£ and E] _, =1/ _, diag(ey,...,en), k=1,...,n—1

L A

Proof. We know that 1¢ =
k 0 0

), where I, = Zi‘(:l i and A € My, () (S)-

E, EA

0 0 , where E; = diag(ey,...,e). Similarly, from 1/ , =

Then, E,f = <

0 A . 0 AE,_
< 0 I, >, where I, = Y1, ¢, it follows that E] |, = ( 0 Enn_kk ), where

: . 0 E.AE,_
E, i = diag(exy1,...,en). Now, we find ELET | = ( 0 k 0 n—k ) and E'  Ef = 0.
Then, Ay = Ef o Ej_, = I+ Dy, where I is the identity matrix and Dy = (¢;j),
i=1,...,kj=k+1,...,n
Consequently,

n—1 n—1
Y EfoE, =Y A=A
k=1 k=1

and by Theorem 2 and Corollary 1, the result follows. [

In a particular case when E(ey, ..., e,) = diag(ey,...,e,), the formula in Theorem 7
is an identity. In order to represent the diagonal matrix E(ey,...,e,) by left and right
semicentral idempotents, we prove the next result.

Corollary 3. The matrix E(ey, ..., e,) = diag(ey, ..., en) can be presented in the form
< 14 14
Y ey i1 =erplio--oell i 150 oenrily.
i=1

T 1¢
n—i+1-i’/
where all entries of these semicentral idempotents over the main diagonal are zeroes. Note

that 17, = 14 = I. Since el i 1¢ are orthogonal idempotents, the sum is equal to a

diamond composition on the right side. [J

Proof. It follows that the matrix unite;, i = 1,...,n, can be presented in the form 1

From the proof of Theorem 7, we obtain a new equality, similar to (6).

Corollary 4. Let E(ey, ..., e,) be an arbitrary idempotent triangular n x n matrix over an addi-
tively idempotent semiring. Then,

n—1 n—1
E(ey,...,en) = (Z E;koEink> ,
k=1

where Eék = diag(ey, . ..,en)ljzk, Einfk = 1£117kdiag(el, coen) fork=1,...,n—1.
Proof. From Section 4, we know that 1]ék = I+ 1£ and 1]rn7k = I+ 1 _, where

k=1,...,n—1 are monic Jordan semicentral idempotents. Both matrices are equal to
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Infk
is in the right upper corner.

I A
< (;( ) , which has only ones on the main diagonal and a matrix, A € M, (,_¢)(S),

E. EA
Under the notations in the proof of Theorem 7, it follows that Efzk = Ok E k ) ,
n—k

gl = B ARk ) nap g = B BARk )
n—k 0 En—k O " Tn—k 0 En—k

Hence, E]fk o Ein_k = Ay, and the result follows. [

6. Application B: Decomposition of Strictly Upper Triangular Matrices
into Semicentral Idempotents

Note that strictly upper triangular matrices (i.e., those with zeroes on the main diago-
nal) over an additively idempotent semiring, S, form a subsemiring of T;(S).

The following reasonings are very similar to those in [14,25] for triangular matrices
over a ring.

By NT,(S), we denote the ring of strictly upper triangular (or nil-triangular) n x n
matrices over the additively idempotent semiring S.

Example 6. Let A € NT,(S). Then, it follows that

AZOazla 0021511'
0 0 0 0 0 1

Let A € NT5(S). As in the proof of Proposition 2.7 (cf. [25]), it follows that

0 aip ai13 1 0 ais 0 aip 0
A= 0 0 as3 = 01 a3 0 0 0 =
0 0 O 00 O 0 0 1
1 ain 0 0 0 0 1 arn 0
=10 0 o 010 |=10 0 0|1
0 0 1 0 01 0 0 1
1 aip 0 0 00
On the other hand, for 1{ = 0 0 O and 1] = 0 0 0 |, weobtain that
0 0 O 0 0 1
1 aip 0
1{1{ = 0, which implies that 1{ ol = 1{ +1i =1 0 0 0 |. Therefore, A = 15(1{ +
0 0 1

1)1,

Theorem 8. Let S be an additively idempotent semirimg, n € N, and A a strictly upper triangular

n x n matrix over S. Then,
n—1 ’
A=T] (1;17171( + 1£), @)

k=0
where 16 =15=0.

