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Abstract


Reliable simulations of any flow require proper preservation of the fundamental principles governing the mechanics of its motion, whether in differential or integral form. When these principles are solved in differential form, discretization schemes introduce errors by transforming the continuous physical domain into a discrete representation that only approximates it. This paper analyzes the numerical performance of the solver for supersonic chemically active flows, rhoCentralRfFoam, using integral conservation principles of mass, momentum, energy, and chemical species as a validation tool in a classical test case with a highly refined mesh under nonlinear pre-established reference conditions. The analysis is conducted on this specific test case; however, the methodology presented here can be applied to any problem under study. It may serve as an a posteriori verification tool or be integrated into the solver’s workflow, enabling automatic verification of conservation at each time step. The resulting deviations are evaluated, and it is observed that the numerical errors remain below   0.25 %  , even in cases with a high degree of nonlinearity. These results provide preliminary validation of the solver’s accuracy, as well as its ability to capture physically consistent solutions using only information generated internally by the solver for validation. This represents a significant advantage over validation methods that require external comparison with reference solutions, numerical benchmarks, or exact solutions.
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1. Introduction


To simulate reactive supersonic flows, rhoCentralRfFoam has been presented as a suitable solver for reactive Euler equations. This solver is derived from rhoCentralFoam, the OpenFOAM solver for density-based compressible flows [1], and has been tested, validated, and updated in several works [2,3,4,5]. In its current version, the solver employs a third-order, three-stage Strong Stability Preserving Runge–Kutta (SSPRK) scheme [6] for the discretization of the transient term, along with a second-order central-upwind Kurganov–Noelle–Petrova (KNP) scheme [7] for the convective term. It also incorporates the first-order operator splitting technique, implemented in the native OpenFOAM chemical solvers and called OpenFOAM splitting in [8].



There are multiple density-based solvers for the reactive Euler equations. These include the following: detonationFoam, a centered solver derived from rhoCentralFoam, which utilizes an approximate Riemann solver of the Harten–Lax–van Leer (HLL) type [9], incorporating contact discontinuity (C) [10] and pressure correction (P), known as HLLC-P [11], adaptive mesh refinement, and dynamic load balancing [12]; reactingPimpleCentralFoam, a hybrid solver combining the semi-implicit PIMPLE algorithm with centered Kurganov–Tadmor schemes [13]; and blastFoam, a library and solver oriented to highly compressible flows, for both single-phase and multiphase, designed for simulations of high-energy detonations, shock waves, and explosive safety problems. The latter implements approximate Riemann schemes (HLL, HLLC, and HLLC-P) and Runge–Kutta and SSPRK time integration methods up to the fourth order [14].



The solver RSDFoam takes into account nonlinearities in the equation of state, advanced thermodynamic functions, and chemical kinetics through Cantera, utilizing blastFoam as its core for solving the flow field [15]. There is also CDSFoam, based on deepFlame, which incorporates the blastFoam and detonationFoam flow schemes, in addition to the HLLC-LM scheme (HLL with Low-Mach correction [16]) for spatial discretization. This solver employs third-order SSPRK time integration and Cantera’s CVODE solver, along with dynamic load balancing (DLB). On the other hand, CTreactingFoam couples OpenFOAM with Cantera and uses Strang splitting operator separation as well as well-balanced splitting schemes for species integration, while EBIdnsFoam implements a fully implicit second-order time discretization, fourth-order spatial convergence, and efficient chemical treatment with Cantera and CVODE [17].



All of these solvers have been validated through comparisons with analytical solutions (such as Chapman–Jouguet, Zeldovich–von Neumann–Döring, or Rankine–Hugoniot solutions [18]), computational benchmarks (including Cantera [19], Adaptive Simulation of Unsteady Reacting Flow (A-SURF) [20], and Radiation Adaptive Grid Eulerian (RAGE) [21]), and/or experimental data available in the literature. However, this validation process requires well-established reference cases, which are not always readily available. Factors contributing to this limitation include restricted access to benchmarks, challenges in accurately reproducing reference cases, uncertainties in extracting data from scientific articles, and the absence of exact solutions for complex phenomena, particularly in detonation and combustion studies.



Several works in the literature, while not explicitly proposing or developing an intrinsic validation method, provide concepts and tools closely related to this idea. Some studies have examined the use of global physical properties, such as the integral conservation of mass, momentum, and energy, as indicators of a simulation’s consistency. One notable example is [22], which evaluates the performance of a numerical solver by comparing the total masses per phase at two different time points in a cavitation–condensation system with a phase transition.



Similarly, ref. [23] examines the performance of simulations conducted with FireFOAM by performing a global analysis of mass and energy conservation principles. This study employs approximate general expressions and, in some cases, global coefficients for the terms that comprise the governing equations. On the other hand, ref. [24] assesses the numerical performance of a proprietary pressure-based solver developed outside the OpenFOAM environment, focusing on the analysis of compressible interfacial flows. This research quantifies the relative conservation error associated with each fundamental equation—mass, momentum, and energy—by simplifying the analysis with periodic boundary conditions. This approach allows the study to focus on a direct comparison of the quantities integrated over the entire domain at each time step against their initial values.



Ref. [25] develops a solver based on OpenFOAM that employs Arbitrary Lagrangian–Eulerian (ALE) schemes [26] and supports dynamic meshes with topological changes. The solver also implements second-order temporal schemes, specifically the Second-Order Backward Euler (SOBE) and Crank–Nicolson methods [27]. Similar to previous work, the principle of mass conservation is evaluated by considering only the total mass difference between the initial and final states of the domain. This simplification in the error calculation method arises solely from the nature of the problem, and a detailed derivation of a general expression is not provided.



This work proposes an alternative strategy that is self-contained within the simulation results, which can serve as an a posteriori verification tool or be easily integrated into the solver’s workflow. It involves verifying compliance with global conservation principles by formulating each conservation or balance equation in integral form. This methodology provides a straightforward, rapid, and independent approach to evaluating the performance of a numerical solver on relevant problems, thereby eliminating the need for more complex external validation methods.



However, in the presence of shocks or discontinuities, numerical solutions are only approximations to weak solutions of the governing equations [28,29]. In this context, verifying compliance with the conservation principles ensures the consistency of the solver by adequately representing a weak solution to the equations under study. Nevertheless, to reinforce such consistency through physical plausibility, it is pertinent to complement the proposed methodology with minimal external validation that allows comparing the results obtained with values reported in the reference literature.




