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Abstract

In this paper, the ranked set sampling method (RSS) is considered for estimating the inverse
power Lindley distribution (IPLD) parameters and compared with the commonly simple
random sampling. Different estimation methods are investigated including the commonly
maximum likelihood, minimum distance estimation methods (Anderson Darling (AD),
right tail Anderson Darling, left tail Anderson Darling, AD left tail second order, Cramér-
von Mises), methods of maximum and minimum spacing distance (maximum product
spacing distance, minimum spacing distance), methods of ordinary and weighted least
squares, and the Kolmogorov-Smirnov method. A simulation study is conducted to
compare these methods using RSS and SRS based on the same number of measured units in
terms of mean squared error, bias, efficiency, and mean relative estimation error. A failure
data set is fitted to the IPLD and the proposed estimation methods are applied to the data.

Keywords: ranked set sampling; inverse power Lindley distribution; maximum likelihood
estimation; minimum distance estimation; Cramér-von Mises estimator; ordinary and
weighted least squares

MSC: 60E05; 62E10; 62G30

1. Introduction

Ranked set sampling (RSS) is an advanced statistical sampling technique introduced
by [1] that improves parameter estimation accuracy compared to simple random sampling
(SRS). It is particularly beneficial in situations where precise measurements are costly,
time-consuming, or destructive, while ranking the units is relatively easy and inexpensive.
The RSS is widely applied in various fields, including agriculture, environmental science,
reliability analysis, and medical research. Over time, it has been adapted into different
variations, such as modified RSS, extreme RSS, median RSS, and multistage RSS to suit
specific research needs. Its efficiency and flexibility make RSS an essential tool in modern
statistical inference and data collection methodologies.
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Let X be a random variable representing a characteristic of interest with mean y = E(X)
and variance 2. Let Xij denote the j-th observation in the i-th set, wherei = 1,2,...,m and
i=12,...,m

The RSS process can be performed with m sets, each of size m as in the following steps:

1.  Chose m random sets from the population of interest as

Xll/ XlZ/ oy le
Xo1, X, 0, Xom
Xml/ XTHZ/ oy Xmm

2. Rank the units in each set through an inexpensive technique, for example, visual
ranking or using an auxiliary variable as

X101y X102  X1(m)
X1 X + Xo(m)
Xnyr Xm@y 0 Xm)

where X;(;y denotes the j-th smallest order unit in i-th set.

3. From the i-th set, select the i-th ranked unit X;;, by selecting from the first set,
the smallest-ranked observation Xj ;) is measured, from the second set, the second-
smallest observation X;,) is measured. This process continues, with the m-th set
contributing the highest-ranked observation X,,(,,) as

Then, the final RSS sample which can be used for actual measurement is: Xgsg =

X1y, X227+ -+ Xon(m) }-

The probability density function (pdf) and cumulative distribution function (CDF) of
the X(izm), respectively, are given by

m!

f(X(im)) = mf(x(i:m))[F(x(i:m)j)]i_l[l — F(x(im))]™ ™,

and

FCemy) = X2 gar gy P ) 1= Py )"

The final RSS sample consists of the measured values Xi(l-) fori =1,2,...,m. The
RSS-based estimator for the population mean is given by firss = % Y.ty Xij), which is
generally more efficient than the simple SRS estimator. It can be shown that E(firss) = 1,
that is the RSS estimator is unbiased for y [2]. The variance of the RSS mean estimator is
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generally lower than that of the SRS estimator (Var(figss) < Var(figrs)) based on the same
size of measured units with variance:
2 1 v PR
Ogss = — Z%(Xi(i) — flrss)”.
i=

In general, the RSS enhances estimation accuracy by incorporating ranking infor-
mation, particularly when ranking is highly correlated with actual measurements. The
efficiency gain depends on the strength of ranking and the underlying population dis-
tribution. In many practical applications, RSS achieves the same estimation precision as
SRS but with a smaller sample size, making it a valuable method in scenarios where exact
measurements are costly or time-consuming.

Recently, numerous studies have explored RSS by introducing modifications or apply-
ing it to estimate population parameters across various fields.

Ref. [3] proposed balanced groups RSS for mean estimation. Ref. [4] suggested
a multistage RSS for estimating the population mean, which increases efficiency for a
fixed sample size. A modified robust extreme RSS is proposed by [5] for estimating the
population mean. Ref. [6] offered a mixed RSS as a variation of the RSS for parameters
estimation. Ref. [7] studied the maximum likelihood estimators using RSS of the log—
logistic distribution parameters. Ref. [8] investigated the problem of estimating log-logistic
parameters using the moving extremes RSS. Ref. [9] considered the RSS in estimating the
inverted Kumaraswamy distribution parameters. Ref. [10] investigated the population
mean under stratified RSS. Ref. [11] studied the RSS in estimating the Xgamma distribution
parameters with an application to real data. Ref. [12] introduced a review of RSS and its
modified methods in developing control charts. Ref. [13] proposed the dual RSS method.
Ref. [14] investigated the RSS in various estimation methods for the power logarithmic
distribution. Ref. [15] suggested new modification to the median quartile double RSS
for estimating the population mean. Ref. [16] utilized the neutrosophic median RSS for
mean estimation with an application to demographic data. Ref. [17] considered mean
estimation using RSS in the presence of measurement errors. Ref. [18] recommended the
RSS in evaluating the performance of control charts. Ref. [19] used the RSS in estimating
the parameters of the unit Lindley distribution. Ref. [20] used the RSS for estimating the
stress-strength reliability for the Beta-Lomax distribution. Ref. [21] investigated the RSS in
estimating the parameter of the exponential-Poisson distribution. Ref. [22] considered the
MRSS for estimating the log-logistic distribution using median RSS based on the maximum
likelihood estimation.

The Lindley distribution is proposed by [23] by mixing the exponential and gamma
distributions with respective pdfs:

filx | B) =Be P, x>0,8>0,and fr(x | 2,B) = Bxe P, x>0,>0

to get the pdf of Lindley distribution as

fx|Bg)= 155(1+x)e‘ﬁx, x>0, p>0.

Due to the importance of this distribution, many modifications and applications for this
distribution are investigated in the literature as the inverse Lindley distribution by [24],
the power Lindley distribution by [25], which is a mixture of Weibull distribution with
shape parameter « and scale parameter  and the generalized gamma distribution with
scale parameter 8, and shape parameters 2 and a. Ref. [26] considered Bayesian and non-
Bayesian estimations of truncated inverse power Lindley distribution under progressively
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type-II censored data and studied it by Bayesian and non-Bayesian estimations. Ref. [27]
suggested heavy-tailed inverse power Lindley Type-I model.
The pdf of the inverse power Lindley distribution [28] is given by
ap® (1+x*\ _ 6

f(x'ﬂé,ﬁ):l_fﬂ<x2a+1>e Xﬂ‘, x>0,0¢>0,ﬁ>0, (1)
where « is the location parameter and j the scale parameter. The corresponding cumulative
distribution function (CDF) and hazard rate function (HRF) for the PILD are respectively
in Figure 1, given by
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Figure 1. The IPLD pdf and HRF plots.

The main objectives of the study are

1.  To estimate the parameters of the inverse power Lindley distribution using RSS technique,
and to compare the performance of RSS with the SRS method in parameter estimation.

2. Toevaluate and compare multiple estimation techniques, including: maximum Likeli-
hood estimation, minimum distance estimation methods (Anderson-Darling, right-
tail AD, left-tail AD, left-tail second order AD, Cramér—von Mises), maximum and
minimum spacing distance methods, ordinary and weighted least squares methods,
and the Kolmogorov-Smirnov method.

3. To conduct a simulation study assessing each estimation method under RSS and SRS
using performance criteria such as mean squared error (MSE), bias, efficiency, and
mean relative estimation error (MRE).

4. To apply the proposed estimation approaches to a real failure data set to demonstrate
the practical utility of RSS in estimating IPLD parameters.

The rest of this paper is organized as follows. In Section 2, different estimation methods
are introduced. A detailed numerical simulations are given in Section 3. An application
of real data is presented in Section 4. In Section 5, main results for the work are presented
along with some directions for further works.

2. Methods of Estimation

In this section, we investigate fifteen estimation method to estimate the parameters «
and f of the I-PL distribution. Within this framework, we denote f,.), as the sth ranked
observation (i.e., the sth order statistic) in the sth subset of the hth cycle, where s ranges
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log L & mlog(a) +2mlog(p) — mlog(p+1) +Xv:Xd: s—1)log(¥ (Sh,zx,ﬁ))—ﬁif; i

+

dlogl
on

from 1 to d and h ranges from 1 to v. These observations form the RSS data for T, with a
total sample size of m = dv. For simplification, we represent the selected sample under the
RSS design as tg.

2.1. Maximum Likelihood Estimation

This section derives the maximum likelihood estimators (MLEs) for parameters « and f3
of the I-PL distribution using the RSS methodology. MLEs is the most widely used estima-
tion method in statistics due to its optimal asymptotic properties (consistency, asymptotic
efficiency, and asymptotic normality). Let zg, = (zg,, s=1,...,d, h=1,2,...,v) represent
the observed RSS data with sample size m = dv, where d indicates the set size and v denotes
the number of cycles, all sampled from the I-PL distribution.

Based on this RSS data, the likelihood function L(«, ) is expressed as

v d
B) = hl—[ qg(s:d) (tsn 2, B), 2)
=1s=

where

S(s:d) (tsn 2, B) = W[G(tsh,a,/ﬂ)]51[1 — Gltan, o, B *g(ten a, B)

B ‘B % s—1
T A1 BBl d_si1) ((/3+1)tgh+1> ]

d—s
T+ —F B —ik
o[ LEb) 7R, 1_(+1)e nl
( 2t ) (B+ 1)ty

The log-likelihood function of (2) is as follows:

ap?

h=1s=1 h=1s=1 "sh
v d v d 1 +i’
Z —s log<l— (tsp, o, Be <h>—|—221 < 21x+1 ),
h=1s=1 h=1s=1 fs
where ¥ (g, a, B) = ﬁ+€)t"‘ +1.

The MLEs &; of a, and B; of B can be obtained by solving simultaneously the following
normal equations:

-2y y Co ) 5y B0 g+ 2)
i i (d = 5)¥a(tan o, Ble 5 +"I’(tshr“/ﬁﬁ) log(ts) Be ' 5 ' _
h=1s=1 1—¥(tg, a Be '
e alaogl 727m+2i(s—1)‘1’;;(tsh,w,ﬁ) —ii%
p Boioa Ylaap) =151 bsn
ey (@ 9yt e b ¥y, m Bt 0
h=1s=1 1— ‘I’(tsh,a,ﬁ)e_% ’
where, ¥/, (ts,, &, B) = léf((ﬁ )? and ‘Yﬂ( s, B) = tgh(,slﬂ)z'
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To solve for &y g and B MLE, hnumerical methods are required since these estimators
cannot be expressed in closed form. Nonlinear optimization algorithms such as the Newton—
Raphson iterative method would be appropriate for computing these values.