Proof. We can show that

A_[BCY_(l C B0\ _ B 0
0 0 0 0 0 1 =0 1)
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where B € NT,,_1(S) and C € M(,,_1)x1(S)-

If B = [ B, where By € Tr,,_1(S), then ( g (1) ) = Hk< f;)k (1) )

The proof proceeds by induction on n. By 1£(p) (resp., 1;(p)) we denote a left (resp.,
right) semicentral idempotent p x p matrix wherep =2,...,n — 1.

For n = 3, using the first part of Example 4, we obtain

8 ﬂ(l)z Zz :1§(3)< 1{(2)011(2) (1J > _ 5(3)< 1¢(2) 0 ) ( 12) 0 ) _
0 0 0

, 0 00 3
:1€<3><11(2) 0>+ 0 0 0 |13) = 4G)0(3) + 13193 =TT (1 1)
0 0 1 =

We assume that B = HZ;S <1£_2_k(n 1)+ 13 (n - 1)) Then, we find

n—2 14 n— "(n — n—2
( ](3) (1) ) _ H( Lo il 1())+1k( b (1) ) = H(lﬁ_z—k(”)‘f‘l@l(”))'

k=0 k=0

Hence, A =1¢_,(n) HZ;S (1£_2_k(n) + 154 (n)) 17 _,(n), which gives the desired conclu-
sion.

7. Application C: Decomposition of Unitriangular Matrices into
Semicentral Idempotents

Recall that a matrix is called unitriangular if it is upper triangular and has only ones
on the main diagonal. Each unitriangular matrix has the form I 4+ A, where I is an identity
matrix and A is a strictly upper triangular matrix. It is easy to see that unitriangular
matrices over an additively idempotent semiring, S, form a subsemiring of T, (S).

First, let us consider the representation of a unitriangular idempotent matrix by left
and semicentral idempotents. As a consequence of Theorem 7, we have the following.

Proposition 18. Let U be a unitriangular idempotent n X n matrix over an additively idempotent

ne
semiring. Then, U = (22;11 1£ o 1}’1_,()

For some unitriangular idempotent matrices, which are “near” to the identity matrix,
the representation by semicentral idempotents takes an especially simple form.

Proposition 19. Let U = (ai]-) € Tu(S), where a; = 1, aj = Oforalli,j=1,...,ni<]j
except a;iy1 if i is an odd integer, and S be an additively idempotent semiring. Then, U =

Yis (1£ ° 1Z—k)~

Proof. It is enough to show that U is an idempotent matrix, and foreachk =1,...,n —1,
the matrix 1][{' o1, contains a k x (1 — k) matrix which is a submatrix of U with all entries
being zeroes except ay .1 if k is an odd integer. O

The next example elucidates that there are unitriangular idempotent matrices repre-
sented only by a diamond composition of left and right semicentral idempotents.
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Example 7. Let A = (a;j) where a;; € S is a unitriangular idempotent 4 x 4 matrix. Let

1 = ( IS ]g >, where I, = YX_ e, B = (aij) € My (a—k)(S), and B is a submatrix of

A, be a monic left semicentral idempotent for k = 1,2,3. Let 1} , = ( 8 IC >, where
4—k

Iy = Z?:kﬂ eij and C = (aj;) € My_)«x(S) and C is a submatrix of A, be a monic right
semicentral idempotent for k = 1,2,3. Then, we have

A=(1501}) 0 (1501h) 0 (1] 0 15).

Next, we study the notion of a diamond composition of the arbitrary triangular
matrices A and B. Thus, A¢B = A + B + AB is neither an idempotent matrix nor a
nilpotent matrix.

Now, for the arbitrary triangular matrices A and B, it is easy to obtain that
(I+A)o(I+ B) =1+ (Ao B), where I is the identity matrix. Consequently, the semiring
of unitriangular matrices is closed under a diamond composition.

By induction (and using the associativity of a diamond composition), it follows that
Ok(I+ Ag) = I + Ay, where Ay are arbitrary triangular matrices.

In the text between Remark 5 and Remark 6, we find, for Jordan semicentral idempo-
tents, that 1]&’7’( =1+ 1f1—k and 1],k =I1+1;.

Therefore, it follows that 12“7,( o 1]rk =1+ 1fsz ©1j which implies that Oz;ll (1]&14( o 1]rk) =
1+ 012 (1 017).