2. Methodology


Any fluid system can be described using balance equations that follow a general form applicable to different physical variables [30,31]:


     ∂ ϕ   ∂ t    + ∇ ·  ( ϕ U )  = S  ( ϕ )   



(1)




where  ϕ  is a physical property per unit volume,  U  is the velocity at which this property is transported in space, and   S ( ϕ )   is a function representing sources or sinks due to internal or external processes.



The proposed methodology for evaluating the quality of numerical simulations consists of applying the integral form of the balance Equation (1) to the entire control volume. To do this, Equation (1) is integrated into the following volume:


   ∫ V     ∂ ϕ   ∂ t     d V +  ∫ V  ∇ ·  ( ϕ U )   d V =  ∫ V  S  ( ϕ )   d V  



(2)







When analyzing a fixed control volume over time, we can apply Gauss’s divergence theorem:


    d  d t      ∫ V  ϕ  d V  +  ∮  ∂ V    ( ϕ U )  · n  d A =  ∫ V  S  ( ϕ )   d V  .  



(3)




where  n  denotes the outward-facing unit normal vector of the control volume, such that a positive flux represents a net outflow of the quantity  ϕ  across its boundary, while a negative flux corresponds to a net inflow [32].



If the boundary   ∂ V   is divided into N portions   A i   over which the field   ϕ U   is constant or evaluated at a given point, and it is also defined as follows:


   ϕ vol   ( t )  =  ∫ V  ϕ  d V ,  and   S vol   ( t )  =  ∫ V  S  ( ϕ )   d V  



(4)




then, Equation (3) can be written as follows:


     d  ϕ vol    d t    = −  ∑  i = 1  N    ( ϕ U ) · n  i    A i  +  S vol   ( t )   .  



(5)







In Equation (5), the balance equation has been rearranged so that the time term is isolated on the left-hand side, while the convection and source terms are grouped on the right-hand side, according to the line method [28]. Integrating both sides over time,


   ∫   ϕ  vol 0      ϕ vol   ( t )    d  ϕ vol  =  ∫  0  t   −  ∑  i = 1  N    ( ϕ U ) · n  i    A i  +  S vol   ( t )   d t  .  



(6)







Then, the integral balance equation is obtained as follows:


   ϕ vol   ( t )  =  ϕ  vol 0   −  ϕ sur   ( t )  +  ϕ src   ( t )   .  



(7)







The last equation expresses that the amount of  ϕ  within the volume V at a time t is equal to its initial quantity, adjusted by the net amount that has crossed the boundary (either leaving or entering), plus the total accumulation generated by internal sources   S ( ϕ )   acting within the volume during the considered time interval.



Each term in (7) is defined as follows:


      ϕ vol   ( t )      =  ∫ V  ϕ  ( x , t )   d V ,       ϕ  vol 0      =  ∫ V  ϕ  ( x , 0 )   d V ,        ϕ sur   ( t )      =  ∫ 0 t    ∑  i = 1  N    ( ϕ U ) · n  i   A i   d t ,        ϕ src   ( t )      =  ∫ 0 t   S vol   ( t )   d t =  ∫ 0 t   ∫ V  S  ( ϕ  ( x , t )  )   d V  d t .     



(8)







The proposed methodology is implemented along with a numerical integration scheme to evaluate each component in Equation (8). In this study, we utilized Simpson’s 3/8 rule due to its stability and accuracy, which helps maintain adequate control over errors that may arise during the post-processing of the results.



Since the objective of this methodology is to numerically verify compliance with conservation laws, the conservation law expressed in Equation (2) is assumed to be formally exact in its continuous form. Therefore, any deviation observed in the numerical evaluation using the proposed methodology is attributed to the combined effects of spatial discretization, temporal integration, and post-processing errors, rather than to a failure of the conservation principle itself.



2.1. Reactive Euler Equations


The reactive Euler equations describe the balance within a differential element by taking into account the changes occurring inside the differential volume, the changes at the boundaries of that volume, and the contributions generated by sources of the conservative variable due to chemical action. Mathematically, this set of equations is expressed as a system of partial differential equations:


     ∂ U   ∂ t    + ∇ · F  ( U )  = S  ( U )    



(9)







 U  is the state variable vector,   F ( U )   is the convective flow vector, and   S ( U )   is the source vector. Which can be written as follows:


  U =     ρ      ρ u       ρ v       ρ w       ρ E       ρ  Y 1       ⋮      ρ  Y N       ,  F  ( U )  =      ρ u     ρ v     ρ w       ρ  u 2  + p     ρ u v     ρ u w       ρ u v     ρ  v 2  + p     ρ v w       ρ u w     ρ v w     ρ  w 2  + p       u ( ρ E + p )     v ( ρ E + p )     w ( ρ E + p )       ρ u  Y 1      ρ v  Y 1      ρ w  Y 1       ⋮   ⋮   ⋮      ρ u  Y K      ρ v  Y K      ρ w  Y K       ,  S  ( U )  =     0     0     0     0       ω ˙  T        ω ˙  1      ⋮       ω ˙  N       .  



(10)




where  ρ  is the fluid density,   u , v , w   are the velocity components in the   x , y , z   directions, respectively, E is the total energy per unit mass, p is the pressure,   Y k   is the mass fraction of chemical species k,    ω ˙  T   is the rate of energy generation or consumption due to chemical reactions, and    ω ˙  k   is the rate of production or consumption of chemical species k. A detailed explanation of the terms    ω ˙  T   and    ω ˙  k   will be provided later.




2.2. Constitutive Model


The reactive Euler equations, by themselves, constitute an under-determined system. For this to be closed and solvable, it is necessary to complement the set with a constitutive equation of state. If we assume that the reactive mixture is composed of N gaseous species that behave as ideal gases, the equation of state can be expressed as follows:


  p = ρ    R u   W ¯    T ,    W ¯  =    ∑  k = 1  N     Y k   W k      − 1    



(11)




where T is the temperature,   W k   is the molecular mass of species k,   W ¯   is the average molecular mass of the mixture, and   R u   is the universal gas constant.



The temperature dependence of the standard-state thermodynamic properties is expressed by polynomials of the form given by [33]:


        C   p k   o   R u    =  a  1 k   +  a  2 k   T +  a  3 k    T 2  +  a  4 k    T 3  +  a  5 k    T 4           H k o    R u  T    =  a  1 k   +    a  2 k   2   T +    a  3 k   3    T 2  +    a  4 k   4    T 3  +    a  5 k   5    T 4  +    a  6 k   T            S k o   R u    =  a  1 k   ln T +  a  2 k   T +    a  3 k   2    T 2  +    a  4 k   3    T 3  +    a  5 k   4    T 4  +  a  7 k    .     



