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Abstract

By using the construction theorem of semi-discrete Hilbert-type inequalities with quasi-
homogeneous kernels and real analysis techniques, this paper establishes a semi-discrete
Hilbert-type inequality involving partial sums and variable upper limit integral functions,
obtains the necessary and sufficient condition for constructing such an inequality, and,
under certain conditions, derives the computational expression of the best constant factor.
Finally, we discuss the boundedness and operator norm of the corresponding operator
using the obtained results.

Keywords: semi-discrete Hilbert-type inequality; partial sum; variable upper limit integral
function; bounded operator; operator norm
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1. Introduction and Preliminary Knowledge

Letp > 1, % + % =1,d = {an},and b = {b,}. Then, we have the following classical
discrete Hilbert inequality [1]:
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where the constant factor
semi-discrete forms exist:
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where the constant factors are also the best possible. Hilbert-type inequalities, due to their
important applications in operator theory, have received extensive attention. For further
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research, it is necessary to generalize L, (0, +c0) and [, to weighted Lebesgue spaces and

weighted Hilbert-type spaces:
+o00 1/p
pa = (/0 x“|f(x)pdx> < tooy,

[e9)

1/p
= fa= (bl = () <o,

L3(0, +00) = {f(X) S

n=1

where p > 1 and a > 0. In weighted spaces, different authors have introduced many inde-
pendent parameters and discussed Hilbert-type inequalities with homogeneous kernels,
quasi-homogeneous kernels, and several non-homogeneous kernels such as

i 1 in(/y) N oyl (e
(x + )N mM +nr2” xA — yA min{xM, yr2} (mM 4 nh2)r

and the boundedness of their corresponding operators (see [2-8]). In [9] from 2016, the
authors first discussed the problem of best matching parameters for Hilbert-type inequali-
ties, solving the problem of parameter rules for Hilbert-type inequalities with best constant
factors. In [10] from 2017, the authors further explored the construction conditions and best
constant factor estimation for Hilbert-type inequalities. Since then, relevant discussions
have continued and have been published in various academic journals (see [11-13]).

In [14] from 2019, the authors studied Hilbert-type inequalities from a new perspec-
tive and presented a Hilbert-type inequality involving partial sums. Afterwards, refer-
ences [15-20] made various improvements and generalizations. For example, under certain
parameter restrictions, the authors in [21] obtained obtained an inequality involving partial
sums and multiple variable upper limit functions Fy (x):

0o X 1/P
/0+ 2 de < M <iKA+m+1()\2 + 1)) (K)L+m+1()‘1 + m))l/q

& Gt ST
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0 n=1
where A; = A=A + ﬂ, Ay = A= + &, and I'(+) is the Gamma function. It was

proven that the constant factor in (1) is the best possible when « = 1 and A1 + Ap = A.
The authors in [14] considered the discrete inequality with the homogeneous kernel
m, and the authors in [21] discussed the semi-discrete inequality with the quasi-
homogeneous kernel m
and the necessity of these parameter relations is not discussed. This paper considers the

The parameter relations in them are relatively cumbersome,

parameter conditions and best constant factor problem of a semi-discrete Hilbert-type
inequality involving partial sums and variable upper limit integral functions with kernel
————. The parameter condition relationships in the results are simple and clear, facili-
(n'1+4x2)4

tating the application of the inequality. Meanwhile, by making full use of the construction
theorem of semi-discrete Hilbert-type inequalities with quasi-homogeneous kernels, the

proof process is optimized. Finally, its application in operator theory is discussed.
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2. Notation Conventions and Preliminary Lemmas

To avoid unnecessary repetitions, this paper makes the following conventions. If
i = {a,} and f(x) is integrable, denote

A=Y ai=12), FO@ = [ fhar

i=1

If K(u,v) is a binary measurable function, and A1 > 0, A, > 0, denote
+00 N Hoo
Wy (s) = / K(1,#2)Edt,  Wy(s) = / K(#1,1)dt,
0 0

Lemma 1 ([22]). Let p > 1, 1 +1 = 1, 0,0, € R, Ay, Ay > 0, and let K(u,v)

be a homogeneous function of degree o, that is, K(tu,tv) = t"K(u,v)(t >0). Suppose
a+1 a+1

np T b (%q + %p + (T) = ¢, and both K(t/\l,l)tf% and K(t/\l,l)tf%ﬂ\lc are decreas-

