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Abstract: Fuzzy matrices play a crucial role in fuzzy logic and fuzzy systems. This paper
investigates the problem of supervised learning fuzzy matrices through sample pairs of
input–output fuzzy vectors, where the fuzzy matrix inference mechanism is based on the
max–min composition method. We propose an optimization approach based on stochastic
gradient descent (SGD), which defines an objective function by using the mean squared
error and incorporates constraints on the matrix elements (ensuring they take values
within the interval [0, 1]). To address the non-smoothness of the max–min composition
rule, a modified smoothing function for max–min is employed, ensuring stability during
optimization. The experimental results demonstrate that the proposed method achieves
high learning accuracy and convergence across multiple randomly generated input–output
vector samples.

Keywords: fuzzy set; fuzzy matrix; supervised learning; stochastic gradient descent;
decision making

MSC: 15B15

1. Introduction
Fuzzy set theory, introduced by Zadeh in 1965 [1,2], has become a useful mathematical

framework for handling uncertainty and imprecision in various scientific and engineer-
ing fields. It extends classical set theory by allowing the membership of elements in a
set to be represented by degrees between 0 and 1, rather than just binary membership
(0 or 1). This makes fuzzy set theory a powerful tool for modeling and reasoning under
vagueness that is used in many real-world problems, including artificial intelligence [3,4],
decision making [5,6], and data mining [7,8]. Within these fields, fuzzy matrices serve as
a fundamental tool in fuzzy logic systems. They are typically employed to represent the
relationships between various elements in a fuzzy system, where each element corresponds
to a degree of membership or a fuzzy value. Fuzzy matrices can be used for tasks such as
fuzzy inference, decision making, and optimization. The traditional approach to construct-
ing fuzzy matrices has been largely dependent on expert knowledge, human intuition,
and heuristic rules that reflect the domain-specific characteristics of the problem. For
example, in applications like fuzzy model checking [9–13], the fuzzy matrix is often crafted
manually, based on insights from experts in the respective field. However, this manual
construction process is not without challenges: It is time-consuming, highly subjective,
and tends toward inaccuracies, particularly in complex or unfamiliar domains. Moreover,
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expert knowledge may be scarce or unavailable, further complicating the construction of
robust fuzzy systems.

As the field of data science has evolved, there has been a growing interest in using data-
driven techniques to overcome the limitations of manual construction. The use of machine
learning algorithms to automatically learn fuzzy matrices from data offers an alternative,
allowing for the creation of more efficient and accurate fuzzy systems. This paradigm shift,
from expert-driven to data-driven approaches, has the potential to significantly enhance
the performance and applicability of fuzzy reasoning systems.

1.1. Motivations

The learning of fuzzy matrices has become a hot research topic, with applications
emerging in various fields. For example, self-learning fuzzy discrete event systems based
on external sensor variables [14,15] and self-learning modeling in possibility theory-based
model checking [16] have been explored. These methods rely on supervised learning
techniques, where input–output datasets are used to adjust the elements of the fuzzy matrix.
One of the challenges in learning fuzzy matrices is dealing with non-smooth operations. In
fuzzy reasoning systems, the max–min and max–product composition rules are the most
commonly used inference mechanisms, involving taking the maximum of the minimum
values between corresponding elements of the input and the matrix. This operation is
non-differentiable, posing difficulties for various optimization methods. Previous work on
learning fuzzy matrices has been based on the max–product composition method, which
only requires smoothing the max operation. A substantial body of research has focused on
methods for smoothing the max function [17,18]. However, the learning of fuzzy matrices
for the max–min composition method has not been studied.

To fill this gap, we propose a supervised learning algorithm based on stochastic
gradient descent (SGD) for learning fuzzy matrices in the max–min composition method.
This algorithm optimizes a loss function that reflects the error between the predicted output
and the target output based on input–output fuzzy vector pairs, allowing the fuzzy matrix
to quickly converge to its true value. The simulation results show that the proposed
learning algorithm exhibits good convergence performance toward the true value of the
fuzzy matrix. The data-driven, automated process for learning fuzzy matrices will lead to
more accurate, consistent, and scalable fuzzy systems, particularly in applications where
expert knowledge is unavailable or difficult to obtain.

