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Abstract

In this paper, we derive novel formulas and identities connecting Cauchy numbers and
polynomials with both ordinary and generalized Stirling numbers, binomial coefficients,
central factorial numbers, Euler polynomials, r-Whitney numbers, and hyperharmonic
polynomials, as well as Bernoulli numbers and polynomials. We also provide formulas for
the higher-order derivatives of Cauchy polynomials and obtain corresponding formulas
and identities for poly-Cauchy polynomials. Furthermore, we introduce a multiparameter
framework for poly-Cauchy polynomials, unifying earlier generalizations like shifted
poly-Cauchy numbers and polynomials with a q parameter.
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Bernoulli polynomials; power sum polynomials; multiparameter Cauchy polynomials
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1. Introduction
Cauchy polynomials of the first and second kind, cn(x) and ĉn(x), are defined by their

respective generating functions (see [1] (Section 5) and [2] (Equations (1) and (2))):

t
(1 + t)x ln(1 + t)

=
∞

∑
n=0

cn(x)
tn

n!
(|t| < 1), (1)

and
t(1 + t)x

(1 + t) ln(1 + t)
=

∞

∑
n=0

ĉn(x)
tn

n!
(|t| < 1). (2)

(Note that t is replaced by −t in the definition of ĉn(x) in [1] (Theorem 5.2)). From (1) and (2),
it follows that cn(x) and ĉn(x) are related by ĉn(x) = cn(1 − x) or cn(x) = ĉn(1 − x). When
x = 0, cn = cn(0) and ĉn = ĉn(0) are the classical Cauchy numbers of the first and second
kind, respectively. Some properties of these numbers are recorded in Exercise 13 on p. 293
of Comtet’s influential book [3], with many more established in Merlini et al.’s seminal
paper [4]. We additionally note that the numbers cn/n! are sometimes referred to as
Bernoulli numbers of the second kind (see, e.g., [5,6]).

The Cauchy polynomials cn(x) and ĉn(x) can be defined equivalently by their respec-
tive integral representations [1] (Section 5):

cn(x) = n!
∫ 1

0

(
t − x

n

)
dt and ĉn(x) = n!

∫ 1

0

(
x − t

n

)
dt, (3)
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which we will use frequently throughout the paper. The first few Cauchy polynomials are
given by

c0(x) = 1, c1(x) =
1
2
− x, c2(x) = −1

6
+ x2, c3(x) =

1
4
− 3

2
x2 − x3,

c4(x) = −19
30

+ 4x2 + 4x3 + x4, c5(x) =
9
4
− 15x2 − 55

3
x3 − 15

2
x4 − x5,

c6(x) = −863
84

+ 72x2 + 100x3 +
105

2
x4 + 12x5 + x6,

and

ĉ0(x) = 1, ĉ1(x) = −1
2
+ x, ĉ2(x) =

5
6
− 2x + x2, ĉ3(x) = −9

4
+ 6x − 9

2
x2 + x3,

ĉ4(x) =
251
30

− 24x + 22x2 − 8x3 + x4, ĉ5(x) = −475
12

+ 120x − 125x2 +
175
3

x3 − 25
2

x4 + x5,

ĉ6(x) =
19087

84
− 720x + 822x2 − 450x3 +

255
2

x4 − 18x5 + x6.

Cauchy numbers and polynomials have been extensively studied and generalized
over the years, especially by Professor T. Komatsu. Such generalizations include poly-
Cauchy numbers and polynomials [7–9], poly-Cauchy numbers with a q parameter [10,11],
hypergeometric Cauchy numbers and polynomials [12,13], shifted poly-Cauchy num-
bers [14], incomplete Cauchy and poly-Cauchy numbers and polynomials [15,16], higher-
order Cauchy numbers and polynomials [17], multiparameter poly-Cauchy numbers and
polynomials [18–20], q-multiparameter-Cauchy polynomials by Jackson’s integrals [21,22],
multi-poly Cauchy numbers and polynomials [23,24], and higher-level poly-Cauchy num-
bers [25].