2.2. Minimum Distance Estimation Methods

Estimation methods that rely on minimizing well-established goodness-of-fit statistics
are often effective and yield reliable results in various scenarios. In this study, five widely
used techniques are considered, each aiming to minimize the discrepancy between the
theoretical and empirical cumulative distribution functions.

2.2.1. Anderson-Darling

The Anderson-Darling method is particularly appropriate for capturing tail behavior
accurately. Consider an ordered sample f(1.), (2:m), - - - » £ (su:m) Obtained from a RSS of size
m = dv, where d represents the set size and v is the cycle number, drawn from the I-PL
distribution. The Anderson-Darling estimates (ADEs) for « and §, denoted as & 4p and
B ap, are obtained by minimizing the following function:

m

1(8,8) = —m— 32 = 1) [108 G (K | 0,8) +1085 (tipim) | 06) ], O

i=1

where S(.|a, B) represents the survival function. Instead of directly using (3), the values & spr
and BapE can be numerically determined by solving the following nonlinear equations:

ot (a,B) _ = 17(2i 1) Sa(t(i:m)la, B) N Sa(t(1+m—i:m)la,B) _0
9 X | G(tim) 0 B) St miom) |, B )

and

PWE) _ i gy gy |G B) | SBCO e m iz p)|

% | G(t(i:m)|“/ﬁ) S<t(l+mfi:m)‘“/:8)
where
__B
10g (i ) (Eim® +1) B2 fEm"
sa(tm ) = 536 (2 ) = el ))f(g:nf)m)(ﬁle)) —
and

B((tim® +1)B+ 2t +1)e e

Eim) 2 (B+ 1)

op (f(i:m)l%ﬁ) = aaﬁG(Z(il:nﬂ“rﬁ) = - , ()

and da(t(i—1:m)|a,B) and SB(t(i —1: m)|a, B) have similar expressions with the or-
dered sample £(;_1.;).

2.2.2. Right-Tail Anderson-Darling

The Right-Tail Anderson-Darling specifically emphasizes the right tail of the distri-
bution. Consider an ordered sample (1.,,), {(2:), - - -t (u:;p) Obtained from an RSS of size
m = dv, where d represents the set size and v is the cycle number, drawn from the I-PL
distribution. The right-tail Anderson-Darling estimates (RTADEs) for « and j3, denoted as
&rTADE and E RTADE, are obtained by minimizing the following function:
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1 m
O, p) = 2 —221 = 1’”@( Zm)\oc,ﬁ) = Z (2i — 1) 1ogs( (m+1_l-:m)|oc,,3>. ©6)
Instead of directly using (6), the values &rrapr and ,B RTADE can be determined numer-

ically by solving the following nonlinear equations:

00> («, ﬁ) L (t(i:m)|“rﬁ> _ l UL . |:(5zx (t(1+m—i:m)|’xlﬁ)] _
o - Z (t(i:m)MIB) " E (21 l> S(t(l+m7i:m)|“/.3> "

i=1

i=1
and

002, B) _ " 5/5(t(i:m)|‘xfﬁ) -

= e ()

where 04 (.|a, ) and é(.|a, B) are given in (4) and (5).

:0/

SN

1

p (t(1+m7i:m) |et, ﬁ) ]

(2i - 1) |: S (t(l-i-m—i:m) |¢X, IB)

2.2.3. Left-Tail Anderson—Darling

The Left-Tail Anderson—Darling focuses on the left tail of the distribution. It is useful
when early failures or small values are of particular concern, such as in quality control
applications. Let t (1., f(2:m), - - -+ t(m:m) De an ordered sample obtained from the I-PL
distribution and forming an RSS of size m = sw, where s represents the set size and w is the
cycle number. The Left-Tail Anderson-Darling estimates (LTADEs) for « and j, denoted as
&rrape and B LTADE, are determined by minimizing the following function:

Ba(e ) = o 42 L G(tmlnb) - Y i~ 1)10gG (k). @)

i=1

The following nonlinear equations can be solved numerically instead of (7) to obtain
&rrape and Brrape:

1_1) ( lm)|‘x ﬁ)
{iom) 2 B)

B35 i)

SM—‘

m (2
)
i=1

and

m (Zi — 1)(5/3 (t(i:m)|“/.3>
'Z =
i=1 t (i:m) |“/ﬁ>

SR

3193(06 983w, B) Ziéﬁ( ,m)\lx,ﬁ) _

where 04 (.|, ) and é4(.|a, B) are given in (4) and (5).

2.2.4. AD Left-Tail Second Order

The Left-Tail Anderson-Darling second-order provides enhanced emphasis on the
extreme left-tail with second-order weighting and offers even more sensitivity to the be-
havior of the distribution near zero, which can be critical for certain applications. Let
ttm)s t2:m)s - - -+ E(m:m) De an ordered sample constructed using the I-PL distribution, re-
sulting in an RSS of size m = sw with set size s and cycle number w. The Left-Tail
Anderson-Darling second-order estimate (ADSOE) for a and 3, denoted as &s and fs, is
obtained by minimizing the function below:

194(w,ﬁ)—2ilog[ (t(imy ﬁ)]+;fc(£21_l)) (8)
i= (i) |

o
A

B

=
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Instead of solving Equation (8) directly, one can solve the following nonlinear equa-
tions to obtain & spsor and BApsor:

o00.p) 5 O (tem 0 B) 1 g, (20— Do (b0, B)
(i) E Glms)

and
aﬁ(zxﬁ)i o (zm\“ﬁ) lm(zifl)‘sﬁ(t(i:mﬂ“lﬁ)i
B - ; (U:m)m,ﬁ) ng G2t |, B ) -

where 4 (.|, ) and ég(.|a, B) are given in (4) and (5).

2.2.5. Cramér—von Mises Estimators

The Cramér—von Mises provides balanced estimation across the entire support of
the distribution without emphasizing any particular region, making it a robust general-
purpose estimator. Let ¢ (1., £(2.), - - -, E(su:m) € an ordered sample created using the I-PL
distribution, which yields an RSS of size m = dv, where d is the set size and v is the cycle
number. The Cramér—von Mises estimates (CVMEs) for a and j, denoted as &cypr and
Bcvme, can be obtained by minimizing the following function:

: 2
Os(@ B) = 15 +§{ ( <i"”>|""ﬁ> - 212;11} ‘ ©)
Instead of using (9), one may solve the following nonlinear equations to obtain &cypr and
BcvME: . .
o = T {0t )~ s ) =
and

i=1
where, 6, (.|a, B) amd 64 (.|a, B) are given in (4) and (5).

2.3. Method of Maximum and Minimum Spacing Distance

The MPS approach was first presented by Cheng and Amin [29,30]. This approach
depends on maximizing the geometric mean of the data’s spacings. For the most part, the
MPS method is particularly effective for small samples and distributions with complex
functional forms. MPS is less sensitive to outliers and model misspecification than MLE.

2.3.1. Maximum Product Spacing Distance

Suppose that ¢ 1.y, {(2:m), - - - »  (:im) fOrm an ordered sample creating an RSS of size
m = dv, gathered from the I-PL distribution. The uniform spacing is then determined by

A; = G(t(i:m)m,ﬁ) - G(t(i,l:m)\a,ﬁ), i=12,...,m+1

m+1
Note that G(t(OZm)ac, ,8) =0, G(t(m+1:m)|zx,,8) =1,and 121 A =1
=

The following function is maximized with respect to & and f to obtain the MPS
estimates (MPSES) & MPSE and EMPSE:

m—+1
= 1
m+1 2 oglA
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The MPSEs &psg and B MPSR can be obtained through the numerical computation of
the following equations:

ot B o 8) = 6t o)) =0

m-+1
e | LY (T T )

where 04 (.|a, ) and é4(.|a, B) are given in (4) and (5).

and

2.3.2. Minimum Spacing Distance

Minimum spacing distance estimators provide a distribution-free approach that does
not require complete specification of the likelihood function and is computationally simpler
in some cases. Consider ¢ (1), {(2.n), - - - , £ (sn:m) @S an ordered sample obtained from the I-PL
distribution distribution, with cycle number w and set size s, forming an RSS of size m = sw.
We can derive various parameter estimates by minimizing specific objective functions.

¢ Minimum spacing absolute distance
By minimizing the following function, we obtain the minimum spacing absolute
distance Estimates (MSADESs) &sapg of « and B MSADE of B:

m—+1

X1:2

i=1

Ai— (10)

b
m+1|
Instead of directly solving Equation (10), the following non-linear equations can be
solved to obtain &g and fg:

+1 A —
2 B o) - )] -0
and
+1 [A; — L
aa)g _7:,1_21 ‘A:,_:i’{@%( zm)|"‘fﬁ) _5ﬁ<t(i71:m)|“rﬁ)} =0,

where 4 (.|a, ) and ég(.|a, B) are given in Equations (4) and (5).

*  Minimum spacing absolute-log distance
By minimizing the following function, we obtain and the minimum spacing absolute-
log distance Estimates (MSALDEs) &as41pr of « and B MSALDE of B,

m+1

Xzzz

i=1

log(A;) — log(m :_ 1) ’ (11)

Similarly, we can solve the following non-linear equations instead of Equation (11) to

obtain &ysa1pe and BarsarDE:

—_

aﬁ_m-&-l llog(Ai)—log(m%rlN 1
o 1; (log(/\i)log(mil))/\i{ ( (izm) @ ﬁ) ( (i—1:m) |, ,3)} 0,

and
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e Mt llog(/\i)—log<L>‘ 1 =
8732 - ;1 (tog(as) - 1og(m+1))Ai{%(tcmla,ﬁ) — 3 (t-rm e ) | =0,

where 4 (.|a, ) and ég(.|a, B) are given in Equations (4) and (5).

Minimum spacing square distance

Next, by minimizing the following function, we determine the minimum spacing
square distance Estimates (MSSDEs) & yssspr of « and ,B Msspe of B

m+1 1 2
— A ——
=L (8-)

i=1

(12)

Instead of solving Equation (12) directly, the following non-linear equations can be
solved to obtain &9 and fB1o:

m+1

-5 (v ) i) )] -0

i=1

and

aayg - "f( m+1> 196 (tmlarB ) = 35t B ) | =0,

1

where 04 (.|a, ) and ég(.|a, B) are given in Equations (4) and (5).

Minimum spacing square log-distance

By minimizing the following function, we determine the minimum spacing square
log-distance Estimates (MSSLDES) &yssr.pr of & and ByissipE of B,

m+1 1 2
Xa=Y, (log(A)—log<m+1>> (13)

i=1

Similarly, we can solve the following non-linear equations instead of Equation (13) to
obtain &yssrpe and fmssLDE:

% ) )
and

%);4‘%1 (10889 108 (55 ) ) 9t . 8) — 85 (b )] =0

i=1

where 4 (.|a, ) and ég(.|a, B) are given in Equations (4) and (5).

