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Abstract: In this article, we are interested in studying and analyzing the heat conduction
phenomenon in a multi-layered solid. We consider the physical assumptions that the dual-
phase-lag model governs the heat flow on each solid layer. We introduce a one-dimensional
mathematical model given by an initial interface-boundary value problem, where the
unknown is the solid temperature. More precisely, the mathematical model is described
by the following four features: the model equation is given by a dual-phase-lag equation
at the inside each layer, an initial condition for temperature and the temporal derivative
of the temperature, heat flux boundary conditions, and the interfacial condition for the
temperature and heat flux conditions between the layers. We discretize the mathematical
model by a finite difference scheme. The numerical approach has similar features to the
continuous model: it is considered to be the accuracy of the dual-phase-lag model on the
inside each layer, the initial conditions are discretized by the average of the temperature on
each discrete interval, the inside of each layer approximation is extended to the interfaces
by using the behavior of the continuous interface conditions, and the inside each layer ap-
proximation on the boundary layers is extended to state the numerical boundary conditions.
We prove that the finite difference scheme is unconditionally stable and unconditionally
convergent. In addition, we provide some numerical examples.

Keywords: finite difference scheme; lagging equation; convergence; stability

MSC: 65M06; 65M12; 35Q79

1. Introduction

In the last several decades, there has been an increasing interest in heat transfer
problems between different substances: solids of various types or solids and fluids [1-9].
Researchers’ interests differ in constructing new mathematical models, the deduction
of analytical solutions, giving some didactic examples, the development of numerical
simulations, the theoretical study of the models, the development of new technologies,
and the improvement of current applications. Mainly, concerning the numerical solutions
and simulations, we have several numerical methods proposed in the literature: high-order
implicit time integration schemes [3], high-order finite volume schemes [5], the hybrid
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boundary element method, and the radial basis integral equation [4], high-order implicit
Runge-Kutta schemes [7], the projection method [6], and finite difference methods [9].

We know that, for situations where the temperature is near absolute zero, the heat
propagates at a finite speed [10]. Consequently, improving the mathematical models of heat
transfer that originated from applying the Fourier law is necessary. A consistent extension
is the well-known dual-phase-lagging model, introduced by Tzou in [11] (see also [12]). It
is based in the non-Fourier heat conduction law and the energy equation:

ou oq ou
q(x,t—i—rq) = —ka(x,t—t—TT), —a(x,t) = C§(x,t)—0—5(x,t). (1)
Here, t is the time, x is the space position, u is the temperature, g is the heat flux, k is the
heat conductivity, Tr is the phase lag of the temperature gradient, 7; is the phase lag of the
heat flux, C is the heat capacity of the material, and S is the volumetric heat generation. We
observe that, by a Taylor expansion, we get

d Ju %u
q(x,t) + Tqﬁ(x, 1 = k[ax(x, £+ TTatax(x,t)].

Then, differentiating with respect to x and replacing the energy equation, we obtain

ou o%u 0u 3u dS
(5 + ) = (5 rass ) S w5, @

which is known as the heat conduction equation under the dual-phase-lagging effect or
briefly as the dual-phase-lagging model.

The first equation in (1) states that the gradient of temperature and the heat flux is
proportional at the same spatial position at distinct material times given by t + 7, and
t + r, respectively. The delay times 7; and Tr come from assuming microstructural
interactions and the relaxation time caused by phonon scattering or phonon-electron
interactions and fast—transient effects of thermal inertia, respectively. According to [13]
(see also [11,14]), the values 7; and 77 are only reported for a few materials: (7, 77) =
(0.4348,70.8333) for copper, (1;, 7r) = (0.7438,89.286) for gold, (7, T7) = (0.1670,19.097)
for lead, and (74, 7r) = (0.136,7.86) for chromium, where the units are picoseconds.
Moreover, we observe at least two facts related to the influence of the delay times in
mathematical modeling. Firstly, if Tr = 0, we have that the dual-phase-lagging model (2) is
reduced to the Cattaneo model [15] and if (7, 77) = (0,0), the model (2) corresponds to
the standard heat conduction model based on the Fourier law. Second, a natural question
is the mathematical behavior of the temperature in the presence of both pase lags or the
mathematical analysis for the influence of the parameters 7, and 7r on the solution of (2),
which is a topic to be researched. Some advances are given in [16-19]. In the case of the
result given in [17], the authors consider the model

Ti
ot T oz

du u  ,9%u 0%u du
=k <8x2 T at82x> ®)

+Tqﬁ

with Dirichlet boundary conditions, and by analyzing the stability of the solutions or
solutions which are bounded for all times, they obtain the following four types of behavior:
the solution of (3) is always stable when qu = 0, it is stable for 77 /7; > 1/2, it is unstable
for tr/7; < 1/2, and it is exponentially stable for 77 /7; = 1/2. The exponential stability is
detailed in [16]. However, we notice that (3) is deduced by a second-order approximation in
the Taylor expansion of g(x, t + 7;) and (3) is reduced to (2) when TL? =0,C=1and S=0.
Hence, by applying the result of [16], we deduce that the solution of (2) with Dirichlet
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boundary conditions is always stable for the particular case that qu =0,C=1and S =0.
In the case of [18,19], the authors develop a numerical study of the effects of phase lag
constants on the solution of dual-phase-lagging model solutions.

In this paper, we are interested in the problem of heat transfer in a multi-layered
solid at very low temperatures. In order to make the mathematical model precise, let us
consider a multi-layered solid of total length L, which is a compound of d-layers of lengths
W1, Wa, ..., W, (see Figure 1) and introduce the notation (see Figure 2)

Lo=0, L, = z]Qle for{ =1,d—1, L;=1L,

L, are the interfaces for £ = 1,d — 1 the boundaries for £ = 0, d,
T, = (Ly_1,Ly), ¢ =1,d,denotes the ¢-th layer,

' =ui_ 1, T =UiZl{L,}, T=T"uI™, °I={Lo Ly}, @)
Qur=I; x [0,T], QW =1" xo,T],
it = Tt 0,T], Qr = QYU

We suppose that the heat conduction on each layer is modeled on by a dual-phase-lagging
equation, i.e.,

Ju () o%u o2u (0) %u
Cf(at“ﬁ a2 ) ~k\ga T e ) T, (wh € Qur

(£)

where Cy, Tq[ (&)

