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Abstract

Through transformation and utilizing a novel extended complex method combining with
the Weierstrass factorization theorem, Wiman—-Valiron theory and the Painlevé test, new
non-constant meromorphic solutions were constructed for the predator—prey model. These
meromorphic solutions contain the rational solutions, exponential solutions, elliptic solu-
tions, and transcendental entire function solutions of infinite order in the complex plane.
The exact solutions contribute to understanding the predator-prey model from the perspec-
tive of complex differential equations. In fact, the presented synthesis method provides a
new technology for studying some systems of partial differential equations.

Keywords: systems of differential equations; meromorphic solutions; the Lotka-Volterra
equations

MSC: 30D30; 35C05

1. Introduction

In what follows, the notation W stands for a class of meromorphic functions in the
complex plane that consists of elliptic functions, rational functions, and rational functions
of exp(az) (« € C) [1]. In 2013, based on the results of Eremenko [2], Eremenko et al. [3],
and using the Nevanlinna theory and elliptic function theory, Yuan et al. posed the complex
method [4]. We can use the complex method to construct meromorphic solutions for com-
plex differential equations and traveling wave solutions to partial differential equations,
especially for Briot-Bouquet type differential equations. In article [4], the authors employ
the complex method to obtain all meromorphic solutions of an auxiliary ordinary differ-
ential equation and then find all meromorphic exact solutions of the classical Korteweg—
de Vries equation, Boussinesq equation, (3+1)-dimensional Jimbo-Miwa equation, and
Benjamin-Bona-Mahony equation. In the later years, some studies used the complex
method and its variants, combining with the Nevanlinna theory, the Painlevé test, a tech-
nique for comparing Laurent series [5], and the Weierstrass factorization theorem to obtain
meromorphic solutions or exact solutions to some higher dimensional and higher-order
differential equations, and Fermat-type differential equations such as [6-10]. Unfortunately,
the complex method has not been applied to systems of differential equations.

The motivation of this article is to build a new extended complex method to solve the
predator-prey model

(1)

x' = ax — Bxy
y' = dxy — 0y,
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where «, 8,5, 8 are positive constants.

The predator—prey model, also known as the Lotka—Volterra equations, is a pair of first-
order nonlinear differential equations frequently used to describe the dynamics of biological
systems in which two species interact, one as a predator and the other as prey. It was first
introduced in ecological and chemical systems [11,12]. x = x(¢) is the number of prey (for
example, rabbits), y = y(t) is the number of some predators (for example, foxes), and ¢
represents time. The populations change through time according to the pair of equations.
Explicit expressions of convergent trigonometric solutions of Equation (1) were given [13].
Analytic solutions of a second-order form of the Lotka—Volterra equation were presented
using a new variable transformation [14]. The periods of the predator—prey system have
also been considered [15]. Some approximate solutions for a class of predator-prey systems
with the Beddington—-DeAngelis and Nicholson—Bailey functional responses were obtained
by the nonstandard finite difference methods [16]. Many variations in the predator-prey
models were investigated in recent years [17-23], even in fractional forms [24-26]. Recently,
a generalized Lotka—Volterra systems was proposed in an arbitrary dimension, such as [27]

n
xg:xi<ci0+2cijx]->,i:1,~~~,n. (2)
=1

A very comprehensive literature review can be referred to article [27], which contains
some important properties such as the Allee effect [28], fear effect [29-31], cannibalism [32],
and immigration [33,34].

The Lotka—Volterra systems have been applied in many research areas of natural
sciences, such as chemical reactions [35], plasma physics [36], even social sciences or
economics [37]. In ecology, a functional response is the intake rate of a predator as a
function of food density. There are three main types of functional responses classified by
C. S. Holling. The type I functional response assumes that the consuming and hunting
rates are linear up to a maximum, where they become constant. The type II functional
response assumes that that the consumption rate is decelerated with increased population
and is described by r(x) = ax/(apx + 1), where x denotes the food or prey density, « is
the rate at which the predator encounters food items per unit of food density, and p is the
average time spent on processing a food item. The type III functional response assumes
that the consumption rate is more than linear at low levels of resource and is described by
r(x) = nxP /(xP 4+ aP), where a and n are positive and p > 1 is an integer [27].