This paper is mainly concerned with original Cauchy numbers and polynomials of
both kinds, as well as their extension to poly-Cauchy equivalents. As this paper makes
clear, there is still much room for exploring and eventually discovering new fundamental
relations and properties for Cauchy numbers and polynomials. Indeed, in the first part of
this article (Sections 2–5), we present a variety of novel formulas and identities relating
the Cauchy numbers and polynomials with several families of well-known numbers and
polynomials, such as generalized Stirling numbers, the binomial coefficients, and Bernoulli
numbers and polynomials. We further obtain new recurrence and higher-order derivative
formulas for Cauchy polynomials. As an example, in Equation (63) below, we derive the
following recurrence formula for Cauchy polynomials of the second kind:

ĉn(x)
n!

=

(
x
n

)
+

n−1

∑
m=0

ĉm(x)
m!

(−1)n−m

(n − m)(n + 1 − m)
, n ≥ 1.

In the second part of this article (Sections 6 and 7), we focus on poly-Cauchy numbers
and polynomials and their extension to multiparameter poly-Cauchy equivalents. Specifi-
cally, in Section 6, we generalize some of the results previously obtained for Cauchy polyno-
mials to poly-Cauchy cases. Furthermore, in Section 7, we define a type of multiparameter
poly-Cauchy and multiparameter poly-Bernoulli polynomial, deriving relationships be-
tween them.

Remark 1. Due to the generic nature of the results described in this paper, they may be reduced
to a number of well-known Cauchy number and polynomial identities. Whenever possible, we will
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acknowledge these original identities by referencing the appropriate source. For example, when
x = 0, the above recurrence formula becomes

ĉn

n!
=

n−1

∑
m=0

ĉm

m!
(−1)n−m

(n − m)(n + 1 − m)
, n ≥ 1,

which reproduces the first identity in Theorem 2.6 of [4].

We now introduce generalized Stirling numbers (GSNs for short) of the first and
second kind, which play an important role in the Cauchy number and polynomial theory.
Following Carlitz [26] (Equations (5.2) and (3.2)) and Broder [27] (Equations (56) and (57))
the GSNs of the first and second kind, [n

m]x and {n
m}x, are defined by

[
n
m

]
x
=

n−m

∑
i=0

(
i + m

m

)[
n

i + m

]
xi, 0 ≤ m ≤ n, (4)

and {
n
m

}
x
=

n−m

∑
i=0

(
n
i

){
n − i

m

}
xi, 0 ≤ m ≤ n, (5)

where x ∈ R, [n
m] are the (unsigned) Stirling numbers of the first kind, and {n

m} are those of
the second.

We note that GSNs of the first kind have an alternative representation [27] (Theorem 28):[
n
m

]
x
=

n!
m!

dm

dxm

(
x + n − 1

n

)
, (6)

where dm

dxm f (x) denotes the m-th derivative of f (x) with respect to x. For their part, GSNs
of the second kind have an explicit formula [27] (Theorem 29):{

n
m

}
x
=

1
m!

m

∑
l=0

(−1)m−l
(

m
l

)
(x + l)n. (7)

When x = 0, [n
m]0 and {n

m}0 are ordinary Stirling numbers of the first and second
kind, [n

m] and {n
m}. In general, when x is the non-negative integer r, [n

m]r and {n
m}r corre-

spond to r-Stirling numbers of the first and second kind, [n+r
m+r]r and {n+r

m+r}r, as introduced
by Broder [27]. Moreover, the orthogonality relations for the r-Stirling numbers ([27],
Theorems 5 and 6) extend to the GSNs as follows:

n

∑
l=m

(−1)n−l
[

n
l

]
x

{
l
m

}
x
=

n

∑
l=m

(−1)n−l
{

n
l

}
x

[
l
m

]
x
= δn,m,

where δn,m is the Kronecker delta. As a consequence, the following inversion formula

fn =
n

∑
m=0

(−1)n−m
[

n
m

]
x
gm ⇐⇒ gn =

n

∑
m=0

{
n
m

}
x

fm, (8)

holds true for sequences { fn}n≥0 and {gn}n≥0.
On the other hand, for arbitrary real numbers α and x, the generalized Bernoulli

polynomials B(α)
n (x) (also known as higher-order Bernoulli polynomials) are defined by

the generating function (see, e.g., [28,29])(
t

et − 1

)α

ext =
∞

∑
n=0

B(α)
n (x)

tn

n!
(|t| < 2π). (9)
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For α = 1, Bn(x) = B(1)
n (x) are the classical Bernoulli polynomials. Furthermore, when

x = 0, B(α)
n = B(α)

n (0) are called the Bernoulli numbers of order α. Ordinary Bernoulli
numbers are then given by Bn = B(1)

n , with B0 = 1, B1 = − 1
2 , B2 = 1

6 , B3 = 0, B4 = − 1
30 , etc.