,k¢, T3 and fy are the physical parameters and the heat source function on
the ¢-th layer, i.e., C; is the heat capacitance; ’L'q([) and Tg) stand for the heat flux and the
temperature gradient phase lags, respectively; k, is the conductivity; and f; is the heat
source function. By notational convenience, we consider C, k, 75, 71 : Z — R the piecewise

constant functions and f : Qr — R, the continuous function of the form

d d d
Cx) = Y. Clg,(x), k(x) =Y kiz(x), 7x)=Y o1z, (x),
/=1 /=1 /=1

() = T 1, (), flot) = T fule O, 1,y (),

®)

with I4 the indicator function defined as [4(x) = 1if x € A and I4(x) = 0 otherwise.
Foreach ¢ € {1,...,d}, the constant C, is the heat capacitance; Tq(g) and TI(-E) stand for the
heat flux and the temperature gradient phase lags, respectively; k; is the conductivity;
and f; is the heat source function. Hence, the mathematical model is given by the initial

interface-boundary value problem

cw (G utdy) =ko(Sh+ntms ) +5 woed, ©
w(x0) = i), M(5,0) = () reTUL, @)
( - alfl% + u) (Lo, t) = g1(t), telo,T], 8)
(azfz% + u) (La,t) = ¢a(t), telo,T], 9)
[u(x,t)] =0, (x,t) € I, (10)
|Hk(x) <ZZ + TT(x)gjgtﬂ (x, t)]] =0, (x,t) € I, (11)

where a1 and a; are some coefficients; K; and K, are the Knudsen numbers; 1 and ¢,
are the initial conditions; ¢; and ¢, are two given functions modelling the boundary
conditions; and the bracket [-] is defined by [G(x,t)] = G(x —0,t) — G(x + 0,t). Here,
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K2CL2 = 3kt, with L. being a characteristic length and the boundary conditions (8) and
(9) being models of the temperature-jump condition [14,20]. We recall that the Knudsen
numbers are dimensionless quantities characterizing the boundary conditions of a flow
defined as a ratio of the mean free path (the average distance traveled by each molecule
between successive collisions) and the characteristic length of the flow (e.g., the diameter
of a thruster) [21]. It is known that usually the Knudsen number cannot be measured
by developing direct laboratory experiments and is defined by a non-linear regression.
In that sense, the numerical values used in simulations are referred to as pseudo-Knudsen
numbers. Moreover, following [14,20], we have that the relation of a Knudsen number K
and the heat conductivity k is given by K? = 3kt,/CL. where L. is a characteristic length
and the parameter & associated with K is proportionally constant such that u — u;, =
&R (Vu - n),where uy, is the wall-jumped temperature and n is the unit outward normal
vector on the boundary.

Layer 1 Layer 2 Layerd — 1 Layer d
-— V| —t-— IV, —! —— Wd71_>:<_ W —
1 1 1 1 1 1 - x
1 2 d—2___ d—1___ d ___
Ly=0 legwi L2:;Wi LLZ—QZEW’L' Ld—lzgwi L:Ld:;Wi

Figure 1. Schematic representation of the multi-layered solid. For complete details of the notation,
we refer to (4), where L, is defined to identify the position of the interfaces.

Q{[w = Ilny X [0 T] <)::>

Qar =1y x[0,T)

Qir =1y x [0,T]
Qur =1y x [0,T)]

lay _ d—1
R e e TR A e A
d ‘ ‘ é ‘ ¢ d
Im,f — AQU{L[} <)::> L[) Ll Lg,l L[ Ld—l Ld

Figure 2. Graphic representation of the notation defined in (4) and representing the physical domain.

We can reformulate the system (6)—(11) by introducing a change in variable. Let us
consider the function v : Qr — R such that v = u;, then the model (6)—(11), is rewritten

as follows
cw) (om0 ) =k (32;2‘ + TT(x)giZ) +f, (61 eQ, (12
o(x, t) = a%u(x,t), (x) €Qr,  (13)
u(x,0) = g (x), 0(x,0) = (), x€TUIL,  (14)
- qul% (u + rTv) (Lo, t) + (u+ tro) (Lo, t) = ¢1(4), te[0,T], (15)
DQKZ% (u+7) (Lo ) + (1 + 710) (Lo ) = (1), teo,T], (16)
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[u(x,t)] =0, [o(x,t)]=0, (x,t) € If", (17)
[k 55 (1 7r0) | )] =0, (wHel, s

where ¢1 = @1 + 7r(Lo) (¢1)¢ and ¢2 = @2 + 7r(Lyg) (@2)+-

By applying the finite difference method, we approximate the system (6)—(11). We
follow the numerical approximations given in [14,22], where the authors consider a change
in variable, a semi-discrete finite difference scheme for the new variable, a fully finite
difference scheme for the new variable, and then approximate the original variable. The nu-
merical scheme is developed by approximating (12)—(18) by a semidiscrete scheme and
a fully discrete scheme. The methodology for the discretization of (12)—(18) consists of
four steps: we approximate Equation (12) on the interior of each layer, we discretize ap-
propriately interfaces (17) and (18), we approximate the boundary conditions (16), and we
discretize Equation (13). Then, we deduce the finite difference numerical scheme approx-
imating models (6)—(11) by using a the discrete version of the change variable. Roughly
speaking, the numerical scheme for (6)—(11) consists of the solution of two linear systems
of algebraic equations. Consequently, it is easy to implement.

The main results of the paper are the following: (i) we introduce semi-discrete and
fully finite difference schemes to approximate the solution of (12)—(18); (ii) we introduce a
full discrete finite difference scheme to approximate the solution of (6)-(11) and prove that
this scheme is equivalent to the fully finite difference schemes for approximating (12)-(18);
(iii) in the case of ¢; = ¢ = 0, we prove an energy estimate for 1 and v, satisfying the
system (12)—(18) and also prove discrete energy estimate; (iv) we prove that the finite
difference is unconditionally stable; (v) we prove an error estimate; and we introduce some
numerical examples.

This paper is organized as follows. In Section 2, we introduce the finite difference
schemes approximating (12)-(18) and (6)—(11). In Section 3, we introduce the analytical and
numerical results. Finally, in Sections 4 and 5, we present the numerical examples and the
conclusiones of the work.

2. Finite Difference Approximation
2.1. Discretization of the Domain

Let us consider the notation in (4). We assume that each interval Z; is divided into
my parts and that the temporal interval [0, T] is divided into N parts. More precisely,
to discretize the space and time domains, we select m,, N € N, and consider that the
(-th layer 7, and the time interval [0, T] are divided into m, and N parts of sizes Ax;, =
(Ly —Ly—1)/my and At = T/ N, respectively. To be precise in our analysis, we define the
following notation and terminology:

MO =0, Mg = Zle m; for ¢ ¢ {1,. . .,d}, AWg = (L[ — Lg_l)/mg,

xXj = Ly_q+ (] — M(_l)AWg for (f,]) 61{1,. . ,d} X {Mg_l,. . .,M(},

ij = AW@ fOI‘j € {Mg_l,. . .,Mg}, IKI; = {x] : ] = Ml/---/Md—l}/
. 1

Ioax ={xj: j=My_1+1,...,M—1}, I,V = U0 Tyn,,

ATy = {x; : j= Mo, My}, Tax=Tp UTiMUIT,Y,

At=T/N, ty=nAtforn=0,...,N, Tar={ta : n=0,...,N},

Qaxat = Tax X Tat, T ={Mo, ..., Mg}, I = {M1, My, ..., My_1},

ol = {My, My}, T =T — (T"* U ally).