After skim reading the recent literature mentioned above on the predator-prey models
and references [38—44], we found that there are very few results on the study of exact solu-
tions for Equation (1). For example, Varma gave an exponential function solution under the
assumption of a1 = wy [39]. Although there are many methods and algorithms for building
exact and explicit solutions of ordinary or partial differential equations, such as the Back-
lund transformation method, the inverse scattering method, the Darboux transformation
method, the modified simple equation method, and the Homotopy analysis method. Un-
fortunately, there is no general way to deal with all forms of differential equations. Unlike
the previous studies aforementioned, the present study is motivated by the consideration
of meromorphic solutions of the predator—prey model in the complex plane. Therefore, the
current paper first attempts to explore solutions to Equation (1) using an extended complex
method combining other analysis tools. To construct non-constant meromorphic solutions
on the complex plane, we need to assume t = z,x = x(z),y = y(z),«, B, 6,6 are complex
numbers, and rewrite the complex predator-prey model as follows:

¥'(z) = ax(z) — px(2)y(2)
y'(2) = 0x(2)y(2) — Oy(2).



Axioms 2025, 14, 758

30f16

The article is organized as follows: Section 2 involves the basic definitions, lemmas,
and methodology of the extended complex method; Section 3 demonstrates the main results
of this study; Section 4 presents the proof of Theorem 1; Section 5 shows the discussion and
limitations; and Section 6 gives the conclusions and possible future research directions.

2. Preliminaries

Definition 1. ([45]) Let w be a meromorphic solution of a mth order algebraic differential equation
E(z,w) = 0. We call the involved term of E(z, w) = 0, which determines the multiplicity q in w as
the dominant term. The dominant part of E(z, w) = 0 consists of all dominant terms and is denoted
by E = E(z,w). The multiplicity of a pole of each term in E(z,w(z)) is the same integer denoted by
D(q). The multiplicity of pole of each monomial M,|z] in E(z,w) — E(z,w) is denoted by D,(q).

Definition 2. ([46]) For any meromorphic function v, the derivative operator of the dominant part
E(z,w(z)) with respect to w is defined by

E(z,w + Av) — E(z, w)

E'(z,w)v := )l}_m 5 (4)
The root of the following equation
P(i) = Tim 2~ PWE G e ~)x' " = 0 5)
is called the Fuchs index of the equation E(z, w) = 0.
We investigate the solutions to the complex ordinary differential equation
P(w,w, ,w(m)) =0, (6)
which w can be expressed by a Laurent series
= i ckzk . (7)

k=—q

After plugging the formal Laurent series (7) in Equation (6), if there are exactly p
different formal Laurent series that satisfy Equation (6), we say Equation (6) satisfies
the (p,q) condition. If we only determine p different principle parts w(z) = ¥, ] 2k
(g9 > 0,c—4 # 0), we say Equation (6) satisfies the weak (p,q) condition. If Equation (6)
satisfies the (p,q) condition, we say Equation (6) satisfies the finiteness property: it has
only finitely many formal Laurent series with finite principal part admitting the equation,
see [1].

Rewriting Equation (6) as the following form

P(w,w,---,w(m)) = bw" +c. (8)

Lemma 1. ([47] [Theorem 1.4], [48] [Theorem 1]) Let p,1,m,n € N. If deg P(w,w’, ...,w(m))) <n
and Equation (8) satisfies (p,q) condition, then all non-constant meromorphic solutions w € W
and must be one of the following three forms:

(i) Each elliptic solution with a pole at z = 0 can be written as

B I-1 g (—1)]‘&1‘]‘ -2 1[¢/(2) + B 2_
v = 121]22 (j—1)! dzi=2 (4{@(2)_&} @(Z)>

+Z llp +B 1 (—1)c_ (—Wey; a2
) ]’:2 ]_1 dzi=2

©)

o(z) +co,
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!
where c_j; are given by Equation (7), B? = 4A? — g A; — gz and ) c_j = 0.
i=1
(ii) Each rational function solution w := R(z) is of the form
Ld g
R =LY e, (10
im0 (2 —-2)

with 1(< p) different poles of multiplicity g.
(iii) Each simply periodic solution is a rational function R() of ¢ = exp(az)(a € C). R(E)
has 1(< p) different poles of multiplicity g, and is of the form

R(g)—ifLﬂ (11)
=% _ o

Lemma 2. ([49] [Corollary], [50] [Theorem 2.2.3]) A meromorphic function f is a rational function
iff T(r, f) = O(logr).