We also explicitly mention the power sum polynomials Sn(x). These can be defined in
terms of Bernoulli polynomials as follows [30] (Equation (15)):

Sn−1(x − 1) =
1
n
(

Bn(x)− Bn(1)
)
, n ≥ 1. (10)

If m is any given positive integer, Sn(m) is equal to the sum of the n-th powers of the first
m positive integers 1n + 2n + · · ·+ mn.

The remainder of this paper is summarized as follows:
In Section 2, we derive several formulas and identities involving Cauchy numbers

and polynomials, ordinary and generalized Stirling numbers, binomial coefficients, central
factorial numbers, Euler polynomials, and r-Whitney numbers. In Section 3, by using
the representation (6), we establish some formulas for the higher-order derivatives of
Cauchy polynomials. In Section 4, we describe a connection between Cauchy polynomials
and hyperharmonic polynomials. In Section 5, we obtain explicit formulas for Bernoulli
polynomials in terms of GSNs of the second kind and corresponding Cauchy numbers and
polynomials. We then derive some further relationships between Bernoulli and Cauchy
polynomials. Subsequently, in Section 6, we provide several formulas for the poly-Cauchy
polynomials by generalizing previous results concerning ordinary Cauchy equivalents.
Furthermore, elaborating on earlier work by Komatsu et al. [10,14,31], in Section 7 we
formulate a type of multiparameter poly-Cauchy polynomial encompassing, in particular,
shifted poly-Cauchy numbers and polynomials with a q parameter. Finally, we outline
our conclusions.

2. Basic Cauchy Polynomial Formulas
We begin this section by deriving several formulas and identities connecting the

Cauchy numbers and polynomials with the generalized Stirling numbers, the Stirling
numbers of the first kind, and the binomial coefficients. Then, we will obtain specific
formulas for c2n(x), ĉ2n(x), c2n+1(x), and ĉ2n+1(x) in terms of the central factorial numbers
and the respective Bernoulli numbers and Euler polynomials. Lastly, we point out a
relationship between the Cauchy polynomials and r-Whitney numbers.

2.1. Cauchy Polynomials and Generalized Stirling Numbers

The following proposition expresses Cauchy polynomials of both kinds in terms of the
GSN of the first kind. This result constitutes a fundamental property of Cauchy polynomials
and will be the basis for many of our subsequent findings. For this reason, while the result
is already known, we now provide alternative proof of it by exploiting the relationship
between the GSN of the first kind and the so-called generalized Stirling polynomials of the first
kind introduced by Adamchik in [32] (Equation (18)).

Proposition 1. For integers n ≥ 0 and for arbitrary x, we have

cn(x) =
n

∑
m=0

(−1)n−m

m + 1

[
n
m

]
x
, (11)

and

ĉn(−x) = (−1)n
n

∑
m=0

1
m + 1

[
n
m

]
x
, (12)

where [n
m]x is the polynomial defined in (4).
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Proof. To prove (12), consider the polynomials (cf. [32], Equation (18))

Pn+1,m(x) =
n

∑
l=m

(
l
m

)[
n + 1
l + 1

]
(−x)l−m, 0 ≤ m ≤ n, (13)

with the generating function [32] (p. 276)

n

∏
l=1

(t − x + l) =
n

∑
m=0

Pn+1,m(x) tm. (14)

Since
n

∏
l=1

(t − x + l) = n!
(

t − x + n
n

)
= (−1)nn!

(
x − t − 1

n

)
,

and ĉn(x) = n!
∫ 1

0 (x−t
n )dt, it follows that

ĉn(x) = (−1)n
n

∑
m=0

Pn+1,m(x + 1)
∫ 1

0
tmdt = (−1)n

n

∑
m=0

1
m + 1

Pn+1,m(x + 1).

Hence, to derive (12), it suffices to show that Pn+1,m(x + 1) = [n
m]−x or, equivalently, that

Pn+1,m(−x) = [n
m]x+1. To show this, note that, from the definition (13) above, we have

Pn+1,m(−x) =
n

∑
i=m

(
i
m

)[
n + 1
i + 1

]
xi−m =

n−m

∑
i=0

(
i + m

m

)[
n + 1

i + m + 1

]
xi.