(19)

It is important to note that Qay A = Tpx X Tay is the discretization of the computational
domain Q7.
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We describe the typical finite difference grid, norms and difference operators notation.
We begin by defining the grid function space by

Upx,ar = {U = (..., ul) e RMatl RNH1
' = (W)l = (), (j,n)e]lx{O,...,N}}.

Let W € Upy a¢, then we introduce the finite difference operators and the finite difference

notation
1
wn+l/2 — 5(W'rz _|_Wn+l), ne {0/.”,1\]_1},
1
5th+1/2:§(Wn+1_wn)' nef{0,...,N—1},
= 1
w”:Z(w”“—FZw”—I-w”*l), ne{l,...,N—1},
1
AW = @(w"+1 —w'h, ne{l,...,N—1},
1 .
§xw7+% — Aix](w;{#l - w?), (],7’[) 6 {MOIMd - 1} X {O/ "/N}/
1
20— n _ n : _
oy = 1 (5ij+% (5ij_%>, (jn) € {Mo+1,...,My — 1} x {0,...,N}.

j
Moreover, for V, W &€ Uy o, we define the following notation:

M1

1 1

(W, V"), = EAxMHw’]\/fgilv”MH + Z ijw;?v? + EAngwMUM for¢ € {1,...,d}, (20)

Jj=Mp1+1
2 2 d 2 2 N 2
[w"(|z, = (W', w")z, forle{l,...,d}, [w"[|* =) [Iw"[|z,, W= =3 Iw"|% (21)
(=1 n=0
" g0 =, max ] for € {1,...,d), W'l = max W'z, (W = max W', 22)
) Mpy-1 2 ) d—1 ) ) N )

||5an||I[ = Z ij (5xw}1+%> for £ € {11---/d}r ||5anH = Z ||5an||I£r ||‘5xw|| = Z H‘SanH , (23)

J=My (=0 n=0

for the inner product and norms on Upy A
On the other hand, in the case of semidiscrete and discrete schemes, we use the
notation
ui(t) = u(x;t), vi(t) =o(xjt), u? = u(xj, tn), v}“ =v(xj, tn), (24)
for j = My, ..., M, respectively.
The finite difference discretization and error estimates will be developed by applying
the following three Lemmas:

Lemma 1 ([14,23]). Let us consider that [a, b] is an interval partitioned in m sub-intervals of the
form [z;_1,z;], where z; is defined by z; = a+ih fori =0,...,m withh = (b —a)/m. If we
consider that the function g is such that ¢ € C*([zo,zm)), then it holds that
2 Z1) — 8\Z h om
§(z0) = 2 [EE 88 )| e (@), e (o m), @)
TR T P @
§'(zi) = 158(zit1) —28(2i) +8(zi1)] — 3587 (i),

Gi € (zii,zipr), i=1,...,m—1, (26)
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2

g//(zm) _ E |:g,(zm) - g(zm) _hg(zm1>:| + gg’”(gm), Em € (melrzm)- (27)

Lemma 2 ([23,24]). Consider that the function g is such that ¢ € C*([a, b)), then it holds that

@ +g )] = S8

N =

Lemma 3 ([14,23]). Consider that W € Uy py, then for any € > 0, it holds that

2 1
a3, < (1+e)(ufy,) + (1 + e)(Le — Le1) [0y, IP for € {1,...,d}.

In a broad sense, Lemma 1 is applied to approximate the spatial derivatives, where
relations (25) and (27) are used to approximate the second-order spatial derivatives
on the boundaries and interfaces of the multi-layered solid and (26) inside each layer;
Lemma 2 is used to approximate the time derivatives; and Lemma 3 is useful in the error
estimate result.

2.2. Semidiscrete Scheme Approximating the Rewritten System

We construct the semidiscrete finite difference scheme for systems (12)—(18) by con-
sidering four steps. In the three first steps, we approximate (12) at the inside of each
layer, the interfaces, and the boundaries, respectively. Meanwhile, in the fourth step, we
approximate (13).

Step 1. Approximation of (12) on I'. Here, we construct the semidiscrete scheme at inner
grid points, i.e., except on the interfaces and boundaries. The inner grid points at Z; are x;
for j € I'. We start the discretization by considering Equation (12) at the inner grid points
(xj,t), then we have that

0 02
C(xj) (v(x]-,t) + Tq(xj)av(xj, t)) = k(x]-)@ (u(x]-,t) + TT(xj)v(x]-,t)) + f(xj,t). (28)
To discretize the right-hand side of (28), we can apply approximation (26) in Lemma 1 and

observe that

% (u + TT<x]-)v) (xj,t) = &2 (u + TT(xj)v) (xj,1) — <A1xzf>2 % (u n TT<x]-)v) &, 1), (29)

for §; € (xj_1,%11) and j € . Dropping the small value terms in (29), replacing
the approximation in (28), and using the notation (24), we deduce that the semidiscrete
approximation form of (12) at the inner grid points is given by

C(x]) (Z)](t) + Tq(Xj)in(f)) = k(x])éi (Z/l](t) + TT(JC]')ZJ]'(t)) +f]'(t), ] S Hlﬂy. (30)

Step 2. Approximation of (12) on T Let us consider the interface points x; € Zi". We
observe that the interface between the ¢-th and (¢ + 1)-th layers is located at x = Ly or
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j = M. Let us consider the notation (x — 0); = X and (x +0); = x]f Then, considering
the model Equation (12) at the inner grid points (x]i, t), we deduce that

2
Cx7) (U + Tq(xf[)stv> (x;, 1) = k(x]i)% (u + TT(xf[)v) (x5 1)+ f(x7, ). @D

To discretize the right-hand side of (31), we can apply the approximations (25) and (27) in
Lemma 1, respectively; we observe that

2
aa? <u + TT(X]-_)U) (x].—, t)

3
_ Aij_ {ax (s 7r(x; )o) (x5, 8) = 8 (u+ 7r(x; o) (xj%,t)}
AxT a3
+ g (et E)e) @0, &€ (o), (32)
82
pye: (u+TT(xj+)v) (x;r,t)
— 2{5 (M+T (xfr)v)(x+ t) — i(u—k'r (x*)v) (x}" t)}
7 S AN S X R
AxT 33
B 3] a%(wrw(xf)”)(@,t), Gj € (xj, xj41)- 33

The continuous interface condition given in (18) implies the following relationship:

k(x;)% (n+ (27 )0) (7, 1) = k(xf)% (+ 7 )0) (7, 1), (34)

Thus, from (31), dropping the small value terms in (32) and (33), using (34), and the notation
(24), we obtain the semidiscrete approximation of the model equation at the interface points

ijC(x].)<v]-(t) + Tq(x].);v]-(t)) + Ax;rC(x;r) (vj(t) + Tq(x;r)livj(t)>
= Z{k(x;“)éx (”H% + TT(x;’)vH%) —k(x; )dx (ujf% + TT(x]._)v];l) }

2

+Ax; fx 1) + Axf f(x]t). (35)

In practice, one can replace X and xj+ with x; 1 and x; for j € I, respectively. Hence,