Lemma 3. (Clunie’s lemma [50] [Lemma 2.4.2]) Let f be a transcendental meromorphic solution
of the equation

f'P(z f,f,...)=Qzf.f,...), (12)

where n is a non-zero positive integer, and P and Q are polynomials in f and its derivatives with
meromorphic coefficients {a,|A € I}, such that for each A € I, m(r,a,) = S(r, f), where I is an
index set. If the total degree of Q as a polynomial in f, f', f”,... is at most n, then

m(r,P(z, f,f,...) = S(r, f). (13)

For a mth order complex differential equation P(w,w’, - - -, w(m)) = bw" + ¢, where
deg P(w,w’, ...,w™)) < n and satisfies the (p,q) condition, then, all non-constant mero-
morphic solutions belong to the class W by the virtue of Lemma 1.

A natural question is how to obtain meromorphic solutions of more general differ-
ential equations if we remove the constraints in Lemma 2 in [4] and Lemma 1 such as
deg P(w, w(m)) <nordegP(w,w,.., w(m))) < n. In this direction, the author studied the
thin-film equation [6] and the Fermat-type functional equation [10]. Nevertheless, up to
now, we have not found any research that uses the complex method to solve the system of
differential equations.

Based on the extended complex method [8], we would like to pose the following steps
to solve systems of partial differential equations as follows:

Step 1. Using the transform T : u(x,t) = u(z), w(x,t) = w(z), (x,t) — z to reduce a
given system of partial differential equations to the following system of ordinary differential
equations

Plu,u,- - um oW, ,w(S)) =0
{ Q(u,u,--- Lulm ww, - ,w(S)) —0. (14)

Then reduce the system of ordinary differential equation, Equation (14), to a certain
ordinary differential equation, Equation (8).

Step 2. Determine whether all meromorphic solutions u(z) and w(z) of Equation (8)
belong to the class W by using Nevanlinna’s value distribution theory and Painlevé test.

Step 3. Substituting (7) into Equation (8) to determine that the (weak) (p, q) condition
holds by using the Painlevé test.

Step 4. Build the non-constant polynomial and transcendental entire function solutions
to Equation (14) using their forms to be determined. By indeterminant relations (9)—(11),
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building the elliptic, rational and simply periodic solutions u(z), w(z) of Equation (14) with
pole at z = 0, respectively.

Step 5. By Lemma 1 mainly, obtaining all meromorphic solutions w(z — zg).

Step 6. Substituting the inverse transform T~! into these meromorphic solutions
u(z —zp), w(z — zp), then obtain exact solutions u, w of the original systems of differential
equation, Equation (14).

3. Main Results

By using the extended complex method, combining with the Weierstrass factorization
theorem, Wiman—Valiron theory, and the Painlevé test, we obtain the following theorem:

Theorem 1. If fé # 0, Equation (3) has the following forms of non-constant meromorphic solutions
provided that 6 = —u:
(1) Rational solution:

x(z) = — 5
=~
( )7 (i ZO) (15)
T B
provided that o = 0, where zg € C is arbitrary.
(2) Exponential function solutions:
aexp(a(z —zp))
x(z) = —
& = Seplatz =) 0 .

aexp(a(z —zp))