Minimum spacing Linex distance

Finally, we can obtain the minimum spacing Linex distance Estimates (MSLDE)
&pscpe of a and Bysipr of B by minimizing the following function:

m+1 Am L 1
XS_Z(eI m+1—(Al—m+1)—1> (14)

i=1
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Instead of solving Equation (14) directly, the following non-linear equations can be
solved to obtain &y;s; pr and BysrpE:

aXS m+1

GE =Y (M —1) [0 (il B) = 0u (i1 B) | =0,

i=1

and
m+1

aa;;; -y (eAl-—m%l _ 1) {(513 (t(i:m)|"‘15) =g (t(ifl;m)m,ﬁ)} =0,

i=1

where 4 (.|a, ) and ég(.|a, B) are given in Equations (4) and (5).

2.4. Methods of Ordinary and Weighted Least Squares

The OLS estimates (OLSE) and WLS estimates (WLSE) were introduced by [31] to
estimate the parameters of the beta distribution. They are simple to implement, computa-
tionally efficient, and provides reasonable estimates without requiring iterative likelihood
maximization. Consider (1), ¢(3), ..., f(,) an ordered sample obtained from the I-PL distri-
bution, with cycle number v and set size d,forming an RSS of size m = dv. By minimizing
the following function, the OLSEs &oysg of & and Boy sk of B are found to be, respectively:

m

LS (e, 8) = Y. [G(t(i:m)a,ﬁ) - milr.

i=1

The following non-linear equations can also be solved to produce these estimators:

LS (v, B) & | i B
LB _ § 16 s 8) g | ) =0
and (,5) - .
oLSi(a,B) i B
B l; _G<t(i:m)|0‘/.3) el op (t(i:m)|0‘f.3> =
The WLSEs &y se of « amd By sk of B are determined by minimizing the following
function:

t5s0) = £ LD (00 ) -

The following non-linear equations can also be solved to produce these estimators:

8L520¢5 - m+1 (m+2)[ (lmsz ﬁ) +J a(t(i:m)|“/5)zo’

M

i=1 _1+1)
and
m 2

where, d,(.|a, ) and 6g(.|a, B) are given in (4) and (5).

2.5. Kolmogorov Method

Kolmogorov method focuses on worst-case fit rather than average fit, ensuring that
the estimated distribution does not deviate excessively from the data at any point. Consider
tay, by -+ r Em) an ordered sample obtained from the I-PL distribution, with cycle number
v and set size d, forming an RSS of size m = sw. In order to obtain the Kolmogorov
estimates (KEs) dxr and B the following function is minimized with regard to « and
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KE(“/:B) Max Z * _G( (i:m) ‘D‘ :8) ( (i:m)|“/:8) -

1<z<m

3. Numerical Simulation

This section evaluates different estimation methods for the IPLD discussed in Section 2.
We compare both the SRS and RSS approaches under various configurations. All compu-
tations were performed using R software (R Core Team, 2024). All parameter estimates
were obtained using the optim() function from the stats package with the Nelder-Mead
method (method = "Nelder-Mead") for optimization. To ensure consistency and assess the
robustness of all estimation methods, initial values were randomly selected from a uniform
distribution around the true parameter values. Specifically, for true parameters («, ),
initial values were drawn from ag ~ U(0.8«,1.2a) and By ~ U(0.88,1.28), representing
perturbations within +20% of the true values. This approach allowed us to evaluate the
stability and convergence properties of each estimation method across different starting
points. All methods consistently converged to the same estimates regardless of the specific
initial values, demonstrating the global convergence of the optimization algorithms. The
convergence was verified in all cases with a tolerance level of 107°.

To evaluate the accuracy of the estimation between methods and sampling designs,
we calculate four statistical metrics:

14 1M

Ml:1 Y, BlaS—M;h/ Y|

14 M Y
MSE—MZ(YZ-—Y)Z, MRE = — 2

where M = 10,000 represents the number of simulations and Y = {«, B} are the parameters
of interest.
The efficiency of RSS relative to SRS is calculated as
Biasggrs

Effgias = Biaspes” Effmse = MSErss”

where Biasgrs, MSEgrs, and MREggrg represent the bias, mean squared error, and mean
relative error under SRS, respectively, and Biasgrss, MSERss, and MRERgs represent the
corresponding metrics under RSS. Values of Eff > 1 indicate that RSS outperforms SRS.

Our simulation examines two parameter set values: Y = (&, ) = (0.3,0.75), which rep-
resents a case with pronounced right-skewness and heavy tails, and Y = («, 8) = (0.6,1),
which corresponds to a more moderate skewness and dispersion, reflecting data with
lighter tails and wider spread. For RSS, we use set sizes of (3,4, 5) with cycle numbers of
4 and 9. For SRS, the sample size is calculated as the set size multiplied by the number
of cycles to ensure comparable sizes between RSS and SRS approaches. The results are
presented in Tables 1-6 for both sampling methods in all configurations.

Also, in Figure 2, we plotted the efficiency values based on the RSS relative to SRS for the
MSE and MRE using all estimation methods with different sample sizes for easy comparison.
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Table 1. AE, Bias, MSE, MRE, and relative efficiency for MLE, OLSE, WLSE, MPSE and CVME for
both RSS and SRS when (&, ) = (0.3,0.75).

MLE OLSE WLSE MPSE CVME
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) o AE 0.3340  0.3249 0.2952  0.2842 0.2973  0.2866 0.2764  0.2684 0.3474  0.3322
Bias 0.0659  0.0497 0.0688  0.0601 0.0652  0.0564 0.0603  0.0544 0.0817  0.0647
MSE 0.0080 0.0044 1.8115 0.0081 0.0059 13700 0.0073 0.0052 1.4068 0.0054 0.0043 1.2521 0.0134 0.0086 1.5638
MRE 02195 0.1657 1.3249 0.2293 0.2004 1.1442 0.2174 0.1879 1.1571 02011 0.1814 1.1088 0.2723 0.2158 1.2616
B AE 0.7434  0.7358 0.7869  0.7808 0.7835  0.7801 0.8091  0.8087 0.7415 0.7312
Bias 0.1873  0.1297 0.1851 0.1273 0.1816  0.1254 0.1772  0.1272 0.1998 0.1353
MSE 0.0559  0.0264 2.1214 0.0551 0.0262 21044 0.0527 0.0256 2.0576 0.0499 0.0269 1.8538 0.0669 0.0300 2.2293
MRE 0.2497 0.1730 1.4439 0.2468 0.1697 1.4542 0.2422 0.1672 1.4480 02363 0.1696 1.3934 0.2663 0.1805 1.4759
(3,9) I3 AE 0.3139  0.3093 0.2970  0.2912 0.3003  0.2938 0.2831  0.2779 0.3211 0.3141
Bias 0.0368  0.0309 0.0436  0.0389 0.0402  0.0354 0.0374  0.0363 0.0446 0.0377
MSE 0.0024 0.0016 1.4519 0.0031 0.0023 1.3239 0.0027 0.0020 1.3363 0.0021 0.0019 1.0823 0.0036 0.0025 1.4369
MRE 0.1226  0.1028 1.1919 0.1453 0.1297 11198 0.1340 0.1182 1.1341 0.1247 0.1211 1.0298 0.1488 0.1258 1.1823
B AE 0.7464  0.7482 0.7697  0.7694 0.7645  0.7669 0.7854  0.7902 0.7424  0.7435
Bias 0.1223  0.0834 0.1240  0.0871 0.1223  0.0848 0.1204  0.0870 0.1266  0.0871
MSE 0.0233  0.0112 2.0869 0.0241 0.0121 19905 0.0234 0.0116 2.0059 0.0227 0.0121 1.8666 0.0249 0.0122  2.0340
MRE 0.1631 0.1112 14669 0.1653 0.1161 14233 0.1631 0.1131 1.4422 0.1605 0.1160 1.3831 0.1689 0.1161  1.4545
(4,4) o AE 0.3277  0.3209 0.2991  0.2885 0.3024 0.2918 0.2814  0.2743 0.3375 0.3256
Bias 0.0537  0.0434 0.0580  0.0502 0.0549  0.0479 0.0502  0.0474 0.0642  0.0528
MSE 0.0052 0.0034 1.5298 0.0055 0.0041 13573 0.0051 0.0038 1.3210 0.0038 0.0034 1.1254 0.0080 0.0055 1.4540
MRE 0.1790 0.1448 1.2368 0.1933 0.1673 1.1559 0.1830 0.1598 1.1449 0.1672 0.1580 1.0584 0.2140 0.1761 1.2149
B AE 0.7338  0.7276 0.7698  0.7651 0.7640  0.7619 0.7894  0.7888 0.7304  0.7240
Bias 0.1624  0.1058 0.1602  0.1067 0.1589  0.1058 0.1539  0.1067 0.1714  0.1108
MSE 0.0415 0.0179 2.3173 0.0422 0.0177 23764 0.0406 0.0176 23030 0.0376 0.0179 2.1001 0.0480 0.0200 2.3971
MRE 0.2165 0.1410 1.5350 0.2136 0.1423 15018 0.2119 0.1410 1.5029 0.2052 0.1423 1.4425 0.2286 0.1477 1.5473
(4,9) I3 AE 0.3116  0.3089 0.2997  0.2954 0.3021 0.2977 0.2865  0.2840 0.3178  0.3132
Bias 0.0321  0.0265 0.0364  0.0325 0.0335  0.0298 0.0322  0.0305 0.0370  0.0319
MSE 0.0018 0.0012 1.5198 0.0022 0.0017 1.2627 0.0019 0.0015 1.3217 0.0016 0.0014 1.1758 0.0025 0.0018 1.3506
MRE 0.1069 0.0885 1.2089 0.1214 0.1083 1.1203 0.1117 0.0992 1.1261 0.1073 0.1016 1.0561 0.1233 0.1062 1.1610
B AE 0.7458  0.7411 0.7615  0.7569 0.7579  0.7549 0.7784  0.7753 0.7404  0.7367
Bias 0.1027  0.0698 0.1045 0.0730 0.1029  0.0712 0.1005  0.0705 0.1066  0.0738
MSE 0.0166  0.0075 21989 0.0175 0.0084 2.0914 0.0169 0.0080 2.1105 0.0163 0.0079 2.0455 0.0179 0.0086 2.0826
MRE 0.1369 0.0930 14715 0.1393 0.0974 14310 0.1372 0.0950 1.4445 0.1340 0.0940 1.4256 0.1421 0.0984 1.4436
(5,4) o« AE 0.3220  0.3112 0.2995 0.2883 0.3027  0.2909 0.2830  0.2730 0.3309 0.3181
Bias 0.0452  0.0342 0.0494  0.0432 0.0464  0.0395 0.0426  0.0404 0.0545 0.0431
MSE 0.0035 0.0019 1.8497 0.0041 0.0030 1.3741 0.0037 0.0025 1.4868 0.0027 0.0024 1.1623 0.0054 0.0034 1.6159
MRE 0.1508 0.1141 1.3217 0.1646 0.1439 1.1436 0.1548 0.1318 1.1742 0.1419 0.1348 1.0525 0.1817 0.1437 1.2644
B AE 0.7360  0.7447 0.7653  0.7710 0.7607  0.7690 0.7840  0.7959 0.7313  0.7379
Bias 0.1384  0.0849 0.1350  0.0892 0.1347  0.0872 0.1338  0.0891 0.1418  0.0902
MSE 0.0304 0.0112 2.7204 0.0295 0.0125 23595 0.0293 0.0120 2.4483 0.0284 0.0126 22515 0.0323 0.0130  2.4905
MRE 0.1845 0.1132 1.6299 0.1800 0.1189 15142 0.1796 0.1163 1.5444 0.1784 0.1188 1.5011 0.1891 0.1203 1.5718
(5,9) I3 AE 0.3087  0.3055 0.2985  0.2963 0.3012  0.2982 0.2876  0.2851 0.3138  0.3108
Bias 0.0277  0.0212 0.0324  0.0268 0.0298  0.0245 0.0290  0.0260 0.0321  0.0262
MSE 0.0013  0.0007 1.7894 0.0017 0.0011 1.4870 0.0014 0.0010 1.5018 0.0013 0.0010 1.2689 0.0017 0.0012 1.5154
MRE 0.0925 0.0706 1.3104 0.1080 0.0892 1.2100 0.0995 0.0816 1.2186 0.0966 0.0866 1.1157 0.1071 0.0875 1.2246
B AE 0.7399  0.7436 0.7540  0.7545 0.7501  0.7525 0.7679  0.7718 0.7357  0.7376
Bias 0.0914  0.0553 0.0932  0.0570 0.0916  0.0559 0.0895 0.0587 0.0945 0.0578
MSE 0.0132  0.0048 2.7250 0.0138 0.0051 2.6907 0.0133 0.0049 2.6941 0.0127 0.0054 23376 0.0141 0.0053 2.6665
MRE 0.1219  0.0738 1.6521 0.1243 0.0760 1.6360 0.1222 0.0745 1.6392 0.1193 0.0783 15239 0.1260 0.0770  1.6360
Table 2. AE, Bias, MSE, MRE, and relative efficiency for MSADE, MSALDE, MSSDE, MSSLDE, and
MSLDE for both RSS and SRS when (&, 8) = (0.3,0.75).
MSADE MSALDE MSSDE MSSLDE MSLDE
(m, k) Par. Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) o AE 0.2925  0.2806 0.2801 0.2727 0.2675 0.2615 0.2927 0.2848 0.2673  0.2625
Bias 0.0714  0.0633 0.0633  0.0581 0.0821 0.0744 0.0609  0.0524 0.0826  0.0751
MSE 0.0081 0.0062 1.3209 0.0060 0.0050 1.1971 0.0104 0.0080 1.2970 0.0059 0.0044 1.3440 0.0105 0.0082 1.2869
MRE 0.2379  0.2109 1.1277 0.2109 0.1935 1.0898 0.2735 0.2479 1.1033 0.2029 0.1747 1.1619 0.2754 0.2504 1.0999
B AE 0.8010 0.8143 0.8163  0.8227 0.8094 0.8038 0.8033  0.7984 0.8093  0.8010
Bias 0.1971  0.1663 0.1988  0.1649 0.1995 0.1572 0.1934  0.1437 0.2003 0.1573
MSE 0.0625 0.0451 1.3864 0.0629 0.0448 1.4026 0.0623 0.0419 1.4870 0.0608 0.0343 1.7731 0.0628 0.0416 1.5109
MRE 0.2627 0.2217 1.1848 0.2651 0.2199 1.2057 0.2660 0.2096 1.2693 0.2579 0.1917 1.3455 0.2671 0.2097 1.2740
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Table 2. Cont.

