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Abstract: This paper proposes a variable selection method for a semiparametric varying
coefficient spatial autoregressive panel model with fixed effects based on a penalized
profile quasi-likelihood method, which can simultaneously select significant variables in
parametric components and nonparametric components without estimating fixed effects.
With an appropriate selection of the tuning parameters and some mild assumptions, the
consistency of this procedure and the oracle property of the obtained estimators are es-
tablished. Then, we conduct some Monte Carlo simulations to assess the finite sample
performance of the proposed variable selection method, and finally, we analyze a real
dataset for further illustration.
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1. Introduction

Recently, there has been a surge in focus on spatial panel data model research. These
models not only account for the spatial interdependencies of economic phenomena but
also allow investigators to manage the unobservable heterogeneity among geographical
units [1-5]. The basic spatial panel model is specified as follows:

N
Vit = po Y wijyjt + XjBo+ poi + € i=1,2,... , N;t =1,2,...,T, (1)

j=1
where {y;;, X;;} represents the observations of an individual i in period t, wj; denotes
the spatial weight between an individual i and j, y(; denotes the unobserved and time-
invariant individual effect, €; denotes random disturbance, and {pop, Bo} denotes the
unknown true parameter value. However, model (1) adopts a linear specification and
conducting parametric statistical inference inherently requires a set of model assumptions,
with linearity serving as one of the most practical options. Despite their robust theoretical
foundations, linear models frequently fall short in practical applications. Furthermore,
when a linear model is misspecified with respect to the data analysis process, it may result
in significant modeling biases and misleading conclusions. Therefore, more flexible spatial
panel models are required. Ai and Zhang [6] extended model (1) to a partially linear spatial
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panel model with fixed effects by adding an unknown function, and they proposed a sieve
two-stage least squares regression to consistently estimate their model. Zhang and Sun [7]
considered a partially specified dynamic spatial panel model, which takes into account past
information of the dependent variable. Furthermore, a model known as the semiparametric
varying coefficient spatial autoregressive (hereafter, SVCSAR) panel model, which strikes
a balance between flexibility and interpretability, is being popularly studied; see [8,9] for
more details. The model is specified as follows:

N
Yie = po Y_ wiiyjr + X Bo + Zieo(ui) + poi +€ir,i = 1,2,...,N;t =1,2,...,T, (2)
j=1

where {y;;, ujs, Xit, Zis } represents the observations of an individual 7 in period t. g (u)
is a vector of unknown functions. Model (2) is a general model that can be reduced to
some existing panel models. For instance, if pg = 0, this model is reduced to the varying
coefficient panel model studied by [10-13]. If pg = 0 and By = 0, this model is reduced
to a varying coefficient panel model [14]. If o (-) = 0, this model generalizes the spatial
autoregressive panel model [5]. Moreover, if pg = 0, Bp = 0 and «a((-) = 0, this model
becomes the classical panel model. However, while model (2) can be reduced to various
panel models, it also increases the risk of model misspecification in practical applications.
Specifying the model form becomes an inevitable issue, which is equivalent to detecting
the zero components of {po, Bo, &o(-)}. In other words, a variable selection method for
model (2) is required. Additionally, when the number of covariates in model (2) is large,
selecting important variables is also a purpose of the variable selection method.

Variable selection constitutes a crucial aspect of contemporary statistical inference.
Over the years, numerous variable selection techniques have emerged for parametric mod-
els. LASSO [15], SCAD [16], and ALASSO [17] are the most popular methods among them.
Based on those methods, variable selection methods for nonparametric or semiparametric
models have been established in recent years. Wang et al. [18] considered variable selection
for varying coefficient models using the SCAD penalty. Li and Liang [19] utilized the SCAD
penalty to identify significant variables within the parametric components of a semipara-
metric varying coefficient partially linear model. Wang et al. [20] and Zhao and Xue [21]
presented a variable selection procedure by combining basis function approximations with
SCAD penalty for semiparametric varying coefficient partially linear models. The proposed
procedure simultaneously selects significant variables in parametric components and non-
parametric components. Tian et al. [22] introduced a novel method for variable selection,
which integrates basis function approximations with quadratic inference functions. This
approach enables the simultaneous identification of significant variables in both parametric
and nonparametric components. For further development of the variable selection methods
for nonparametric or semiparametric models, see [23-26], among others. However, there
are few studies on the variable selection of panel model (2), in which spatial components
and nonparametric components are simultaneously included.

In this paper, we propose a variable selection procedure for model (2). In order to
avoid incidental parameter problems [27] brought by unknown fixed effects, this variable
selection procedure combines a profile quasi-likelihood method with the basis function
approximation and SCAD penalty to achieve estimation and variable selection simultane-
ously. The proposed procedure can shrink the spatial, linear, and functional coefficients of
irrelevant covariates automatically to achieve variable selection. Moreover, by selecting
appropriate tuning parameters, we demonstrate the consistency of our variable selection
method. The regression coefficient estimators exhibit the oracle property, which implies
that the nonparametric component estimators converge optimally, while the parametric
component estimators share the same asymptotic behavior as those derived from the true
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submodel. This suggests that our penalized estimators perform as effectively as if the true
zero coefficients were known. Compared with Liu et al. [28] and Xie et al. [29], we consider
panel data and varying coefficient components. In comparison, although Luo and Wu [30]
took into account variable selection for the SVCSAR model, the model they analyzed was
confined to cross-sectional data. Furthermore, they only selected parametric coefficients.
However, our method enables the simultaneous selection of significant variables in both
parametric and nonparametric components under panel data.

The rest of this paper is structured as follows. In Section 2, we introduce a variable
selection process designed for the SVCSAR panel model with fixed effects. In Section 3,
we establish the asymptotic properties of the resulting estimators. In Section 4, we detail
the computational steps for obtaining these estimators and discuss the selection of tuning
parameters. In Section 5, we conduct simulations to assess the performance of our method
with finite samples. Additionally, in Section 6, we provide a real-data analysis to further
demonstrate the application of our proposed methodology. Finally, in Section 7, we con-
clude the article with a concise discussion. All technical proofs supporting the asymptotic
results are included in the Appendix A.

2. Penalized Profile Quasi-Likelihood Method

We first consider the SVCSAR panel model described in (2). Specifically, y;
and u; are scalars, while Xj; is a p x 1 vector and Z;; is a g X 1 vector, respectively;
Bo = (Bo1, Boz,---, ﬁop)T is an unknown vector that reflects the linear effect of X;; on
yit, and it is assumed that only a subset of its elements are non-zero. Without loss
of generality, we assume that the first s elements specifically are non-zero. ap(u) =
(wor(u), ..., aop(u),. .., aoq(u))T is a vector of unknown functions. Similarly, we assume
that the first d function is non-zero. €;; is an i.i.d. disturbance with zero mean and finite un-
known variance o3; thus, {02, po, Bo, &0, Ho1, - - -, fon } are unknown components. Next, we
show a penalized quasi-likelihood method that can skip the estimation of yg;(i =1,...,N)
and shrink the remaining estimators.