However, by the identity in [33] (Equation (24)), the rightmost side of this last equation is
equal to [n

m]x+1, and the proof of (12) is complete. Similarly, Formula (11) can be deduced
from (14) by replacing t by −t and x by 1 − x.

The following are a few observations regarding the above proposition.

• If x is the non-negative integer r, identities (11) and (12) become

cn(r) =
n

∑
m=0

(−1)n−m

m + 1

[
n
m

]
r

and ĉn(−r) = (−1)n
n

∑
m=0

1
m + 1

[
n
m

]
r
,

respectively, thus recovering Theorems 1 and 2 of [2]. In particular, for r = 0, we have
([4], pp. 1908, 1910)

cn =
n

∑
m=0

(−1)n−m

m + 1

[
n
m

]
and ĉn = (−1)n

n

∑
m=0

1
m + 1

[
n
m

]
.

• In view of (12), ĉn(x) can equally be expressed as

ĉn(x) = (−1)n
n

∑
m=0

1
m + 1

[
n
m

]
−x

, (15)

where [
n
m

]
−x

=
n−m

∑
i=0

(−1)i
(

i + m
m

)[
n

i + m

]
xi. (16)

Alternatively, we have

ĉn(x) =
n

∑
m=0

(−1)n−m

m + 1

[
n
m

]
1−x

,
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from which we obtain ([34], Equation (16))

ĉn =
n

∑
m=0

(−1)n−m

m + 1

[
n + 1
m + 1

]
. (17)

• Inverting (11) and (12) yields

n

∑
m=0

{
n
m

}
x
cm(x) =

1
n + 1

and
n

∑
m=0

{
n
m

}
x
ĉm(−x) =

(−1)n

n + 1
, (18)

generalizing Theorem 3 of [2]. For x = 0, this gives

n

∑
m=0

{
n
m

}
cm =

1
n + 1

and
n

∑
m=0

{
n
m

}
ĉm =

(−1)n

n + 1
,

which corresponds to Theorem 2.3 and the second identity in Theorem 2.6 of [4],
respectively.

The following corollary provides an explicit formula for the coefficients of cn(x)
and ĉn(x).

Corollary 1. Let cn(x) = ∑n
i=0 cn,ixi and ĉn(x) = ∑n

i=0 ĉn,ixi be Cauchy polynomials of the first
and second kind, respectively. Then, for i = 0, 1, . . . , n, we have

cn,i = (−1)n+i
n

∑
m=i

(−1)m

m − i + 1

(
m
i

)[
n
m

]
, (19)

and

ĉn,i = (−1)n+i
n

∑
m=i

1
m − i + 1

(
m
i

)[
n
m

]
. (20)

Proof. Substituting (4) into (11), we immediately derive (19). Similarly, substituting (16) in
(15), we obtain (20).

Clearly, the coefficients cn,0 and ĉn,0 reduce to the known Cauchy number formulas cn

and ĉn, respectively. Furthermore, the leading coefficients are given by cn,n = (−1)n and
ĉn,n = 1 for all n ≥ 0; likewise, cn,n−1 = (−1)n

2 n(n − 2) and ĉn,n−1 = − 1
2 n2 for all n ≥ 1.

2.2. Cauchy Polynomials and Stirling Numbers of the First Kind

In this subsection, we derive an explicit Cauchy polynomial formula in terms of
ordinary Stirling numbers of the first kind. Before proving this result, we present the
following integration formulas involving power sum polynomials.

Lemma 1. Let Sn(x) be the polynomial defined in (10) and let y ∈ R. Then, for any integers n ≥ 1
and for arbitrary y, we have

∫ 1

0
Sn−1(x + y − 1)dx =

1
n
(
yn − Bn(1)

)
, (21)

and ∫ 1

0
Sn−1(−x + y − 1)dx =

1
n
(
(y − 1)n − Bn(1)

)
. (22)
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Proof. The above formulas readily follow from combining (10) with the following two
properties of the Bernoulli polynomials, namely, the integration formula [35] (Equation (29))∫ y

x
Bn(t)dt =

1
n + 1

(
Bn+1(y)− Bn+1(x)

)
, n ≥ 0,

and the difference equation Bn(x + 1)− Bn(x) = nxn−1, n ≥ 1 [35] (Equation (14)).

Provided with (21), we now prove the following theorem.