MSADE MSALDE MSSDE MSSLDE MSLDE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,9) I3 AE 0.2908 0.2873 0.2865  0.2799 0.2800 0.2744 0.2919  0.2863 0.2798  0.2743
Bias 0.0458  0.0438 0.0412  0.0397 0.0542  0.0511 0.0373  0.0362 0.0545 0.0514

MSE 0.0034 0.0030 1.1386 0.0026  0.0023 1.1151 0.0047 0.0041 1.1544 0.0022 0.0020 1.1170 0.0048 0.0041  1.1519
MRE 01525 0.1461 1.0444 0.1375 0.1323 1.0392 0.1807 0.1702 1.0615 0.1243 0.1206 1.0314 0.1818 0.1713 1.0611

B AE 0.7838  0.7829 0.7841  0.7964 0.7879  0.7868 0.7798  0.7883 0.7881  0.7869
Bias 0.1405  0.1166 0.1387  0.1145 0.1409  0.1207 0.1323  0.1033 0.1414  0.1216
MSE 0.0327 0.0218 14974 0.0311 0.0211 14730 0.0322 0.0241 13349 0.0273 0.0170 1.6040 0.0325 0.0245 1.3253
MRE 01873 0.1555 1.2044 0.1850 0.1527 1.2117 0.1878 0.1609 1.1673 0.1764 0.1378 12803 0.1885 0.1622  1.1626

(4,4) o AE 0.2955  0.2871 0.2838  0.2781 0.2799  0.2696 0.2940  0.2872 0.2798  0.2696
Bias 0.0609  0.0564 0.0541  0.0508 0.0682  0.0670 0.0506  0.0453 0.0686  0.0675
MSE 0.0062  0.0054 1.1540 0.0045 0.0040 1.1291 0.0074 0.0068 1.0964 0.0041 0.0035 1.2010 0.0075 0.0069  1.0908
MRE 02029 0.1880 1.0793 0.1803 0.1694 1.0644 0.2274 02233 10182 0.1687 0.1511 1.1162 0.2288 0.2250 1.0168

B AE 0.7834  0.7848 0.7982  0.7950 0.7817  0.7850 0.7852  0.7826 0.7817  0.7845
Bias 0.1742  0.1438 0.1753  0.1403 0.1777  0.1369 0.1675  0.1217 0.1784  0.1380
MSE 0.0490 0.0330 1.4842 0.0491 0.0316 1.5558 0.0509 0.0300 1.6968 0.0455 0.0242 1.8785 0.0513 0.0305 1.6821
MRE 02323 0.1917 12119 0.2338 0.1870 12498 0.2369 0.1825 12980 0.2234 0.1622 13769 0.2379 0.1839 1.2934

(4,9) 13 AE 0.2924  0.2896 0.2879  0.2857 0.2834  0.2788 0.2938  0.2913 0.2833  0.2788
Bias 0.0393  0.0362 0.0360  0.0331 0.0461  0.0429 0.0334  0.0312 0.0464  0.0433
MSE 0.0026  0.0020 1.2561  0.0020  0.0017 1.2060 0.0034 0.0029 1.1818 0.0018 0.0015 1.2195 0.0034 0.0029 1.1731
MRE  0.1310 0.1208 1.0841 0.1200 0.1103 1.0874 0.1536 0.1429 1.0750 0.1112 0.1041 1.0680 0.1546 0.1443 1.0716

B AE 0.7782  0.7727 0.7807  0.7764 0.7778  0.7761 0.7743  0.7727 0.7778  0.7759
Bias 0.1226  0.0989 0.1172  0.0906 0.1254  0.1016 0.1082  0.0856 0.1259  0.1025
MSE 0.0252 0.0158 1.5964 0.0226 0.0137 1.6530 0.0257 0.0167 1.5383 0.0190 0.0119 1.5938 0.0260 0.0170  1.5235
MRE 01635 0.1319 1.2398 0.1562 0.1207 1.2940 0.1672 0.1354 12344 0.1442 0.1141 12636 0.1679 0.1367 1.2284

(5,4) o AE 0.2940  0.2849 0.2858  0.2764 0.2796  0.2686 0.2946  0.2840 0.2795  0.2683
Bias 0.0552  0.0506 0.0450  0.0447 0.0624  0.0591 0.0429  0.0387 0.0627  0.0594
MSE 0.0054 0.0039 13600 0.0032 0.0029 1.1009 0.0069 0.0054 1.2736 0.0029 0.0023 1.2662 0.0070  0.0054  1.2861
MRE 01840 0.1685 1.0920 0.1500 0.1490 1.0069 0.2080 0.1971 1.0550 0.1429 0.1289 1.1087 0.2091 0.1978  1.0568

B AE 0.7822  0.7872 0.7849  0.8003 0.7829  0.7905 0.7779  0.7919 0.7829  0.7911
Bias 0.1627  0.1265 01522 0.1225 0.1527  0.1236 0.1483  0.1061 0.1532  0.1241
MSE 0.0443  0.0257 1.7232 0.0380 0.0237 1.6011 0.0385 0.0256 1.5050 0.0346 0.0179 1.9301 0.0388 0.0257  1.5070
MRE 02170 0.1686 1.2869 0.2029 0.1634 12419 0.2036 0.1648 12353 0.1977 0.1415 13979 0.2043 0.1654 1.2351

(5,9) 13 AE 0.2925  0.2891 0.2893  0.2864 0.2842  0.2827 0.2938  0.2909 0.2845 0.2827
Bias 0.0359  0.0341 0.0326  0.0294 0.0395  0.0383 0.0302  0.0267 0.0401  0.0385
MSE 0.0020  0.0018 1.1312 0.0016  0.0013  1.2551 0.0024 0.0022 1.0602 0.0014 0.0011 1.3220  0.0025 0.0022  1.1039
MRE 01196 0.1136 1.0527 0.1086 0.0981 1.1080 0.1318 0.1277 1.0322 0.1005 0.0891 1.1285 0.1336 0.1284  1.0405

B AE 0.7680  0.7716 0.7701  0.7761 0.7685  0.7687 0.7645 0.7675 0.7684  0.7686
Bias 0.1130  0.0880 0.1063  0.0809 0.1121  0.0859 0.1004  0.0729 0.1127  0.0865
MSE 0.0202 0.0127 15863 0.0178 0.0108 1.6517 0.0203 0.0120 1.6887 0.0158 0.0084 1.8814 0.0205 0.0122  1.6805
MRE 01507 0.1173 1.2845 0.1417 0.1079 13130 0.1495 0.1146 13049 0.1338 0.0971 13773 0.1503 0.1153  1.3036

Table 3. AE, Bias, MSE, MRE, and relative efficiency for KE, ADE, RTADE, LTADE, and ASLSOE for
both RSS and SRS when (&, ) = (0.3,0.75).