£ -
ing on (0, 4+00), with Wy <_ﬁ < +o0. Then,

(i) There exists a constant M > 0 if and only if ¢ > 0 such that
[ e (M »
Y[ K(nh, ) anf () dx < Ml pal s @
n=1

e B _ 11 , .
(i) Ifc =0, ie., ﬁp + N7 =0 + 7 + Top then the best constant factor in (2) is

o - ()" (-5 (2) "w(-551)

Lemma2 Letp >1,3+1 =1, L0 eR A >0 >04>0 % +60 421 =¢

a>max{(Ay—1)p—1, (M —1)p—14+Apc},and —(A+1)Ayg—1<p < —1.
(i) There exists a constant M > 0 if and only if ¢ > 0 such that

F||q,/5/ (3)

o) 400 n)qflx)\zfl .
Z/ X ALF(x)dx < M|\ A
n=1 0 (

Avziin
nM o xr2)

where A = {Ay}.
(ii) When ¢ = 0, the best constant factor in (3) is

R 1 a+1 g+1
inf(M} = r<1— )r(1—>.
ATAYPT(A +2) AMp A2g

Proof. Let
I s R
u Mo M

K(u,v) = 7@[ o

u>0,0v>0.

Then, K(u, v) is a non-negative homogeneous function of order ¢ = 2 — %1 - /\% —(A+2) =

1 1
—/\—)Tl—)\fz,and

K(n/\l x’\z) — nM e
, (nh 4 x22) 2
Thus,
A _atl . 1 Alflfm
K(t 1,1>t Po= 7)\+2t P,

(M +1)
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A —etly e 1 M—1-5 e
k(e )T = et 1
(M +1)
Sincea > (A; —1)p—1,and @ > (A —1)p — 1+ Aypc, we have A} — 1 — % < 0, and

a+l a+l
A1 =114 Ayc < 0. Also, since Ay > 0,4 > 0, both K(#M, 1)t 7 and K(#M1, 1)t 7 e
are decreasing on (0, +o0).
From —(A+1Ayg—-1 < B < -1 < )\zq—l,wehavel—a—;1 >0and A +2 —

( ﬁH) > 0. Thus,
B+1 +o0 +o0 ra—1 p+1
W1<—> =/ K(l tAZ) dr = / 5t T dt
q 0 0 (1+th2)

I BN B =y B 1 p+1 ( /3+1)>
= —_— 21/ du=—B|l—-"—"—, A+2—-(1- < /
/\2/0 (1—|—u))‘+2u TN Aag " A2q e

where B(-, ) is the beta function. Since K(u,v) is a homogeneous function of degree

a1 o & B -
o=-A /\1 +, the condition Tup + Aod (Mq + Azp + o') = ¢ in Lemma 1 is trans
formed into ”‘H + /i;l +A=c

Whench we have ”‘H + é\;l + A =0;hence, A +2 — ( - %) 1-— w Thus,

(Az>”qw<_ﬁ+1) ()\2>1/q13<1_ﬁ+1 1_¢x+1>
A ! q M) A Aag T Arp

_ 1 F(l‘[s—i_l)F(l“_’_l).
AT PT(A +2) A2g AMp

In summary, according to Lemma 1, Lemma 2 holds. O

Lemma3. Lett >0,0<A; <1, A, =Y} qar(n=12,---), and lim,_, et A, =0.
Then,

s A ad A

Z e g, < Aqt Z nM et AL 4)
n=1 n=1

Proof. By Abel’s summation formula and differential mean value theorem, we have

N —tnM —tNM —t(n+1)* —tnM
Y e a, =e An Z Ay ( —e )

n=1

tNM N adi—1 gt
= NTAN A Y G e o A,
n=1
A
where n < &, < n+ 1. Since 0 < A; < 1, we have éﬁfle*@"l < nM=1e=t" and thus

—taM —tNM N a1
e a, <e AN—i-/\lthl e A,
1 n=1

™=z

n

Let N — 400, and note that limy,_ 4o et A, = 0. Then, (4) is obtained. O
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Lemma 4. Let t > 0 and im,_, oo e 2F(f)(x) = 0. Then,

+oo -
/0 e 2 f(x)dx = /\zt/ /\rleftxAzF(f)(x)dx.

Proof. Since %F(f)(x) = f(x) and F(f)(0) = 0, by integration by parts, we have
—+00 —+o00 ~
[T e = [ e ar ()
0 0

= lim e ™2F(f)(x) +A2t/0+oo 22l 2 () (x)da

X—r+00

+o0 .
= Azt/ x)‘z_le_t"AzF(f) (x) dx.
0
O

3. Main Results

Theorem 1. Let p > 1, 5+ 1 = 1, Aap € R satisfying0 < Ay < 1, Ay > 0,
a+1 1
LBt
/\1}7 AZq A A
-1, —(A+1Ayg < B < =1, limyi0e ™A, =0 (t > 0), and limy_, o e F(f) (x)
=0(t>0).