(12)




where   C   p k   o  ,   H k o  , and   S k o   represent, respectively, the molar specific heat at constant pressure, the molar enthalpy, and the molar entropy of species k in the standard state. The species-specific coefficients    a  1 k   , … ,  a  7 k     are obtained from thermodynamic data, such as those provided by the CHEMKIN [33] database. These coefficients correspond to the NASA polynomial approximation, which represents the temperature dependence of thermodynamic properties (specific heats, enthalpy, and entropy) over a relevant temperature range. By definition, they are empirical fitting parameters derived from experimental or high-fidelity data and have no direct physical meaning.



For ideal gases, the values of molar specific heats, as well as enthalpies and internal energies, are independent of pressure; therefore, they coincide with their respective values in the standard state. Conversely, entropy depends on pressure. Therefore, the pressure contribution must be added to the standard state values to obtain the actual values. Thus,


      C  p k   =  C   p k   °         H k  =  H k °         S k  =  S k °  −  R u  ln  X k  −  R u  ln    p  p atm         



(13)




where   X k   is the mole fraction of species k, and   p atm   is the standard state reference pressure.



The average molar thermodynamic properties of the mixture are obtained as a weighted average by the mole fraction, and the specific properties are calculated by dividing these quantities by the average molecular mass of the mixture:


      C p  =   ∑  k = 1  N    C  p k    X k  ,  H =   ∑  k = 1  N    H k   X k  ,  S =   ∑  k = 1  N    S k   X k         c p  =    C p   W ¯    ,  h =   H  W ¯    ,  s =   S  W ¯     .     



(14)







Once the thermodynamic properties of the mixture have been established, we evaluate the source terms in the species and energy equations.



Consider I elementary reactions, reversible or irreversible, involving K chemical species, which can be written as follows:


   ∑  k = 1  K   ν  k i  ′   χ k  ⇄  ∑  k = 1  K   ν  k i   ″    χ k    ( i = 1 , … , I )   



(15)




where   ν  k i  ′   and   ν  k i   ″    are, respectively, the stoichiometric coefficients of reactants and products in reaction i, and   χ k   represents the species k.



The production or consumption rate of species k, denoted by    ω ˙  k  , is expressed as the sum of the contributions from all reactions in which that species participates:


    ω ˙  k  =  ∑  i = 1  I    ν  k i   ″   −  ν  k i  ′    q i    ( k = 1 , … , K )   .  



(16)







The velocity   q i   for reaction i is given by the difference between the forward and reverse rates, such that


   q i  =  k  f i    ∏  k = 1  K     X k    ν  k i  ′   −  k  r i    ∏  k = 1  K     X k    ν  k i   ″     



(17)




where   [  X k  ]   represents the molar concentration of species k, and   k  f i    and   k  r i    are the forward and reverse rate constants of reaction i. When reaction i involves a third body, which is often the case in dissociation or recombination processes, the right side of Equation (17) must be multiplied by the effective molar concentration of the third body. This effective concentration is calculated as a weighted average of the molar concentrations of the species present, where the weights are the efficiency coefficients of the third body. These coefficients are greater than zero for species that significantly favor the reaction and equal to zero for those that do not participate as a third body. The expression is as follows:


   [ M ]  =  ∑  k = 1  K   α  k i    [  X k  ]   



(18)




where   α  k i    denotes the efficiency coefficient of species k as a third body in reaction i.



The forward rate constants for reactions i are assumed to verify the Arrhenius law:


   k  f i   =  A i   T  β i   exp     −  E i     R u  T      



(19)




where   A i   is the pre-exponential factor,   β i   the temperature exponent, and   E i   the activation energy. These three parameters must be specified for each reaction.



The backward rate constants   k  r i    are related to the forward rate constants by the equilibrium constants   K  c i   , which can be expressed in terms of standard thermodynamic properties:


   k  r i   =    k  f i    K  c i     ,   K  c i   =  K  p i        P atm   R T        ∑  k = 1  K     ν  k i   ″   −  ν  k i  ′      



(20)




where the equilibrium constant as a function of pressure,   K  p i   , is as follows:


   K  p i   = exp   ∑  k = 1  K    ν  k i   ″   −  ν  k i  ′       S k o   R u    −    H k o    R u  T       



(21)







Knowing the production or consumption rate of each species and its standard specific enthalpy of formation at the reference temperature, it is possible to calculate the heat released by combustion using the following expression:


    ω ˙  T  = −  ∑  k = 1  N  Δ  h  f , k  °    ω ˙  k   



(22)




where   Δ  h  f , k  °    is the standard specific enthalpy of formation at   298.15   K of species  k  and    ω ˙  k   is the rate of creation or consumption of the same species.



These models are fundamental for assessing how the thermodynamic properties of the mixture change, as well as how the source terms for the species and energy equations evolve during the combustion process.




2.3. Error Metrics


To quantitatively assess the accuracy of calculating compliance with the global conservation principles outlined in the proposed strategy, the error metrics used are defined below.



The conservation residual, or error committed in complying with the conservation principle, is defined by the following equation:


  R =  ϕ  0  *  −  ϕ 0  ,  where   ϕ  0  *  =  ϕ vol  +  ϕ sur  −  ϕ src   



(23)







  ϕ  0  *   corresponds to the estimated value of   ϕ 0   obtained from the numerical solution.



Similarly, the relative error is defined as follows:


   ε rel  =     R ( t )   ϕ 0      



(24)




and the percentage relative error results as follows:


   ε %  =  ε rel  × 100 %  



(25)







To accurately assess the overall error associated with a given mesh refinement level in a simulation, the L2 norm of the error is defined as follows:


    ∥ ε ∥  2  ≈     1 M    ∑  i = 1  M    |  R i  |  2    1 / 2    



(26)




where M denotes the total number of samples used in computing the norm. From these metrics, it is possible to accurately and directly quantify the deviations in the numerical solution from the expected global conservation.




2.4. Minimum Complementary External Validation


To ensure the physical plausibility of the results and verify their consistency with findings in the specialized literature, an additional minimum external validation is incorporated. For this purpose, two representative magnitudes of detonation dynamics are analyzed: the induction time associated with the ignition of the reactive mixture and the temporal evolution of the pressure peak.





3. Results


In this section, we present the conservation balances for mass, momentum, energy, and species. To develop this task, we study the ignition by a strong-configuration shock wave reflection.



Figure 1 depicts the physical representation of the phenomenon under study. It displays the temperature contour lines obtained from the numerical simulation in a position versus time diagram.