Blexp(a(z —z0)) —§)’

where zg, &(# 0) € Cis arbitrary, « # 0.
(3) Elliptic solutions:

y(z) =

4 6
x(z) = oz z0 ) -
- 4 6 2\ 25
#(o(z- =t —f) ~1) ¥
, P (17)
y(z) _ p<Z_ZO/ ﬁ/_m) n o
- 4 6 2 ¢
B(o(z-205-3%) - 5) 2
where zg € C is arbitrary, & # 0.
IfB=0=0,a #0,0 # 0, Equation (3) has the following forms of entire solutions:
x(z) = cpexp(a(z — zp)) (18)
y(2) = crexp(=0(z — 20)),
where c1, c3, 2 are arbitrary complex numbers.
If B =0,0 #0,a # 0, Equation (3) has the following forms of meromorphic solution:
x(z) = ¢ exp(az)
19
where c1, ¢y are arbitrary complex numbers.
If B #0,0 = 0,60 # 0, Equation (3) has the following forms of meromorphic solution:
x(z) = cp exp(az + 7&2%};(792)) (20)
y(z) = crexp(—62),
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where cy, c; are arbitrary complex numbers.
4. Proof of Theorem 1
4.1. Painlevé Test and Fuchs Indexes
Eliminating x(z) and x’(z) in Equation (3), we have
—By'y? +aby? +ayy' + (v')? —yy" = poy>. (1)

Assuming that there is a meromorphic solution y(z) satisfies Equation (21), and if

y(z) has a movable pole at z = zy, then in a neighborhood of zy, the Laurent series of y

is of the form of ;2 g Ck (z—20)k (9 > 0,c_4 # 0). Substituting this Laurent series into

Equation (21), we have p = 2,9 = 1, and

1 +(1iﬁ)9+

1
y(z) e 5 (22)
From Equation (21), we know E = E(z,y) = (v')? — By'y*> — yy”, hence,
Bz y)o
iy (- 20)2 = By + 20)' (y + A0)? — (y + Ao) (y + A0)") — (v = By'y* — yy")
A—0 A (23)
= (=y" = 2By'y)o+ 2y — py*)o’ — yo"
(v =28+ 2~ D)2~y o
dz 7 0z2
Therefore, the Fuchs index equation of Equation (21) reads
P(i) = lim x PWE (x,c ox ")x' 1 =0, (24)
x—0
where g = 1,D(q) = 4. Settingy = c_1x ' = %x’l,v = x'~1, we have
Pi) = lim x B (2 x!
x—0 ,B
— tim x4 (g~ 26) + (24 — B — vy a7 (25)
x—0 0z 072
1
— ——(i+1)(i—1)=0.
[3( )(i=1)

Therefore, Equation (21) has a non-negative integer Fuchs index i = 1. This fol-
lows that there exists a coefficient ¢y (k > 0) that is an arbitrary number in the Laurent
series (22) [46], and Equation (21) satisfies the weak (p,q) = (1,1) condition. Further,
deg(—By'y* + aby> + ayy’ + (v')* — yy") = deg(BOy®) = 3. Therefore, Equation (21) does
not satisfy the constraint of the degree in Lemma 1. However, the explicit representation
of the meromorphic solutions with at least one pole of Equation (21) is compatible with
Lemma 1.

Remark 1. If y is a rational solution of Equation (21), then y € W. Now we assume that y is a
transcendental meromorphic function with at least one pole.

If y is a transcendental meromorphic function with finite many poles. We rewrite Equation (21)
into the following form

V2 (Boy + By') = aby® +ayy' + ()" —yy". (26)
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According to Clunie’s Lemma 3, we have n = 2, P = By + By’, Q = afy* + ayy’ + (v')* —yy".
Therefore, deg Q = 2, then m(r,P) = m(r, B0y + By') = S(r,y). Hence, T(r, B0y + By') —
N(r,Boy + By') = m(r, B0y + By') = S(r,y). From the assumption, N(r, B0y + By') =
O(logr) = o(T(r, B0y + By')). Therefore, (1 —o(1))T(r, B0y + By') = S(r,y), by Lemma 2, f
must be a rational function, which is a contradiction. Therefore, f must be a transcendental function
with infinitely many poles. Because there is an arbitrary coefficient in the formal Laurent series,
therefore, Equation (21) does not satisfy the finiteness property. Therefore, it fails to determine
whether all meromorphic solutions of Equation (21) belong to class W. This discussion also holds
for the solution x.