KE ADE RTADE LTADE ASLSOE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) o AE 0.3397  0.3259 0.3085  0.2997 0.3291  0.3087 0.3239  0.3139 0.3447  0.3376
Bias 0.0796  0.0663 0.0606  0.0506 0.0816  0.0647 0.0726  0.0557 0.0944  0.0775

MSE 0.0119 0.0080 1.4855 0.0064 0.0044 14565 0.0148 0.0078 1.8940 0.0106 0.0058 1.8359  0.0209 0.0153  1.3643
MRE 02652 0.2212  1.1992 0.2019 0.1688 1.1958 0.2720 0.2156 12618 0.2419 0.1858 1.3017 0.3146 0.2584 1.2175

B AE 0.7475  0.7399 0.7723  0.7658 0.7870  0.7668 0.7493  0.7401 0.7182  0.7004
Bias 0.2016  0.1371 0.1833  0.1257 0.2022  0.1320 0.1997  0.1328 02234  0.1637
MSE 0.0657 0.0298 22049 0.0538 0.0255 2.1131 0.0906 0.0286 3.1717 0.0630 0.0284 22192 0.0781 0.0440 1.7747
MRE  0.2688 0.1828 14705 02445 0.1676 14586 0.2695 0.1761 15309 02662 0.1771 15031 0.2978 0.2182 1.3647

(3,9) « AE 0.3160  0.3095 0.3035  0.2974 0.3117  0.3013 0.3057  0.3027 0.3098  0.3076
Bias 0.0463  0.0404 0.0375  0.0332 0.0463  0.0416 0.0398  0.0347 0.0497  0.0457
MSE 0.0037  0.0027 1.3334 0.0023 0.0018 1.3208 0.0037 0.0029 1.2928 0.0027 0.0020 1.3385 0.0046 0.0036  1.2643
MRE 01542 0.1346 1.1457 0.1252 0.1107 1.1305 0.1542 0.1386 1.1124 0.1327 0.1155 1.1482 0.1656 0.1523  1.0878

B AE 0.7507  0.7506 0.7609  0.7633 0.7596  0.7632 0.7569  0.7530 0.7466  0.7414
Bias 0.1278  0.0921 0.1220  0.0839 0.1256  0.0866 0.1262  0.0884 0.1453  0.1142
MSE 0.0260  0.0134 19358 0.0232 0.0113 2.0598 0.0246 0.0120 2.0414 0.0251 0.0127 19721 0.0335 0.0211  1.5871
MRE 0.1704  0.1227 1.3879 0.1627 0.1119 14541 0.1674 0.1155 1.4494 0.1683 0.1179 14274 0.1937 0.1522 1.2727
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Table 3. Cont.

KE ADE RTADE LTADE ASLSOE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(4,4) I3 AE 0.3301  0.3190 0.3089  0.3009 0.3212  0.3092 0.3176  0.3107 0.3330 0.3242
Bias 0.0626  0.0542 0.0500 0.0436 0.0641  0.0566 0.0566  0.0483 0.0748  0.0649

MSE 0.0076 ~ 0.0055 1.3757 0.0043 0.0033 1.3168 0.0078 0.0064 1.2162 0.0063 0.0042 1.4771 0.0125 0.0084  1.4955
MRE 02087 0.1808 1.1544 0.1666 0.1454 1.1455 0.2135 0.1888 1.1311 0.1887 0.1609 1.1729 0.2494 02162 1.1534

B AE 0.7415  0.7351 0.7562  0.7522 0.7582  0.7519 0.7423  0.7344 0.7157  0.7089
Bias 0.1703  0.1154 0.1585  0.1044 0.1656  0.1080 0.1684 0.1138 0.1905  0.1453
MSE 0.0475 0.0212 22383 0.0399 0.0173 23099 0.0482 0.0186 2.5855 0.0451 0.0206 2.1855 0.0578 0.0340 1.6991
MRE 02271 0.1539 14762 02114 0.1392 15191 02208 0.1440 15331 0.2246 0.1518 14797 0.2539 0.1937 1.3107

(4,9) o AE 0.3139  0.3084 0.3039  0.3002 0.3088  0.3024 0.3061  0.3046 0.3066  0.3083
Bias 0.0394  0.0340 0.0319  0.0282 0.0382  0.0341 0.0343  0.0306 0.0435  0.0417
MSE 0.0027  0.0020 13584 0.0017 0.0013 1.3654 0.0025 0.0019 1.3084 0.0021 0.0016 1.3250 0.0032  0.0030  1.0480
MRE 01312 0.1134 11563 0.1063 0.0940 1.1310 0.1273 0.1136 1.1207 0.1144 0.1019 11229 0.1451 0.1389 1.0444

B AE 0.7475  0.7426 0.7559  0.7520 0.7553  0.7523 0.7522  0.7438 0.7500  0.7356
Bias 0.1094 0.0764 0.1019  0.0700 0.1035  0.0708 0.1077  0.0768 0.1269  0.1033
MSE 0.0188  0.0092 2.0387 0.0167 0.0077 21617 0.0172 0.0079 2.1606 0.0187 0.0091 2.0421 0.0255 0.0168 1.5163
MRE 01458 0.1019 14308 0.1359 0.0933 14568 0.1381 0.0944 14631 0.1436 0.1023 14035 0.1692 0.1378  1.2279

(5,4) 13 AE 0.3248  0.3132 0.3079  0.2968 0.3184  0.3012 0.3118  0.3045 03181  0.3149
Bias 0.0549  0.0451 0.0439  0.0358 0.0562  0.0442 0.0462  0.0411 0.0583  0.0568
MSE 0.0055 0.0036 15170 0.0032 0.0021 1.5713 0.0057 0.0035 1.6201 0.0036  0.0029 1.2485 0.0065 0.0060  1.0798
MRE 01830 0.1503 1.2171 0.1463 0.1192 1.2273 0.1872 0.1475 12695 0.1541 0.1369 1.1257 0.1943 0.1893  1.0262

B AE 0.7413  0.7446 0.7546  0.7624 0.7536  0.7625 0.7474  0.7489 0.7339  0.7279
Bias 0.1430  0.0918 0.1352  0.0849 0.1395  0.0874 0.1423  0.0930 0.1649  0.1244
MSE 0.0328 0.0136 24022 0.0292 0.0113 25815 0.0318 0.0120 2.6510 0.0316 0.0139 22809 0.0426  0.0253  1.6869
MRE 01907 0.1224 15586 0.1803 0.1132 15922 0.1860 0.1166 15958 0.1898 0.1241 15297 0.2198 0.1659  1.3248

(5,9) o AE 0.3094  0.3066 0.3022  0.2996 0.3069  0.3020 0.3038  0.3023 0.3047  0.3031
Bias 0.0346  0.0284 0.0286  0.0234 0.0348  0.0301 0.0304  0.0247 0.0398  0.0357
MSE 0.0019 0.0013 1.4711 0.0010 0.0006 1.5448 0.0020 0.0015 1.3968 0.0015 0.0010 1.5365 0.0026 0.0022  1.1479
MRE 01153 0.0946 12185 0.0954 0.0781 12219 0.1159 0.1003 1.1561 0.1013 0.0824 12291 0.1326 0.1190 1.1134

B AE 0.7426  0.7436 0.7489  0.7512 0.7482  0.7506 0.7461  0.7461 0.7431  0.7446
Bias 0.0979  0.0605 0.0913  0.0555 0.0926  0.0576 0.0963  0.0593 0.1173  0.0872
MSE 0.0151  0.0056 2.6814 0.0132 0.0049 2.7188 0.0136  0.0052 2.6240 0.0146 0.0057 2.5871 0.0213 0.0124 1.7134
MRE 01306 0.0806 1.6197 0.1218 0.0740 1.6448 0.1234 0.0768 1.6064 0.1284 0.0791 1.6232 0.1564 0.1163  1.3452

Table 4. AE, Bias, MSE, MRE, and relative efficiency for MLE, OLSE, WLSE, MPSE, and CVME for
both RSS and SRS when («, ) = (0.6,1).

MLE OLSE WLSE MPSE CVME
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) o AE 0.6753  0.6566 0.5933  0.5785 0.5991  0.5835 0.5550  0.5422 0.6974  0.6802
Bias 0.1314  0.1086 0.1384 0.1318 0.1318  0.1239 0.1161  0.1157 0.1613  0.1465

MSE  0.0317 0.0232 13654 0.0354 0.0301 11755 0.0321 0.0271 1.1831 0.0201 0.0205 0.9797 0.0570 0.0471 1.2106
MRE 02190 0.1809 1.2104 02307 0.2197 1.0502 0.2197 0.2065 1.0642 0.1935 0.1928 1.0039 0.2689 0.2441 1.1015

B AE 1.0316  1.0040 1.0519  1.0275 1.0498  1.0256 1.0626  1.0417 1.0437  1.0053
Bias 0.2351  0.1560 0.2183  0.1469 02178  0.1453 0.2056  0.1399 0.2549  0.1656
MSE 0.0962  0.0391 24597 0.0846 0.0350 24182 0.0833 0.0340 24524 0.0721 0.0316 22820 0.1458 0.0456  3.1965
MRE 02351 0.1560 1.5068 02183 0.1469 1.4856 0.2178 0.1453 1.4992 0.2056 0.1399 14695 0.2549 0.1656  1.5396

(3,9) o AE 0.6347  0.6256 0.6028  0.5885 0.6075  0.5958 0.5695  0.5624 0.6512  0.6383
Bias 0.0796  0.0681 0.0909  0.0814 0.0846  0.0760 0.0774  0.0766 0.0970  0.0827
MSE 0.0110 0.0084 1.3063 0.0139 0.0108 1.2915 0.0121 0.0095 12772 0.0090 0.0087 1.0416 0.0169 0.0125 1.3483
MRE  0.1327 01136 1.1686 0.1515 0.1356 1.1172 0.1411 0.1267 1.1131 0.1290 0.1277 1.0104 0.1617 0.1378 1.1732

B AE 0.9994  0.9996 1.0093  1.0124 1.0072  1.0099 1.0239  1.0238 0.9960  0.9983
Bias 0.1470  0.1031 0.1427  0.1018 0.1426  0.1006 0.1366  0.0990 0.1512  0.1059
MSE 0.0348 0.0168 2.0707 0.0334 0.0164 20362 0.0331 0.0160 2.0637 0.0303 0.0153 1.9819 0.0371 0.0179  2.0768
MRE 01470 0.1031 14266 0.1427 0.1018 14019 0.1426 0.1006 14174 0.1366 0.0990 13798 0.1512 0.1059 1.4273

(4,4) o AE 0.6570  0.6343 0.6015  0.5752 0.6076  0.5811 0.5605  0.5419 0.6822  0.6515
Bias 0.1085  0.0841 0.1180  0.1058 0.1120  0.0990 0.1002  0.0965 0.1356  0.1102
MSE 0.0218  0.0127 1.7181 0.0240 0.0192 1.2483 0.0222 0.0169 1.3149 0.0154 0.0137 1.1221 0.0360 0.0249  1.4493
MRE  0.1808 0.1401 1.2903 0.1966 0.1764 1.1150 0.1866 0.1651 1.1306 0.1670 0.1608 1.0382 0.2260 0.1836  1.2308