Theorem 1. For integers n ≥ 1 and for arbitrary x, we have

cn(x) = cn + (−1)nn
n

∑
m=1

1
m

[
n − 1
m − 1

]
xm, (23)

and

ĉn(x) = cn + (−1)nn
n

∑
m=1

(−1)m

m

[
n − 1
m − 1

]
(x − 1)m, (24)

where the Cauchy numbers of the first kind cn can be expressed in terms of Bernoulli numbers as

cn = δn,1 + (−1)n+1n
n

∑
m=1

[
n − 1
m − 1

]
Bm

m
, (n ≥ 1). (25)

Proof. We start with the relation (cf. [36], Equation (7))

n!
(

x + 1
n + 1

)
= δn,0 +

n

∑
m=0

(−1)n−m
[

n
m

]
Sm(x), n ≥ 0.

By setting n → n− 1, x → x − s− 1, and integrating both sides over x from 0 to 1, we obtain

cn(s)
n

= δn,1 +
n

∑
m=1

(−1)n−m
[

n − 1
m − 1

] ∫ 1

0
Sm−1(x − s − 1)dx, (26)

which holds for every n ≥ 1. On the other hand, applying (21) for y = −s we find

∫ 1

0
Sm−1(x − s − 1)dx =

1
m
(
(−s)m − Bm(1)

)
.

Thus, it follows from (26) that

cn(s)
n

= δn,1 +
n

∑
m=1

(−1)n+1

m

[
n − 1
m − 1

]
Bm +

n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
sm,

where Bm(1) = (−1)mBm for all m ≥ 0 ([30], Equation (8)). Next, renaming s to x, we
obtain

cn(x) = δn,1 + (−1)n+1n
n

∑
m=1

[
n − 1
m − 1

]
Bm

m
+ (−1)nn

n

∑
m=1

1
m

[
n − 1
m − 1

]
xm.

Clearly, as cn = cn(0), (25) is true, and the proof of (23) is complete. Equation (24) is
obtained by letting x → 1 − x in (23).

Remark 2. In view of (23), the coefficients cn,i in the expansion cn(x) = cn + ∑n
i=1 cn,ixi are

given by

cn,i = (−1)n n
i

[
n − 1
i − 1

]
, 1 ≤ i ≤ n. (27)
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Therefore, equating (19) and (27) reveals the identity

n

∑
m=i

(−1)m−i

m − i + 1

(
m
i

)[
n
m

]
=

n
i

[
n − 1
i − 1

]
, 1 ≤ i ≤ n.

In particular, for i = 1, we find the well-known identity ∑n
m=1(−1)m[n

m] = 0, (n ≥ 2).

Let us observe that, by integrating (23) and (24) from 0 to 1, we immediately obtain

∫ 1

0
cn(x)dx =

∫ 1

0
ĉn(x)dx = cn + (−1)nn

n

∑
m=1

1
m(m + 1)

[
n − 1
m − 1

]
.

On the other hand, according to Theorem 1.1 in [6] (see also Equation (17) in [34]), Cauchy
numbers of the first kind can be expressed as

cn = (−1)n+1
n

∑
m=1

1
m(m + 1)

[
n − 1
m − 1

]
, n ≥ 1.

Hence, combining the last two equations gives us the integration formula

∫ 1

0
cn(x)dx =

∫ 1

0
ĉn(x)dx = (1 − n)cn, n ≥ 0. (28)

2.3. Cauchy Polynomials and Binomial Coefficients

In order to prove Theorems 2 and 3 in this subsection, we make use of a number of
results recently obtained by Chen and Guo [37]. The following theorem expresses Cauchy
polynomials in terms of the corresponding Cauchy numbers and binomial coefficients
depending on the indeterminate x.

Theorem 2. For integers n ≥ 0 and for arbitrary x, we have

cn(x) = (−1)nn!
n

∑
m=0

ĉm

m!

(
x + n − 1

n − m

)
, (29)

and

ĉn(x) = n!
n

∑
m=0

(−1)m cm

m!

(
x − m
n − m

)
. (30)

Proof. We prove only (29), but the proof of (30) is similar. For this, consider the number
sequence Ax(n, m) defined by

Ax(n, m) =
n!
m!

(
x + n − 1

n − m

)
, 0 ≤ m ≤ n, (31)

for an indeterminate x. According to [37] (top of p. 2), this sequence fulfills the summa-
tion formula

n

∑
m=k

(
m
k

)[
n
m

]
xm−k =

n

∑
m=k

(−1)m−k
[

m
k

]
Ax(n, m).