4.2. Entire Function Solutions
421. 65 #0

It is easy to check that Equation (3) has no non—constant polynomial solution

(x(2),y(z)). Because if we assume (x(z),y(z)) Ea 2, Eb z)), and put it into
i=1 j=1
Equation (3), the degree of x’(z) cannot equal to the degree of ax(z) — Bx(z)y(z).

Then, we claim that Equation (3) has no transcendental entire function solution
(x(z),y(z)), where (x(z),y(z)) have the same order under the condition of Bé # 0. By
the Weierstrass factorization theorem and Wiman—Valiron theory (see [51]), we know
Equation (3) does not have any transcendental entire solution in the form of

[e0] [e9)

(¥(2),9()) = (xp(z1 ()2 [TE () expl2)2 [TEE), @)

i=1 i =1 i

where x(z), y(z) have the same order, g1(z), g2(z) are entire functions, and E;, E; are canon-

ical factors. Because there is only one top-degree term

[e9) [e9) z

exp(g1(2))2" [T E:( =) explg2(2)=" [T Ei () 8)

=1 Zi =1 %

in each equation of Equation (3), and cannot vanish to zero, unless f = 6 = 0.

Equation (3) does not have solutions of the form of (x(z), y(z)), where x(z) is a non-
constant polynomial and y(z) is a transcendental entire function, or y(z) is a non-constant
polynomial and x(z) is a transcendental entire function.

Further, according to the relationship of the multiplicity of the poles, Equation (3) does
not have solutions of the form of (x(z),y(z)), where x(z) is a non-constant polynomial and
y(z) is a meromorphic function with at least one pole, and conversely. Obviously, for a
similar reason, Equation (3) does not have solutions of the form of (x(z),y(z)), where x(z)
is a transcendental entire function and y(z) is a meromorphic function with at least one
pole, and vice versa.

422.p=0=0
When § = 6 = 0, Equation (3) will reduce to the equation

x'(z) = ax(z)
{ v(z) = ~0y(z). )

Then, we have
x(z) = c1exp(az)
{ y(z) = cpexp(—0z), (30)

where ¢y, ¢; are arbitrary complex numbers, af # 0.
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423.=0,0#0
When = 0,6 # 0, Equation (3) will reduce to the equation

x'(z) = ax(z)
{ v (z) = éxy — 0y(z). (31)

Then, we have

x(z) = c1 exp(az)
32
{ y(z) =0y exp(‘scle);ﬂ — 92), ( )
where ¢y, ¢; are arbitrary complex numbers, & # 0.
424.8#0,6=0
When 8 # 0,6 = 0, Equation (3) will reduce to the equation
¥'(z) = ax(z) - px(2)y(2) (33)
y'(z) = —0y(2).
Then, we have
x(z) = cp exp(az + %(_Gz)) (34)
y(z) = caexp(—02),

where cy, c; are arbitrary complex numbers, 6 # 0.

In fact, two infinite order transcendental entire function solutions y(z) in (32) and x(z)
in (34) have been found out, which cannot be written in the form of rational functions of
exp(az) (a € C). It means that we find out two new meromorphic solutions which are out
of the class W. The existence of the two new solutions also illustrates the fact that there
exist some Fuchs indexes (i = 1) that are non-negative integers, and not all the solutions
belong to the class W. The phenomenon also explains the facts that are in Remark 1.

Therefore, we need to further consider solutions in the form of (x(z),y(z)), where
X,y are non-constant rational functions, or simply periodic function solutions, or elliptic
function solutions where they have at least one pole.

4.3. Meromorphic Solutions with Poles

If B6 = 0O, from the results in Section 4.2, we know Equation (3) does not have any
non-constant meromorphic solutions x(z) with at least one pole and y(z) with at least
one pole.

Therefore, in this subsection, we assume that 6 # 0.