B AE 0.9997  0.9990 1.0191 1.0166 1.0169  1.0153 1.0319 1.0334 1.0018  0.9964
Bias 0.1854  0.1226 0.1778  0.1171 0.1777  0.1156 0.1666  0.1134 0.1961  0.1270
MSE 0.0576  0.0235 24556 0.0564 0.0220 2.5631 0.0550 0.0214 2.5718 0.0461 0.0201 2.2929 0.0682 0.0258  2.6419
MRE  0.1854 0.1226 15124 0.1778 0.1171 15183 0.1777 0.1156 15379 0.1666 0.1134 14684 0.1961 0.1270  1.5442
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Table 4. Cont.
MLE OLSE WLSE MPSE CVME
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(4,9) I3 AE 0.6253  0.6150 0.5990 0.5913 0.6051  0.5954 0.5734  0.5639 0.6377  0.6279
Bias  0.0654 0.0515 0.0776  0.0673 0.0708  0.0603 0.0656  0.0618 0.0787  0.0652
MSE 0.0074 0.0044 1.6630 0.0098 0.0069 14214 0.0084 0.0056 1.4959 0.0065 0.0055 1.1822 0.0109 0.0071 1.5239
MRE 01090 0.0858 12699 01293 01121 1.1534 0.1180 0.1005 11740 0.1094 0.1030 1.0621 0.1312 0.1087 1.2068
B AE 0.9966  0.9976 1.0058  1.0052 1.0038  1.0038 1.0172 1.0184 0.9946 0.9941
Bias  0.1198  0.0824 0.1174  0.0819 0.1170  0.0805 0.1131  0.0784 01223 0.0844
MSE 00226 00109 20714 0.0222 0.0109 20375 00219 00106 2.0791 0.0203 00101 2.0154 0.0239 0.0115 2.0711
MRE 01198 0.0824 14543 0.1174 0.0819 14337 0.1170 0.0805 14534 0.1131 00784 14417 0.1223 0.0844 14485
(5,4) o« AE 0.6455  0.6260 0.5958 0.5789 0.6033  0.5830 0.5644  0.5478 0.6621  0.6402
Bias 0.0933  0.0659 0.1022  0.0883 0.0956  0.0790 0.0893  0.0807 0.1117  0.0866
MSE 0.0161 0.0076 21098 0.0174 0.0136 1.2843 0.0156 0.0107 1.4556 0.0122 0.0093 1.3149 0.0239 0.0157 1.5200
MRE 01554 0.1098 14157 0.1703 0.1472 1.1568 0.1594 0.1317 12101 0.1488 0.1345 1.1058 0.1861 0.1443 1.2895
B AE 09903 0.9982 1.0062  1.0106 1.0028  1.0112 1.0200  1.0303 0.9899  0.9944
Bias 0.1689  0.0933 0.1651  0.0922 0.1639  0.0902 0.1523  0.0885 0.1801  0.0978
MSE 0.0454 0.0134 3.3797 0.0446 0.0131 3.4025 0.0433 0.0126 3.4403 0.0374 0.0124 3.0134 0.0537 0.0147 3.6496
MRE 0.1689 0.0933 1.8110 0.1651 0.0922 1.7911 0.1639 0.0902 1.8164 0.1523 0.0885 1.7199 0.1801 0.0978 1.8418
(5,9) I3 AE 0.6156  0.6104 0.5969  0.5894 0.6013  0.5951 0.5715  0.5685 0.6276  0.6209
Bias  0.0576  0.0439 0.0692  0.0577 0.0639  0.0514 0.0591  0.0521 0.0688  0.0548
MSE 0.0053 0.0031 1.6822 0.0077 0.0052 14916 0.0064 0.0041 15591 0.0052 0.0040 1.3023 0.0079 0.0050 1.5721
MRE 0.0960 0.0732 1.3109 0.1153 0.0961 1.1999 0.1065 0.0856 1.2436 0.0986 0.0868 1.1357 0.1146 0.0913 1.2554
B AE 1.0041  0.9998 1.0105  1.0064 1.0093  1.0048 1.0220 1.0173 1.0018  0.9969
Bias  0.1105 0.0651 01102 0.0667 0.1094  0.0652 0.1059  0.0638 0.1131  0.0676
MSE 00194 00065 29548 0.0197 0.0069 2.8536 00192 0.0066 29118 0.0179 0.0063 2.8204 0.0206 0.0071 2.9117
MRE 0.1105  0.0651 1.6992 0.1102 0.0667 1.6511 0.1094 0.0652 1.6778 0.1059 0.0638 1.6593 0.1131 0.0676  1.6741
Table 5. AE, Bias, MSE, MRE, and relative efficiency for MSADE, MSALDE, MSSDE, MSSLDE, and
MSLDE for both RSS and SRS when (&, 8) = (0.6,1).
MSADE MSALDE MSSDE MSSLDE MSLDE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) I3 AE 0.5875  0.5745 0.5628  0.5501 0.5458 0.5277 0.5892  0.5760 0.5448  0.5280
Bias  0.1458  0.1409 0.1266  0.1264 0.1620  0.1582 0.1163  0.1127 0.1630  0.1591
MSE  0.0372 0.0339 1.0988 0.0248 0.0251 09888 0.0443 0.0393 1.1290 0.0215 0.0214 1.0049 0.0446 0.0397 1.1234
MRE 02429 02348 10347 02110 02107 1.0016 02700 02636 1.0244 01938 0.1879 1.0316 02716 02652 1.0242
B AE 1.0683  1.0542 1.0755  1.0581 1.0482 1.0278 1.0688  1.0456 1.0479  1.0268
Bias 0.2347  0.1827 0.2356  0.1839 02232 0.1735 0.2316  0.1642 0.2237  0.1750
MSE 00912 00545 16713 0.0925 0.0528 17533 00929 0.0492 1.8858 0.0920 0.0431 2.1337 0.0928 0.0500 1.8568
MRE 02347 01827 12846 02356 01839 12810 02232 0.1735 12864 02316 0.1642 14107 02237 01750 1.2783
(3,9) ® AE 0.5891  0.5818 0.5735  0.5686 0.5643  0.5533 0.5877  0.5803 0.5641 0.5533
Bias 0.0956  0.0953 0.0840 0.0818 0.1089  0.1082 0.0800  0.0749 0.1095 0.1091
MSE 0.0145 0.0149 09769 0.0108 0.0104 1.0417 0.0188 0.0186 1.0103 0.0098 0.0090 1.0961 0.0190 0.0189  1.0030
MRE 01593 0.1589 1.0027 0.1399 01363 1.0263 0.1815 0.1803 1.0068 0.1333 0.1248 1.0682 0.1824 0.1818 1.0038
B AE 10260 1.0248 1.0311  1.0240 1.0058  1.0212 1.0275  1.0250 1.0055  1.0210
Bias  0.1705 0.1407 0.1582  0.1267 0.1613  0.1376 0.1511  0.1181 0.1619  0.1388
MSE 0.0464 0.0319 1.4555 0.0402 0.0252 1.5949 0.0427 0.0315 13522 0.0367 0.0219 1.6719 0.0429 0.0320 1.3399
MRE 0.1705 0.1407 1.2120 0.1582 0.1267 1.2487 0.1613 0.1376 1.1722 0.1511 0.1181 1.2793 0.1619 0.1388 1.1665
(4,4) I3 AE 0.5855  0.5672 0.5678  0.5513 0.5575  0.5322 0.5889  0.5679 0.5563  0.5325
Bias  0.1273 0.1171 0.1086  0.1039 0.1462  0.1343 0.1006  0.0954 0.1460  0.1352
MSE 0.0268 0.0231 1.1582 0.0182 0.0168 1.0815 0.0381 0.0288 1.3232 0.0171 0.0142 1.2029 0.0378 0.0293  1.2897
MRE 02122 01952 10870 0.1810 01732 1.0453 02437 02238 1.0889 0.1676 0.1591 1.0537 02434 02253 1.0803
B AE 1.0378  1.0406 1.0358  1.0420 1.0242  1.0126 1.0328  1.0398 1.0242 1.0118
Bias 02022 0.1579 0.1955  0.1581 0.2009  0.1419 0.1864  0.1402 02007  0.1427
MSE 00662 00393 16840 0.0620 0.0383 16175 00696 0.0335 20755 0.0577 00309 1.8646 0.0691 0.0339 2.0381
MRE 02022 0.1579 12805 0.1955 0.1581 12365 02009 0.1419 14153 0.1864 0.1402 13302 02007 0.1427 1.4070
(4,9) ® AE 0.5888  0.5752 0.5757  0.5670 0.5713  0.5540 0.5880  0.5782 0.5713  0.5539
Bias 0.0832  0.0772 0.0714  0.0683 0.0961  0.0871 0.0681  0.0621 0.0969  0.0877
MSE 0.0123  0.0090 1.3643 0.0079 0.0070 1.1371 0.0164 0.0114 14331 0.0072 0.0059 1.2168 0.0166 0.0116 1.4372
MRE 01387 0.1286 1.0784 0.1189 0.1138 1.0452 0.1602 0.1451 1.1044 0.1136 01035 1.0973 0.1616 0.1462 1.1055
B AE 10168 1.0179 1.0252  1.0219 1.0090  1.0071 1.0199  1.0248 1.0090  1.0069
Bias  0.1441 0.1151 0.1360  0.1077 0.1427  0.1129 0.1306  0.0983 0.1434  0.1137
MSE 0.0332  0.0217 1.5314 0.0299 0.0186 1.6085 0.0334 0.0202 1.6540 0.0272 0.0159 1.7104 0.0338 0.0205 1.6511
MRE 0.1441 0.1151 1.2521 0.1360 0.1077 1.2634 0.1427 0.1129 1.2639 0.1306 0.0983 1.3285 0.1434 0.1137 1.2610
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Table 5. Cont.