Let n = NxT,Y, = (Y ,....Y,....Y))" with ¥} = (yi5,...,yne) S Wi =
It ® Wy, where “®” demotes the Kronecker product symbol and It denotes a T-
dimensional identity matrix; X, = (X{,..., X],..., X[)" with X; = (Xq4,..., Xnt)T Ag =
(Aglf . ’Agt’ . ,AgT)T with Ay = (thao(ult), . ,Zf\]tao(uw))f; V, = (Vf, ceey VtT, ey
Vi)" with Vi = (e1p,...,ene)% po = (Mo1, - Hon)™ denotes the fixed effects vector;
D, = 11 ® Iy, where i1 represents a T-dimensional vector with all 1. Then, the model (2)
can be expressed in matrix form:

Y, = poW,. Yy, + X Bo + Ag + Duprg + Vi, 3)

where E(V,) = 0,var(V,) = 02I,. Thus, the unknown parametric component is
(02,00, Bo, #o), and the unknown nonparametric component is ag ().

Let 0 = (02,0, B7)7, 60 = (03,00, B5)7, and My (p) = I, — pW, for any p and M, =
M, (po). Subsequently, we suggest optimizing the log-Gaussian quasi-likelihood, following
the approach taken by [31,32], and the log-Gaussian quasi-likelihood of (3) is

InL(6, 1, a(u)) = — g In27 — g Ino? + In | My (p)|

4)

1 (
- E(M" (0)Yn — XuB — A — Dupt)" (M (p)Yn — Xu — A — Dupr),

where A = (A],...,A,... ,A%)T, Ay = [ZTa(uy),.. .,ZIT\]toc(uNt)]T, and a(u) =

(a1 (), ..., aq(u)]". When maximizing Equation (4), we encounter two main challenges:

(i) Directly estimating pg can lead to the incidental parameter problem [27], especially when
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InL(6,p,7)

#o becomes high-dimensional as N increases. (ii) Estimating «( is difficult due to its infinite
dimensionality. To address these issues, we follow the approach in Tian et al. [32] and let

B(u) = (By(u), Ba(u), ..., By, 4141 (1))

denote a vector comprising normalized B-spline basis functions of order I with K,
internal knots. Subsequently, we approximate agc(u#) as a linear combination of
By(u),Ba(u),..., Bk, +1+1(u), ie., age(u) =~ BT (u)yy for k = 1,2,...,q. Consequently,
mode (3) can be written as follows:

Y, ~ POWnYn + Xnﬁo + Suyo + Dupo + Vi, (5)

where S, = (S,...,SF,...,S0)%, S = [(I; ® B(u1t))Zas, ..., (I; @ B(unt)) Znt], and
Yo= (V1 'ySq)T. The log-Gaussian quasi-likelihood of (5) is

= "o —2me? +1n|M,(p)|
21 2 ©)
- ﬁ(Mn(P)Yn — XuB — Sny — Dupt)" (M (0)Yn — X — Sny — Dupt).
To avoid the incidental parameter problem [27] caused by u, we first concentrate y out
and obtain the profile quasi-likelihood. Let # = (6%, ")". For given #, from (6), we derive

i(n) = (D;EDn)_lD;E(Mn(P)Yn — XuB — Sny)
and substitute this into (6). Then,

InLy(y) = — =27 — = Ino? + In My (p)]
2 2 %

1
- ﬁ(Mn(P)Yn = XnB — Sny) Jn(Mu(0)Yn — Xu — Suy),
where J,, = (I, — Q)" (I, — Q) and Q,, = D,(D}D,,)~'D}.

Inspired by the concept of variable selection in semiparametric varying coefficient
partially linear models [21], we introduce a penalized profile quasi-likelihood function
defined as follows:

p+2 q

Qu(n) =InLy(y) —n ; P, (16]) = nk_Zl Pag, (BT C)vell), ®)

]

where || B¥(-)yt|| = ([ (BT (u)vk)?du)'/?, and p,(-) is a SCAD penalty function [16] de-
fined by
A—w)
! = < (517* >

ph(w) A{I(w <A)+ =R I(w>A)s,
witha > 2,w > 0 and p,(0) = 0. Throughout this paper, we adopt the suggestion
by Fan and Li [16] that the choice of 2 = 3.7 performs well in a variety of situations.
The tuning parameter A can be different for all §; and B™(-)y,. Note that ||BT(-)vx|| =
(J(B™(u)yk)?du)'/? = (yfHy)? = |vllu, where H = [ B(u)B™(u)du. Then, the
penalized profile quasi-likelihood function can be written as follows:

p+2 q
Qu(y) =InLy(y) —n Y pa,, (16;1) =1 Y pay, (velle)- )
=2 k=1
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Let 7 = (8%,47)7 be the solution by maximizing (9). Then,  is the penalized profile
quasi-likelihood estimator (penalized profile QMLE) of 6, and the estimator of a;(u) can be
obtained by ay (1) = B (u)4. Next, we study the asymptotic properties of the resulting
penalized profile likelihood estimators. Without loss of generality, we assume that 6p; = 0
forj =s+1,...,p+2, with the remaining Boj (j = 1,...,s) being the non-zero compo-
nents of ). Similarly, we assume that ag,(-) = 0fork = d+1,...,q and that the ap(-),
(k=1,...,d) constitute all the non-zero components of ().

3. Asymptotic Results

Denote G, = W, M,; 1 R, = G, (XnBo + Ao + Dppo). The following assumptions are
necessary prior to establishing the asymptotic properties.

Cl  Tis finite and greater than 2, and N is large.

C2  The disturbances {e;} fori =1,2,...,nand t = 1,2,..., T are independently and
identically distributed with zero mean, and the finite variance is 0. Additionally, for
some v > 0, E|e;|*1? exists.

C3  The entries {w;;} of Wy satisfy w;; = 0 and w;; = O(1/hy), where h,/n — 0 as
n — oo,

C4  The matrix My, (p) is nonsingular for all p in a compact parameter space A. The
sequences {M, !(p)} are uniformly bounded in either row or column sums for all
p € A. The true py is in the interior of A.

C5 The sequences of matrices {W; } and {M,; !} are uniformly bounded in both row
and column sumes.

C6 The elements of X, and S, are uniformly bounded for all n, and the limit
limy, 00 171 (X4, S, Ry)*Ju (X, Sn, Ryy) exists and is nonsingular.

C7  There exists a constant A, such that A I, — I',I'] is positive and semidefinite for all
n, whereI';, = R,;, X;, Gy;.

C8  The limits limy_,oo E[n~19%In L, (y7) /95057 exist.

C9  Third derivatives 9°In L, (1) / (077;017;91) exist for all 57 in an open set H that con-
tains the parameter point 7. Furthermore, there exist functions M;j, such that
|03 In L (1) / (9n;9n;91;)| < Mj for all 7 € H, where E(M;j) < oo for i, j, k.