4.3.1. Building the Laurent Series and the Check the Weak (p, 4) Condition

Assuming that w(z) is a meromorphic solution of Equation (3), with a movable pole
at z = 0, then in a neighborhood of z = 0, the Laurent series of x(z) is the form of
Y 2 (9 > 0,c_4 # 0), and the Laurent series of y(z) is the form of Y diz* (g >
0,d_4 # 0). The degree of the pole z = 0 and the coefficients c_4,d_; can be uniquely
determined by Equation (3). Substituting } 2> q cxz" and Yoo q diz* into Equation (3), we
havep=1,4=1,and
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=1t
-1 — 5,
1
d—l - 57
p
o= — —Bdy + «
0— 5 7
dg is arbirary,
df —2d
= _P(pdg—241) > ), (35)
—B2d3 — 2aBdy + a®
dy = — ,
3p
_AB2742 4 42
2 (20c B3 — 302pdy + o3 + )0 )“>
2= 36 ’
w(—4p%d3 + a?)
dy = ——————+.
8p
Hence, we obtain the following form of the Laurent series
1  Bdy «w B?d3  4apdy 247
E=-mt T st T e ) o6
(Z)—i%—d + _06724_2(170“4_% Z4 .
Yz =gy T 37 3 ' 3

4.3.2. Rational Solutions

By (10), we infer that the indeterminant of the rational solution with pole z = 0 is

=L
y(z) 2 0 Bz 0,

where d| is arbitrary.
Substituting (37) into Equation (3), eliminating the coefficients, we have

E_|_Q (38)
—ﬁd%—i—ado—i—()do—k% =0,

Therefore,

do=0 (39)

5(% —20) (40)

where 8 = —a = 0, and zy € C is arbitrary.
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Remark 2. If we substitute (37) in Equation (21) directly, we can also obtain the rational solu-
tion (40).

4.3.3. Exponential Function Solutions

By (11), we infer that the indeterminant of the simply periodic solution with pole
z=0is

x(2) 1 +c
= —————= 100
exp(éiz1 ¢ (1)
y(Z) - exp(yz) + 0s
where ¢ # 0 € C is arbitrary, substituting (41) into Equatlon (3), we have
Hz
. c.1pe - NC_q —DCC()—i- IBC_1d_12 + ﬁc_1d0 + ﬁCod 1 +/3C0d0 -0
(et — Q el — ¢ (etz —¢) etz —¢ el — 0
_ d-lye?‘ _ 5C-1d_1 _ (5C-1d0 _ (5C0d-1 cod + d 1 —|—9d 0 ( )
@ 0F (=g em-g em-g MTgE_grihs
then, collecting similar terms, we must have
c-1p exp(pz) Beada
- 7+ 7 =0
(exp(]/tz) g) (exp(yz) - é) (43)
_ dogpexp(pz) dc_1d_q _0
(exp(pz) =8> (exp(z) —¢)?
Then we have
L nep(u)
1= 5
i, = kee(z) &
p
Then we put
pexp(pz)
X(z)=—F—F—"% t¢
2 Sopliz) -5 5
nexp(uz
z) = —F——F"——"—+d
YO = Bloxpuz) - ) T
into Equation (3), we have
2,1z uz Hz g nz
_ pte ape _ _ Pueldy cope _
e —8) oo ) O G g) Tem g PN =0
2,Uz nz g ) Uz Oue
e Al B S d+#7+9d —0
Ble—q) g Blerr—g) 0T REE—g 0T
Then, collecting similar terms, we have
exp(pz)p(—pdo +dco+a—p) 0

6(exp(pz) — )
exp(uz)p(Bdo — oco + p +6)

=0
Blexp(uz) —¢) (47)
—acy + ,BC()dO =0
—dcodp + 0dy = 0.
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Then
Co
do =
(48)
==«
0=—u

Hence, we know Equation (3) has the following solution

__eeplaz—z)
) = Sexplalz ) - 0 )
y(z) = wexp(a(z —zp))

Blexpla(z —=0) &)

where 6 = —a, and z, {(# 0) € C is arbitrary.

. d_q ) . .
Remark 3. If we substitute y(z) = —————— + dg in Equation (21) directly, we can also
f y( ) exp(yz) — g 0 q Y
obtain the following solution
aexp(a(z —z

- Blexp(a(z —20)) = ¢)’
where 8 = —u, and zy,§(# 0) € C is arbitrary. Then by Equation (3), x(z) will be directly

derived.