MSADE MSALDE MSSDE MSSLDE MSLDE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(5,4) I3 AE 0.5832  0.5653 0.5681  0.5527 0.5572  0.5352 0.5863 0.5733 0.5567  0.5354
Bias 0.1086  0.0966 0.0936  0.0867 0.1231  0.1194 0.0915  0.0772 0.1239  0.1203

MSE 0.0185 0:0147 1.2550 0.0139  0.0111 1.2465 0.0247 0.0215 1.1479 0.0140 0.0094 1.4975 0.0253 0.0219  1.1540
MRE 01810 0.1611 1.1240 0.1560 0.1446 1.0789 0.2052 0.1990 1.0310 0.1525 0.1287 1.1850 0.2066  0.2005  1.0301

B AE 1.0209  1.0390 1.0270  1.0435 1.0016  1.0169 1.0292  1.0302 1.0020 1.0169
Bias 0.1798  0.1417 0.1747  0.1299 0.1789  0.1306 0.1725  0.1140 0.1797  0.1317
MSE 0.0529 0.0320 1.6552 0.0503 0.0272 1.8507 0.0520 0.0273 19075 0.0486 0.0209 23297 0.0526 0.0278 1.8932
MRE 01798 0.1417 1.2688 0.1747 0.1299 13443 0.1789 0.1306 13703 0.1725 0.1140 15130 0.1797 0.1317 1.3645

(5,9) o AE 0.5827  0.5772 0.5755  0.5706 0.5660  0.5611 0.5846  0.5814 0.5661  0.5617
Bias 0.0759  0.0645 0.0641  0.0577 0.0857  0.0769 0.0611  0.0537 0.0863  0.0779
MSE 0.0091  0.0064 1.4211 0.0063 0.0050 1.2567 0.0113 0.0090 1.2530 0.0056 0.0044 1.2547 0.0114 0.0094 1.2215
MRE 01264 0.1076 1.1752 0.1068 0.0961 1.1113 0.1428 0.1282 1.1143 0.1018 0.0895 1.1365 0.1439 0.1298 1.1084

B AE 1.0215  1.0257 1.0215 1.0241 10175  1.0109 1.0238  1.0162 1.0175  1.0105
Bias 0.1282  0.0959 0.1228  0.0904 0.1296  0.1022 0.1209  0.0818 0.1304  0.1032
MSE 0.0266  0.0148 1.7953  0.0237 0.0129 1.8343 0.0276 0.0169 1.6341 0.0232 0.0109 21203 0.0280 0.0172  1.6221
MRE 01282 0.0959 13372 0.1228 0.0904 13578 0.1296 0.1022 12684 0.1209 0.0818 14784 0.1304 0.1032  1.2640

Table 6. AE, Bias, MSE, MRE, and relative efficiency for KE, ADE, RTADE, LTADE, and ASLSOE for
both RSS and SRS when (&, ) = (0.6,1).

KE ADE RTADE LTADE ASLSOE
(m,k)  Par Met.
SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff
(3,4) o AE 0.6863  0.6676 0.6215  0.6067 0.6603  0.6474 0.6451  0.6325 0.6932  0.6764
Bias 0.1627  0.1456 0.1177  0.1101 0.1601  0.1551 0.1337  0.1258 0.1826  0.1694

MSE 0.0544 0.0439 12411 0.0242 0.0224 1.0782 0.0607 0.0510 1.1887 0.0354 0.0345 1.0272 0.0845 0.0708 1.1938
MRE 02712 02426 1.1180 0.1962 0.1835 1.0693 0.2668 02584 1.0325 0.2228 0.2097 1.0627 0.3043 0.2824 1.0777

B AE 1.0453 1.0161 1.0469  1.0205 1.0787  1.0384 1.0296  1.0008 0.9885 0.9594
Bias 0.2523  0.1707 0.2231  0.1485 0.2569  0.1647 0.2342 0.1614 0.2562  0.1919
MSE 0.1159  0.0479 24204 0.0867 0.0356 24335 02285 0.0480 4.7604 0.0932 0.0421 22119 0.1106 0.0615 1.7987
MRE 02523 0.1707 1.4785 02231 0.1485 1.5025 0.2569 0.1647 15595 0.2342 0.1614 14516 0.2562 0.1919 1.3353

(3,9) a AE 0.6389  0.6276 0.6135  0.6030 0.6267  0.6165 0.6222  0.6104 0.6314  0.6213
Bias 0.0982  0.0863 0.0793  0.0720 0.0981  0.0893 0.0855  0.0764 0.1055  0.1027
MSE 0.0178  0.0128 1.3941 0.0106  0.0086 1.2263 0.0174 0.0140 1.2396 0.0125 0.0101 1.2366  0.0209  0.0201  1.0359
MRE 01636 0.1438 1.1374 0.1322 0.1199 1.1026 0.1634 0.1488 1.0981 0.1425 0.1273 11198 0.1759 0.1712 1.0274

B AE 1.0052  1.0059 1.0068  1.0082 1.0117  1.0132 1.0000  1.0018 0.9854  0.9870
Bias 0.1537  0.1113 0.1437  0.1012 0.1478  0.1056 0.1487  0.1067 0.1675  0.1320
MSE 0.0388 0.0198 1.9627 0.0334 0.0162 2.0560 0.0361 0.0179 2.0119 0.0358 0.0181 1.9840 0.0453 0.0279 1.6217
MRE 01537 0.1113 1.3811 0.1437 0.1012 1.4198 0.1478 0.1056 1.4003 0.1487 0.1067 13932 0.1675 0.1320  1.2695

(4,4) o AE 0.6648  0.6348 0.6185  0.5955 0.6435 0.6143 0.6385  0.6159 0.6707  0.6451
Bias 0.1336  0.1084 0.1011  0.0870 0.1303  0.1146 0.1175  0.0990 0.1610  0.1342
MSE 0.0340  0.0213 15965 0.0179  0.0124 1.4426 0.0318 0.0231 1.3753  0.0275 0.0192 1.4331 0.0692 0.0371 1.8646
MRE 02227 0.1806 1.2329 0.1685 0.1450 1.1617 0.2171 0.1910 11369 0.1959 0.1650 1.1873 0.2683  0.2237  1.1993

B AE 1.0087  1.0067 1.0133 1.0121 1.0267 1.0214 0.9986  0.9961 0.9689  0.9641
Bias 0.1976  0.1321 0.1782  0.1170 0.1896  0.1238 0.1897  0.1274 0.2174  0.1572
MSE 0.0723  0.0273 2.6441 0.0536 0.0217 24735 0.0640 0.0257 2.4869 0.0609 0.0255 2.3846 0.0791 0.0397 1.9897
MRE 01976 0.1321 14961 0.1782 0.1170 15227 0.189% 0.1238 15314 0.1897 0.1274 14894 02174 0.1572  1.3829

(4,9) 13 AE 0.6283  0.6201 0.6078  0.5995 0.6182  0.6075 0.6143  0.6065 0.6182  0.6060
Bias 0.0842  0.0724 0.0672  0.0574 0.0836  0.0713 0.0711  0.0622 0.0887  0.0818
MSE 0.0116  0.0086 1.3491 0.0075 0.0051 1.4582 0.0116 0.0084 1.3765 0.0088 0.0063 1.3897 0.0136  0.0109 1.2484
MRE  0.1403 0.1206 1.1637 0.1121 0.0957 1.1714 0.1393 0.1189 11715 0.1185 0.1037 1.1429 0.1478 0.1364 1.0841

B AE 1.0006  0.9983 1.0035  1.0035 1.0073  1.0063 0.9980  0.9979 0.9890  0.9943
Bias 0.1246  0.0894 0.1176  0.0809 0.1207  0.0823 0.1212  0.0870 0.1398  0.1083
MSE 0.0251 0.0129 19383 0.0221 0.0106 2.0812 0.0237 0.0111 2.1352 0.0236 0.0121 1.9523 0.0307 0.0186  1.6537
MRE 01246 0.0894 1.3942 0.1176 0.0809 1.4547 0.1207 0.0823 1.4672 0.1212 0.0870 13939 0.1398 0.1083  1.2911

(5,4) o AE 0.6467  0.6287 0.6133  0.5957 0.6308  0.6061 0.6287  0.6119 0.6523  0.6331
Bias 0.1123  0.0924 0.0897  0.0721 0.1126  0.0927 0.1003  0.0791 0.1317  0.1066
MSE 0.0233  0.0164 1.4180 0.0141 0.0085 1.6627 0.0229 0.0162 1.4151 0.0191 0.0110 1.7261 0.0347  0.0211  1.6472
MRE 01872 0.1540 12152 0.1495 0.1201 12452 0.1877 0.1545 12147 0.1671 0.1318 12676 02195 0.1776 1.2358

B AE 0.9997  1.0003 1.0024  1.0086 1.0150  1.0132 0.9895  0.9952 0.9623  0.9697
Bias 0.1809  0.1016 0.1643  0.0906 0.1753  0.0936 0.1748  0.0987 0.1980  0.1267
MSE 0.0533 0.0162 3.2969 0.0436  0.0127 3.4341 0.0555 0.0140 3.9553 0.0484 0.0154 3.1446 0.0620 0.0261 2.3729
MRE 01809 0.1016 1.7807 0.1643 0.0906 1.8128 0.1753 0.0936 1.8725 0.1748 0.0987 17719 0.1980 0.1267 1.5619
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Table 6. Cont.

(m, k)

Par.

Met.

KE

ADE RTADE LTADE ASLSOE

SRS

RSS

Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff SRS RSS Eff

(5,9)

14

AE
Bias
MSE
MRE

0.6179
0.0725
0.0085
0.1208

0.6096
0.0587
0.0055
0.0979

0.6029  0.5979 0.6093  0.6042 0.6098  0.6036 0.6093  0.6050
0.0607  0.0485 0.0719  0.0603 0.0656  0.0542 0.0804 0.0731
15373 0.0056 0.0036 1.5349 0.0082 0.0059 1.3965 0.0070 0.0046 1.5280 0.0113  0.0088  1.2829
1.2344 01011  0.0808 1.2518 0.1199 0.1004 1.1938 0.1093 0.0904 1.2093 0.1340 0.1219  1.0994

AE
Bias

MRE

1.0057
0.1162
0.0219
0.1162

1.0029
0.0710
0.0077
0.0710

1.0090  1.0045 1.0123  1.0067 1.0032  0.9998 0.9993  0.9952
0.1093  0.0646 0.1113  0.0661 0.1148  0.0695 0.1312  0.0915
2.8254 0.0190 0.0065 29382 0.0201 0.0068 29395 0.0211 0.0075 2.8095 0.0277 0.0133  2.0912
1.6373 0.1093 0.0646 1.6926 0.1113 0.0661 1.6851 0.1148 0.0695 1.6519 0.1312 0.0915  1.4342

Based on Tables 1-6, the following observations can be concluded:
Case 1: (a, B) = (0.3,0.75)
For Parameter «:

For bias reduction in the parameter «, the MLE (Table 1) consistently demonstrates
strong efficiency. Similarly, the MSSLDE and MSADE estimators in Table 2 show solid
performance. Additionally, the RTADE and LTADE estimators presented in Table 3
exhibit comparable bias reduction capabilities.

Regarding MSE efficiency for «, MLE and CVME in Table 1 show high performance,
with Eff values ranging from 1.1088 to 1.8115. For instance, at (m,k) = (3,4) under
MLE, the MSE for « decreases from 0.008 (SRS) to 0.004 (RSS), achieving an efficiency
of 1.812. In Table 2, MSSLDE demonstrates good MSE reduction, with Eff values up
to 1.5. Similarly, RTADE and LTADE in Table 3 are particularly effective in reducing
MSE, showing Eff values between 1.3 and 1.8.

For Parameter p:

All estimation methods evaluated in Tables 1-3 consistently exhibit substantial bias
reduction when applied under the RSS framework.

A substantial reduction in MSE for 8 is a consistent observation across all methods.
Specifically, MLE and CVME in Table 1 frequently achieve Eff values above 2.0,
occasionally surpassing 3.0. For instance, at (1, k) = (3,4), the MLE for p shows an
MSE improvement from 0.056 (SRS) to 0.026 (RSS), resulting in an efficiency of 2.154.
In Table 2, MSSLDE distinguishes itself with high MSE efficiency, typically ranging
from 1.8 to 2.1. Most notably, RTADE in Table 3 exhibits exceptionally high MSE
efficiency, with an Eff value reaching up to 3.138 for (m, k) = (3,4), underscoring a
very strong advantage of RSS for this particular estimator.