Ax]‘1C(x]'1)<U]'(t) + T (x]l)iv](t)> + AX]‘C(X]‘) (Z)](t) + Tq(Xj)[i?)j(f))

= Z{k(xj)éx (u].+% (t) + TT(xj)v].+% (t)) — k(xj_1)5x (u]._% (t) + TT(xj—l)Uj_% (t)) }
+Axjfia () + Axifi(t), jeT™. (36)

Step 3. Approximation of (12) on 0Z. We observe that the boundaries of the physical domain
are located at xy, = 0 and xj;, = L. Then, considering the evaluation of Equation (12) at
the boundary points (x1,, t) and (xp1,, t), we deduce that

2
Clr) (o )+ () G0 1)) = k()3 (0 rraag)2) e )+ f i 1), @7

C(de)<U(de/t) +Tq(de)aatU(de/t)> = k(de)aasz(”+TT(de)U>(XMd/f) + f(xpmy.t), (38)
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respectively. To discretize the right-hand sides of (37) and (38), we can apply the approxi-
mations (25) and (27) in Lemma 1, then, one can deduce the following relations:

2
%(“‘FTT(XMO)’U)(XMO,Q
= szM {5x(u+TT(xMo)v) (*pgpe2/t) = aic(u+TT(xMo)v)(xMO,t)} (39)
_ AXMO 83

3 $<M+TT(XMO)U) (gMort)/ gMO € (XMO,Xl),

82
32 (u + TT(de)U> (de,t)

- AxZM {aax (u + TT(de)U> (xm, t) — Ox (u + TT(de)U) (de_%, t)} (40)

Ade 83

0 (T (e, )0) Guag ), Sy € Contg1, 5y,

respectively.
On the other hand, from (15) and (16), we have that

% (Ll + TT(xMo)v) (xMol t) = OcllKl [(u + TT(xMo)v> (xMol t) - ¢1(f)} ’ (41)
9 (-t Tr(em o) (xag, 1) = asz (02(t) = (u+ Tr(xa)0) (emy D] (@2)

Replacing (41) and (42) in (39) and (40), respectively, and dropping the small value terms
and replacing the approximations results in (37) and (38), respectively, we obtain the
semidiscrete approximation at the boundaries

Clam) (0w (1) + 7o) om0

ZZkA(;cAAg]) {(5x (u%(t) + TT(XMo)U%(f)) - allKl [(uMo(t) + TT(XMO)UMO(t)) — ¢1(t)} } + fay (1), (43)
) (oaas (1) + Ty(,) o, 0
:27;(;‘1\1\/3) {(leKz [4’2(0 - (MMd + TT(de)UMd)(t)} — by (uMd_% + TT(de)de_%) (t)} + fm, (1), (44)

Step 4. Approximation of (13). Considering the evaluation of Equation (13) at point (x;, ¢),
we have that

d
o(xj,t) = gu(xj, £). (45)

Then, the semidiscrete approximation of (13) is given by

0(t) = S ut), (46)

which is deduced by using the notation (24) in (45).
Summarizing the results obtained before, we have that the semidiscrete scheme is
given by (30), (36), (43), (44) and (46).

2.3. Fully Discrete Finite Difference Scheme Approximating the Rewritten System

In order to obtain the full discrete finite difference scheme, we consider the semidiscrete
approximation and the evaluating each of semidiscrete relation at t = t, and t = t,41,
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applying the Taylor expansion, Lemma 2 and adding the results, forn = 0,...,N — 1, and
we obtain the scheme

Cj(v;’“/2+( )(5tvn+1/z>

2k; 1
+1/2 +1/2 +1/2 +1/2 +1/2 +1/2
Ax {‘5’5( 7+1/2 + (t1); 7+1/2) alfl[( 7 + 7r(xj)v 7 )—4)? }}4—]’]-” , j=My, 47)
Cj (Unﬂ/z + (1, )Aétv]r'erl/Z) — & 252( u2 4 (TT)jv’“l/z) +fjn+1/2, jerw  4s)

j j
1C ( n+1/2+(Tq)]‘—15tU}1+1/2) +ij+1cj+1 (vn+1/2+( ) létanrl/Z)

i

_ . n+1/2 n+1/2\ _ n+1/2 n+1/2
_Z{kﬁléx(uﬂé + (11)j 410" ) ki 5( 2 ()l )}

]+
+ Axi fn+l/ + Ax]+ n+l/2, ] c Hint, (49)

j+1
Cj(vf’+1/2+( )(5tvn+1/z>

j
2k 1
_ ) (/2 n+1)2 1/2Y ] n+1/2 n+1/2 n+1/2 L
= ij{D(2K2 |:¢2 (M] + (TT)]vj ):| 53(( i—1/2 + ( ) ] 1/2 )} +f] ’ ]= Mdr (50)

Z)Jn+1/z _ 5tu;7+1/2l jel, (51)

with the initial condition

W =i(xj), o =yax;), jeL 2)

2.4. Finite Difference Scheme Approximating the Original System

The finite difference scheme to obtain the numerical solution of (6)-(11) is given
separately forn = 1 and n = 2,..., N — 1. More precisely, we have that the approximation

(6)-(11) of
2(79)j
. 1/2 q9/] 1/2 .
C] (5”‘]' + =g (077 - el )))
2kj 1/2 1/2 1 1/2 1/2 1/2 1/2 ,
T Ay {5"( Uikipp (TT)J"St”jH/Z) - wmKy K”J’ + (7r);jdu; ) 1 }} 7 i= M (53)
2(1y); .
C <5tu]1./2 + = () - lpz(x]))) = k0% (]2 + (vr)j0u/?) + £112, jel™,  (54)

2(14)j-1 2(15)j41
Axj1Cj <5t”1/2+ Zt] ( 12 le(xJ))) + Axj11Cj1 (‘Wl/z Zf ( He #’z(xj))

= Z{k]+15 ( 1172 + (TT)]+1(5tM]+1/2) k] 10x ( i“1/2 + (TT)] 151}1/1] 1/2) }
+ ijflfjl,/lz + ij+1f}1+/12, j el (55)
2(1q);
1/2 q/] 1/2
K (5”‘1‘ + 5 (o %(x])))

2k; 1
)= pl/2_ (1/2 1/2\] _ 1/2 1/2 1/2 .
= 3y, { e [4’2 (u] + (1), 011 )] Oy (uMdi% + (t1); Opu )} +f] , j= My, (56)

for n = 1. Meanwhile,
n 2.1 2kf I n 1 il n i 7l :

C; (Atu}-“ + (Tq)jéfu;?) = kjéi (u;1 + (TT)jAtu;l) + £l jel™, (58)
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AX]'_1Cj_1 (Atuf + (Tq)]‘_l(stzu?) + AXj+1Cj+1 (Atu;? + (Tq)j+15t21/l}1)

= Z{kj+15x <M7+1/2 + (TT)j+1Atu;l+1/2) - kj—l(sx (u}ll/Z + (TT>j—1Aiu7—1/2) }

+Axj g+ Axjafli, jerm™, (59)

n 2.1 Zkf 1 7l il n i n 7l .
Ci (Atuj + (1)1 uj) Ao [4;2 - (u]- + (TT)jAtuj)] —(SX(uMd_% + (TT)jAtuMd_%> T =My, (60)
v]r.“r1 = 20uuj —of, jel (6D

forn=2,...,N —1. Moreover,

u? = 1,01(Xj), U? = 1/)2(35]‘)/ ] el (62)

is the initial condition. We observe that the derivation of the finite difference scheme to
solve the initial-interface boundary problems (6)—(11) is given by using the discrete schemes
(47)-(52), and especially, the discrete version of the change of variable given in (51). More
precisely, we have that the schemes (47)—(52) and (53)—(62) are equivalent (see Theorem 2).