The maximum relative deviation serves as a measure of the maximum error in conserved quantities that have non-zero values at the initial time, including mass, momentum, energy, and the partial masses of   H 2  ,   O 2  , and  Ar . Additionally, for all analyzed variables, relative error is used as a common metric to thoroughly assess the solver’s performance in adhering to the conservation principles.



A brief scaling study is presented, focusing on the spatiotemporal refinement of the computational mesh.



3.1. Ignition by Strong-Regime Shock Wave Reflection


To evaluate the numerical performance of rhoCentralRfFoam using the integral conservation principles over the entire control volume, as well as the physical plausibility in the numerical results construction, we have selected, as our test case, a strong-configuration shock wave reflection ignition simulation [34]. Specifically, the initial discontinuity is positioned   0.2  m   from the reflecting wall, and the initial conditions are outlined in Table 1.



The simulation was conducted over a spatial domain of   0.4   m   and a time domain of   700   μs. We utilized a mesh consisting of 64,000 elements and maintained a maximum Courant number of 0.05 to prevent the introduction of numerical noise, given the high density of the mesh.



For calculating inter-cell fluxes, we applied the vanAlbada TVD limiter to all interpolated fields within the KNP discretization framework, which ensures that shock waves are sharply captured while avoiding unphysical oscillations. Additionally, we evaluated detailed chemical kinetics using the Oran kinetic model, as described in [34].



The simulation was conducted using the rhoCentralRfFoam solver on the OpenFOAM platform, utilizing 192 computing cores. A total of 13,269,731 time steps were executed, with a runtime of 34.9 h and a wall-clock time of 35.8 h, resulting in an average duration of approximately 0.009722 s per step. The total CPU consumption reached 6881.2 h. To ensure numerical stability and minimize errors associated with discontinuities, the time step   Δ t   was dynamically adjusted at each iteration according to standard OpenFOAM methodology, which enforced a maximum Courant number of 0.05. This conservative approach helped control the overshoot and undershoot effects that are common with high-order schemes in regions with steep gradients, as well as effectively manage the stiffness caused by the system’s source terms.



An external validation was carried out to ensure that the solution obtained with rhoCentralRfFoam corresponds to references available in the literature. This validation involved comparing the maximum pressures recorded throughout the simulation and the velocity at 1 mm from the reflecting wall (see Figure 2) with the values reported in [34,35].



In the figure, the reflection time coincides with 15 μs indicated in [34]. We carried out this implementation to maintain consistency due to the lack of definition of the position of the initial discontinuity in that reference. The induction time obtained in our simulation with rhoCentralRfFoam was   109.42   μs, in close agreement with the   109   μs reported by Oran et al. [34] and the   110   μs indicated by Im et al. [35].



Regarding the detonation establishment time from the reaction (  52.37   μs according to Figure 2), and the reactive expansion fan reflection time from the formation of the detonation (  82.16   μs in the same figure), the deviations with respect to Oran’s results are   4.78 %   and   39.25 %  , respectively; while compared to Im’s results the differences are   3.02 %   and   1.22 %  .



Due to the one-dimensional nature of the analyzed problem and the constant cross-sectional hexahedral shape of the entire control volume, the volume integrals outlined in the methodology section can be simplified. They can be expressed as products of one-dimensional integrals and the constant cross-sectional area. Consequently, the numerical results presented below will be expressed in the units of   conserved  variable /  m 2   .




3.2. Convergence Study


To verify that numerical errors decrease with spatiotemporal mesh refinement, we conducted a convergence study using three simulations with varying spatial resolutions: 6000, 18,000, and 54,000 elements. It is important to note that while the refinement was explicitly applied to the spatial domain, it also included a refinement in the temporal aspect, given the relationship between these two scales through the CFL (Courant–Friedrichs–Lewy) number.



For each simulation, the time evolutions of the residuals of the conserved variables were recorded, to which the L2 norm was applied according to Equation (26), to obtain an integral measure of the error for each refinement level N. The results related to the conservation principles of mass, momentum, energy, and the partial masses of the species   H 2  ,   O 2   and  AR  are presented in Figure 3a, In contrast, the results concerning the partial masses of the product species are shown in Figure 3b.



The analysis presented in Figure 3a,b confirms that all the examined variables exhibit convergent behavior. Specifically, the conservation equations for mass, momentum, energy, and the partial mass of oxygen converge at a rate close to 1. The partial masses of species such as  OH ,   HO 2  ,  O ,  H , and    H 2   O 2    also demonstrate convergence, although their rates differ slightly from the theoretical order of 1. In contrast, for the partial masses of   H 2  ,  AR , and    H 2  O  , while a significant reduction in error with increasing elements is not observed, the error remains bounded and small across all considered meshes. Collectively, these results enhance our confidence in the accuracy of the predictions made by the solver.




3.3. Mass


Figure 4a shows the time variation of each term that makes up the integral expression of the mass conservation equation. Figure 4b presents the sum of all the aforementioned terms, along with a zoom-in displaying the variation in numerical error at the beginning of the simulation.



The nature of the mass conservation equation establishes a balance between its constituent terms: the net mass crossing the boundaries of the control volume (surface contribution,   ϕ sur  ) translates into an equivalent increase in the mass contained within it (volumetric contribution,   ϕ vol  ). This behavior is confirmed in Figure 4a, where the temporal variations of the surface and volumetric terms balance each other in accordance with the fact that the equation does not include an external source term that contradicts this principle.



On the other hand, the analysis of Figure 4b enables the evaluation of the cumulative deviation observed in the mass balance, which accounts not only for the discretization errors inherent to the implemented numerical schemes, but also for the additional discrepancies introduced by the post-processing methodology.



It is observed that the solution is sensitive to the initial conditions of the simulation and to the reflection event of the shock wave incident on the reflecting wall.



The small discontinuity observed during the first time step arises from the start-up transient associated with the initialization of the Riemann problem. At   t = 0  , the discontinuity between the left and right states is resolved by the reconstruction scheme, which employs bounded gradients computed from the initial field. Although this field represents the exact physical state of the problem, its numerical representation does not accurately capture the flow dynamics, thereby generating an initial numerical transient that rapidly decays over time, as shown in the inset of Figure 4b. The secondary jump observed in the mass conservation residual corresponds to the reflection of the incident shock wave at the rigid boundary. At this point, the abrupt reversal of the velocity field, along with the sudden increase in pressure, density, and temperature, induces extremely steep gradients in the cells adjacent to the wall. Under these conditions, the limiter must readjust to the emergence of a new physical discontinuity emanating from the boundary, resulting in a transient imbalance in mass fluxes and producing the observed jump. Once the reflected front stabilizes, the limiter operates in a quasi-steady regime around the discontinuity. This effect, being purely numerical in nature, quickly attenuates as the reflected flow approaches its steady state, which is also evident in the momentum field response shown in the inset of Figure 5b.