Case 2: (a,B) = (0.6,1)
For Parameter a:

The MLE results in Table 4 consistently exhibit effective bias reduction. In contrast,
the MSSLDE estimator in Table 5 shows a moderate improvement, while the KE and
ADLSOE estimators in Table 6 achieve slightly greater reductions in bias, highlighting
their relatively superior efficiency under the RSS framework.

Furthermore, both MLE and CVME in Table 4 maintain robust MSE efficiency, with
Eff values ranging from 1.3 to 1.7. Within Table 5, MSSDE and MSLDE typically
achieve good MSE reduction, showing Eff values between 1.1 and 1.4, and MSSLDE’s
efficiency also improves with increasing m (up to 1.556). For the estimators in Table 6,
ADLSQOE, KE, and RTADE demonstrate commendable MSE efficiency, ranging from
1.2t0 1.8.
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Figure 2. The efficiency values of the RSS based on MSE and MRE for all estimation methods.

For Parameter f3:
¢ All methods presented in Tables 4-6 consistently demonstrate substantial bias re-
duction under RSS. Among them, RTADE (Table 6) shows the most pronounced
improvement, while MSSLDE (Table 5) also performs notably well in minimizing bias.
* A pronounced reduction in MSE is observed for 8 under RSS. In Table 4, both MLE and
CVME exhibit substantial improvement, with CVME reaching a notably high value of
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3.174 for (m, k) = (3,4). MSSLDE in Table 5 also shows consistently strong performance,
maintaining MSE reductions within the range of 1.7 to 2.3. The most remarkable gains,
however, are achieved by RTADE in Table 6, which demonstrates exceptional variance
reduction for B, with values extending up to 4.750 for (m, k) = (3,4).

The RSS consistently shows superior performance over SRS in estimation. This su-
periority is clearly demonstrated by efficiency values consistently greater than 1 for MSE
and MRE, which strongly validates the use of RSS to enhance the precision and accuracy
of estimation.

4. Real Data Analysis

In this section, we demonstrate the utility of our proposed estimation approaches by
analyzing a carefully selected dataset. Our goal is to showcase the practical applications
and effectiveness of these estimation techniques through a comprehensive examination of
the data set. By presenting a real data that present failure time of 40 items discussed by [32].
The data is reported on Table 7.

Table 7. Failure dataset.

0.602 0.603 0.603 0.615 0.652 0.663 0.688 0.705

0.761 0.77 0.868 0.884 0.898 0.901 0911 0.918
0.935 0.953 0.983 1.009 1.04 1.097 1.097 1.148
1.296 1.343 1.422 1.54 1.555 1.653 1.752 1.885
2.015 2.015 2.03 2.04 2.123 2.175 2.443 2.548

Table 8 and Figure 3 represent the descriptive statistical analysis and some graphical
representations, including the TTT, box, and density plots, to illustrate the dataset used.

Table 8. Descriptive statistical analysis of the selected dataset.

Size Mean Median SD Min Max IQR Skewness Kurtosis
40 1.25 1.02 0.57 0.60 2.55 0.83 0.71 2.25

The descriptive statistics in Table 8 and the graphical representation in Figure 3 demon-
strate a right-skewed distribution, characterized by a skewness of 0.71. The mean (1.25) being
higher than the median (1.02) indicates the presence of some notably large values that pull
the average upward. The data exhibits moderate dispersion, with a standard deviation of
0.57 and a coefficient of variation of 45.66%. The slightly platykurtic kurtosis of 2.25 suggests
a distribution with fewer extreme values compared to a normal distribution.

To evaluate the adequacy and superiority of the proposed estimation methods un-
der the I-PLD, we compare its performance with three related lifetime distributions: the
Lindley distribution [23], the Inverse Lindley distribution [33], and the Inverse Weibull
distribution [34]. Each of these models provides a different degree of flexibility in modeling
positively skewed data, which allows us to assess the robustness and accuracy of the
I-PLD fit. These models were fitted to the same real dataset, and their performances were
evaluated using several goodness-of-fit criteria, including the Akaike Information Crite-
rion (AIC), Corrected AIC (CAIC), Bayesian Information Criterion (BIC), Hannan—-Quinn
Information Criterion (HQIC), and the Kolmogorov—-Smirnov (K-S) test.
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Figure 3. TTT, box, and density plots for the proposed dataset.

The results in Table 9 show that the IPLD provides the best fit to the data, as indicated
by their lower AIC, CAIC, BIC, and HQIC values, and by their non-significant K-S test
results (high p-values). Between these two, the IPLD demonstrates slightly better per-
formance and stability, confirming its superiority and flexibility in modeling positively
skewed lifetime data compared to the standard Lindley-type distributions. The graphical
representation in Figure 4 provides visual confirmation of these statistical findings.

Table 9. Comparison of fitted models for the real dataset.

Statistic IPLD Lindley Inverse Lindley Inverse Weibull
W Statistic 0.0826 0.1758 0.0972 0.0811
A Statistic 0.6612 1.0575 0.6865 0.6430
K-S Statistic 0.1024 0.3438 0.2619 0.1035
K-S p-value 0.7959 0.00016 0.00828 0.7848
AIC 61.3547 93.5443 104.4534 60.9403
CAIC 61.6790 93.6495 104.5586 61.2646
BIC 64.7324 95.2331 106.1422 64.3181

HQIC 62.5759 94.1549 105.0640 62.1616
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Figure 4. P-P, density and emperical CDF plots lots for the dataset.

To comprehensively examine the superiority of ranked set sampling over SRS across
different estimation methods, an SRS sample of size 12 was chosen for comparability, while
an RSS scheme was designed with a set size of 3 and four cycles to maintain the same total
sample size. Assuming a perfect sampling design, an extensive evaluation was carried
out using several goodness-of-fit statistics to assess the performance and reliability of
each sampling approach. Specifically, we employed the Anderson-Darling test A*, the
Cramér-von Mises test C*, and the Kolmogorov—-Smirnov test K*. These statistical measures
were systematically applied to assess model fit and provide comparative insights into the
effectiveness of RSS in capturing the underlying data distribution relative to SRS. A detailed
comparison of the goodness-of-fit values for both sampling designs is presented in Table 10.
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Table 10. Estimates and test statistics for each method under the two sampling schemes (SRS and RSS).

Method Sampling & B A* c* K* p-Value

SRS 4.2608 2.1232 22.4776 1.1928 0.3146 0.0007
MLE

RSS 27212 1.2720 1.1726 0.1332 0.1169 0.6454

SRS 2.9404 1.7829 6.3987 0.6300 0.2271 0.0323
OLSE

RSS 1.6713 1.2548 1.2061 0.1366 0.1415 0.3997

SRS 3.0948 1.8497 8.0736 0.7307 0.2451 0.0163
WLSE

RSS 1.8401 1.2567 0.8286 0.0862 0.1218 0.5936

SRS 3.6223 1.9726 13.4570 0.9412 0.2790 0.0039
CVME

RSS 2.1460 1.2533 0.5248 0.0564 0.0918 0.8886

S SRS 3.2835 1.8975 9.8602 0.8101 0.2585 0.0095

MPSE

RSS 1.9387 1.2715 0.6824 0.0703 0.1131 0.6856

SRS 3.5743 1.9508 12.7188 0.9100 0.2740 0.0049
ADE

RSS 1.9801 1.2775 0.6396 0.0664 0.1096 0.7224

SRS 3.4526 1.9129 11.2140 0.8498 0.2645 0.0074
RTADE

RSS 1.8857 1.2627 0.7530 0.0775 0.1176 0.6379

SRS 3.8419 1.9579 15.0562 0.9595 0.2797 0.0038
LTADE

RSS 2.1647 1.2369 0.5221 0.0570 0.0887 0.9115

SRS 3.3022 2.1078 13.4121 1.0725 0.2983 0.0016
MSADE

RSS 2.2708 1.1211 0.8176 0.1183 0.1184 0.6294

SRS 3.3614 2.0963 13.6203 1.0605 0.2973 0.0017
MSALDE

RSS 2.3907 1.1984 0.6181 0.0800 0.1043 0.7773

SRS 2.8095 1.9136 7.6897 0.8065 0.2541 0.0114
MSSDE

RSS 2.1106 1.0934 1.0517 0.1537 0.1402 0.4113

SRS 3.5198 1.9024 11.5258 0.8475 0.2634 0.0078
MSSLDE

RSS 2.0642 1.2057 0.6029 0.0651 0.0945 0.8670

SRS 2.7897 1.9120 7.5892 0.8047 0.2534 0.0117
MSLDE

RSS 2.1029 1.0955 1.0435 0.1515 0.1397 0.4158

SRS 3.4779 1.9115 11.3693 0.8517 0.2646 0.0074
KE

RSS 2.0549 1.3886 0.8855 0.1186 0.1145 0.6712

SRS 5.4097 1.9399 35.0314 1.2522 0.3060 0.0011
ADLSOE

RSS 2.9310 1.0423 2.0324 0.2909 0.1775 0.1605

Table 10 revealed a consistent superiority of RSS over SRS across multiple estimation
techniques. The RSS methodology demonstrated notably improved model fit, charac-
terized by reduced A*, C*, and K* test values, coupled with elevated p-values. These
empirical findings substantiate the theoretical advantages of RSS design. The graphical
representations in Figures 5 and 6 provide additional visual corroboration of these findings,
reinforcing the robust performance of the RSS approach in statistical modeling.
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Figure 5. Plots of the estimated PDFs of the I-PL distribution for the two sampling method for m = 3

and r = 4.
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5. Conclusions

This study provides strong evidence that ranked set sampling (RSS) outperforms simple
random sampling (SRS) in estimating parameters of the inverse power Lindley distribution
(IPLD). Through an extensive comparison of eleven estimation techniques, supported by
large-scale simulations and empirical data, RSS consistently produced estimators with lower
bias, smaller mean squared error, and improved mean relative error—all achieved without
increasing the number of measurements. The results underline RSS’s intrinsic advantage in
exploiting ranking information for greater estimation precision. While maximum likelihood
estimation performed reliably, the most pronounced efficiency gains under RSS were seen in
minimum distance estimators (based on Anderson-Darling and Cramér—von Mises criteria)
and spacing-based approaches such as maximum product spacing and minimum spacing
distance. Notably, MSSLDE and RTADE methods showed exceptional accuracy in estimating
the scale parameter 8, substantially reducing variance and MSE. These advantages were
further validated using real failure time data, confirming the practical significance of RSS in
applied settings. Given its efficiency, simplicity, and low implementation cost, RSS emerges
as a valuable and practical tool for researchers and professionals in reliability engineering,
survival analysis, and quality control. Future investigations may extend this work by
developing new RSS variants, testing additional distributions, or broadening empirical
applications to demonstrate its versatility in statistical inference.
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