C10 Fork =1...q, ax(u) € C'(0,1), where r > 2. The distribution of u; is absolutely
continuous, and its density is bound away from zero and infinity on [0, 1].

Cl1 Let m,...,mk, denote the interior knots within the interval [0,1] and 7y = 0,
nig,+1 = 1. Define ¢; = m; — m_1. There exists a constant C, such that
max ¢;/ min o; < C and max{g;} = o(K;!).

C12 The knot number K, is assumed to satisfy K,, = anlﬁ.

C13  Let by = max;i{py, (160j). P, (Iv0kllm) : 160j 7# O, [0kl # O} Then, by — 0, as
n — oo,

Cl4 j=s+1,...,pk=d+1,...,q liminf,Hcoliminfgjﬁ(yr )\Z*jlpﬁ\zj(\ﬂﬂ) > 0 and

lim infy 0 liminf|j, -0+ )\;P;\M(H'YOkHH) > 0 hold.

Remark 1. C1I excludes the scene where T approaches infinity. Essentially, this assumption implies
a setting (large N, small T) aligning with many spatial data studies. Conversely, the scenarios
in which only T increases indefinitely and where both N and T go to infinity closely resemble the
scenario where only N goes to infinity. C2 is needed to apply the central limit theorem in Kelejian
and Prucha [33]. C3—C5 are analogous to Assumption 2 in Lee [31], which focuses on the properties
of the spatial weight matrix W, and is essential for the identifiability of p. Specifically, A = (—1,1)
when W, satisfies Z}“zl wi; = 1 for all i. C6-C9 are applied for asymptotic normality of the
profile QMLE. C10—C12 facilitate achieving the optimal convergence rate for iy (u). He et al. [34]
suggested that cubic B-splines are adequate for accurately approximating nonparametric functions,
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with the number of interior knots set to the integer part of n'/>. Meanwhile, C13 and C14 present
assumptions about the penalty function, which are comparable to those utilized in [16,18,19].

Due to the projection matrix J;;, a portion of the degrees of freedom is lost; therefore,
the estimator 62 derived from (9) is not a consistent estimator of (75. A correction is needed.
Let o2 = (T —1)02/T, 01 = (02,00, BY)* and 57 = (6%, 4§)7. Under the assumptions, the
subsequent theorem establishes the consistency property of the penalized profile QMLE.

Theorem 1. Suppose that Assumptions C1-C12 hold; then, we can have

() — ()| = Op (=@ 4 a) k=1,...,4,

where a, = man,k{P/A]j(|90j|)fP’Azk(H’YOkHH) 2 |60j| # O, |lvokllm # 0}.

Furthermore, under some conditions, we show that such consistent estimators must
possess the sparsity property, which is stated as follows.

Theorem 2. Suppose that Assumptions C1-C14 hold, and let Amax = max;i{A1j, Ay } and
Amin = ming i {A1j, Age }- If Amax — 0and n'/ @A L — coas n — oo, then, with probability
tending to 1, B and &(-) must satisfy

A

(i) ﬁ]'ZO,jZS—i-l,...,p.
(i) &()=0k=d+1,...,4.

According to Remark 1 in Fan and Li [16], if Apax — 0 as n — oo, then a, = 0. Conse-
quently, based on Theorems 1 and 2, it becomes evident that by selecting appropriate tuning
parameters, our variable selection approach is consistent. Furthermore, the estimators
of the nonparametric components attain the optimal convergence rate as if the subset of
true zero coefficients were already known [35]. Subsequently, we will demonstrate that
the estimators for the non-zero coefficients in the parametric components share the same
asymptotic distribution as those derived from the correct submodel. Let 6 = (él, cery @S)T,
0% = (611, ...,075)7, where the following result states the asymptotic normality of .

Theorem 3. Suppose that Assumptions C1-C14 and the conditions in Theorem 2 hold, then
V(6 —85) — N(O, 7Ti : {7+ ¥ - 223;(2;)11”5]01}),

where Q, ¥, X7, Ly, are defined in the Appendix A.

4. Some Issues in Practice

In the practical situation, we have to choose the proper tuning parameters (A1, A;) and
provide an effective calculation algorithm. In this section, we discuss these practical issues.

4.1. Selection of Tuning Parameters

The tuning parameters Aq;’s and Ay;’s should be chosen. In practice, we suggest taking
Mj= A/ |,B](.0)| and Ay = Ay / ||'y]£0) |i, and the pair (A1, Ay) is derived by minimizing the
following BIC-type criterion:

BIC(/\],)Q) = _ZlnL"(ﬁ/\L)\z) —|—de1,,\2 X Inn,

where 7], 1, is the ] derived for given A1, A5, and df,, A, is the number of non-zero elements
of both @ and (|91 |7, - - -, 194 =)
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4.2. Computational Algorithm

Given that Q, () is not differentiable at the origin, the standard gradient method
cannot be employed. Therefore, we have devised an iterative algorithm that relies on a
local quadratic approximation of the penalty function p, (-), similar to the approach taken
by Fan and Li [16]. Let

dinL
) = 2,
C(y) = diagd 0 ph, (6D P, U ph (i) Pho, (74ll7)
B N 1 2113 S [ Al

U(n) =T(n)y,

B azlnLn(q)
Z(n) = W

Then, a feasible algorithm is as follows:
Step1 Initialize ().
Step2  Update 5"+ = 5" — [Z(4™)) + T (™))" £ (5™) — U (™).
Step 3  Iterate Step 2 until convergence, and denote the final estimators as the penalized
profile quasi-likelihood estimators.

The initial value ;%) in Step 1 is obtained from the profile QMLE, i.e., dIn L, (%)) /a5 = 0.

5. Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to assess the finite sample perfor-
mance of our proposed method. Following the methodology employed by Li and Liang
in [19], we evaluate the estimator 8 using the generalized mean square error (GMSE), which
is defined as follows:

—_

GMSE = — (6 —07)7[(1, W, Y, X)" (1, W,)Y, X)] (6 — 7).

n
The performance of estimator &(-) is assessed using average square errors (ASE):

S

1 1. 2
ASE = {s Y ) (B (us) — aor(us)] }

s=1k=1

where us,s = 1,...,S are the grid points at which the function &(-) is evaluated. In our
simulation, S = 200 is used.

The spatial matrix is generated from the following procedure. (i) Calculate Gy =
round (N%8) as the number of “groups” and m = N°? as the average number of individuals
in each group. (ii) Generate the “group” size n; ~ Uniform(0.8m,1.2m)(i = 1,...,Gy)
and adjust n; so that it satisfies Eicle n; = N. (iii) Normalize the matrices W;(i = 1,..., Gy)
with zero for diagonal elements and 1/ (n; — 1) for other elements. (iv) Generate the final
spatial matrix Wy = diag{Wj, ..., W, }.