1.2. Structure of This Paper

The structure of this paper is as follows: Section 2 reviews the related theoretical
foundations of the fuzzy matrix. Section 3 describes the proposed fuzzy matrix learning al-
gorithm in detail. Section 4 presents the experimental setup. Section 5 shows the results and
analysis. Section 6 concludes the paper and discusses potential future research directions.

2. Fuzzy Reasoning Model
Fuzzy reasoning models are widely used in situations where the relationships between

variables are uncertain, imprecise, or vague. In many real-world applications, the exact
values of input and output variables may not be known with certainty, and traditional
binary logic is inadequate to handle the gradations of truth that exist in such systems.
Fuzzy logic provides a more flexible framework, allowing for reasoning with degrees of
truth rather than just true or false values. One of the key components of a fuzzy logic
system is the fuzzy reasoning model, which helps infer outputs based on fuzzy inputs
and predefined relationships. The model operates on fuzzy matrices, which represent the
fuzzy relationships between input and output dimensions. By utilizing fuzzy inference
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rules, it can process uncertain or imprecise information and generate outputs that reflect
the inherent vagueness of the system.

A fuzzy reasoning model is a n × n fuzzy matrix P:

P =


p11 · · · p1n

...
. . .

...
pn1 · · · pnn

, (1)

where each element pij represents the fuzzy relationship between the i-th input dimension
and the j-th output dimension.

Given an input fuzzy vector s = [s1, s2, . . . , sn], the output fuzzy vector
t = [t1, t2, . . . , tn] is computed using the max–min composition rule (denoted by a symbol
“◦”) as follows:

tj = max
k=1,2,··· ,n

[min(sk, pkj)], ∀j = 1, 2, . . . , n. (2)

This formula indicates that for each output dimension j, the output tj is the maximum of
the minimum values between the elements of the input vector s and the corresponding
elements of the fuzzy matrix pkj. This method is a classic fuzzy reasoning method, widely
used to make inferences under uncertainty and vagueness.

For example, let s be an input fuzzy vector and P be a fuzzy matrix:

s = [0.8, 0.5], P =

[
0.7 0.4
0.5 0.6

]
. (3)

The t = [t1, t2] = s ◦ P is calculated as follows:

t1 = max[min(0.8, 0.7), min(0.5, 0.5)] = 0.7, (4)

t2 = max[min(0.8, 0.4), min(0.5, 0.6)] = 0.5. (5)

Thus, the resulting output vector t = [0.7, 0.5].
This example illustrates how the max–min composition rule works: For each output

dimension, the output value is determined by the maximum of the minimum values
computed between the input vector and the corresponding column in the fuzzy matrix. This
method is one of the fundamental techniques used in fuzzy reasoning and is particularly
useful in situations where inputs are uncertain or imprecise, and we need to make decisions
based on fuzzy relationships.

3. Learning Algorithm for Fuzzy Matrix
In real-world applications, Ptrue is an unknown fuzzy inference model, and we only

have input–output sample pairs to learn the unknown Ptrue. The learned Ptrue is then
applied in the inference model: Given an input vector and Ptrue, we obtain the output
vector for decision making and control. In the simulation testing of this paper, to generalize
our algorithm, we do not use actual datasets to obtain Ptrue. Instead, we randomly generate
a Ptrue as the true Ptrue, which is used to generate input–output vector sample pairs. These
sample pairs are then used to supervise the learning of Ptrue. The learned Ptrue is compared
with the randomly generated Ptrue to verify the performance of the algorithm.