Theorem 9. Let S be an additively idempotent semirimg, n € N, and U a unitriangular n X n
matrix over S. Then,

U=01= (Vo 1) = 04t (1), o 1) ®)

Proof. Let A be the strictly upper triangular matrix from Theorem 8. The sum of each two
corresponding (with the same number) entries on the main diagonals of the matrices 1°_,
and 1} is 1. The sum of all left and all right semicentral idempotent matrices (from the
representation of A in Theorem 8) contains all entries of A. Moreover, the product 1f17 lx
is a submatrix of A (using the reasoning in Section 4 before Lemma 1). Then, we have

Lo (o) = 1+ 4.
On the other hand, any product, HZ:p (1£_k o 1,2), 0 < p <q < n-—1,isasubmatrix
of I + A. Consequently, U =+ A = { -] <1fl_k o 12) =] (1]&[7}( o 17,k). O

From the proof of the last theorem, we have the following.
Corollary 5. Let 1fl_k and 1} fork = 1,...,n — 1be left and right semicentral idempotent matrices.

Let all these semicentral idempotents be submatrices of the unitriangular matrix A = (a;;) € Ty(S).
Then,

Zz_i (1fz_k ¢ 12) - :ﬁ <1ﬁ—k © 172) = 0ia (1fl—k 0 12)-

D. I Vladeva (see [26]) considered derivations of the semirings of triangular Toeplitz
n X n matrices over an additively idempotent semiring. For basic facts and many applica-
tions of Toeplitz matrices, we refer the reader to R. Gray (see [27]). Note that any triangular
Toeplitz n x n matrix (or diagonal-constant matrix) depends only on the entries a5, ..., a1,
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placed on the diagonals of the matrix. As a consequence of the last theorem and (8), we
obtain the following.

Corollary 6. Let A = (a;j) € Tu(S) be a Toeplitz matrix, where S is an additively idempotent
semiring. If a11 is a unit of S, then A = ayq Oz;ll <1fl_k o 12)

8. Application D: Nil-Clean Triangular Matrices—Decomposition into
Semicentral Idempotents

A classical definition of W. K. Nicholson (see [28,29]) says that a ring, R, is clean
if every element of R can be written as a sum of an idempotent and a unit. Using this
notion, A.J. Diesl, in [24], introduced nil-clean rings as rings in which every element can be
written as the sum of an idempotent and a nilpotent. Diesl’s work caught the attention of a
number of mathematicians, and in the past ten years, there have been many investigations
concerning variants of nil-clean rings (see [30-32]). Inspired by these articles, we introduce
a nil-clean additively idempotent semiring as a semiring in which every element can be
written as the sum of an idempotent and a nilpotent.

Since the sum of two elements, a4 and b, in an additively idempotent semiring is
max{a, b}, we need an example of a nil-clean semiring.

Example 8. We consider the finite set C, = {0,1,...,n — 1} and define x \V y = max{x,y},
where x,y € Cy. Thus, (Cy, V) is a join-semilattice or a commutative idempotent semigroup.
The map « : C,, — Cy is called an endomorphism of the finite chain C, if a(x V y) = a(x) V a(y).
The set of endomorphisms with a fixed point, 0, is a semiring, denoted by Eés), with respect to the
addition and multiplication defined by the following:

(a+B)(x) = a(x) V B(x) and (aB)(x) = B(a(x)), where x € Cy and o, B € Eé(:).

We denote by (0,1,...,n—1) and by (0,0,...,0) the identity and the zero ofgég), respec-
tively. For more information regarding endomorphism semirings, the reader is referred to [17].
In [17], as well as in [18], we consider a semiring which is a subsemiring of the endomorphism
semiring & (S), consisting of the endomorphisms « such that a(k) < k for all k € C,. As this
semiring is associated with Catalan numbers, we call it the Catalan endomorphism semiring and
denote it by CAT . We note the following properties:

(i) For an arbitrary o« € CAT y, it follows that « < (0,1,...,n —1), where CAT ,, is an
)

incline (see [33]). It can be easily checked that this is the maximal subsemiring of £ (S , which is
an incline.

(ii) The order of CAT y is the n-th Catalan number C,. (For the definition and properties of
Catalan numbers, the reader is referred to [34].)