The maximum deviation computed for this principle was   0.01218 %   relative to its initial value. This deviation results from the cumulative effects of finite-precision arithmetic, numerical truncation, and errors introduced during post-processing. In density-based solvers such as rhoCentralRfFoam, strict mass conservation is achieved only when all face fluxes are perfectly antisymmetric and time integration is exact. In practice, however,  KNP  interpolation and  SSPRK  time discretization introduce truncation errors of order   O ( Δ  x 2  )   and   O ( Δ  t 3  )  , respectively. Additionally, the computation of the continuity equation is affected by the solutions of the remaining governing equations due to the segregated nature of the algorithm, while the proposed methodology introduces an additional source of error, as reflected in the conservation residual. Despite these contributions, the cumulative effect leads to a maximum deviation of only   0.01218 %  , indicating that—although the residual is influenced by multiple error sources—mass conservation remains within acceptable bounds and does not compromise the overall mass balance or the fidelity of the proposed approach. Finally, a moderate but limited increase in the amplitude of the continuity residual oscillations is observed during the time interval in which chemical activity occurs.




3.4. Momentum


Figure 5a shows the temporal evolution of each term that makes up the integral formulation of the linear momentum conservation. On the other hand, Figure 5b displays the sum of all the previous ones, as well as a zoom-in showing the variation in numerical error when the incident shock wave is reflected off the reflective wall.



This principle includes a source term associated with pressure forces, which can be treated jointly with the convective term but does not share the same physical nature as the latter. Therefore, it is expected that both the time variation of momentum across the boundaries of the control volume, as well as that stored within it, are influenced by the mechanisms that cause pressure changes at these boundaries, as can be observed from the breaks in the   ρ  U vol    and   ρ  U sur    curves in Figure 5a. Three notable events can be identified that modify the pressure at the boundaries: the first occurs at approximately   262   μs and corresponds to the reflection of the incident shock wave at the left boundary; the second, around   388   μs, is associated with the ignition of the reactive mixture and the subsequent pressure increase from the reflecting boundary; finally, the third, around   529   μs, is linked to the reflection of the reactive expansion fan generated by the interaction between the reactive wave and the incident wave, as shown in Figure 1.



Figure 5b shows that instabilities appear at the beginning of the simulation and the reflection process. These instabilities are analogous to those presented in Figure 4b, as they arise from the same numerical mechanism previously discussed in the context of the mass conservation equation.



Note that, although the effect of chemistry manifests itself as larger amplitude oscillations in the numerical error, these remain limited. There are no visible discontinuities in the zone of chemical activity that would allow them to be correlated with the chemical breakpoints mentioned above.



The numerical error associated with the momentum balance, similarly to that of the mass balance, reflects the accumulation of discrepancies introduced during the spatial discretization, time integration, and post-processing stages. Nevertheless, its magnitude remains limited, with a maximum deviation of   0.01748 %   relative to its initial value. This confirms the proper conservation of momentum and indicates that the contributions of the implemented methodology to this residual do not compromise the overall accuracy of the balance.




3.5. Energy


Figure 6a,b illustrate the time evolution of the terms involved in the integral balance of the energy conservation principle, as well as the sum of these terms, together with a zoom-in showing the variation in the numerical error in the time interval in which the detonation wave is generated.



In Figure 6a, we observe that the net energy input through the boundaries of the control volume occurs at a constant rate throughout the simulation. This behavior contrasts with that observed in the momentum balance, indicating that there are no surface mechanisms modifying energy conservation other than a net input at a constant rate. This occurs because the source term in this equation does not take the form of a gradient of a scalar field or the divergence of a vector field; rather, it only reflects internal events within the control volume. The figure also highlights two distinct events: the first, occurring around   395   μs, corresponds to the ignition of the fuel mixture near the reflecting wall; the second, noted around   445   μs, is associated with the formation of the detonation wave, which results from the interaction between the reaction wave and the reflected shock, as illustrated in Figure 1.



Figure 6b shows that the numerical error in solving the energy equation presents instabilities at the initial moments of the simulation, during the reflection of the incident wave (for the same reason already discussed in relation to the conservation of mass), and at the stage of chemical evolution, characterized by oscillatory behavior of limited amplitude around a mean value. The figure also displays the significant influence of the chemical source term on this variable, which exhibits a maximum deviation of   0.22439 %   from its initial value.



Chemical activity contributes to a progressive increase in numerical error, arising both from the decoupling and linearization of the chemical source term (via operator splitting), and from the increasing stiffness of the energy equation due to the rapid heat release during the reaction. As a result, chemical effects induce a sustained growth in the energy conservation residual, which imposes a limitation on the maximum simulation time in order to keep numerical errors within acceptable bounds. The maximum deviation observed reflects the combined influence of multiple error sources and, even under these conditions, remains within the expected relative range for the simulated time span. This confirms the correct conservation of energy and demonstrates that the implemented methodology does not significantly compromise the overall accuracy of the energy balance.




3.6. Species


Figure 7a, Figure 8a, Figure 9a, Figure 10a, Figure 11a, Figure 12a, Figure 13a, Figure 14a and Figure 15a show the time variations of each term included in the respective balance equation for the species   H 2  ,   O 2  ,  AR ,  OH ,  H ,  O ,    H 2  O  ,   HO 2  , and    H 2   O 2   . Figure 7b, Figure 8b, Figure 9b, Figure 10b, Figure 11b, Figure 12b, Figure 13b, Figure 14b and Figure 15b exhibit the sum of the terms corresponding to each of the previous equations. Some of these images include a zoom-in of the curve that highlights areas of interest where there is a significant variation in numerical error.



From the analysis of the main reactive species (  H 2   and   O 2  , Figure 7a and Figure 8a), the coexistence of two mechanisms that actively modify the quantity of these species within the control volume is observed: on the one hand, the fluid-dynamic mechanism, represented by the net entry of fresh mixture through the boundaries; and on the other, the chemical mechanism, associated with the consumption of the reactants. Initially, the fluid-dynamic contribution dominates until, as the simulation progresses, the chemical mechanism becomes predominant. From the evolution of the volumetric term, we can estimate the instant at which both mechanisms are balanced. This can be obtained by searching for the maximum of the time variation or the instant in which the entry velocity from the edges equals the chemical consumption velocity. For both species, this instant occurs around   388   μs. From Figure 7b and Figure 8b, we can observe instabilities of the associated numerical error at the start of the simulation, the reflection process on the reflecting wall, (as highlighted previously in the analysis of the continuity principle), and the formation of the detonation wave. A smaller magnitude jump linked to a secondary interaction between the contact discontinuity and the reaction wave is also identified around   418   μs, as seen in Figure 1. The numerical error, resulting from the combined effect of several numerical contributions, reaches maximum deviations of   0.01666 %   for hydrogen and   0.03392 %   for oxygen. In the time interval dominated by chemical activity, the temporal evolution of the residues of these species is characterized by limited oscillations around a mean value.



