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Abstract

In this work, the discontinuous Dirac operator with weight is studied. We prove the com-
pleteness theorems of the system of eigenfunctions for the discontinuous Dirac operator.
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1. Introduction

Boundary value problems with a discontinuity are associated with discontinuous char-
acteristics of materials and have been studied by many authors (see, e.g., [1-4]). Consider
the following impulsive Dirac operator:

ly =By (x)+Q(x)y(x) =Ap(x)y(x), x € I:=(0,b)U (b ), 1)
with boundary conditions (&, € (=5, 75))
U(y) := y1(0) cos & + y2(0) sina = 0, )
V(y) := y1(m) cos p 4y () sin p = 0, 3)
and jump conditions
y1(b+0) =ary1 (b—0), ya(b+0) = a; 'y2(b—0)+azy1 (b —0), (4)

where
1, xe(0b), 0 1
plx) = = /
v, x€(bmn), -1 0
px)  q(x) ya(x)
Qx) = ’ X) = ’
) ( i) —pw ) YO
p(x) and g(x) are real-valued functions in L2(0, 77), A is the spectral parameter, 0 < v < 1,

a1 > 0, and a; is real. Denote problem (1)—(4) by L = L(Q(x), p(x), &, B, b, a1,az), and this
kind of problem is self-adjoint.
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The completeness theorems of the continuous Dirac systems have been studied by
many authors. For example, the qualities of the eigenvalues and eigenfunctions of the
discontinuous Dirac system were considered by Huseynov and Latifova (see [5]). They
gave the completeness theorem of eigenfunctions.

In [6], Oridoroga and Hassi presented Dirac-type operators with boundary conditions
depending on the spectral parameter and proved the completeness theorems given some
assumptions, and in [7], they also investigated the completeness and Riesz basis prop-
erty of systems of eigenfunctions and associated functions for these operators. Later, the
same authors (see [8]) extended these results to the system of integro-differential equa-
tions with some A-depending boundary conditions and obtained the completeness with a
similar method.

Some authors also considered the completeness theorems in discontinuous case. In [9],
Tuna and Eryilmaz studied the completeness for the Dirac operator with conditions dif-
ferent from (2)—(4). Tuna and Kendiizler (see [10]) dealt with the Dirac operator with an
eigenparameter in the boundary condition and proved the corresponding completeness.

Regarding the completeness of Dirac operators in the continuous case, several scholars
have established conclusive results, demonstrating that the system of eigenfunctions for
the continuous Dirac problem is complete in Hilbert space. However, no corresponding
conclusions have been reached for the discontinuous case. This motivates us to inves-
tigate whether similar completeness properties hold for discontinuous Dirac operators.
Consequently, we extend the completeness results of the continuous Dirac operator to the
discontinuous case.

This paper generalizes the results in [5] to the discontinuous case and addresses the
completeness for the operator discussed in the text in the form of (1)—(4). In Section 1,
we present the completeness conclusion of the Dirac operator in the continuous case. In
Section 2, the spectral properties, such as eigenvalues and eigenfunctions, are presented,
providing a theoretical basis for the completeness conclusion. In Section 3, the completeness
theorems and its proof are given.

2. Preliminaries

Let
~ [ou(xA)
(x,\) = mle) = (4’12(96, A))’ x € (0,b),
w [ 9a(x,A)
@a(x,A) = om0, ) , xe(bn),
~(Ynu(x,A)
Px,A) = P1(x,A) = <¢12(x,A)>' x € (0,b),
/ ([ Ya(x,A)
Pa(x,A) = a1 (6, ) x € (b,m)

be the solutions of (1), satisfying the initial conditions

go<o,A>=< sina ) w(m)z( inp ) 6)

—cosua —cos f
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and jump condition (4)). From [11,12], we can calculate that ¢(x, A) has the following rep-