Data are generated from model (2), and we construct two examples to simulate
different scenarios. Example 1 is a regular example that is primarily used to verify the
asymptotic properties of penalized profile likelihood estimators. Various sample sizes,
degrees of spatial dependence, distributions of disturbances, and variances in disturbances
are considered. Example 2 focuses on examining the performance of the proposed method
in cases where the sample size is large, and the dimensions of parametric and nonparametric
components are high. Unlike Example 1, Example 2 includes covariates with AR structure
and different functions. All simulation results are obtained based on 500 repetitions.
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5.1. Example 1: Regular Scenario

Let Bo = (2,—1,05)7, ag(u) = (2sin(27ru),2cos(27tu),05)". To simulate different
spatial degrees, we choose different pg € {0,0.3,0.7}. We take two distribution settings
for e;: (i) & ~ N(0,03) and (i) &5 ~ /03 /1.5 t(6), with 0 € {1,2}. To perform this
simulation, we take the covariates X;; ~ N(0,17),Z; ~ N(0,I;) and u; ~ U(0,1). The
fixed effect pg;,i = 1,..., N is generated from U(0,1). We use the cubic B-splines in all
simulations and generate N = 30, 60; T = 10, 15, respectively.

We compare the performance of the variable selection procedure based on the SCAD
penalty (SCAD) proposed by this paper with that based on the adaptive LASSO (ALASSO)
penalty [17]. Tables 1 and 2 report the effects of variable selection under normal disturbance.
The column labeled “C” indicates the average number of true zeros correctly set to zero,
while the column labeled “I” shows the average number of true non-zeros incorrectly set
to zero. The row labeled “Oracle” refers to the oracle estimators computed using the true
model when the zero coefficients are known.

Table 1. Variable selection under €;; ~ N(0,03) in Example 1 (T = 10).

0’3 =1 g’g =2

N 00 Method @ i(") 0 &(-)
GMSE C I ASE C I GMSE C I ASE C I
30 0 SCAD 0.020 5.970 0 0.158 4.950 0 0.049 5.966 0 0.234 4.722 0
ALASSO  0.025 5.772 0 0.158 4.958 0 0.062 5.654 0 0.210 4.924 0
Oracle 0.020 6.000 0 0.155 5.000 0 0.044 6.000 0 0.207 5.000 0
0.3 SCAD 0.030 4.822 0 0.160 4.940 0 0.064 4.802 0 0.235 4.726 0
ALASSO  0.028 4.880 0 0.157 4.950 0 0.064 4.812 0 0.214 4.920 0
Oracle 0.025 5.000 0 0.156 5.000 0 0.052 5.000 0 0.206 5.000 0
0.7 SCAD 0.026 4.984 0 0.159 4.962 0 0.069 4.966 0 0.233 4.758 0
ALASSO  0.030 4916 0 0.158 4.972 0 0.081 4.828 0 0.218 4.934 0
Oracle 0.025 5.000 0 0.156 5.000 0 0.063 5.000 0 0.209 5.000 0
60 0 SCAD 0.011 5.990 0 0.128 4.992 0 0.023 5.986 0 0.160 4.826 0
ALASSO  0.014 5.834 0 0.128 4.998 0 0.032 5.742 0 0.154 4.990 0
Oracle 0.012 6.000 0 0.128 5.000 0 0.024 6.000 0 0.152 5.000 0
0.3 SCAD 0.015 4.944 0 0.129 4.980 0 0.027 4.896 0 0.162 4.778 0
ALASSO  0.016 4.958 0 0.129 5.000 0 0.030 4.906 0 0.154 4.990 0
Oracle 0.014 5.000 0 0.128 5.000 0 0.026 5.000 0 0.152 5.000 0
0.7 SCAD 0.015 4.988 0 0.129 4978 0 0.029 4.990 0 0.159 4.848 0
ALASSO  0.018 4.956 0 0.129 4.996 0 0.036 4.890 0 0.155 4.992 0
Oracle 0.015 5.000 0 0.128 5.000 0 0.029 5.000 0 0.152 5.000 0

From Tables 1 and 2, we can infer the following consequences. (i) Asn = N x T
increases, the performance of all variable selection methods, both parametric and nonpara-
metric, converges towards the oracle procedure in terms of model error and complexity.
(ii) For the parametric component, SCAD-based variable selection outperforms ALASSO-
based methods, while for the nonparametric component, the reverse is true. However,
overall, the effects of variable selection based on these two penalty functions are satisfactory
and comparable. (iii) When the true parameter pg = 0, reducing the model to a non-spatial
varying coefficient panel model, the proposed variable selection methods can accurately
identify the true model.

Table Al in Appendix B reports the effect of variable selection under t disturbance. We
can see that the conclusions drawn from Tables 1 and 2 also hold for Table A1l. Comparing
Tables 1 and 2 and Table A1, the GMSE and ASE under t disturbance are slightly larger
than those under normal disturbance, but this difference is so small that it can be ignored,
which implies the robustness of the proposed variable selection procedure.
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Table 2. Variable selection under €;; ~ N(0, 0’3) in Example 1 (T = 15).
or=1 g =2

N Po Method i(-) ] a(-)
GMSE C 1 ASE C 1 GMSE C 1 ASE C 1
30 0 SCAD 0.014 5.974 0 0.138 4.930 0 0.031 5.960 0 0.179 4.796 0
ALASSO  0.018 5.810 0 0.136 4.990 0 0.045 5.730 0 0.168 4984 0
Oracle 0.015 6.000 0 0.135 5.000 0 0.030 6.000 0 0.166 5.000 0
0.3 SCAD 0.017 4918 0 0.137 4944 0 0.038 4.874 0 0.187 4.702 0
ALASSO  0.019 4952 0 0.135 4.998 0 0.046 4.902 0 0.172 4.962 0
Oracle 0.016 5.000 0 0.135 5.000 0 0.035 5.000 0 0.168 5.000 0
0.7 SCAD 0.019 4.980 0 0.139 4.934 0 0.045 4978 0 0.185 4.740 0
ALASSO  0.023 4930 0 0.137 4988 0 0.058 4.854 0 0.172 4.964 0
Oracle 0.019 5.000 0 0.136 5.000 0 0.042 5.000 0 0.168 5.000 0
60 0 SCAD 0.011 5.994 0 0.118 4.988 0 0.018 5.984 0 0.137 4910 0
ALASSO 0.013 5.864 0 0.119 4.988 0 0.025 5.836 0 0.135 5.000 0
Oracle 0.012 6.000 0 0.118 5.000 0 0.019 6.000 0 0.134 5.000 0
0.3 SCAD 0.012 4974 0 0.119 4,994 0 0.020 4942 0 0.137 4.892 0
ALASSO 0.013 4978 0 0.119 5.000 0 0.024 4.950 0 0.136 4.996 0
Oracle 0.012 5.000 0 0.119 5.000 0 0.020 5.000 0 0.134 5.000 0
0.7 SCAD 0.013 4.998 0 0.120 4.994 0 0.022 4.996 0 0.138 4.904 0
ALASSO 0.016 4976 0 0.120 5.000 0 0.031 4954 0 0.138 4.994 0
Oracle 0.013 5.000 0 0.120 5.000 0 0.023 5.000 0 0.135 5.000 0

5.2. Example 2: High-Dimension Scenario

Let N x T = 100 x 20, Bg = (3,—1.5,2,1,04)7, and ao(u) = (2sin(27u),4u(l —
u)(u—3),In(16u% —1),01,)". The covariates (X7

it/

Z7,)" are generated from N (0, AR 5), where

1 05 --- 05%

0.5 1 ... 05%
ARO.5:

05% 05% ... 1

To save space, we only considered the case where the disturbance term follows a
normal distribution in this example. The remaining settings are identical to those in
Example 1.