A >0, and

+A=cwithmax{(A{ —1)p—1, M —1)p—1+Mpc} <a <

(i) There exists a constant M > 0 if and only if c > 0, i.e., a/{:} + 'B/\+q1 4+ A > 0, such that
1 2
too g y 3
L e < MIAl P ©

where A = {An} = {Lp_q ax}

(ii) Whenc =0, i.e., “AT; lixzq + A =0, the best constant factor in (5) is

g 1 o _atl _B+1
Mo = AVPAL F(A)r<1 o )T )

Proof. (i) According to the Gamma function definition, we obtain

1 _ 1 O —t(nM4x"2)
(71 & )R _F(A) ./0 " e dt.

Thus, by Lemmas 3 and 4, we have

né /O+°° (nAL:nJJ;(;A)Z)A dx — r(lA) gl/om anf(x)(/o+°<> t/\*le*t(”“”mdt) dx
- %/{:wt("*@*l (n;/o 00nAl1xA21e“”"”"mz‘lnﬁ(f)(X)be)0“

oM S T 1 A1, # TR (A2)—1,—t(nM +x2)
_ ﬁz/ M1y A,,F(f)(x)/o f e dt )dx

IN

_ /\1)\2 +o0 )\1 71x/\271 ~
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By Lemma 2, when ¢ > 0, there exists a constant M > 0 such that

© oo pA—1A-1 ~ o
;/o WAnF(f)(x)dnguA

E(f)

pa Qrﬁ :

Let M = %F(A +2)M, then (5) can be obtained from (6).
Conversely, suppose (5) holds. If ¢ < 0, take a sufficiently small ¢ > 0, and let

1+A
_aflthe 4

ay =n P ,n=12,.--
_BltAge
X q , x>1,
f(x) = -
0, 0<x <1

Since &« > p(A; —1) > —p — 1, we have —% —1 < 0. And since € > 0 is sufficiently

atltMie _ 9 < 0. Also, froma < —1,and & > 0 being sufficiently small, we get

small, —
—w > 0. Hence,
tx+1+/\1€ a+1+Als_1 _p a+1+Als
= k™ / t dt=—-+"—-n T 7
An Z a+1+ /\18 ( )

Since f < —1 and & > 0 is sufficiently small, we have 7@ > 0. Thus, when 0 < x < 1,
we obtain F(f)(x) = 0. When x > 1, we have

_ BHltAge

_ - X _/5+1+A2£_1 _q
F(f)(x)—/1 b dt = m . ®)

From (7) and (8), we have

o0 Ve, e
Al alEPllgp = (Zn"‘lAnl”> ([ 1R e

n=1

o 1/p 0 1/q
pq “1-Age </+ 1A )
< n 1 X 26dx
(e +1+Ae)(B+ 1+ Age) <HZ’1 ) 1

o0 1/p +oo
Pq /+ —1-Aqe ) (/ —1-Aje )
< 1 t 1edt 2¢d
- (a+1+)\1£)(/3+1+/\2£)( * 1 T *

- +A1{':) p/
APAY Te(a 41+ Aye) (B+1+ Age)

1/q

1/q

agk
e s—

+oo ﬂnf( _atliAge 1 o0 1 _ﬁ+1+Azs_1
dx = n v / — X q dx
(nM 4 xA2)A Z 1 (M aM))

7a+1+/\15717)\)\1 +oo 1 _BtlitAge 4
! T dx
1 (I1+n"MxMh)

1

2
Il

= n
n=1
0 a+1+Aqe B+14+Aye +oo B+14+Ase
-1 y g M (B ) 4 / L - e e
Az n=1 nM (1 + i'L))L
00 + B+14+Aye
= 1 Z —1—A1(C+€)/ 1 t T ar
)\2 n=1 M (1 + t)A
o0 B+1+Aye
> L Z n M C“)/ £ome e,

>
N
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Thus, we obtain

& “+o0 B+1+Are
1 ) n_l—/\l(c+€)/ 1 <t T 14t
A2 n=1

M (14 Ae)VP < oo )
A PAY Te(a 41+ Aye) (B+1+ Age)