Also note that left-hand side is equal to [nk]x (cf. Equation (4)). Thus, using (31), we have[
n
k

]
x
= n!

n

∑
m=k

(−1)m−k

m!

[
m
k

](
x + n − 1

n − m

)
. (32)
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Substituting this expression for [nk]x into (11) yields

cn(x) = (−1)nn!
n

∑
k=0

(−1)k

k + 1

n

∑
m=k

(−1)m−k

m!

[
m
k

](
x + n − 1

n − m

)

= (−1)nn!
n

∑
m=0

(−1)m

m!

(
x + n − 1

n − m

) m

∑
k=0

1
k + 1

[
m
k

]
,

which can be put in the form of Equation (29) by noticing that ĉm = (−1)m ∑m
k=0

1
k+1 [

m
k ].

Remark 3. By taking x = 0 or x = 1 in (29) and (30) we get

ĉn = (−1)nn!
n

∑
m=0

(
n
m

)
ĉm

m!
, n ≥ 0,

cn = (−1)nn!
n

∑
m=1

(
n − 1
m − 1

)
ĉm

m!
, n ≥ 1,

ĉn = (−1)nn!
n

∑
m=1

(
n − 1
m − 1

)
cm

m!
, n ≥ 1,

cn = (−1)nn!
n

∑
m=2

(
n − 2
m − 2

)
cm

m!
, n ≥ 2.

The first three identities above are already known (see, e.g., [4] (Theorem 2.7) and generalized to
poly-Cauchy numbers in [7] (Theorem 7)); the last one, however, seems to be new.

It should be noted that the symmetric transformation formula in [37] (Proposition 10)
entails the following alternative formula for the GSN of the first kind:[

n
k

]
x
=

n

∑
m=k

(
n
m

)[
m
k

](
x + n − m − 1

n − m

)
. (33)

Consequently, employing (33) instead of (32) in the proof of Theorem 2 produces the
following variant of Equations (29) and (30):

cn(x) = (−1)nn!
n

∑
m=0

(−1)mcm

m!

(
x + n − m − 1

n − m

)
, (34)

and

ĉn(x) = n!
n

∑
m=0

ĉm

m!

(
x

n − m

)
, (35)

respectively.
We now make the following observations:

• Putting x = 1 in (34) and (35) gives ([4], Equations (2.1) and (2.2))

ĉn = (−1)nn!
n

∑
m=0

(−1)mcm

m!
(n ≥ 0) and cn = ĉn + nĉn−1 (n ≥ 1).

• Integrating (35) from 0 to 1 yields

∫ 1

0
ĉn(x)dx = n!

n

∑
m=0

ĉm

m!

∫ 1

0

(
x

n − m

)
dx =

n

∑
m=0

(
n
m

)
ĉmcn−m.
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So, recalling (28), it follows that

n

∑
m=0

(
n
m

)
ĉmcn−m =

n

∑
m=0

(
n
m

)
cm ĉn−m = (1 − n)cn,

in accordance with [4] (Equation (2.3)) (see also [38], Equation (101)).
• Furthermore, it can be shown that

cn(2) = (−1)nn!
n

∑
m=0

(−1)m ĉm

m!
,

= (−1)nn!
n

∑
m=0

(
n + 1
m + 1

)
ĉm

m!
,

= (−1)nn!
n

∑
m=0

(
n
m

)
cm

m!
.

The next theorem gives a new recurrence formula for Cauchy polynomials.

Theorem 3. For integers n ≥ 0 and for arbitrary x, we have

cn+1(x) = −(n + x)cn(x) + (−1)n+1n!
n

∑
m=0

ĉm+1

m!

(
x + n
n − m

)
, (36)

and

ĉn+1(x) = (x − n)ĉn(x)− n!
n

∑
m=0

(−1)m cm+1

m!

(
x − m − 1

n − m

)
. (37)

Proof. To obtain (36), write cn+1(x) in the form

cn+1(x) =
n+1

∑
k=0

(−1)n+1−k

k + 1

n+1

∑
m=k

(−1)m−k
[

m
k

]
Ax(n + 1, m),

and then use the relation [37] (Proposition 1)

Ax(n + 1, m) = Ax(n, m − 1) + (n + m + x)Ax(n, m), (38)

together with (29). Similarly, to obtain (37), write ĉn+1(x) in the form

ĉn+1(x) = (−1)n+1
n+1

∑
k=0

1
k + 1

n+1

∑
m=k

(−1)m−k
[

m
k

]
A−x(n + 1, m),

and then use the relation (38) (with x replaced by −x) together with (30).