resentation:
_ x sin(Ao(x)Hw)
o(x,1) = go(x, A) + /O Ky (x, 1) ( ) COS(/\J(J()_{_ﬂ))dt, ©)
Here, ¢o(x,A) = (@o1(x,A), poz(x, A))T satisfies the following forms:
1) sin(Ao(x)+u), 0<x<b, "
Por(xA)= af sin(Ao(x)+a)+a; sin(A(m—o(x))+r), b<x <,
_|—cos(Ao(x)+a), 0<x<b, ®)
Poa(xA)= —a; cos(\o (x)Ha)Ha; cos(A(m—o(x))+r), b <x < .
Similarly, we can compute that the following representation holds for {(x, A):
_ m sin(A((7r) = o(x))+B)
R D ( ~ cos(A(o () - U(x))+ﬁ)> @ ©)
Here, o(x,A) = (o1(x,A), Po2(x,A))T satisfies the following forms:
ay sin(A(o (7)o (x))+B)+a; sin(A(o(m)+0(x)-20 (b)),
o1 (x, A)= 0<x<b, (10)
sin(A(o(m) — o(x) HB), b<x<m,
a5 cos(A(0(71)-0(x))+B)+a, cos(A (o (7)o (x)-27(b))+B),
Po2(x,A)= 0<x<b, (11)
—cos(A(o () — o(x) HB), b<x<m,

where o(x) = fox\/p(t)dt, af = Ya £ %), ay = %(% + ya1), and K, (x,t) =
(Kiju(x,t))ij=12 (n = 1,2) with K, (x, t) are real-valued continuous functions for i,j = 1, 2.

Define
(@1 (0,A) 1 (c,A)) =11 (A W12 (06, A) =12 (XA W11 (x,A),
(plA) B ) dsxsh
A, W, A))=
v v (P2(x,A) 2 (x,A)) =21 (XA W22 (6, A) =22 (X, A W21 (x,A),
b<x<m.

It is easy to verify that (¢(x,A), p(x,A)) is independent of x (see [13]), and

= {p(x,A), ¥(x,A)) (12)

x=b—0 x=b+0

(@(x,A), p(x, 7))
Denote
AA):=(p,A), p(x,A)) = o10A)P2(x, A) — @2(x, V)1 (x, A) (13)

The function A(A) is called the characteristic function of L, which is complete in A,

and it has the zero set {Ay, },cz.
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Lemma 1. (1) The zero set {Ay },cz of the characteristic function A(A) coincides with the eigen-
values of problem L.
(2) The corresponding eigenfunctions ¢(x, A,,) and (x, Ay, satisfy the following equality:

(X, An) = Bup(x,An), Pu #0, n €L (14)

Proof. Following a line of reasoning similar to the proof in [2,4,14], we skip the
details here. [

Next, we denote by a, (n € Z) the normalized constants, which are defined as

T
wni= [ lp(o A Po(x)dx,  meZ.
Lemma 2. The formula holds as follows:
Bnity = —A(An), (15)

where A(Ay) = (%A(A)) ‘

Proof. Since

By'(x,A) + Q(x)y(x,A) = Ap(x)p(x, A),
B(p’(x, Aun) + Q(x)go(x,}\n) = /\np(x)q)(x, An).

It follows from the above formulae that

d
T (000 An), 93, ) = (A = An)p(x) @ (x, An)p" (2, ). (16)
The integration of (16) is carried out over the interval [0, 7], and together with (16), we
can get
b—0 T
(p(x,An) 9 AN + (W An) (e

—( =) [ (00l )y (x,A)dx

=—(¢21 (71, M) cosPBtear (71, An) sinf)—(11(0, A) cos at¢12 (7, Ay) sinw)
=—A(A).

Dividing the two sides by A — A, and letting A — A, we have
7T T .
|| )9 29T (5, Ar)dx = —A(A).

Together with the above formula and the definition of &, we arrive at (15). O

From (7)—(11) and (12)—(13), we can calculate

A(A) = Do(A) +o(exp [t]o(7)), (17)
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where
Ao(A) = af sin(Ao(7r) + a—B) + a; sin(A(20(b) — o(T)) + a + B)
n ;% cos(Ao(7T)+a — 5)—% cos(A (20 (b)—(T)) +a-+p). (18)

Define the sector G, := {A : |[A =AY > & > 0,n € Z}, where A} are zeros of the
function Ap(A). Asymptotic formulas (17) and (18) imply

|A(A)| > Ceel3MeM) 2 € G, (19)
where C; is a constant.

3. Completeness Theorem

Define L?((0,7t),C?, p) as the Hilbert space of vector-valued functions with two com-
ponents. This Hilbert space has the following inner product:

(F:8) = [ s0fT(x)p(x)d:

Next, applying an approach similar to that in [15], we can construct Green’s function
and represent the solution, which is given below by Green’s function.