(iii) The nilpotent endomorphisms of 5((32) are the endomorphisms a such that o« =
(0,0,...,0) for some positive integer, m, and they also have the property a(k) < k for all k € Cy,.
The set of nilpotent endomorphisms is an ideal of CAT ,, of the order of the (n — 1)-th Catalan
number C,,_1.

Now, consider an arbitrary endomorphism, « € CAT . If a has no fixed points, it follows that
a(k) < k for all k € Cy,. Consequently, a is a nilpotent. Since « = a + (0,0, ...,0), we have that
« is a sum of an idempotent and nilpotent.

Let k be the lowest number which is a fixed point of x. We consider the following possibilities.

Case 1. Let k = 1. Assume thatky =k =1 < ky < - -+ < ks are all fixed points of x. Now,
ifx € Chand 1 < x < ky, then a(x) = 1. Similarly, if ks_1 < x < ks, then a(x) = kgs_1.

Case 1.1. If ks = n — 1, then « is an idempotent. It is reasonable to assume that n > 3. Then,
the endomorphism (0, ...,0,1) is a nilpotent. Now, from &« = a + (0,...,0,1), we have that a is a
sum of an idempotent and nilpotent.
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Case 1.2. Let ks < n— 1. If a(x) = ks for all x such that ks < x < n — 1, then « is an
idempotent. Assume that for some x, ks < x < n —1, we have a(x) = p < x where p # ks.
Now, we construct a new endomorphism, B, such that B(x) = 0 forall x, 0 < x < k,, and
B(x) = a(x) for x such that ks < x < n — 1. Then, B is a nilpotent. Additionally, we constrict
an endomorphism, vy, such that «y(x) = a(x) for all x, such that 0 < x < ks and y(x) = ks for x,
ks < x <mn—1. Consequently, <y is an idempotent. It is easy to see that & =  + .

Case 2. Let k, where k > 1, be the smallest fixed point of a. Then, forall x, 1 < x <k —1,
we have a(x) < x. Let a(k — 1) = p < k — 1. Now, we construct an endomorphism, B, such that
B(x) = a(x) forall x,0 < x < k—1,and B(x) = p forall x, k < x < n—1. Since B has no
fixed points, it is a nilpotent. Assume that ky =k < kp < --- < ks are all fixed points of «. Now,
for x such that k < x < ky, we have a(x) = k. Similarly, if ks_1 < x < ks, then a(x) = ks_1.

Case 2.1. Let ks = n — 1. We construct an endomorphism, -y, where y(x) = 0 fOr all x
such that 0 < x < k—1and y(x) = a(x) for x, k < x < n — 1. Then, vy is an idempotent and
&= pB+1.

Case 2.2. Let ks < n — 1. We construct an endomorphism, B, such that p(x) = a(x) for all x,
0<x<k—1pB(x)=ak—1)forall x, k < x < ks, and B(x) = a(x) forall x, ks < x <n—1.
Since B has no fixed points, it is a nilpotent. Finally, we construct an endomorphism, -y, such that
y(x) = 0 forall x such that 0 < x < k—1, y(x) = a(x), for x, k < x < ks, and y(x) = ks for
all x, such that ks < x < n — 1. Then, vy is an idempotent and « = B + vy. Consequently, we prove
that CAT y, is a nil-clean semiring.

Remark 9. In the example above, we write &« = « + v, where v is a nilpotent element, for each
idempotent «. We call this representation trivial. Are there nontrivial representations in the
following sense: ey = e 4 n, where e; and e are idempotents, e # ey, and n is a nilpotent element?

In order to find such a representation, we consider an additive idempotent semiring, S, where ¢
(resp., v) is a left (resp., right) semicentral idempotent. Assume (as in Section 2) that v¢ = 0. Then,
Lr is a nilpotent element and 1 + Cr, £ 4 £r and r + Ur are nil-clean elements. It is easy to see that
1+ ¢r, £ + Ly and r + Cr are idempotents (moreover, 1 + {r is a Jordan semicentral idempotent; see
Proposition 4). But, the subsemiring of S, generated by £ and r with the property r{ = 0, is not
a nil-clean semiring. It is interesting to know if there is a nil-clean semiring with the nontrivial
representation of all idempotent elements. Such a nil-clean semiring will be considered in the remark
after Proposition 22.