3. Analytical and Numerical Analysis
3.1. Continuos Energy Estimation

We remark that model (6) (or equivalently (12)) corresponds to an energy balance
since it originated in the energy Equation (1). It is well known that the function t —
(1/2)[Ju(-, t)||%2(I) is called the energy for the heat equation uy — uyy = f. Moreover,
the energy analysis implies some inequalities called energy estimates, which imply the
stability and uniqueness of solutions. The following theorem gives the corresponding
generalization of the standard heat equation estimates to the dual-phase-lagging multi-
layered model.

Theorem 1. Consider that u, v are solutions of the systems (6)—(11) and (12)—(18) with boundary
conditions ¢1 = ¢p = 0, respectively; and denote by E the energy function defined as follows

_ 2 2 ki o ki o
B = |[y/Crol| g, + [ Vosoyp, + o)+ i (L), (@)
Then, the estimate
1 )
E(t) <E - 4
(1) < (o)+2/O/I Clay s, (64)

is valid for any t € [0, T].

Proof. Let us multiply (12) by v and integrate over Z'*Y to get

1d
2 2
_/Ilay Covdx + ¥, ey C’l’qv dx (65)

0 d 0 1
— (g0 000 ) (L) b 5+ 0o ) Lo,

1d ou\ v\?
“gi ok (r) 5 fuor(50) 205 o fote 0
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Here, we have used notation (4) and (5) to follow that

Pu v d & ()
/zluyk<ax2 —|—TTaxz>vdx = ZZ{kg/I[ a—xz(u + 17 v)vdx
d
d ! d 14
=Lk (gt ad00 ) @) = (gput o0 (L 1)

d d 2

_ v, (e)/ o
Z;kg | 3 Bxdx z;kﬂT o dx,

which imply (66) by using (18) and the fact that v = u; to deduce the identity 2u vy = (u2);.
From the assumptions ¢; = ¢, = 0, the boundary conditions (15) and (16) and the
identity (u2); = 2uv, we have that

kl(iwﬂé”wv)uo»):mk11<1<“+r§”v>v<Lo,t>
Kk (13(”2)
K \2 ot

+ #)vz) (Lo, b), 67)

9 (d) _ ke (d)
kd(ax(u—i—TT v)v)(Ld,t) =Tk (u+ 13 v)v(Lg, t)
_ k (1a(u2)

+ T7(~d)02> (Lg, t). (68)

Thus, replacing (67) and (68) in (66), using the definition of E given on (63), and applying
the Cauchy-Scharwz inequality, we have that

1d 90\ 2 ki )
by 2 / kop (28 1 Lo, )2
T ()—f—/IWCv dx + e TT(ax) dx+“1Ker v(Lo, t)
ka () 2 1 f >
B = <z I
+ e Tp v(Lg, t) e fodx < 1 /Ilay s dx + /Iluy Codx,

which implies (64) by an integration on [0,¢]. [

3.2. Equivalence of Finite Difference Schemes for Rewritten and Original Systems

Theorem 2. The finite difference schemes (47)—(52) and (53)—(62) are equivalent.

Proof. From (51) with n = 0, Lemma 1, and the initial condition (52), we observe that

1/2 _ 1/2
0" = 5th ,

2 2
1/2 1/2 _ 0 _ 1/2 _ ) ;
oro;’" = ~ (v]. v]) = ((Stu] 1,02(9(])>, jel (70)

jel (69)

Letting n = 0 in (47)—(50) and using the relations (69) and (70), we deduce (53)—(56).
On the other hand, we observe the identities

1 1/2 ~1/2 1 1/2 ~1/2
E(v}”’ / +v7 / ) = Awj and E((Sv}” / +(5v;1 / ) :(Sfu]’-’. (71)

We follow (57)—(62), by adding (47)—(51) with superscripts n — 1/2 and n + 1/2 and
using (71). O
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3.3. Discrete Energy Estimation

Theorem 3. Let us consider that {(u;?,v;?) o (j,n) € IxA0,... ,N}}, is the solution of

the fully finite difference scheme (47)—(52) with boundary conditions 4)?“/ . 4)3“/ 2 =0 for
n=20,...,N —1. Let us consider the notation

Vv = (\/CTVIovnMov .., @vnMd), Vkéyu" = (\/kT/Io”nMO/-“/ \/%u”Md),

ifﬂ+% _ 1 f”*% 1 f”*%
Ve N oTRL Y L

and define the discrete energy E" by

2 k1 2 k4 2
+ (uhy )"+ —=(uy,), n=1,...,N, (72)
1X1K;(11) 0 0(21(,(12) d

E" .= “\Ev” ? + H\/%un”

where the discrete norms are defined in (20)—(23). Then, the following discrete energy estimate

2

A n
i , (73)

ET<E - )

AP
2 (=

VC

is satisfied forn =0,...,N — 1.

Proof. We can rewrite the finite difference scheme (47)-(52) by developing the follow-
ing algebraic operations: multiplying (47) by 2-1Ax Mov;‘/};l/ 2, (48) by ijv;”l/ 2 (49) by
2’1037“/2, and (50) by 2’1Ade U"MZUZ. In the new form of the scheme, we can sum up the
results and rearranging some terms to obtain

1 wr2\2 M nt1/2)\2 1 n+1/2) 2
icMﬂfleM(—l (ng,l ) + Z Cijj (vj ) + iCM(AxMz (UML‘ )
J=Mp1+1

>

=1

My—1
1 . ‘ 1
+1/2_n+1/2 A n+1/2_n+1/2 | + n+1/2_n+1/2
ECMHAxM[fquMH5tvM€_1 UM, +. ME 1C]Ax]'rqj(5tvj v; + ZCMleM[TqM[(StvM[ U,
=M1+

+

)3

=1

d M,—1
_ n+1/2 n+1/2\, n+1/2 52(, n+1/2 n+1/2\ n+1/2
= ezzl [AxMé_lkM[_l(Sx (uM/i—l +(Tr)m, Oy, )ng,l + MZ . Ax;oy (uj + (7r) ] )U]-

= J=Mg—1

+1/2 +1/2 +1/2
+ Boeng enn, 0x (Wt 2 + (o), o 2 ) O ]

d
+)
(=1

kl +1/2 +1/2 +1/2 k3 +1/2 +1/2 +1/2
— 2 (W2 )y )2 = s (w2 (e, o2 ot 2, (74)
a1 Ky ap Ky

2 My AxMé—lvM(,1 EAxM[ My UM[

My—1

lfnﬂ/z n1/2 | i A [/ 24172 1 n+1/2 n+l/2]

if! ,
J=Meq+1 ! !