Table A2 in Appendix B presents the outcomes of Example 2. As depicted in
Table A2, the proposed procedures demonstrate robust performance despite the substantial
dimensions of both the parametric and nonparametric components.

6. A Real Example

In this section, we use China’s provincial carbon emission panel dataset to illustrate
our proposed methods. The dataset contains 14 annual variables of 30 provinces in China
from 2007 to 2019. The model used is an extension of the STRIPAT model of Dietz and
Rosa [36], which is specified as

30 8 6
Iny; = po ) wijlnyy + Y Bojnxg + Y aor (i) Inzige + po; + €t (10)
j=1 j=1 k=1

fori =1,...,30;t = 1,...,13. The corresponding variables are described in Table 3.
Such a model aims to analyze the social factors that have an impact on carbon dioxide
emissions, especially the affluence factor. The spatial weight matrix Wy = wj; is specified
by contiguity rules; that is, let

o — 1, province 7 and j share the common graphic boundary
T 0, else '
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Then, adjust wj; so that the diagonal elements of Wy are 0 and the row sums are 1.
Table 3. Description of related variables.
First-Tier Indicators Second-Tier Indicators Abbreviation Symbol
Environmental impact ~ Carbon emissions per capita CE Yit
Population Urbanization rate UR Xit1
E intensit EI j
Science and technology .0 1UENSTY Yit2
R&D funding intensity RDF Xit3
. Financial Interrelation Ratio FIR Xita
Finance . . . .
Financial Efficiency FE Xit5
Transport Freight volume per capita . FV Xit6
Public transport passenger volume per capita PTPV Xit7
Ecology Percentage of forest cover PF Xitg
Energy Structure Coal consumption proportion ccr Uit
GDP per capita GDP Zirl
Fiscal revenue per capita FR Zi
Residents consumption level RCL Zi13
Affluence . . .
Disposable income per capita DI Zita
Import and export amount per capita IEA Zits
Fixed investment per capita FINV Zit6

In previous studies, the affluence factor always had significantly positive effects on
carbon dioxide emissions, and the effects were always set as a constant, see [37,38]. This
phenomenon can be described by the following mechanism: among the three major in-
dustries, the secondary industry exhibits the highest dependence on energy consumption,
followed by the tertiary industry. However, these two industries are also the pillar in-
dustries that drive economic development, implying a significant reliance on economic
growth on energy consumption. Currently, fossil fuels constitute the primary energy source
in the world, and their consumption leads to a substantial release of carbon dioxide. As
indicated by existing research analyses, economic development contributes significantly
to carbon emissions. It is well known that coal consumption among fossil fuels generates
the most carbon dioxide, suggesting that the energy structure may directly influence the
impact of economic development on carbon emissions. However, considering the signifi-
cant variations in energy structures across and within different provinces, cities, and over
different years, it may be unreasonable to measure this impact using a constant. Therefore,
we wish to capture the potential heterogeneity of this impact using the coal consumption
proportion (CCP), which is why we set the CCP as u;; and six variables describing affluence
as Zjt1,- - -, Zit6-

Table 4 reports the estimated coefficient parameters, and Figure 1 depicts the estimated
coefficient functions. There is not much difference between the results for SCAD and
ALASSO, so we focus on the SCAD results in the following analysis. The spatial coefficient
0 is not shrunk to zero and is positive, which means that neighboring provinces exhibit
a substantial spatial positive correlation. The constant coefficients f,, B3, B4, and B are
positive, and the mean values are estimated when EI, RDF, FIR, and FV change by 1%
and CE changes by 0.35%, 0.087%, 0.245%, and 0.1%, respectively. B is the only negative
constant coefficient, which implies that as the public transportation passenger volume
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increases, carbon emissions tend to decrease. Public transportation is a low-carbon mode
of transportation. The more people choose to travel by public transportation, the fewer
people use private cars, leading to a reduction in carbon emissions. This provides the
evidence for the negative coefficient ;. The remaining coefficients are estimated to be
zero, which means that they are excluded through variable selection. In addition, most
of the coefficient functions in Figure 1 show an upward trend, which means that as coal
consumption proportion increases, the contribution of affluence factors to carbon emission
increases. Meanwhile, two function coefficients are removed through variable selection.
This is generally consistent with the previous analysis in this section.

0.050 0.050 1

0.0254% 0.0254 °

0.000 - 0.000 4
-0.025 C—O.OZS-
~0.050 ©-0.050

coefficent function
ololelele]
OO—=—N)
oU1I0C10
l
coefficent funct
o O O
o N »
l’

0.050 0.050

0.0254™ 0.0254™

0.000 - 0.000 4
-0.025 - -0.025
~0.050 -0.050

(a) (b)

Figure 1. The estimated varying coefficient functions based on SCAD and ALASSO. (a) Varying
coefficient derived from SCAD; (b) varying coefficient derived from ALASSO.

Table 4. Penalized estimators for the parametric components.

Method P 31 ,32 Bs 34 [§5 BG B7 BS o2
SCAD 0.154 0 0.350 0.087 0.245 0 0.100 —-0.014 0 0.005
ALASSO 0.167 0 0.355 0.120 0.193 0 0.113 —-0.017 0 0.005

7. Discussion and Conclusions

Within the context of SVCSAR panel models with fixed effects, we developed a
variable selection process that utilizes basis function approximations alongside the profile
quasi-likelihood method. This approach allows for the simultaneous selection of significant
variables in both parametric and nonparametric components, as well as the estimation of
unknown coefficients. By selecting appropriate tuning parameters, we demonstrated that
this selection process is consistent, and the estimators of constant coefficients exhibit the
oracle property. Simulation results highlight the effectiveness of our proposed method in
selecting variables and estimating both constant and varying coefficients. In this study,
we assume that the dimensions of covariates X and Z remain fixed. Additionally, we also



Axioms 2025, 14, 121

12 of 21

presented simulations in Section 5 and obtained desired results when the dimensions p and
g were large. However, it is worth noting that our variable selection process may not be
applicable to scenarios involving ultra-high-dimensional covariates. As a potential area for
future research, exploring variable selection techniques for SVCSAR panel models with
ultra-high-dimensional covariates would be of great interest.
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Appendix A. Proof of Theorems

The following list summarizes some frequently used facts in the appendix.