4

Since ¢ < 0and e > 0is sufficiently small, 1 + A1 (c +¢) < 1, wehave Yy n~1-41(c+8) = 400
which contradicts (9). Hence, ¢ < 0 does not hold; in other words, ¢ > 0.
(ii) When ¢ = 0, by (6) and Lemma 2, we have

oo oo ph-lyda-1
2/ anfx) g AlAZr A+2) / WX B(f) (x)dx

n)\l + x)\z) r( n/\l + x/\z)/\

AMAy 1 + p+1 =
=Ty “M“”r(wz)r(l Mp )r( A2 )'A””’“”F(f)'q’ﬁ

1/p,1/
:Mr 1_“+1 r(1- g+1 | A
F()\) Alp AZ

F(f)llgp = Moll A

E(f)llq

p px

If My is not the best constant factor in (5), then there exists a constant M; < M such that

+o0 » N
3 O < A (10)

n/\l + /\2)

Take a sufficiently large N > 0 and a sufficiently small ¢ > 0, and let

_ e 4 _BltAe
a {11 r , n=NN+1,--- g {x 1 , x2>1,
n=

» flx) =
0, n=12--,N-1 0, 0<x<1

Thus, whenn =1,2,--- ,N —1, wehave A;, = 0. Whenn = N,N +1, - - -, we obtain

n 7a+1+/\1£71 n 70c+1+/\1£71
A= Lk </N71tip dt
N a+1+A12 7;7 _atl+Aqe
/ dt R ] P
a4+ 1+ Ae

When 0 < x < 1, F(f)(x) = 0; when x > 1, we have

- "X ﬁ+1+)\2£ d "X PH1+Age _1d —q _ BH1+Ape
F = t t t [] f= ———— q .
(N = | </ ST

Thus, we have

[e9)

1p o 1/
F<f>||q,ﬁ=<2n“|An|P> ([ 1rrepar)

n=N

00 Vr e
pq Z —1-Ae /+ x—l—Azsdx e
(@ +14+Me)(B+14Ae) \ = 1

™ p / rtoeo 1/q
pq T 1A / “1-Age
< 1 2
- (0(+1 —|—)L1€)(‘B+1 +)\2€) (/Nl ! dt> ( 1 g dx)

_ P L NonF
(@t 1+ M) (B+ 1+ Age) 8)\1/?/\;/’1 '

IA

p&

(11)
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Similarly, we have
Z / anf dx Z " a+1;r)\1£_1 /+oo 1 x_/SJrl;/\zsdx
(nh + x/\z) 1 (nh x/\z))‘
- Ly n‘l—m/ QRN
)\2 n=N n~M (1 + t)/\
> 7/“0 t*1*A1‘€dt/Jroo R T
- N NM (14 ¢)2
N Ll A t_%trhg_ldt (12)
M (1 + t))L ’
From (10)-(12), we obtain
1 oo 1 _BAltAe g
—N—MS/ £ i dt
AAqe N—M (1 + t))‘
rq 1 — 4
M N-1) 7.
Mt T+ M) (B 1+ a0 gri7eala Y
Thus,
+o00 B+1+Aye Ae
et 1+ he)(ptl +A2£>N*MS/ L < my(N—1) 7
AP pg N (1)

Lete — 07, we get

+oo _ B+l
(a1+/1)§//3+1)/ Lt <,
AN Ppg I (T4 8)

Further, letting N — +co, we obtain

+oo _B+1_
(0(—10—/1)263—1-1)/ 1 T 1dt§M1.
MNP pg o (1+1)

By the properties of the Beta function and Gamma function, when a« < —1 and 8 <
"‘+1 > 0and — ’5“ > 0; thus,

M, > (a+1)(ﬁ+1)B(_ﬁ+1 At ﬁ+1> _ (D¢+1)(,B+1)B(_oc+1 _ﬁ+1)

/\}/q/\;/ppq Aag’ A2q /\i/q)é/ppq Mp " Mg
1 (a+1)(B+1) ( oc—i—l) < [3+1)
= r(— rl—
AIAPT(A) pq Mp Aag

L 1/p,1/q 1 _0€+1 _ﬁ—i—l _
=M F(A)r<1 A1p ! Axq =M

This contradicts M; < Mj; hence, Mj is the best constant factor in (5). O

Similar to the proof of Theorem 1, we can also obtain the following theorem:

—1,

Theorem2. Letp>1,1+1=110B€R0<A <1, A >0A>0 414+ 54 ) -

’ Mp A2g

1

g—1,and limy,_, et AL =0 (t>0).