On the other hand, we observe that we have the following identities:

b 22 = (o) — (o)),

j T oA\ j
Mt 172 , (0. nt1/2 1/2 Mt 1/2 1/2 1/2
2( i+ + +1/2 _ + + +
Y. Axioy <u7 + 17 v;? )v]” =— )Y & (u7 + (TT)]'Z);Z )5xv;’+1/2
J=Meq+1 j=Me—1+1

n+1/2 n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
— 0x (”M[,lﬂ/z + (TT)M/,—1+1/2UM[,1+1/2)UM(,1+1/2 + Ox (uM[+1/2 + (TT)Mg-H/ZUMZJrl/Z)UM[+1/2’

n+1/2 __ n+1/2
0xVj 175 = Ot (‘5X”j+1/2 )
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From (74), the relation (51), the norm notation, the definition of E” given on (72) and the
application of Cauchy-Schwartz inequality imply that the estimate

1 1 /22 1212, ki(Tr)m v12\2 |, ka(Tr)m 1172\ 2
g (B = B IV VR | iaran 2P+ 2 (o7) 2 S (o)
n

ar K,
1 2
(fn+1/2/ Vn+1/2> < H gr1/2 [v/Cvn 17212,

forn =0,...,N —1, which implies (73) and concludes the proof. O

Theorem 4. The scheme (47)—(52) is unconditionally stable.

Proof. The proof is a consequence of Theorem 3. []

Theorem 5. Let us consider that (u]’-‘,v;?) and (U]’?, V]-")forj =My,...,My,andn=1,...,N

are the solution of the fully finite difference scheme (47)—(52) and the analytic solution of (12)—(18)
on Uy at, respectively. If 3At < 2, the following estimate

d
[U" — 0o + V" = v'||oo < C(Atz + Z(AWg)Z), n=1,...,N, (75)
(=1

is satisfied for a positive constant C.
Proof. From the definition, U” and V" satisfy the following relations:
Ci(VI12 4 (1) 172)
_ iké{‘sX(u]ﬁl/zz + (TT)]'V]-@E%Z) _ allKl [(U;1+1/2 +TT(xj)an+1/2) _4);1+1/2}} +f];1+1/2 +R;z+1/2’ i= Mo, (76)
Ci(VI Y2 4 (1) 0V HV2) = o (WP 12 o () Vi) o /2 4 RIHL2, jerw, ()

Ax;_1C;_ Ax; 1C;
j—1%j-1 <Vn+l/2 ) n+1/2> JH1Nj+1 ( n+1/2 ) n+1/2)
S Bt LS O V4 + (1) 16:V! +— (V! + (T, oV,
AXjq+ Axjq \ T (7)j-104Y] AXjq+ Axjqg \ T (T)j104Y]

2
_ kiind (ugqﬂ/z ‘ Vn+1/2) ki 1S (u;'1+1/2 - V'n—l—l/2)
ij1+ij+l{ j+10x i+3 +(TT>]+1 j+1 j—10x -1 +(TT>] 1 -1
Ax;_ Ax; )
i1 n+1/2 j+1 n+1/2 | pn+1/2 | pn+1/2 Pc Tt (78
ij—1+ij+l j—1 ij—l+ij+1fJ+1 + i—1 + i+l j € , (78)

Cj(vjn—&-l/Z_’_ (Tq)]‘(st‘/}i’l-ﬁ-l/Z)
2k 1
_ N n+1/2 _ (1m+1/2 n+1/2\] _ n-+1/2 ntl/2 n+1/2 L pntl/2 i
el 7 (s o )] (R ) e 9
an+1/2 _ 5tu7+1/2 +r7+1/2, jel, (80)
with the initial condition (U]Q, V]Q) = (1,01(36]'),1,112(96]‘)) forj €1, R?H/z and V]r'lﬂ/zr the

residuals of the Taylor series expansions, such that there exists a positive constant C
satisfying

‘R}““/ 2| < C(AP + Ax)), jearurn, 81)

‘R;l“/z] < C(AP + Ax?), jear— (Tur), (82)

s 2‘ < AP, jel 83)
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ouriilfR| < Tar, jel, (84)

forn =0,...,N — 1. We notice that the application of Lemma 2 implies that

A2 (1193 At o%u At
r}qﬂ/z -5/ {at3 (xi’ /2 _ 25) + 35 <xi, /2 4 25)} (1—s?)ds.

which implies the estimates (83) and (84).
Let us consider the notation Z/{]?l = U]” — u}l and V]’-“ = Vj" — v;?. From (47)—(52) and
(76)—(80), we have that (U j", V]”) satisfy the following scheme

o (V]n+1/2 + (Tq)jétVfH/z)

2k; 1
_ n+1/2 n+1/2) n+1/2 Ayn+1/2) _ gn+1/2 n+1/2 s
= ij{‘sx (uj+1/2 + ()Yl ) v Kuj +7r(x))V; ) ol ]} + RIS, j=Mo, (85
C (Vj”ﬂ/Z + (Tq)j5tV]’»1+l/2) _ kjé,% (u](z+1/2 T (TT)],V;zH/z) +R7“/2, je Tay, (86)
Axj1Cjq Axj11Cji1

== (yntl/2 . n+1/2 P HISHT (Y nt1/2 . n+1/2
AX; 1+ Axj (V2 4 ()10 172) Ax1t Ao (V12 4 () aa vy 172)

_ 2 , n+1/2 Cyntl)2 , n41/2 Cyntl/2
= ij_l T ij+1 {k]+15x (ujJr% + (TT)]+1V],+% ) k],léx (ujf% + (TT)jflv],i% )
Ax; Ax; )
j-1 n+1/2 j+1 n+1/2 | pn+1/2 | pnt1/2 i o Tint 87
+ ij71 +Ax]+1 ]71 ij71 _|_Ax]+l-f]+l + ]—] + ]+1 4 ]E 7 ( )
C (V]n+1/2 + (Tq)j5tV]’»1+l/2)
2k; 1
_ ] n+1/2 n+1/2 pnt1/2) | _ n+1/2 n+1/2 n+1/2 -
an+1/2 — 5tujn+1/2 + r}’lJrl/Z, ] c ]I/ (89)

forn=0,1,...,N —1.