Let us consider the boundary value problem L, which consists of a non-homogeneous
differential equation,

ly =By (x)+Q(x)y(x) = Ap(x)y(x) + fT(x)p(x), x €1 (20)

with boundary conditions (2) and jump conditions (4), and then calculate the solution of
this problem.

First, consider the solution of problems (1)—(4) with an homogeneous Sturm-Liouville
equation, which has the form

Cro1(x,A) + Siipr(x, M), 0<x<b,

Y(x,A) =
Y {Czq’z(xr/\) + Satpa(x, M), b<x<m,

where Cy1, C;, S1, and S; are some constants.
Using the method of variation in the constants, we can bbtain the solution of L f in
the form

Y(x,A)= Ci(x, A)gy(x, A x 0<x<b, 1)
Ca(x, A)@a(x, A) + Sa(x, A)pa(x, A), b<x<m,

SN—
+
w
J
—
>
N—
=
S
—
kg
>
:—/

where functions Cy(x,A), S1(x,A), Ca(x, A), and Sp(x, A) satisfy the linear system of equa-
tions for x € (0,b):

{C&(x,wl(x,m +S1(x, ) (x,A) =0, )
Ci(x, M1 (x,A) + S1(x, My (x,A) = f(x)p(x),
And for x € (b, ),
{Cé(x,)\)@(x,/\) 2, A)pa(x,A) =0, 23)
Co(x, M@ (x,A) + S5 (x, M)y (x,A) = f(x)p(x)
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Since A is not an eigenvalue, we have

{91(x,A), 91(x,A)) = (@2(x,A), ¥a(x, A)) # 0.

This implies that (22) and (23) have a unique solution, respectively. It follows that for
€ (0,b),

Ci(x,A)=—A(1M¢1(x,A)fT(X)p() S} (x,A)= (1)<o1<x N ) (@4

and for x € (b, )

Cé(xff\):—A(l/\)le(x,A)fT(@P(X), S/z(xr/\)ZA(lA)sz(xrA)fT(x)P(x)- (25)

From (24) and (25), we can obtain that

Cr(x, ) = A(lA / P (A FT(Dp(B)dE + Ay, x € (0,b),
Si(x4) = 37 [ @A e+ A2 xe ),
Colx,\) = A(lA / P (b M FT(Dp(H)dt + As, x € (b7),
Sao ) = 357 [, N W0+ As xe (b)
where Aj, Ay, A3, and Ay are some constants. Substituting the above equalities into (21),
we have
P [ a0 T B [ ) o
Y(x, A\ + A1p1(x, A) + Axr(x, ), € (0,b), 26)
$2 x)‘/lp EA)FT(Hp( t)dt+¢2 /(p (LA T(Ep(tt
+ Asga(x, A) + Agpa(x, A), e (b, 7).

Let solution Y (x, A) satisfy boundary conditions U(y) and V (y), respectively. It yields

() =( P 1 2) £ (Dp(0)tAr g (0,21 Acia 01) ) cosa

+( ‘Plz((()’\’)” | 1 (6 1) FT (D (OdE-AL p12(0, A +Aapra 0, A))sina.
Since
A1(911(0,A) cos & + 12(0,A) sina) = 0
and

Az(111(0,A) cosa + 1P12(0, A) sina) = A A(A),
Then, we have

U(Y) = ArA(A). 27)
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Similarly,
V0 =(E a0, )7 (0 1)t Aagas (A Asr (1)) cosp
+ “’ZZ(&’)A) [t )T () Angaa(re, Ay s, 1)sin.
Since
Ag(a1(7,A) cos B+ (7, A) sin B) = 0
and
A3(921(0,A) cos B+ ¢2(0,A) sin B) = A3A(A),
we can obtain
V(Y) = A3A(A). (28)
It follows from (27) and (28) that
Ay = Az =0 (29)

Next, we shall calculate constants A; and A4. Considering jump conditions (4),

we have
(’W [ N0+ Asgn (54 0,0) + Agger(b+0,0)
—“1(W/O 16 )T (Dp(E)dEAL P (b—0A 1+ Aot (b—0,0))
and
(M(Ab(;)OA)/ P (8, A) FE(E)p(t)dt+ Az (b +0,A)+Aghar (b +0,A)

1_1<¢12(Ab()\)0/\)/0 1(t A)f ( )p(t)dH—Al§012(b—0,)L)+A21’L712(b—O,)L))