The inert species  AR  exhibits a net growth within the volume due exclusively to transport from the edges, since the source term is zero, as observed in Figure 9a. Its numerical error (Figure 9b) shows instability at the outset of the numerical simulation and the reflection process (similar to the conservation of mass). Also, it is affected by chemistry, with an limited increase in the amplitude of oscillations in the zone of chemical activity. The maximum recorded deviation, encompassing the cumulative effect of various numerical sources, is   0.01286 %   relative to the initial value.



The main product species,  OH ,  H ,  O , and    H 2  O  , as well as the secondary product species,   HO 2   and    H 2   O 2   , change exclusively due to chemical action since both the net surface contribution as well as their initial mass concentration are identically zero (see Figure 10a, Figure 11a, Figure 12a, Figure 13a, Figure 14a and Figure 15a). The evolution of the numerical errors associated with the main product species shows sensitivity to the formation of the detonation wave (around   444   μs) and the interaction of the contact discontinuity with the reaction wave (around   418   μs), as shown in Figure 1. In all cases, the numerical error increases over time (see Figure 10b, Figure 11b, Figure 12b and Figure 13b).



Finally, the minor product species   HO 2   and    H 2   O 2    (Figure 14a and Figure 15a) adequately satisfy the conservation principle only up to approximately   405   μs, after which a loss of conservation is observed. This behavior is attributed to the fact that the conservation residuals for these variables—resulting from the combined influence of various numerical sources, including those related to the solver and post-processing—are of the same order of magnitude as the species’ concentrations. As demonstrated above, this residual is no longer bounded in the presence of chemical activity. Figure 14b and Figure 15b confirm that the errors associated with these species match the order of magnitude of their numerical fractions, inevitably leading to their loss of conservation.



For all reactive species with a non-zero source term within the chemical activity zone, a sustained increase or decrease in the respective conservation residual is observed. As noted above, this behavior is attributed to the decoupling and linearization of the source term implemented in the solver, as well as to the increasing stiffness of the governing equations as chemical activity progresses.





4. Conclusions


In this work, we present a simple methodology that allows the evaluation and quantification of the numerical error associated with solving a system of conservation laws, using only internal information from the simulation itself. The methodology was applied to the solver of high-speed chemically active flows rhoCentralRfFoam, obtaining, under pre-established configuration conditions, maximum relative errors of less than   0.25 %   for the most sensitive thermomechanical variable (energy), and relative errors of less than   0.05 %   for the most compromised chemical species in the reactive mixture (  O 2  ). It should be emphasized that the numerical error quantified using this methodology encompasses not only contributions inherent to spatial discretization and time integration but also an additional component arising from the post-processing procedure itself. Although the errors introduced during this stage have not been analyzed in detail, their impact was minimized through the use of high-order numerical integration schemes, a densely populated computational grid, and very small output time intervals. Consequently, the reported numerical error reflects the combined effect of the solver’s intrinsic numerical behavior and the uncertainties inherent to the evaluation methodology. Nonetheless, these uncertainties do not affect the identification of physical and numerical phenomena nor compromise the balance among the terms constituting the respective conservation laws. These results confirm the reliability of the proposed methodology and validate the correct functioning of the solver under the reference conditions, providing a preliminary quantitative indicator of simulation quality based solely on the available results.



Regarding the product species, we observed that the main species, defined as those whose proportion is comparable to that of the reactive species, adequately verify their respective conservation principles. On the other hand, the secondary product species (   H 2   O 2    and   HO 2  ), characterized by being present in much smaller quantities compared to the fractions of the reactive species, show imbalances in the fulfillment of their balance equations once the chemical process has begun. We attribute this anomalous behavior to the fact that the mass fractions with which these species participate in the description of the flow are of the same order of magnitude as the numerical errors introduced by the solver when the chemical mechanisms are activated.



The proposed methodology also allows us to observe that all conservation principles involving an explicit non-zero source term exhibit a numerical error that grows monotonically from the onset of chemical activity. This behavior represents a significant limitation on the achievable simulation time, as it restricts the use of the solver to a time interval within which the accumulated error remains below an acceptable threshold. This process is directly related to the explicit scheme employed by the solver for each of these equations, as well as to the decoupling and linearization of the chemical source term. As chemical processes begin to develop, the source term that models the chemical influence on the flow becomes progressively more rigid compared to the convective term. It generates stability problems and reduces the conservation property in the equations. This occurs because the default time integrator is unable to handle the rigidity of the chemical term adequately.







Author Contributions


Conceptualization, M.F., L.G.M. and S.E.; methodology, M.F., L.G.M. and S.E.; software, M.F. and L.G.M.; validation, M.F.; formal analysis, M.F., L.G.M. and S.E.; investigation, M.F., L.G.M. and S.E.; resources, M.F., L.G.M. and S.E.; data curation, M.F.; writing—original draft preparation, M.F., L.G.M. and S.E.; writing—review and editing, M.F., L.G.M. and S.E.; visualization, M.F.; supervision, L.G.M. and S.E.; project administration, S.E.; funding acquisition, S.E. All authors have read and agreed to the published version of the manuscript.




Funding


This research was funded by the Projects 33620180100218CB “Development and Application of Theoretical, Numerical Studies, and Computational Codes in Fluid Mechanics and Chaotic Intermittency”, Secretary of Science and Technology of the National University of Córdoba, and PIP-2021-2023-GI-11220200101463CO “Effects of Wind, Explosions, and Fire in Fuel Storage Tanks.” The first author has received a CONICET doctoral fellowship.




Data Availability Statement


The authors will be able to provide data and tools upon reasonable request.




Acknowledgments


The authors would like to thank José Tamagno for his teachings.




Conflicts of Interest


The authors declare no conflicts of interest.