We observe that the finite difference scheme (47)—(52) is similar to finite difference
scheme (85)—(88) if we change (u;.”l/ 2, v}”l/ 2) by (Z/{j"“/ 2, V]“l/ 2). Then, can develop
the desired estimate by following similar algebraic procedures to the ones used in The-
orem 3: multiplying (85)-(88) by 2~ 1Axy, Vy; /2, Ax]-V}”l/z, 271 (Ax; + Axﬂl)vf“/z for
(=1,...,d—1,and 27 'Axy dVI’\lAJ;U 2, respectively; summing up the results and using
the following relations

M1
Y Ay (U (o) v v
=M1 +1
Ko 172 1/2 1/2
— n+ yon+ n-+
e T (ZAREE N AN A E PR A:
J=Mpq+1

— 6y (UXA-El/Z + (TT)MK—]V;\I/EE{Z) Vén;—l/z + 6, (u]wl/z + (TT)Mgv}\Zl/z) V}@-l/z,

1
n+1/2ym+1/2 _ _* n+1\2 _ yn)2 :
5V Y2 2At((v]. - ) jel,

n+1/2 _ n+1/2 n+1/2 :
0xVi1jy =0t (‘qujﬂ/z ) +oxrily, JEL

and by making some rearrangements, we obtain the estimate

i(HnJrl _ Hn) <

AT (H™' 4+ H" +6"2, n=0,...,N—1. (90)

> =
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H" :=

571-"—1/2 =

20t

1 d Mg—l

Cr V"

where

2 2 k kd
+ || Viou b U+ s W)
a1 Ky 2Atar K,

5 Y, ). Kby (‘5 77++11//22> +2 il (7%1/2)24' fa 2 (rthuz)z

1
(=1j=M; 1+1 oclK,(1 )

DélK( ) + Ly

20(2K£, )

2k1 (1) My

Axy, M1 K + Ly [ Bxy
R}’l+1/2 A Rn+1/2 d R}’l+1/2 .
( 2 +21] M; iC; (RE2) 2ka(trim, \ 2

From (90) and (81)—(84), we deduce that there is a positive constant C such that ont1/2 <
C(A2 +Y9_,(AW,)?). Then, replacing in (90), we deduce the estimate

1

d
AT (H"™ + H") + C(AP + Y (AW;)?), n=0,...,N—1,

=0

(Hn-H Hn) <

N

which is equivalent to

d
(1 - A;)H“+1 (1 + At)H” +2CAt(At2+ Z(Awﬁ), n=0,..,N-1.
=0

Hence, we get (75) by observing that

3 d
H" < (1 + 2At> H" +3CAHAR + Y (AW,)?), n=0,...,N—1.
(=0

by using the assumption 3At < 2, applying the Gronwall inequality, and Lemma 3. O

4. Numerical Examples

In this section, we present two numerical examples to test our finite difference scheme
presented in Section 2. More precisely, the first example is a theoretical comparison between
the numerical solution and the analytical solution. In addition, we give a test of error to
verify the accuracy of Theorem 5.

The second example provides an application of the numerical scheme to nanoscale thin
films of gold and chromium. In this case, we use the physical properties of these materials.

4.1. Example 1

In this example, we have followed the ideas of [22,25,26]. The chosen parameters
are given in Table 1. It is important to note that some of the chosen parameters may not
make physical sense because the main goal of this example is to compare the exact solution
with the numerical solution to verify the accuracy of the our numerical scheme. We chose

P1(t) = —%ne’%t, Pa(t) = g(n +4y/3)e~2! and source terms

V2 (7 — 2)e~ 3 sin (), € [0,0.5),
ft) = —le 2 [(1-v2)x+v2- 1), x€[05,1),
Y3 (- 3Y3)e 1t sin(Y), € [1,15),
— Y3 (m+ 3L)em 3 cos( ), € [15,2).
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Table 1. Parameters for Examples 1 and 2. W, is expressed in nm; Cy in J/(m? K); T; and T% in ps;
and k; in W/(m K), where J: = joules; K: = kelvins; kg: = kilograms; m: = meters; nm: = nanometers;

ps: = picoseconds; and W: = watts.

Example 1 Example 2
Layer1 Layer2 Layer3 Layer4 Layerl Layer2 Layer3 Layer4
£=1 £ =2 £=3 £=4 =1 [£=2 £=3 (=4
W, 05 0.5 0.5 0.5 0.5 0.5 0.5 0.5
C 1 1 1 1 250 320 250 320
T,; 1 1 1 1 8.5 0.136 8.5 0.136
T{Q 2—-4/mt 3 2—4/m 2+1/m 90 7.86 90 7.86
ke 1/v/2  1/(vV2-1) V3 4/3 315 93 315 93
The initial conditions are
sin(%*), €[0,0.5),
(1—ﬁ>x+ﬁ—%, € [05,1),
u(x,0) =4
sin( %), €[1,1.5),
cos( %), € [15,2],
and
—Lsin(%), x €10,0.5),
u(x,0) | —3((1-v2)x+v2-13), x€051),
ot —%sin(%), X € [1,15),
—Jcos(Z), x € [1.5,2].

It is easy to see that the aforementioned problem has the following exact solution

e’%tsm(%), x €10,0.5),

) e (11— V2)x+v2-1], xe[051),
u(x,t) =

e %tsm(%), x € [1,1.5),

e %tcos(%), x € [1.5,2].

In our simulations, we have considered T = 1, a1 = ay = 0.5, K = K, = 1. Also,
the discretization parameters that have been used are m; = 10, AW; = 0.050 fori =1,...,4;
N = 80 and At = 0.125.

The comparison of the analytical solution and the numerical solution is given in
Figure 3. On the one hand, in Figure 3a, we show the comparison of the initial condition
between the exact solution u(x,0) and the numerical solution ux(x,0). Meanwhile, in
Figure 3b, we show the comparison of the solution at final time T = 1 between the exact
solution u(x, T) and the numerical solution 1 (x, T). On the other hand, in Figure 3¢,d, we
show the temperature distribution for every time ¢ € [0, 1] for the exact solution and the
numerical solution, respectively.
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Figure 3. Numerical results for Example 1. Here, u(x, t) and ux (x, t) are the analytical solution and
the numerical solution, respectively.

Now, consider the notation of Theorem 5. Then, from (22), one can define the L*-norm
error between the analitycal solution and numerical solution as

E(AW, At) == [[U"]|co- (91)

For simplicity, we took AW; = AW, = AW3 = AW, = Ax. To calculate spatial convergence
order, we use

E(2Ax, At) ) 62)

Or = log2<E(Ax,At)

for some fixed, sufficiently small At. On the other hand, to calculate the temporal conver-
gence order, we use

(Ax, 2At)>, 3)

2 IOgZ( E(Ax, A)

for some fixed, sufficiently small Ax.

In the simulation test of spatial error, we chose the same quantity of grid points for
each layer, that is, m; = my = m3 = my = m. Then, we test for m = 5,10, 20,40 and 80. The
final time is T = 1, temporal discretization steps N = 10,000 and time step At = 1/10,000.
Results are shown in Table 2.
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Table 2. The spatial errors and convergence orders in L*-norm with At = 1/10,000.

m Ax Error Order
5 1/10 6.3566 x 1072 —

10 1/20 1.7459 x 1073 1.8643
20 1/40 44179 x 1074 1.9825
40 1/80 1.0757 x 104 2.0381
80 1/160 2.7265 x 107> 1.9802

On the other hand, for temporal errors, we fixed m = 500, Ax =1/1000 and T = 1.
We use different values for N and At. Results are shown in Table 3.