Fact Al. Let My, M; be n x n symmetric matrices, with My being positive semidefinite. Then,
Ai(My) < Aif(My + My) fori =1,...,n, where A; denotes the i-th eigenvalue.

Fact A2. Let M and M; be n x n matrices and uniformly bound in either row or column sums;
then, the entries of their product My M, are also uniformly bound.

Before proving the main theorems, we supplement several lemmas.

Lemma Al. Let 6, = Ay — Sy, supposing that Assumptions C1-C12 hold. Then,

1
WH;IH‘Sn =o0p(1),

for Hy, =V, Ay, Xy, and W, Yy,
Proof. The proof is similar to that of Lemma 1 in Tian et al. [32]. O

Lemma A2. Suppose that Assumptions C1-C4 hold, then

trG, tr(GEGy)

= O(1); (111) —=17%2 =

(I) Gy, isuniformlyboundedineitherroworcolumnsums; (II)

O(1); (IV) tl;{n _T- 1;(V) tr(GiJn) _T-1 trg";(VI)

tr(GFJ,Gy) T —1trG} G,
T n T o ’

T n

Proof. The proof method is similar to that of Lemma 3 in Tian et al. [32]; therefore, will not
be elaborated here. [

Lemma A3. Suppose that Assumptions C1-C12 hold, then

1 dInL,(yr)

5y = Op(D)

Bl
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Proof. The first order partial derivatives of the profile likelihood function is

1 olnLu(yr) ~ n

= — VIV, 1

N 2a%+203£\/ﬁ s IV +0p(1)

1 olnL,(y7) 1 1 . T

— 1 = ——trG ——=R, JuVi + —=V, G, .V, 1
N N k- L T\F nlnV - 0p(1)
1 olnL,(y7) 1 -

N U%\/ﬁXn]nVn—i—op(l).

1 0lnL 1

= a,;(:m = 7oVt op(1):

The variance of n~1/29In L, (1) /907 is

1 oInL,(y7) 1
ar(ﬁ Lufor)y o Vi Vi) o)

1{(T—l)z(yz—%é)+2(T‘1)051}+o(1)'

T? T
= o)

Therefore, n=1/291In L, (1) /90> = O,(1). The variance of n=1/29InL,(nr)/dp is

ar(\}ﬁW) < U;n[var(RZ]nVn) +var(V,; G} J,Vn)] +0(1)
2| 5 (T2 —305) | (T=Dogtr[(Gn+ Gi)Gn)l |.
< F% 0'0/\C+ T2 + T
=0(1).

Thus, n=/29In L, (y7) /90 = Op(1). Given the uniform boundedness of the elements
of X, and S, are uniformly bound for all 1, as stated in C6, it is evident that

1 1
WXUnVn =0,(1), Wsﬂnvn = 0p(1).
O

Lemma A4. Suppose that Assumptions C1-C12 hold, then

2 2
10 InL,(y7) _E o*InL, () —0,(1).
n onoy* onoy*™

Proof. Utilizing a similar argument as in Theorem 3.2 of Lee [31], Lemma A4 is proven. [

Proof of Theorem 1. Let A, = a, +n "/ &+ g = Or 4+ Anl1,v = Yo+ Anlrand T =
(€7,¢5)". Tt is sufficient to show that, for any given ¢ > 0, there exists a large constant C
such that

P{|SUP Q(6,7) < Q("’T,'Yo)} >1-e (A1)
7ll=c
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Let D(¢) = Q(6,v) — Q(671, 70); then, with a simple calculation, we see that

_a (00 La(yr)\* 279210 Ly (y7)
D(g) =t 5T ) g4 Sy o 21+ 0p(1)
p+2
+”Z[PA1,~(|9]'| = pay; (10751) +”ZPA2k lvllz) = Pag (lvojll )]
]_
=Dy + Dy + D3 + Dy.

It follows by Lemma A3 and the Cauchy inequality that
A, (a In Ly (#7) )
o

According to Lemma A4, a simple calculation yields

1 E)lnL

< AMH a1l
- Hanop(mAn> — 1210, (n22).

%m +0p(1)) =~ Euyf (14 0y (1)).

CT

Hence, by choosing a sufficiently large C, D, dominates Dy uniformly in |||| = C.

Furthermore, invoking C13 and pj,; (0) = 0, and by the standard argument of the Taylor
expansion, we obtain that

S

D3 <n Z[PA1,(|9|) Py, (107])]
=

Mm

< n Y [ndaph, (1071)sgn(07))|0yj] + nATpK (1071212 (1 +0p(1))]

N

< Vsnbnan||g]| +nagba 2]
= [1Z110p(nA%) + [IZllop (nA7).

~.

Then, it is easy to show that D3 is dominated by D, uniformly in ||| = C. With
the same argument, we can prove that D, is dominated by D;. Hence, by choosing a
sufficiently large C, (A1) holds. This implies that a local maximizer 4 exists such that
19 = 0l = Op(An) = Op(an +n="/ @) Then, [|§4 — yor|| = Op(an +n~"/ D). Let
O = (1) — B(u)"yor, k = 1,...,q. Note that

a0~ a2 = [ a0~ a0
= [ 1B* (1)~ B () — ot
<2 /01 BT (1) (5 — or)|2due + 2 /01 52du
= (9% — vor) "H (% — v0r) +2 ./01 Spdu,
and by invoking ||H|| = O(1), a simple calculation yields

(9 — Yo0) "H 9k — vor) = Op (a2 +n =2/ Cr+1)),

Together with
1
szu -0 n*ZV/(ZTJrl) ,
| eau = 0y( )
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the proof is completed. [J

Proof of Theorem 2. We begin by proving part (i). Given Amax — 0, it follows easily that
ay = 0 for large n. Then, according to Theorem 1, it suffices to show that for any 6; satisfying
|0; — 0o;| = Op(n_’/(zH'l)),j =1,...,s and any « satisfying ||y — 99| = Op(n_r/(z“rl)),
with some given small e = Cn~"/(2*1)  as n — oo, the probability tends to 1 that

aQang(”)<0, f0r0<9]<g,]:s+1,,p+2, (AZ)
]
and 5
)

Thus, (A2) and (A3) imply that the maximizer of Q, () attains 6; = 0,j =s+1,...,p+2.
Using a similar argument to the proof of Theorem 1, we obtain that

0Qu (1) _ dInLy(n)
89]- 89]-

~9dInLy(yr) 0?InL,(y7) _
- ag‘ + Z 89j89k (77k 77Tk)

— npl, (100j)sgn ()

k=1

PInL (%)
W(w = m) (p = 1) — o, (161])sgn(8)),

Py

=11=1

where 7" lies between 5 and 7. From Lemmas Al and A2 and assumption C9, we have

10InLy(yr) 1

n o6 Op(n2),

102InL,(yr)  _[10*InL,(yr)
noooporT E[ﬂ oy* } Fortt)
103InL,(y7)

n 90,0m,dm; = Op(1).