In a similar manner, using the relation [37] (Proposition 3)

mAx(n, m) = mnAx(n − 1, m) + nAx(n − 1, m − 1),

it can be shown that, for n ≥ 1,

cn(x) = −ncn−1(x) + (−1)nn!
n

∑
m=0

ĉm

m!

(
x + n − 2

n − m

)
,

and

ĉn(x) = −nĉn−1(x) + n!
n

∑
m=0

(−1)m cm

m!

(
x + 1 − m

n − m

)
.
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Remark 4. Combining the last two equations with Theorem 2 yields the difference equations
(n ≥ 1)

cn(x + 1)− cn(x) = −ncn−1(x + 1), (39)

and
ĉn(x + 1)− ĉn(x) = nĉn−1(x). (40)

In addition, by setting x → −x in either of the two equations above, we immediately obtain

cn(x) = ĉn(−x) + nĉn−1(−x),

which reduces to the known relation cn = ĉn + nĉn−1 when x = 0.

To conclude this subsection, it is pertinent to note that the Formulas (29) and (30) in
Theorem 2 can be written in the form:

cn(x) = (−1)n
n

∑
m=0

ĉmAx(n, m), (41)

and

ĉn(−x) = (−1)n
n

∑
m=0

cmAx(n, m), (42)

expressing cn(x) and ĉn(−x) in the basis {Ax(n, m)}n
m=0 of the space of polynomials in x

of degree not greater than n, defined by (31). We point out that (41) and (42) are equivalent,
respectively, to Formulas (10) and (9) in Proposition 20 of [37]. Moreover, differentiating
(41) and (42) with respect to x gives rise to the formulas in Proposition 21 of [37].

2.4. Cauchy Polynomials, Central Factorial Numbers and Euler Polynomials

The following theorem provides a formula for c2n(x) and ĉ2n(x) in terms of central
factorial numbers and Bernoulli numbers, as well as a formula for c2n+1(x) and ĉ2n+1(x) in
terms of central factorial numbers and Euler polynomials. A through account of the central
factorial numbers can be found in [39]. For Bernoulli and Euler polynomials, see, e.g., [40].

Theorem 4. For integers n ≥ 1 and for arbitrary x, we have

c2n(x) = n
n

∑
m=1

u(n, m)

m
(
(x + n − 1)2m − B2m

)
,

ĉ2n(x) = n
n

∑
m=1

u(n, m)

m
(
(x − n)2m − B2m

)
,

c2n+1(x) = −(2n + 1)
n

∑
m=1

u(n, m)

2m + 1
E2m+1(x + n),

ĉ2n+1(x) = (2n + 1)
n

∑
m=1

u(n, m)

2m + 1
E2m+1(x − n),

where u(n, m) = t(2n, 2m) are the (signed) central factorial numbers with even indices of the first
kind and Em(x) are the Euler polynomials.

Proof. We prove only the third identity. For this, we start with the relation (cf. [41], p. 7)

(2n)!
(

x + n + 1
2n + 1

)
=

n

∑
m=1

u(n, m)22m+1S2m

( x
2

)
, n ≥ 1.
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Setting x → x − s − n − 1 and integrating over x from 0 to 1 on both sides gives

c2n+1(s)
2n + 1

=
n

∑
m=1

u(n, m)

2m + 1
22m+2

∫ −s−n+2
2

−s−n+1
2

B2m+1(x)dx, (43)

where, for m ≥ 1,∫ 1

0
S2m

(1
2
(x − s − n − 1)

)
dx =

1
2m + 1

∫ 1

0
B2m+1

(1
2
(x − s − n + 1)

)
dx

=
2

2m + 1

∫ −s−n+2
2

−s−n+1
2

B2m+1(x)dx.

Next, employing the integration formula [42] (Equation (2.5))

∫ a+ 1
2

a
Bn(x)dx =

1
2n+1 En(2a), n ≥ 0,

we obtain ∫ −s−n+2
2

−s−n+1
2

B2m+1(x)dx =
E2m+1(1 − s − n)

22m+2 = −E2m+1(s + n)
22m+2 .