P11(b—0,A)
ol e

Together with the above formulae with (26), we can get

(0

— Ajmpn (b 0, )\) + AgPy (b+0 /\)

a b—0,A)

OO o o) Moo= 2 o) Tt
—A1(ﬂ2(P11(b 0,A) +ay '12(b—0,7) ) + Ay (b+0,A)

_9z b+0/\/l/) LA f t)dt+—a1 L Pua(b 02\)/0 LEA) FT(Bp (bt

AN
. W /0 o1(tA) fT(Hp(t)dt,

1(EA)FT(E)p(t )dt‘|‘A1§011(b—0//\)+A2¢11(b_ol/\))~

(30)
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Given the definition of solutions ¢;(x,A) and ¢;(x,A) (i = 1,2), and with A not being
an eigenvalue, the following determinant holds for (30):

‘—ﬂw’n(b—of)\) P2(b+0,1)
— (a2911(b—0,A) + a7 @1a(b—0,A)) (b +0,A)
—2(b+0,A) ¥n(b+0,4)
=9 +0,A) Yu(b+0,1)
—A(A) £0

Since this determinant is not equal to zero, the solution of (30) is unique. By solving
system (30), we have

- 50 [ w0 wpar, (31)

A= 5t [ ont )T 0p (0t @2)

Substituting A; (i = 1,4) into (26), we get

A0 / FT(p( t)dt+¢1 4]1 (EA) fT(Fp ()t
P1(x

A)A) /b o (KA) FI(E)o ()t x € (0,b),
)

Y(x, A )= Al
P o) T o B o) e

AQ) .
+ A(( ))/ P1(t, A)f (D (), x € (b, ).

+
(33)

Solution (33) can be rewritten as

V=2 o e B e Mep o (34

Denote Green’s function as follows:

Ll,b(x,)\)(p(t,/\), 0<t<x<mx#b y#b,
A(A)

G(x, 5 A) = 1
JE— <x<t< .
A(A)(p(x,/\)tp(t,/\), 0<x<t<mx#b y#b

We can represent (34) with Green’s function as the follows:

Y(x,A) = /0 "Gl t, M) FT(Dp(t)dt. (35)

Finally, the auxiliary lemma below is needed. Since its proof is very similar to the ones
in (Ref. [15], Lemma 1.3.1) and (Ref. [2], P. 108), we do not give further details.
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Lemma 3. For every vector-valued function f(x) € L*((0,7),C?,p), the following equality

is valid:
&f:“wo?fzbff"“‘””) / x%(WfTUW)df\
i S DfT e
= lim e /Oh o, me(t)p(t)dt\ —0,  xe(0b)
and

lim max e~ [SAo(7 / P2 (t, An) fT () dt‘

[A|—o0 b<x<rm

. &
— lim max e |SM(@

[A]—o0 b<x<m / y2(t An) fT( dt’

= lim e*‘s‘“"(”)‘/b lpz(t,)\n)fT(t)p(t)dt’ =0, x¢c(bn).

[A|—o0

Theorem 1. (Completeness theorem) The system of eigenfunctions {@(x, Ay) } ez of problems
(1)—(4) is complete in the space L*>((0, ), C2, p).

Proof. From (33), we can get

B ) oo B2 i) FT ({0t

S [T Ao, e O)
s Y(x, A )= \ )
A=y ¥a(x, n)/ DA )fT(t)p(t)dt—i—q)z X, "/¢2 A TEp (e
An)
" %A((XA,?)H) / gu(t, An)f1(E (b4, x € (b, 7).

Using (2) of Lemmas 1 and 2, we have

Rs Y(x,4) = f;n)q)(x,m [ ot A0 et

- _%(p(x,)\n)/oﬂ @(t, An) fL(E)p(H)dt, x € 1. (36)

Let f(x) € L2((0, 1), C2, 0) be such that
Y

(F@ o) = [ ot A Op(dt =0, ne .

In view of (36), this yields )\%/S\ Y(x,A) = 0. It also implies that for every fixed value

of x € I, function Y (x, A) is an entire function with respect to A. By virtue of Lemma 3.1,
we have
lim max|Y(x,A)| =0.

M=o x€l
A€ G

This yields Y(x, A) = 0. Together with (35), it follows that f(x) = 0 a.e. on (0, 7). This
completes the proof. [
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