Suppose R sample pairs {(si, ti)}R
i=1 are available. We want to use them to learn all

elements pij of the fuzzy matrix P based on max–min rules. Figure 1 shows the summary
of learning algorithm for fuzzy matrix. To measure the discrepancy between the predicted
value t̂ and the target value t, we adopt the mean squared error (MSE) as the objective
function. The objective function is optimized by calculating the average of the squared
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differences between the predicted and target values. Specifically, the loss function is defined
as follows:

L :=
1
2
∥t̂ − t∥2 =

1
2

n

∑
k=1

(t̂k − tk)
2, (6)

where t̂ is the predicted value obtained using the fuzzy matrix P and input fuzzy vector s,
and t is the target value of the sample. By minimizing this loss function, we can learn the
optimal fuzzy matrix P. Since P is a n × n fuzzy matrix, n2 parameters need to be learned
by using objective function L.

Figure 1. Configuration of fuzzy matrix learning model.

Gradient Calculation and Optimization

Due to the non-smoothness of the fuzzy max–min composition operation, calculating
the gradient of the elements of fuzzy matrix is more complex. To address this, we used
a revised exponential penalty function to approximate the fuzzy max–min function in
Equation (2) for the purpose of accurate learning, i.e.,

tj =
n∨

k=1

(sk ∧ pkj) ≈ τ ln
n

∑
k=1

[
exp(

−sk
τ

) + exp(
−pkj

τ
)

]−1

, (7)

where constant τ > 0 is a hyperparameter determining the accuracy of approximation [19,20].
Figure 2 shows the approximation curves for τ = 0.01, τ = 0.1, and n = 15. In this

case, the matrix P and the vector s are both randomly generated. As observed from the
figure, the smaller the value of τ, the more accurate the approximation.

This observation highlights the trade-off between computational complexity and
approximation accuracy. A smaller τ often results in better precision but may require more
computational effort to achieve convergence, as the optimization process becomes more
sensitive to small changes in the parameters.

On the basis of the principle of gradient decent learning,

pnew
ij = pij − η

∂L
∂pij

, (8)

where η is the learning rate, controlling the step size of each update. The superscript “new”
is used to indicate the new value of the parameter pij after it has been updated in one
iteration of learning.
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Figure 2. Max–min fuzzy function vs smoothed approximation (τ = 0.01, 0.1).

To ensure that all elements of the matrix remain within the valid range for a fuzzy
matrix, the fuzzy matrix P is projected onto the interval [0, 1] after each update; then, we
have a new learning equation:

pnew
ij = max

[
0, min

(
1, pij − η

∂L
∂pij

)]
. (9)

In this way, the fuzzy matrix P is progressively optimized to predict the output more accurately.
Based on Equation (9), we have

∂L
∂pij

=
n

∑
k=1

∂L
∂tk

∂tk
∂pij

=
∂L
∂tj

∂tj

∂pij
(10)

and
∂L
∂tj

= t̂j − tj. (11)

To compute the partial derivative of the function

tj = τ ln
n

∑
k=1

[
exp

(
−sk

τ

)
+ exp

(−pkj

τ

)]−1

, (12)

with respect to pij. Rewriting the function, we define

gk = exp
(
−sk

τ

)
+ exp

(−pkj

τ

)
; (13)

then, the function becomes

tj = τ ln
n

∑
k=1

g−1
k . (14)

Using the chain rule,

∂tj

∂pij
= τ · 1

∑n
k=1 g−1

k

·
∂ ∑n

k=1 g−1
k

∂pij
. (15)
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First, compute the derivative of g−1
k :

∂g−1
k

∂pij
= −g−2

k · ∂gk
∂pij

. (16)

For gk, only the term where k = i depends on pij is used. Thus,

∂gk
∂pij

=

− 1
τ exp

(−pij
τ

)
, if k = i,

0, if k ̸= i.
(17)

When k = i, the contribution to ∂ ∑n
k=1 g−1

k
∂pij

is

∂ ∑n
k=1 g−1

k
∂pij

= g−2
i · 1

τ
exp

(−pij

τ

)
, (18)

where gi = exp
(
−si
τ

)
+ exp

(−pij
τ

)
.