Then,

0 19InL 1 « *InL
Qu (1) _Ml],{” nLu(yr) 311 g P InLalyr)

30, 36, 36,00, (76 = 117

j =

_ a lnLn ) -1
+)‘1] . Z Z 96,6,96) (7 = i) (1 — ) — Ay P31/(|9j)sgn(9j)}

:nx\lj{)\;j 0, (nm) — A5 pAlj(|9j|)sgn(9j)}.

Since limy; 00 lim infgjﬁo A;jl pi\u(‘ef') > 0and nr/(2’+1)/\1]~ > /@) s oo, the
sign of the derivation is completely determined by that of 6;; then, (A2) and (A3) hold.

By applying similar techniques to our analysis of part (i) in this theorem, we
find that with probability tending to 1, 4 = 0,k = d+1,...,q. Then, using the
fact that sup, ||[B(u)|| = O(1), the result of this theorem follows immediately from
fy(u) = B* ()G O
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E|-

Proof of Theorem 3. Let ¢* =

(v1,---

)5

v = ('ygl,...

7 I)/(—er)rl ’7* -

(6*,v*), and

717 = (07, 73)- In order to obtain the asymptotic distribution, we first write the components

of n~1/291n L, (y7) /3y as follows:

1 9lnLy(yr) ——ﬁ—i- 1
Vvn o 002 a ZUT U%f
Dok 1o
Vn dp Vvn Tf
1 dlnL 1
T
1 dlnL
ﬁ atly(’iT) = UZ\/ESZIn(fSn + Vi),
T

(80 + Vi) Jn (8 + Vi)

(R Jn Vi + Vi G Jn Vi +

(WnYn)T]n5n)

where §,, = Ap — Syy0. By Lemma Al, ﬁHﬁhﬁn = 0p(1) for Hy = Vy, 8y, Xy and W,,Y;,,
and the formula above is rewritten as follows:

1 olnL,(y7) Vn 1

WT:Z =—-> 20#WVJInVn+Op(1)
1 dlnL,(yT) 1 1
el e Y o S R

i op ot E

1 olnL,(yr) 1 -

W aﬁ - U%\/EXnInVn +Op(l)

1 olnLy,(yr) 1 ¢

ﬁ a,)/ = U%\/?lSnInVn‘i‘Op(l)

(RYJuVi + VG Ta Vi) + 0p(1)

(A4)

Let u} = Eley|® and u} = Eley|*, T7JuT,/n = ®r7 for T, = Xy, Ry or S,. Then,
using Lemma A2 we write the following;:

_Ugtr]”’ _ 1 511;]115;1
HU'-?- 20% nag’.
RT]n‘sn Vg’ff(Gﬂn) R Ian
2 n
10%In Ln(ﬂT) _ no no noz +
n ai]aﬂT X;In‘sn
nor
S;glnan
L not
r_1
—— * *
204
tern <1>)RJR + tr(G2+GTGn) %
_ | not U’T
T or
0 Psr Psx
o2 o2
L T T

* *
trcg 4 Bu(Gi)xGn)
noz
X}Z]an X;Ian
1’[0’% 1’[(7'%
SE]’TR" S;]nXVl
no no
.
*
(1) = By (1),
*
Pss
o2 |

SiJnSn
nog

(A5)



Axioms 2025, 14, 121 17 of 21
£ 19InLy(yr)dln Ly (n7)
n on oyt
I T 1
=7 T * * *
T=1207 * dotop
T trGy (yf[—3(76‘)tan T RR tr(GnGn+Gj Gn)
T-1 no2 2nozof T-1\ o2 n
* *
-  HaRJndiag(Jn) 30 B 2GR Judiag(Gi) +o0(1) (A6)
2t sctef ot
w3 X5 Jndiag(Jn) T @ + 13 Xii Jndiag(Gj Jn) T Pxx %
2n0? T g2 T ak 1 02
15 S Judiag(J) T Psr | #3X;1 Jndiag (G Jn) T ®sx T Pss
A 1o} ok T TTof |
T
=T (T + ¥ny) +0(1),
where g, ;; is the i-th diagonal element of G, and
i pi—303 * -~
40705
(#—304)trGy | iR Judiag(Ja)  (Mi—393)X.8h;i | 2p3RiJndiag(GFJs)
T—1|" zwdod T 2008 T A * ok
¥, 0= N0 nor 1Y% nor (A7)
' #3 X5 Indiag(Ju) #3 X5 Jndiag (G Jn) 0 «
208 nog
15355 Jndiag(Jn) #5355 Indiag (G Jn) 0 0
L 2no? nog ]

To derive the asymptotic distribution of 8, we divide L,y into four block matrices,
which correspond to the second-order derivatives of the likelihood function with respect
to 0, the cross-partial derivatives of 8 and v, and the second-order derivatives of . The
matrices are as follows:

T
) — Eno Loy
R D> T
n,0y nys
where
1
4 * *
207
— |uGy Pgr | tr(GI+GiGy) — [0 22 Psx _ [®xx
Lnp = noz o2 T n * | Loy = 0, o2 o2 Xy = oz |-
0 Pxr Pxx
UZ (72
T T

Let I, 5 be the first s x s upper-left submatrix of &y, 9, Z;, 5, be the first (Kn+1+4+1)d xs
upper-left submatrix of £, g,, and Z, , be the first (K, + 1+ 1)d x (Ky + 1 +1)d upper-left
submatrix of I, ,. Using the same argument, we partition ¥, ; into four block matrices,
that is

¥, ¥
= (A8)

Tn,ﬂ'y Tn,’y

. : * *
and obtain submatrices Y o Yn,ev

n” represent the limiting version of the matrices. For example, Zj = lim; e 22,9' Let

and ¥}, . Let the notation of matrices without subscripts

Q=X;— ZZ;(Z;)AZEV, and we assume that ) is non-singular.
According to Theorems 1 and 2, as n — oo, with probability tending to 1, Q,(y
achieves its maximal value at (8*7,0)T and (4*7,0)7; then, (6*7,0)T and (§*7,0)7

must satisfy the following:
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1 9Qu((6°%,0)7, (§°7,0)) _

=0.
vn o
Applying the Taylor expansion, we have
dlnLy,(y7) PInLy(yr) *InL,(y7) A
1 36*) { 1 ( 20700+ T 07*Ta0* 0— BT Pg
= - +0,(1) p/n + =0, (A9)
91n L (y7) n\ PinLi(yr)  InLa( P 5
Vi ( 7 330 3'1;*87:77” T Py
where
N A . HY
Vi, (191)sgn(61) Virh,, (1llm) 1
Py = : Py = :
R A N HY
Vi), (16])sgn(6) Vi, (19l ) (2

Applying the Taylor expansion to pﬁ\lj (16;]), we obtain that

P (1811) = P, (18oi1) + {22, (601) + 0p (1)} — ).