References


	



Weller, H.G.; Tabor, G.; Jasak, H.; Fureby, C. A tensorial approach to computational continuum mechanics using object-oriented techniques. Comput. Phys. 1998, 12, 620–631. [Google Scholar] [CrossRef]

	



Gutiérrez Marcantoni, L.; Tamagno, J.; Elaskar, S. rhocentralrffoam: An openfoam solver for high speed chemically active flows–simulation of planar detonations. Comput. Phys. Commun. 2017, 219, 209–222. [Google Scholar] [CrossRef]

	



Gutiérrez Marcantoni, L.; Tamagno, J.; Elaskar, S. Two-dimensional numerical simulations of detonation cellular structures in H2O2Ar mixtures with OpenFOAM. Int. J. Hydrogen Energy 2017, 42, 26102–26113. [Google Scholar] [CrossRef]

	



Gutiérrez Marcantoni, L.; Tamagno, J.; Elaskar, S. A numerical study on the impact of chemical modeling on simulating methane-air detonations. Fuel 2019, 240, 289–298. [Google Scholar] [CrossRef]

	



Frias, M.; Gutiérrez Marcantoni, L.; Elaskar, S. Actualización del Solver RhoCentralRFFoam y su Aplicación al Problema de la Ignición por Reflexión en Configuración Fuerte. Mecánica Comput. 2023, 40, 917–925. [Google Scholar]

	



Shu, C.W.; Osher, S. Efficient implementation of essentially non-oscillatory shock-capturing schemes. J. Comput. Phys. 1988, 77, 439–471. [Google Scholar] [CrossRef]

	



Kurganov, A.; Noelle, S.; Petrova, G. Semidiscrete central-upwind schemes for hyperbolic conservation laws and Hamilton–Jacobi equations. SIAM J. Sci. Comput. 2001, 23, 707–740. [Google Scholar] [CrossRef]

	



Zhou, D.; Zhang, H.; Yang, S. A robust reacting flow solver with computational diagnostics based on OpenFOAM and Cantera. Aerospace 2022, 9, 102. [Google Scholar] [CrossRef]

	



Harten, A.; Lax, P.D.; Leer, B.V. On upstream differencing and Godunov-type schemes for hyperbolic conservation laws. SIAM Rev. 1983, 25, 35–61. [Google Scholar] [CrossRef]

	



Toro, E.F.; Spruce, M.; Speares, W. Restoration of the contact surface in the HLL-Riemann solver. Shock Waves 1994, 4, 25–34. [Google Scholar] [CrossRef]

	



Xie, W.; Zhang, R.; Lai, J.; Li, H. An accurate and robust HLLC-type Riemann solver for the compressible Euler system at various Mach numbers. Int. J. Numer. Methods Fluids 2019, 89, 430–463. [Google Scholar] [CrossRef]

	



Sun, J.; Wang, Y.; Tian, B.; Chen, Z. detonationFoam: An open-source solver for simulation of gaseous detonation based on OpenFOAM. Comput. Phys. Commun. 2023, 292, 108859. [Google Scholar] [CrossRef]

	



Sankar, V.; Chatelain, K.; Melguizo-Gavilanes, J.; Lacoste, D. Validation of high speed reactive flow solver in OpenFOAM with detailed chemistry. OpenFOAM® J. 2024, 4, 1–25. [Google Scholar] [CrossRef]

	



Heylmun, J.; Vonk, P.; Brewer, T. BlastFoam Theory and User Guide; Technical report; Synthetik Applied Technologies: Austin, TX, USA, 2019. [Google Scholar]

	



Weng, Z.; Mével, R. Implementation of an Solver for Shock and Detonation Simulation at High Pressure. Comput. Fluids 2023, 265, 106012. [Google Scholar] [CrossRef]

	



Fleischmann, N.; Adami, S.; Adams, N.A. A shock-stable modification of the HLLC Riemann solver with reduced numerical dissipation. J. Comput. Phys. 2020, 423, 109762. [Google Scholar] [CrossRef]

	



Zirwes, T.; Sontheimer, M.; Zhang, F.; Abdelsamie, A.; Pérez Hernández, F.; Stein, O.; Im, H.; Kronenburg, A.; Bockhorn, H. Assessment of numerical accuracy and parallel performance of OpenFOAM and its reacting flow extension EBIdnsFoam. Flow Turbul. Combust. 2023, 111, 567–602. [Google Scholar] [CrossRef]

	



Law, C.K. Combustion Physics; Cambridge University Press: Cambridge, UK, 2010. [Google Scholar]

	



Goodwin, D.G.; Speth, R.L.; Moffat, H.K.; Weber, B.W. Cantera: An Object-Oriented Software Toolkit for Chemical Kinetics, Thermodynamics, and Transport Processes; Zenodo: Geneva, Switzerland, 2018. [Google Scholar]

	



Chen, Z. Studies on the Initiation, Propagation, and Extinction of Premixed Flames; Princeton University: Princeton, NJ, USA, 2009. [Google Scholar]

	



Gittings, M.; Weaver, R.; Clover, M.; Betlach, T.; Byrne, N.; Coker, R.; Dendy, E.; Hueckstaedt, R.; New, K.; Oakes, W.R.; et al. The RAGE radiation-hydrodynamic code. Comput. Sci. Discov. 2008, 1, 015005. [Google Scholar] [CrossRef]

	



Dueholm, B.; Christiansen, J.; Endelt, B.; Kristensen, N.; Hærvig, J. Implementation of a VoF solver with phase change for the simulation of internal cavitation and droplet breakup in injectors. OpenFOAM J. 2024, 4, 62–78. [Google Scholar] [CrossRef]

	



Jahn, W.; Zamorano, R.; Calderón, I.; Claren, R.; Molina, B. Assessment of the Performance of FireFOAM in Simulating a Real-Scale Fire Scenario Using High Resolution Data. Fire 2023, 6, 375. [Google Scholar] [CrossRef]

	



Denner, F.; Xiao, C.N.; van Wachem, B.G. Pressure-based algorithm for compressible interfacial flows with acoustically-conservative interface discretisation. J. Comput. Phys. 2018, 367, 192–234. [Google Scholar] [CrossRef]

	



Costero, D.; Piscaglia, F. Second-Order Time-Accurate ALE Schemes for Flow Computations with Moving and Topologically Changing Grids. Fluids 2023, 8, 177. [Google Scholar] [CrossRef]

	



Hirt, C.W.; Amsden, A.A.; Cook, J. An arbitrary Lagrangian–Eulerian computing method for all flow speeds. J. Comput. Phys. 1974, 14, 227–253. [Google Scholar] [CrossRef]

	



Gear, C.W. Numerical Initial Value Problems in Ordinary Differential Equations; Prentice Hall PTR: Princeton, NJ, USA, 1971. [Google Scholar]

	