Substitute this into the chain rule:

∂tj

∂pij
= τ · 1

∑n
k=1 g−1

k

·
(

g−2
i · 1

τ
exp

(−pij

τ

))
=

1

∑n
k=1 g−1

k

· 1
g2

i
· exp

(−pij

τ

) (19)

Simplify the following expression:

∂L
∂pij

=
(t̂j − tj) · exp

(−pij
τ

)
[
exp

(
−si
τ

)
+ exp

(−pij
τ

)]2
· ∑n

k=1

[
exp

(
−sk

τ

)
+ exp

(−pkj
τ

)]−1 . (20)

The complete learning algorithm workflow is as follows: Initialize the fuzzy matrix
P with random values or 0.5. For each sample pair (si, ti), compute the predicted value t̂i

using the max–min composition rule. Compute the loss function and its gradient. Update
P, and project it into the range [0, 1]. Repeat steps until the convergence condition is met.

4. Simulation Settings
The goal of the experimental section is to evaluate the performance of the proposed

fuzzy matrix learning algorithm. In this section, we describe the experimental setup, includ-
ing data generation, evaluation metrics, baseline methods, and results. We programmed a
program in MATLAB (version 2021b) to achieve the learning algorithm and to generate the
sample pairs required to evaluate the learning performance. We have made the MATLAB
codes open source for this paper.

4.1. Data Generation

For the experiments, we generate R random sample pairs (si, ti), where each input
sample si and its corresponding output ti are fuzzy vectors of size n, and their elements
are drawn from the interval [0, 1]. The inputs si are randomly generated as n-dimensional
vectors, with each component si[k] sampled independently from an uniform distribution
in [0, 1]. The output vectors ti are generated by applying a true fuzzy matrix Ptrue to each
input vector si through the max–min composition rule described earlier: ti = si ◦ Ptrue, i.e.,

ti[j] = max
k

min(si[k], Ptrue[k, j]), ∀j = 1, . . . , n, (21)
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where Ptrue is a randomly generated fuzzy matrix, and the resulting output vectors ti

represent the true output corresponding to each input vector si. The number of samples R
is varied to assess the impact of dataset size on the learning process.

4.2. Evaluation Metrics

To assess the performance of the proposed learning algorithm, we use two primary
evaluation metrics:

• Mean Squared Error (MSE): The MSE is calculated between the predicted outputs t̂i

and the true outputs ti over all samples. This metric quantifies the average squared
difference between the predicted and target values and serves as a measure of the
accuracy of the learned fuzzy matrix.

MSE =
1

nR

R

∑
i=1

∥t̂i − ti∥2. (22)

• Matrix Reconstruction Error (MRE): This metric evaluates how well the learned fuzzy
matrix Plearned approximates the true fuzzy matrix Ptrue. It is calculated as the Frobe-
nius norm of the difference between the true matrix and the learned matrix:

MRE = ∥Plearned − Ptrue∥F, (23)

where ∥ · ∥F represents the Frobenius norm, which sums the squared differences of all
corresponding elements of the two matrices. Concretely, ∥A∥F =

√
∑m

i=1 ∑n
j=1 |aij|2,

where aij is the element in row i and column j of the matrix A. The smaller the value,
the closer the learned matrix P is to the true matrix Ptrue.

These metrics allow for a comprehensive assessment of both the accuracy of the output
prediction and the quality of the learned fuzzy matrix.

5. Experimental Results and Analysis
The learning algorithms derived from the mentioned theories seem feasible but require

computer simulations to evaluate their performance. Similar to other iterative optimization
problems, the learning efficiency of the fuzzy matrix depends on various factors, including
initial conditions, learning rates, sample sizes, and the number of epochs. The simulations
conducted in this study are inherently abstract and not associated with any specific fuzzy
system, yet they remain suitable for evaluating learning performance. Since this represents
the inaugural proposal of a learning algorithm within the context of possibilistic model
checking, conducting a comparative analysis is neither feasible nor supported. The results
show the convergence behavior of the proposed algorithm. This indicates that the algorithm
converges to a stable solution after a relatively small number of iterations, demonstrating
the efficiency of the SGD approach.