5 =cmax{(A1—1)p—1 (A —1p—-T1+Apc} <a<-19-1-(A+1)Ayg < B <
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. . . . . +1
(i) There exists a constant M > 0 if and only if ¢ > 0, i.e., ‘fﬁ} + % + A= /\% >0,
such that
o0 400 a'rlf(x) B
—————dx < M[|A|pallfllgp (13)
nX—:l/O (nM + xA2) pel e

where A = {An} = {¥}_1 ar} (ax > 0).

(ii)) When ¢ = 0, i.e., ‘fﬁ} + % +A— )%2 = 0, the best constant factor in (13) is

AP a+1 1 B+1
o= () ot (-5 )T (% - g )

4. Applications

Let p > 1, and define

o 1/p
S/\1Zz - {ﬁ - {an} (an > O) : ||A pa = <Z nlx|An|p> <+, lim eitn)\lAn =0 (t = 0)}

=1 n—-+oo

Below, we discuss the boundedness of the discrete operator from Sy, Ij; to L;(O, +c0) and
the problem of operator norms.

a+1+5+1
Mp A2g

)\—/\i =cmax{(M—1p—1 M —Dp—-1+Mpc}<a<-1 g—1—(A+1)Ayg <
2
B < q — 1, and define the operator T as

Theorem 3. Let 5 + ¢ =1(p>1),a,f€R0<A <14 >0,A>0, +

~ - an ~
T(d)(x) = — 2 d={a,} €S, 1"~
@O0 = 5 ot 1= esi

(i) T is a bounded operator from Sy 1, to Lﬁ“"”(o, +o0) if and only if ¢ > 0, i.e., % +
B+1

P +A— )%1 > 0. Then, there exists a constant M > 0 such that

IT(a)

pB(p-1) = M| Allpa-

i — 0 je 4l 4 PH1 1 _ :
(ii) When c = 0, i.e., ’f\Tp S A=A, =0, the norm of operator T is

/\1>1/” 1 ( zx—i—l) <1 5+1)
T =(—-— —TI(1- rf—-— . 14
Il (}\2 I'(A) Mp Ay Aoq (9
Proof. We first prove that when a,, > 0, (14) is equivalent to (13).

If (13) holds, let

00 p—1
F(x) = PPV |T(7) (x)|P = £PP-D (2 any) .

n=1 (™M + xM2
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Then,
) |IP T B0 |7(7 p
IT@I 0 = [ 0 DIT@ ()P
Foo ad a, = [ a,f(x)
= X ——dx = / ———dx
0 I )n; (nM + x22) ngll o *

< M| Al pall fllg,8

5 400 q 1/q
= M| A|lpa </0 xB (xﬁ(l—p)|T(g)(x)|p—1) dx)

- +00 (p=1)/p
:MHA”p,lX (A xﬂ(l—P)|T(g)(x)de>
= M| AllpaIT@I7 50,

from which (14) can be derived.

Conversely, if (14) holds, by Holder’s inequality, we have

i /0 74 CON O+°° F()T(@)(x)dx

" (n’\l—i—x/\Z))L
= [ (@) (xh s )ax
o » 1/p oo 1/q
< ([T Fm@eras) ([T rmax)
oo 1/p
= ([T T@ @) flag
= IT@lpp)1F s < MUl pal s

Thus, (13) holds. Since (14) is equivalent to (13), Theorem 3 holds by Theorem 2. [

In Theorem 3, taking A1 = Ay = % and A = 2, we can obtain

Corollary 1. Let%—i—% =1(p>1),ap€eR, “—;ﬁl—k% =0, —%—1 < a < —1,and
—1—1< B < q—1. Then, the operator T,

T(a)(x) = n; m

is a bounded operator from S 1 Iy to L'g(p -1 (0, +00), and the operator norm of T is
||| = r<1 L 1)r<2(1 - ﬁ“))
p q

In this paper, we discuss the more general semi-discrete Hilbert-type inequality involv-

5. Conclusions

ing the partial sum A, and the variable upper limit integral function F(f)(x), where the

1 . . .
[Ty We obtain the necessary and sufficient
conditions for such inequalities to hold and the expressions of the best constant factors. Due

kernel is the quasi-homogeneous kernel

to the full use of the construction theorem of quasi-homogeneous semi-discrete Hilbert-type
inequalities, the proof process is optimized; because the parameter structure of the obtained
results is simple and clear, our results are more convenient to apply. Finally, we also discuss
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the application of the results in operator theory, highlighting the application value of the
obtained results. In the future, we will also explore high-dimensional cases.
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