Toro, E.F. Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction; Springer Science & Business Media: Berlin/Heidelberg, Germany, 2013. [Google Scholar]

	



LeVeque, R.J. Finite Volume Methods for Hyperbolic Problems; Cambridge University Press: Cambridge, UK, 2002; Volume 31. [Google Scholar]

	



LeFloch, P. Hyperbolic Systems of Conservation Laws: The Theory of Classical and Nonclassical Shock Waves; Lectures in Mathematics; ETH Zürich: Zürich, Switzerland, 2002. [Google Scholar]

	



Msmali, A.H.; Singh, S.; Meetei, M.Z. Single-Mode Richtmyer–Meshkov Instability in Light Fluid Layer: Insights from Numerical Simulations. Axioms 2025, 14, 473. [Google Scholar] [CrossRef]

	



Gerhart, A.L.; Hochstein, J.I.; Gerhart, P.M. Munson, Young and Okiishi’s Fundamentals of Fluid Mechanics; John Wiley & Sons: Hoboken, NJ, USA, 2020. [Google Scholar]

	



Kee, R.; Rupley, F.; Miller, J. The Chemkin Thermodynamic Data Base; Technical report; Sandia National Laboratories: Livermore, CA, USA, 1990. [Google Scholar]

	



Oran, E.; Young, T.; Boris, J.; Cohen, A. Weak and strong ignition. I. Numerical simulations of shock tube experiments. Combust. Flame 1982, 48, 135–148. [Google Scholar] [CrossRef]

	



Im, K.S.; Joh, S.T.; Kim, C.K.; Chang, S.C.; Jorgenson, C. Application of the CESE method to detonation with realistic finite-rate chemistry. In Proceedings of the 40th AIAA Aerospace Sciences Meeting & Exhibit, Reno, NV, USA, 14–17 January 2002; p. 1020. [Google Scholar]








[image: Axioms 14 00782 g001] 





Figure 1. Constant temperature contour lines in a plot of time versus distance. 
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Figure 2. Time variation of the maximum system pressure (blue) and the velocity at 1 mm from the reflective wall (orange). 
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Figure 3. Variation of the L2 error norm regarding to   1 / N   for the following: (a) The mass, momentum, energy, and partial masses of   H 2  ,   O 2  , and  AR . (b) For the partial masses relative to the combustion products. 
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Figure 4. Mass conservation. (a) Time evolution of   ρ vol  ,   ρ sur  , and   ρ 0  . (b) Time evolution of the numerical error. 
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Figure 5. Momentum conservation. (a) Time evolution of   ρ  U vol   ,   ρ  U sur   , and   ρ  U 0   . (b) Time evolution of the numerical error. 
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Figure 6. Energy conservation. (a) Time evolution of   ρ  E vol   ,   ρ  E sur   ,   ρ  E 0    and   ρ  E src   . (b) Time evolution of the numerical error. 
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Figure 7. Species conservation:   H 2  . (a) Time evolution of   ρ   Y  H 2   vol   ,   ρ   Y  H 2   sur   ,   ρ   Y  H 2   0   , and   ρ   Y  H 2   src   . (b) Time evolution of the numerical error. 
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Figure 8. Species conservation:   O 2  . (a) Time evolution of   ρ   Y  O 2   vol   ,   ρ   Y  O 2   sur   ,   ρ   Y  O 2   0   , and   ρ   Y  O 2   src   . (b) Time evolution of the numerical error. 






Figure 8. Species conservation:   O 2  . (a) Time evolution of   ρ   Y  O 2   vol   ,   ρ   Y  O 2   sur   ,   ρ   Y  O 2   0   , and   ρ   Y  O 2   src   . (b) Time evolution of the numerical error.
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Figure 9. Species conservation:  AR . (a) Time evolution of   ρ   Y AR  vol   ,   ρ   Y AR  sur   ,   ρ   Y AR  0   , and   ρ   Y AR  src   . (b) Time evolution of the numerical error. 
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Figure 10. Species conservation:  OH . (a) Time evolution of   ρ   Y OH  vol   ,   ρ   Y OH  sur   ,   ρ   Y OH  0   , and   ρ   Y OH  src   . (b) Time evolution of the numerical error. 
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Figure 11. Species conservation:  H . (a) Time evolution of   ρ   Y H  vol   ,   ρ   Y H  sur   ,   ρ   Y H  0   , and   ρ   Y H  src   . (b) Time evolution of the numerical error. 
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Figure 12. Species conservation:  O . (a) Time evolution of   ρ   Y O  vol   ,   ρ   Y O  sur   ,   ρ   Y O  0   , and   ρ   Y O  src   . (b) Time evolution of the numerical error. 
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Figure 13. Species conservation:    H 2  O  . (a) Time evolution of   ρ   Y   H 2  O   vol   ,   ρ   Y   H 2  O   sur   ,   ρ   Y   H 2  O   0   , and   ρ   Y   H 2  O   src   . (b) Time evolution of the numerical error. 
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Figure 14. Species conservation:    H 2   O 2   . (a) Time evolution of   ρ   Y   H 2   O 2    vol   ,   ρ   Y   H 2   O 2    sur   ,   ρ   Y   H 2   O 2    0   , and   ρ   Y   H 2   O 2    src   . (b) Time evolution of the numerical error. 






Figure 14. Species conservation:    H 2   O 2   . (a) Time evolution of   ρ   Y   H 2   O 2    vol   ,   ρ   Y   H 2   O 2    sur   ,   ρ   Y   H 2   O 2    0   , and   ρ   Y   H 2   O 2    src   . (b) Time evolution of the numerical error.
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Figure 15. Species conservation:   H  O 2   . (a) Time evolution of   ρ   Y  H  O 2    vol   ,   ρ   Y  H  O 2    sur   ,   ρ   Y  H  O 2    0   , and   ρ   Y  H  O 2    src   . (b) Time evolution of the numerical error. 






Figure 15. Species conservation:   H  O 2   . (a) Time evolution of   ρ   Y  H  O 2    vol   ,   ρ   Y  H  O 2    sur   ,   ρ   Y  H  O 2    0   , and   ρ   Y  H  O 2    src   . (b) Time evolution of the numerical error.
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Table 1. Initial conditions of the states: Undisturbed, Incident, and Reflected.
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	Parameter
	Unit
	Undisturbed
	Incident
	Reflected





	Temperature
	  K  
	298
	621
	1036



	Pressure
	  Pa  
	6687.45
	36,679.65
	131,722.5



	Fluid velocity
	   m / s   
	0
	476
	



	Shock wave velocity
	   m / s   
	
	754
	450



	Mach number
	  adim  
	   2.165   
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