The next result shows why the notion of a nil-clean semiring is relevant to the study
of triangular matrices.

Proposition 20. The semiring Ty (S) is nil-clean, provided that S is a nil-clean semiring.

Proof. Let A € T,(S), where S is a nil-clean semiring. Then, A = (g;; + 77;;), where ¢;;
is an idempotent and 1ij is a nilpotent element fori,j = 1,...,n,i < j. It follows that
A = E+ N, where E = diag(e11,...,€um), and N = (ﬂij) + E;, where E; = (81']') is a strictly
upper triangular matrix. Since E is an idempotent matrix and N is a nilpotent matrix, it
follows that T}, (S) is a nil-clean semiring. [

In the next result, we represent a triangular matrix over a nil-clean semiring by left
and right monic semicentral idempotent matrices.

Proposition 21. Let A € T,(S) where S is a nil-clean semiring. Then, there are the matrices
B,C € Ty(S), such that we have the following:
(i) A=B+C;

(i) B=Y1", Sii1;7i+1lf, where €;; are idempotents of S;
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(iii) C™ = HZ;& (1ﬁ717k + 1;() for some positive integer, m.

Proof. By the last proposition, it follows that A = B + C, where B is an idempotent diagonal

matrix and C is a nilpotent matrix. Using Corollary 11, we have that B = }_I' ; ;17 +1li€
where ¢;; are its diagonal elements.
Since diagonal entries of C are nilpotent elements, there is a positive integer, say, m,

such that (according to Theorem 8 and (7)) C" = H’,:;é (1fl—1—k + 12) O

It is important to know if there are nil-clean triangular matrices over S and which
entries are not nil-clean elements of S. In a similar vein, J. Ster (see [35]) has shown that
M,,(R) is a nil-clean ring if R is a Boolean ring.

Note that in Example 3, we describe all matrices of T3(B), where B is the Boolean
semiring, as follows: left, right, and Jordan semicentral idempotents, idempotents which
are not semicentral, and strictly upper and square roots of semicentral idempotent matrices.

Proposition 22. The semiring T, (B) is nil-clean where B is the Boolean semiring.
Proof. The proof is straightforward. [

Remark 10. Every idempotent matrix, A € T,,(B), is a sum of its main diagonal, which is also an
idempotent matrix and strictly upper matrix consisting of all entries over the main diagonal of A.
Therefore, there is a nontrivial representation of A in the sense of Remark 8.

Now, we represent a matrix in T, (B) by semicentral idempotent matrices.

Proposition 23. Let A € T,,(B), where B is the Boolean semiring. Then,

n—1
A=enTil] + o el 10+ +emd (10 + [ (1 + 1),
k=0
whereejj =1ore; =0fori=1,...,n

Proof. The proof is similar to that of Proposition 20. [

By the same reasoning, we prove the next result.

Proposition 24. Let Sy be a nil-clean subsemiring of T,,(S) where S is an additively idempotent
semiring. Then, for every matrix, A € Sy, there are B, C € S such that we have the following:

(i) A=B+C.

(ii) B is an idempotent matrix with the diagonal entries ¢;,i =1,...,n, and
B= (Sl EfoE, ) ' EC= diag(en, ..., en) 1L ET_, = 17 diag(er, ..., ),
k=1,...,n—1.

(iii) C" = H;Zé (1ﬁ717k + 1{{) for some positive integer, m.

There are enough nil-clean subsemirings of T,(S). Since every semicentral (not nec-
essarily monic) idempotent matrix is nil-clean, we can add to such matrices an arbitrarily
strictly upper matrix. Now, the matrices 1£ + Ny and 1}, + Ny, where Ni and N, are strictly
upper, are nil-clean matrices. It is easy to see that these matrices form a semiring.

9. Conclusions

In this paper, we obtain the explicit form of an arbitrary idempotent triangular matrix
over an additively idempotent semiring. The explicit forms of left and right semicentral
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idempotents are given. A new type of semicentral idempotent, called Jordan, is studied.
A diamond composition of two idempotent matrices is defined, which plays an important
role in decompositions of many triangular matrices.

We consider this paper as a step towards the construction of a linear algebra on
additively idempotent semirings, generalizing the idea of well-known max-algebra.
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