4.3.4. Hyperbolic Function Solution

Solution (49) can be changed to the following solution

*(z) = — a(cosh(a(z — zp)) + sinh(a(z — zp)))
d(cosh(a(z — zg)) + sinh(a(z — z9)) — &) 51)
y(z) = a(cosh(a(z — zg)) + sinh(a(z — z)))
B(cosh(a(z — z9)) + sinh(a(z — z9)) — &)’

where 6 = —a, and z, {(# 0) € C is arbitrary.

4.3.5. Elliptic Function Solutions

By (9), we infer that the indeterminant of the elliptic solution with pole z = 0 is

_c19'(282,8) +B
2 p(z,82,83) — A

=
—

S
2

I

+ ¢o

y(z) = — 1 9(282,8) +D (52)
2 p(z,8,83) —C
By (36), we have
_ — L 0(2,82,83) +B —Bdo+a
x(z) = —=% _
3 0(z,92,83) — A 5 )
B¢ (2,8,8)+D
z) = -5 o= +dp.
ye) 2 o(z,82,83) —C "

Comparing the Laurent series of Equations (53) and (36), with substituting (53) into
each side of Equation (3), and collecting similar terms, we have
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A = 3fd] — Sapdo + 30
C =3P} + Sapdy — 307
o (4B%d3 — 8aBdy + 3a>
a(—4p%d35 + a?)
D =——FF——+
4
6 =—u
Then substituting (53) with (54) into each side of Equation (3), we have
dy = %
4
g = 46— B B+ Yo2pd - udpdy+ Tt = 3 )
6
g3 = — 505+ Ra pod] — 5a2phdl + L2l p3d3 — 3atpPd3 + 3a0Bdo + Frab = — 5.
Therefore, we obtain the following elliptic function solution:
4 6
x(2) (20 b f) :
- 4 6 2\ 25
(o= -0 1) ~8) ¥
(o e (56)
(2) = P \% 20,120 " 216 L
- 4 6 2 ’
Zﬁ(p(z — 20,73, ~ %15 ) — ‘i‘—z) 2p
where 8 = —a, and zp € Cis arbitrary. If & = 0, (56) will degenerate to rational solution (40).

Remark 4. If we substitute y(z) =

_d-1¢'(2,82,83)+D

+ dg in Equation (21) directly, we
2 o(zg,95)—C 0N Y

can also obtain the elliptic solution (56).

Hence, the proof of Theorem 1 is complete.

5. Discussion and Limitations

5.1. Discussion

@

@

®)

The proof of Theorem 1 is explained as follows:

One needs to transform the system of differential equation Equation (3) into a single
complex ordinary differential equation; see Equation (21).

Taking the Painlevé test to compute the Fuchs indexes, the results show that
Equation (21) has a non-negative integer Fuchs index i = 1. This phenomenon
causes Equation (21) not to meet the (p,q) condition. Therefore, we cannot be sure
whether all non-constant meromorphic solutions of Equation (21) belong to class
W. In Remark 1, we found that Equation (21) may have rational function solutions
and transcendental meromorphic function solutions with infinitely many poles, but
definitely does not have transcendental meromorphic function solutions with finite
many poles because Equation (21) does not satisfy the finiteness property due to
Equation (21) having a non-negative integer Fuchs index i = 1. In conclusion, it fails
to judge whether all meromorphic solutions of Equation (21) belong to class W. This
characteristic is determined by Equation (21) itself.

From (2), we know that Equation (21) does not satisfy the conditions of Lemma 1.
Another reason is deg(—By'y* + a0y + ayy’' + (v')*> — yy”) = deg(BOy®). But we
can still find out the solutions of Equation (21) through the forms of elliptic functions,
rational functions, and rational functions of exp(az) in Lemma 1; see Section 4.3.
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(4) In Section 4.2, we prove that if 6 # 0, Equation (3) does not have non-constant
solutions (x(z),y(z)) where x(z),y(z) are both polynomials, or both transcendental
entire functions with the same order, or one is a non-constant polynomial and another
is a transcendental entire function, or one is a ploynomial and another is a transcen-
dental meromorphic functions with at least one pole, or one is a transcendental entire
function and another is a transcendental meromorphic functions with at least one pole.
Nevertheless, if 6 = 0, two infinite order transcendental entire function solutions y/(z)
in (32) and x(z) in (34) have been found. The two solutions respond to the fact that
Equation (21) has a non-negative integer Fuchs index i = 1 and not all the solutions of
Equation (21) belong to class W. Further, if 6 = 0, from Sections 4.2.2-4.2.4, we know
Equation (3) does not have any non-constant solutions (x(z), y(z)) where x(z),y(z)
are both transcendental meromorphic functions with at least one pole.