5.1. Learning Performance Evaluation

We first choose to test the learning of a 3 × 3 fuzzy matrix. Therefore, there are a total
of nine parameters to be learned. The hyperparameter settings are as follows: number
of samples R = 50, learning rate η = 0.1, and gradient approximation τ = 0.01. A trial
contains 50 training epochs.

Figure 3 illustrates the learning process of each element in the fuzzy matrix. The red
dashed lines represent the true values, while the blue lines indicate the learning curves.
It can be observed that regardless of the true values of the matrix, all elements converge
to their true values within 20 epochs. Note that this performance is achieved using only
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50 samples to learn nine parameters. In fact, the number of samples can be further reduced,
but we did not explore this aspect in greater detail.

Figure 3. Learning progress of 3 × 3 fuzzy matrix.

At the end of learning, the learned fuzzy matrix Plearned is

Plearned =

0.6078 0.0329 0.7300
0.6969 0.9555 0.8951
0.2306 0.0445 0.5323

, (24)

and

Plearned − Ptrue = 1 × 10−3 ×

−0.0000 0.4183 −0.0000
−0.0000 −0.2355 −0.0000
0.0000 0.0001 0.0000

, (25)

Figure 4 shows the curve of the MSE as learning epochs. It can be observed that as the
number of epochs increases, the MSE decreases rapidly. At the end of this particular trial,
the MSE reached 4.72464 × 10−6. The trial was completed in 0.67 s.
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Figure 4. Progressive decrease in the mean squared error.

Figure 5 shows the curve of the matrix reconstruction error as learning epochs. It
can be observed that as the number of epochs increases, the matrix reconstruction error
decreases rapidly. At the end of this particular trial, the MSE reached 4.8001 × 10−4.

Figure 5. Progressive decrease in the matrix reconstruction error.

We further explored the learning performance of the 5 × 5 fuzzy matrix with the
following parameter settings: learning epochs = 100, learning rate η = 0.1, and sample
size R = 50. At the end of the learning process, the mean squared error (MSE) reached
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9.25065 × 10−6, and the MRE was 0.507827. The learning curves of the matrix are shown in
Figure 6.

Figure 6. Learning progress of 5 × 5 fuzzy matrix.

From Figure 6, it can be observed that with the sample size fixed and the number of
parameters to learn increasing to 25, the majority of parameters (20/25) quickly approach
their true values. However, a few parameters fail to reach their true values, even when
the MSE is sufficiently small and converged. This phenomenon is noteworthy and can be
attributed to the fact that, under the max–min composition operation, the fuzzy matrix is
not a one-to-one function but a one-to-many function. Consequently, a single set of samples
may correspond to multiple optimal fuzzy matrices.

To address this issue, increasing the sample size can help reduce the parameter ambi-
guity. Subsequently, we further investigated the impact of different sample sizes on the
reconstruction error of fuzzy matrices across varying dimensions. We plotted the 3D sur-
faces showing the variation of the mean squared error and reconstruction error with respect
to the matrix dimension n (n = 3, 5, 10, 15, and 20) and sample size R (R = 10, 50, 100, 200,
and 500), as shown in Figures 7 and 8. Note that each data point represents a test set.
The plane between data points is color-filled to better observe the trends between matrix
dimensions, sample size, and MSE/MRE. The color blocks represent the predicted rela-
tionship plane, while the intersection lines between color blocks indicate the predicted
relationship curves.
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Figure 7. The MSE varies with matrix dimension n and sample size R.

Figure 8. The reconstruction error varies with matrix dimension n and sample size R.