Table 3. The temporal errors and convergence orders in L*-norm with Ax = 1/1000.

N At Error Order
5 1/5 1.1784 x 1072 —
10 1/10 6.4426 x 1073 0.87111
20 1/20 3.4613 x 1073 0.89633
40 1/40 1.7849 x 1073 0.95547
80 1/80 9.0499 x 10~* 0.97987
160 1/160 45520 x 10~* 0.99140
320 1/320 2.2793 x 10~* 0.99791

We conclude that the spatial convergence order is approximately 2. Meanwhile,
the temporal order convergence is approximately 1. Results are consistent with the theoret-
ical analysis from Theorems 4 and 5.

In addition, we verify that the precision of condition At < 2/3 arises from Theorem 5
in a final long time T = 5. For this purpose, we consider K; = K, = 1, m; = 10 for
i =1,...,4, which implies Ax = 1/20. Then, for N = 2, we have At = 5/2 > 2/3 and
E(Ax,At) = 4.19 x 1072 (see Figure 4a). On the other hand, if we consider N = 20, then
At =1/4 < 2/3 and E(Ax, At) = 6.7 x 103 (see Figure 4b). Therefore, we conclude that
if condition At < 2/3 is not considered as time t increases, then the error between the
analytical solution u(x, t) and the numerical solution u, (x, t) also increases.

0.8 0.8 T T
== =up(z,T)
0.7¢ 0.7+ - u(@,T) ||
0.6 0.61
0.5 0.5¢
& &
g 0.4 g 0.4}
03 T o3
02 0.2
01r L T o i i
G0 0‘.5 l 1.5 2 00 0.5 1 1.5 2
T T
(a) Solution profile for At = 5/2. (b) Solution profile for At = 1/4.

Figure 4. Comparison between the analytical solution u(x, t) and the numerical solution u (x, t) for
two different values of At.

4.2. Example 2

We have based this example on the ideas of [11,14,27]. To be more precise, in the
paper of [14], the authors consider a gold layer that is on a chromium padding layer and is
irradiated by an ultrashort-pulsed laser. In our case, we consider four layers; the first and
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third layers are gold films of a size of 0.5 nm. Meanwhile, the second and fourth layers are
chromium films of a size of 0.5 nm. This implies that the spatial domain is [0 nm, 2 nm].
In Table 1 are specified properties of gold and chromium. The values of T; and T+
have been obtained experimentally, while C; and k; are intrinsic properties of the materials
provides in the literature [11]. Furthermore, following the ideas of [14,27], we can consider
a laser heat source term widely used in dual-phase-lag (DPL) or two-temperature models

_ [4In2(1-R)F x t—2t,\2
S(x,t)— n%exp[ g 411'12([_!] , (94)

where F is fluence, R is surface reflectivity, J is optical penetration depth, and t, is pulse

as follows:

duration. Then, if we take into account (2) and (6), then the source term f(x,t) can be
considered as follows:

S(x,t) + Tt}atS(x,t), x €10,0.5),
S(x,t) + 129:S(x,t), x €[0.5,1),
flxt) = : (95)
S(x,t) + 7oiS(x,t), x€[1,15),
S(x,t) +779:S(x, 1), x € [15,2].

In this example, we took F = 13.7j/m?, § = 153 nm, t, = 0.1 ps and R = 0.93. Therefore,
the laser heat source term is

0.90146 x t—0.2)\2
— X o7 :
Stot) = =55 e [ 153 ( 0.01 ) ]

Furthermore, initial and boundary conditions are given by ¢ (x) = 300, ¢»(x) = 0 and

¢1(t) = @a(t) = 300, respectively. These values are expressed in kelvins (K). In a physical
sense, this means that the gold- and chromium-layer films are at room temperature. Ad-
ditionally, there is no external flux, that is, % = 0. For the numerical simulation, we
consider the spatial mesh partition m; = 100, fori =1,...,4, N =80, and a1 = a2 = 1/2.
We simulate for three Knudsen numbers K; = K, = 0.1,1 and 10 in final times T = 0.5 and
1. The results are shown in Figure 5. We specify that the Knudsen numbers used in this
example are not real; however, they are commonly used in the literature (for more details,
consult [21]).

On the other hand, we consider the same initial and boundary conditions, Wy, Cy and
ky provided in Table 1, and a fixed final time T = 1. In Figure 6, we illustrate the effects
that occur when there is a decrease in phase lag, that is, when !, T% — 0. The values used

for T,f and T% are shown in the Table 4.

Table 4. Values of T; and T% for comparison of a decrease in phase lag.

Gold Chromium
rg Tt r;; Tt
DPL 8.5 9.0 x 101 1.36 x 101 7.86
D1 8.5 x 1071 9.0 1.36 x 102 7.86 x 1071
D2 8.5 x 1072 9.0x 1071 1.36 x 1073 7.86 x 1072
D3 85x 1073 9.0 x 1072 1.36 x 1074 7.86 x 1073

D4 85x 104 9.0 x 1073 1.36 x 107> 7.86 x 10~*
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Figure 5. Numerical results for Example 2. (a,b) shown the numerical solution profile 1, (x, f)
in kelvins at final time T = 0.5 ps and T = 1 ps, respectively, for different values of Knudsen
numbers K; = K; = 0.1,1 and 10. Figure (c) shows the numerical solution profile u (x, t) in domain

[0nm,2nm] x [0ps,1ps] and K = 1.
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Figure 6. Comparison of numerical solution ux (x,t) for different values of qu and 7. The numerical
values for each profile are given in Table 4.

We conclude that as the values of th and T decrease, the temperature 1, begins to
increase and starts to deviate from the phase-lag solution (DPL).

5. Conclusions and Future Work

We have introduced a mathematical model for the heat transfer phenomenon in multi-
layered solids by considering a non-Fourier law. For modeling the interphases, we have
assumed that the temperature and the heat flux are continuous. We have approximated the
solution by introducing a finite difference scheme. We have proved some theoretical and
numerical results; mainly, we have proved a continuous energy estimate, a discrete energy
estimate, the unconditional stability of the numerical scheme, and an error estimate of the
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finite difference scheme. Moreover, we have validated our numerical approximation using
analytical data and an example with parameter values close to industrial multi-layered
solids composed of gold and chromium.

The results of this paper are deduced by assuming smooth conditions (on the coeffi-
cients and solution) and the energy estimates are deduced for the specific case of zero-flux
boundary conditions. Hence, it will be interesting to study some extensions in a setting of
more weak conditions and with other types of interface-boundary conditions. More pre-
cisely, we set out at least three issues that need more detailed exploration: (i) the study of the
multi-layered dual-phase-lag equation with discontinuous interface conditions; (ii) the en-
ergy estimates in the case of non zero-flux boundary conditions or other kinds of boundary
conditions; and (iii) the extension to multidimensional domains (see for instance [28]).
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