5.1.1. Plots
The plots of solution (56) with« = 1,6 = 1, B = 1 was described in Figure 1.

Prey Predator
o) 3
11 2 | |
L I\ I | “ ‘l \|
o o PN s S [_)
X y / /
4 " e |- {_,/ "
I ' - | '
! I \
-2 -1 \
=3 -2 ‘
2‘0 4‘0 6‘0 8‘0 1 60 2‘0 4‘0 6‘0 8‘0 1 60
Time Time

Figure 1. The plots of solution (56) (x =1,6 =1, =1).

5.1.2. Comparing

In [39], Varma gave an exponential function solution to the predator-prey model
under the assumption of a1 = &, as follows

ny = cexp(at)
Pty exp Leexp(ar) 5] &)
1 cexp(at)

- B1-+B2exp [7 % {cexp(at) 4(}} :

Therefore, the exponential function solutions (30), (32), (34), (49) obtained in the current
study is different from (57).

Consider the comparison of the method applied in article [44] and the extended
complex method used in this article, we think that they both transform one system of
differential equations into a single ordinary differential equation, and then carry out the
Painlevé test. Both methods use the coefficient balance method. The main differences
between the two articles are the following: article [44] does not consider the existence of
transcendental entire function solutions to the Lotka—Volterra competition system with
diffusion, and does not show the infinite order transcendental entire function solutions. In
the current article, we find out the infinite order transcendental entire function solutions,
which seem to be new compared to the opening literature we have read.
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5.2. Limitations

Although there are many methods and algorithms for solving ordinary or partial
differential equations, there is no unified approach to deal with all forms of differential
equations. Therefore, the extended complex method must have its limitations. For example,
(1) if deg P(w, w’, ..., w(’”))) > n or Equation (8) does not satisfy the (p, q) condition, there
is no guarantee that all non-constant meromorphic solutions of the ordinary differential
equation belongs to class W; (2) it is difficult to use the indeterminant formula in Lemma 1
to obtain the infinite order transcendental entire function solutions directly; (3) the extended
complex method has not been used in seeking exact solutions for other types of differential
equations. Nevertheless, compared with the previous complex method [8], the extended
complex method given in this article is more general because it can deal with differential
equations such as the predator-prey model.

6. Conclusions and Future Research Directions

The extended complex method has been applied to investigate the meromorphic
solutions to the predator—prey model. All the solutions mentioned in the theorem are
verified using computational software. First, in the proof of Theorem 1, we rewrite the
predator-prey model into one complex ordinary differential Equation (21), then apply the
Painlevé analysis to obtain that there is a positive Fuchs index, and confirm that there exists
a coefficient in the Laurent series (22) that is arbitrary. It indicated that Equation (21) (or
Equation (3)) may have other types of solutions which are not included in the class W, such
as the infinite order transcendental entire function solutions (32) and (34). Second, as far as
we know, some of the constructed solutions seem to be new compared to the related open
literature, such as the infinite order transcendental entire function solutions (32) and (34).
These solutions potentially contribute to the understanding of the predator—prey models
from the perspective of complex differential equations.

Inspired by the open problems posed in [27], we would like to pose the following
problems for potential readers:

Problem 1. Suppose that the positive integer n > 2. Study meromorphic solutions to the general-
ized higher-order predator—prey model:

2 (z) = ax(z) — px(z) " Vy(z) (58)
¥ (2) = 6x(2)y(z) "~V — By(z),

where , B, 8,0 are positive constants, and the superscript (n) indicates the n-th derivative.

Problem 2. Study predator—prey models which is equipped with related influencing factors such as
the Allee effect, fear effect, cannibalism, and immigration using the extended complex method.
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