From Figure 7, it can be observed that for fuzzy matrices of any dimension, the MSE
decreases significantly as the sample size R increases. However, for the same sample size,
higher-dimensional matrices (larger n) generally result in higher MSE values. Figure 8 illus-
trates the variation of the reconstruction error (Frobenius norm) with the matrix dimension
n and sample size R. For lower-dimensional matrices, increasing the sample size R can
substantially reduce the reconstruction error. However, for higher-dimensional matrices,
significantly more samples are required to achieve a low reconstruction error; otherwise,
the algorithm may experience a saturation effect.

We did not further investigate the specific number of samples required to noticeably
reduce the reconstruction error when learning high-dimensional fuzzy matrices. as this
goes beyond the scope of this study and is a time-consuming process.
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In fact, Figures 7 and 8 reflect the strong stability of the proposed learning algorithm.
Figures 7 and 8 illustrate the relationship between the number of samples, matrix dimen-
sions, and MSE/MRE, respectively. It can be observed that for these tests, the proposed
algorithm consistently exhibits a low MSE and MRE.

5.2. Robustness Test

To test the robustness of the proposed algorithm, we introduce varying levels of noise
into the input data. Noise is added to the input vectors si by randomly perturbing their
elements with values drawn from a uniform distribution in the interval [0, δ], where δ

represents the noise level and δ = 0, 0.02, 0.05, 0.08, and 0.1. The algorithm is then trained
on this noisy data, and its performance is evaluated using the same metrics (MSE and MRE).

As shown in Figures 9 and 10, even with a noise level of 0.1 (allowing an error of 0.1),
the reconstruction error is only 0.035 at the end of the training. The MSE increases as the
noise level increases. It is noteworthy that, at a noise level of 0.1, the final MSE is only 0.02.
Therefore, the proposed algorithm exhibits strong stability and generalization capabilities
under different noise levels. Even as the noise level increases, the algorithm maintains a
low MSE and matrix reconstruction error, demonstrating its robustness to noisy data.

Figure 9. MRE over epochs for different noise levels.

Figure 10. MSE over epochs for different noise levels.

We did not pursue potentially better results, as the current results sufficiently validate
the theoretical framework and demonstrate the learning performance of the proposed
algorithms. The algorithm exhibits good convergence properties, robustness to noise, and
strong generalization capabilities. It is worth noting that the learned model parameters are
locally optimal rather than globally optimal. In fact, achieving optimal values (true values)
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for all parameters is highly challenging. Due to the nature of the max–min composition rule
in fuzzy matrices, which is essentially a one-to-many function, the output is not unique.
Therefore, under the max–min composition rule, multiple optimal fuzzy matrices can exist
for the same set of samples. As a result, even if some parameters do not exactly reach their
true values, we still consider the solution to be optimal.

The MATLAB program ran on a PC that was equipped with an Intel Xeon(R) E5-2680
v4 2.40 GHz CPU, 128 GB RAM, and the 64-bit Windows 10 operating system.

6. Conclusions
This paper proposes a stochastic gradient descent-based fuzzy matrix learning method

using input–output vectors, filling the gap in fuzzy matrix learning under the max–min
fuzzy composition rule. First, we introduce a smoothing function to approximate the
max–min function. Then, based on the stochastic gradient descent optimization method,
we derive the learning algorithm. Finally, we conduct a performance analysis of the
proposed algorithm. The simulation results demonstrate that the learning algorithm
achieves high accuracy and rapidly converges to its true values. Moreover, the algorithm
exhibits strong robustness, as it can still quickly converge to values near the true ones under
noise interference.

Future work will focus on three aspects: first, validation and application on real-world
datasets, for example, applications in the control and decision making of fuzzy discrete
event systems based on external variables [14,15], as well as self-learning modeling in pos-
sibilistic model checking [16]. Second, an important research direction is how input–output
vectors can be obtained through external variables, for instance, connecting input-output
vectors to external sensor variables using Gaussian membership functions, deriving the
corresponding learning algorithm, and analyzing its learning performance. Addition-
ally, extending this method to other fuzzy reasoning mechanisms is also an important
research direction.
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