Furthermore, Assumption C13 implies that p’)(lj(|90]-|) = 0p(1), and note that
pﬁ\lj(|90j|) = 0 as Amax — 0, then Py = 0,(y/n(6* — 6%)). Using similar arguments,
we can prove that P, = 0,(\/n(§* — 7;)). Together with Lemma A4 and Equation (A9), a
simple calculation yields the following:

1 dlnLu(yr)

Vn o 00*
1 dlnLu(yr)

V&

By substitution, the term /n(§* — 7{) is eliminated, yielding

(250 +0p(V)]V/n (6" — 07) — [Z35, +0p(D]Vr(§" — 5) =0

[Z5 6y T 0p(D]Vn (8" — 67) — [E5,, +0p(D)]Vn(5" = 75) = 0.

%alngg(m

A~ _ _ _ n *

V(0" = 07) = [Zho — B2, (Zh ) Er ey +0p (D] L, —E55, (Ehe,) 11<1 amn@m) top(l).  (AL0)
N

Furthermore, the central limit theorem for linear—quadratic forms [33] shows that

1 dlnLy(y7) T

00 D
— - N[0, —— All
\/ﬁ(alnalf;*(’h‘)) ( T-1 ) ( )

where the definition of the symbols in the covariance matrix is located in the context of (A8).

L, +¥; ngy + ‘I’g;

):.37 + ‘I’g,y r,+ Y,

Then, invoking (A10) and (A11), and using the Slutsky theorem, we have

R T
Vin(6* —60%) — N(O, ﬁ{Q—l + Q7Y - 223;(2;)—1‘1”5]0—1}).
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Appendix B. Supplementary Simulation Results

Table Al. Variable selection under €;; ~ 1/03/1.5 - +(6) in Example 1.

cs=1 s =2
NxT Po Method 6 i) 0 a(-)
GMSE C 1 ASE C 1 GMSE C I ASE C 1
30 x 10 0 SCAD 0.027  5.944 0 0.161 4944 0 0.076 5.938 0 0.234 4.716 0
ALASSO 0.032 5.748 0 0.160  4.960 0 0.086 5.630 0 0.211 4914 0
Oracle 0.027 6.000 O 0.157 5.000 O 0.071 6.000 O 0206 5.000 O
0.3 SCAD 0.032  4.846 0 0.160 4962 0 0.084 4.798 0 0.237 4.734 0
ALASSO 0.032  4.902 0 0.158  4.968 0 0.086  4.830 0 0.213 4.944 0
Oracle 0.029 5.000 O 0.157 5.000 O 0.074 5000 O 0207 5.000 O
0.7 SCAD 0.032  4.970 0 0.158 4954 0 0.092 4.966 0 0.236 4.750 0
ALASSO 0.036 4904 O 0.158 4960 O 0.102 4798 0 0218 4918 0
Oracle 0.031 5.000 O 0.155 5.000 O 0.086 5.000 O 0211 5.000 O
30 x 15 0 SCAD 0.021 5.972 0 0.140 4.918 0 0.052 5.966 0 0.188 4.712 0
ALASSO 0.025 5836 0 0.138 4980 O 0.066 5752 0 0172 4946 O
Oracle 0.022 6.000 0 0.137 5.000 O 0.051 6.000 O 0.170 5.000 0
0.3 SCAD 0.021 4.890 0 0.138  4.932 0 0.060 4.866 0 0.185 4.736 0
ALASSO 0.023 4944 0 0.135 4998 0 0.069 4.89% 0 0.170 4982 0
Oracle 0.020 5.000 O 0.135 5.000 O 0.059 5.000 O 0.167 5.000 O
0.7 SCAD 0.025 4.994 0 0.139 4.922 0 0.063  4.966 0 0.183 4.762 0
ALASSO 0.030 4920 O 0.138 4994 0 0.076 4858 0 0.174 495 O
Oracle 0.025 5.000 0 0.136 5.000 0 0.060 5.000 0 0.167  5.000 0
60 x 10 0 SCAD 0015 5992 0 0.128 5.000 O 0039 5976 0 0.152 4988 0
ALASSO 0.018 5832 0 0129 49% 0 0.053 5812 0 0.153 4992 0
Oracle 0.016 6.000 0 0.128 5.000 0 0.040 6.000 0 0.152 5.000 0
0.3 SCAD 0.020 4932 0 0.129 5000 O 0.038 4894 0 0.151 4998 0
ALASSO 0.022 4.966 0 0.129 4.998 0 0.043  4.928 0 0.152  4.992 0
Oracle 0.020 5.000 0 0.129 5.000 0 0.036 5.000 0 0.151 5.000 0
0.7 SCAD 0.020 4988 0 0.128 5.000 O 0049 499 0 0.151 4998 0
ALASSO 0.024 4954 0 0.129 4.998 0 0.060 4.926 0 0.154  4.996 0
Oracle 0.020 5.000 0 0.128 5.000 0 0.048 5.000 0 0.151 5.000 0
60 x 15 0 SCAD 0.014 6.000 O 0.118 4994 0 0.028 5998 0 0.139 4888 0
ALASSO 0.016 5.906 0 0.119 5.000 0 0.036 5.878 0 0.136 4.998 0
Oracle 0.014 6.000 0 0.118 5.000 0 0.030 6.000 0 0.135 5.000 0
0.3 SCAD 0015 4930 O 0.119 4978 0 0.037 4958 0 0.139 4854 0
ALASSO 0.017 4934 0 0.120 4.984 0 0.043 4938 0 0.135 5.000 0
Oracle 0.015 5.000 0 0.119 5.000 0 0.037  5.000 0 0.134 5.000 0
0.7 SCAD 0.015 4998 0 0.119 4998 0 0.030 499 0 0136 4920 O
ALASSO 0.018 4.970 0 0.119 4.998 0 0.040 4.940 0 0.136 4994 0
Oracle 0.016 5.000 0 0.119 5.000 0 0.031 5.000 0 0.134 5.000 0
Table A2. Variable selection for n = 100 x 20 in Example 2.
cg=1 o2 =2
Po Method 0 a(-) 0 &(-)
GMSE C I ASE C 1 GMSE C I ASE C I
0 SCAD 0.004 46986 0 0.037 11.670 0 0.010 46.982 0 0.049 11.508 0
ALASSO 0.005 46.388 0 0.036 11996 0 0.018 45818 0 0.048 11982 0
Oracle 0.003 47.000 0 0.036 12.000 0 0.009 47.000 0 0.046 12.000 0
0.3 SCAD 0.004 45814 0 0.039 10972 0 0.011 45.602 O 0.053 11.110 O
ALASSO 0.006 45506 O 0.037 11914 0 0.018 44648 0 0.049 11.672 0
Oracle 0.004 46.000 0 0.036 12.000 0 0.009 46.000 0 0.046 12.000 0
0.7 SCAD 0.004 45986 0 0.038 11450 O 0.011 45964 O 0.049 11420 O
ALASSO 0.006 45568 0 0.037 11992 0 0.021 44846 0 0.048 11964 O
Oracle 0.004 46.000 0 0.036 12.000 0 0.010 46.000 0 0.046 12.000 0
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