Thus, the stated identity follows upon replacing the integral in (43) by − E2m+1(s+n)
22m+2 and

writing x instead of s.

2.5. Cauchy Polynomials and r-Whitney Numbers

r-Whitney numbers of the first and second kind, wm,r(n, l) and Wm,r(n, l), 0 ≤ l ≤ n,
were introduced by Mező [43] as a new class of numbers generalizing Whitney and r-Stirling
numbers. They can be defined as connection constants in the polynomial identities [44]
(Equations (1) and (2))

mn(x)n =
n

∑
l=0

(−1)n−lwm,r(n, l)(mx + r)l ,

and

(mx + r)n =
n

∑
l=0

mlWm,r(n, l)(x)l ,

where (x)n denotes the falling factorial (x)n = x(x − 1) . . . (x − n + 1) for n ≥ 1 with
(x)0 = 1.

Alternatively, r-Whitney numbers can be expressed in terms of ordinary Stirling
numbers as follows ([44] (pp. 2343–2344)):

wm,r(n, l) =
n

∑
j=l

(
j
l

)
mn−jrj−l

[
n
j

]
and Wm,r(n, l) =

n

∑
j=l

(
n
j

)
mj−lrn−j

{
j
l

}
,

or, equivalently,

wm,r(n, l) = mn−l
[

n
l

]
r
m

and Wm,r(n, l) = mn−l
{

n
l

}
r
m

,

provided that m ̸= 0.
Therefore, assuming that r and m are arbitrary integers with m ̸= 0, we may combine

the above formula for wm,r(n, l) with Proposition 1 to obtain

cn

( r
m

)
=

n

∑
l=0

(−1)n−l

l + 1
wm,r(n, l)

mn−l , (44)
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and

ĉn

(
− r

m

)
= (−1)n

n

∑
l=0

1
l + 1

wm,r(n, l)
mn−l , (45)

which allow us to evaluate cn(x) [resp. ĉn(x)] at the rational number r
m [resp. − r

m ], once
we known the values of wm,r(n, l), l = 0, 1, . . . , n.

We note that (44) and (45) can be reversed to
n

∑
l=0

mlWm,r(n, l) cl

( r
m

)
=

mn

n + 1
,

and
n

∑
l=0

mlWm,r(n, l) ĉl

(
− r

m

)
= (−1)n mn

n + 1
,

respectively.

Remark 5. In [45], Shiha obtained explicit formulas for computing Cauchy polynomials with a q
parameter in terms of r-Whitney numbers of the first kind.

3. Derivative Formulas for Cauchy Polynomials
In this section, we establish some noteworthy formulas for higher-order derivatives of

Cauchy polynomials. To this end, we first note that the generalized Bernoulli polynomials
defined by (9) can be expressed as derivatives of binomial coefficients as follows (see,
e.g., [46] (Equation (13.2))):

B(m+1)
ν (x + 1) = ν!

dm−ν

dxm−ν

(
x
m

)
, m ≥ ν.

Combining this expression with (6) results in[
m
i

]
x
= (−1)m−i

(
m
i

)
B(m+1)

m−i (1 − x). (46)

Hence, by using (46) in (11) and (12), we obtain the following formulas for Cauchy polyno-
mials in terms of generalized Bernoulli polynomials:

cn(x) =
n

∑
m=0

(
n
m

)
B(n+1)

m (1 − x)
n + 1 − m

, (47)

and

ĉn(x) =
n

∑
m=0

(−1)n−m
(

n
m

)
B(n+1)

m (x + 1)
n + 1 − m

. (48)

On the other hand, the generalized Bernoulli polynomials satisfy, as an Appell se-

quence, the following well-known rule for the derivatives with respect to x: di B(n)
m (x)
dxi =

i!(m
i )B(n)

m−i(x) (cf. [47], Equation (1.1)). Then, from (47) and (48), we quickly obtain the
following formulas for the i-th derivative of Cauchy polynomials of both kinds.

Theorem 5. For integers i ≥ 0, the i-th derivative of Cauchy polynomials can be expressed by

dicn(x)
dxi = (−1)ii!

n

∑
m=i

(
n
m

)(
m
i

)B(n+1)
m−i (1 − x)
n + 1 − m

,
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and
di ĉn(x)

dxi = i!
n

∑
m=i

(−1)n−m
(

n
m

)(
m
i

)B(n+1)
m−i (x + 1)
n + 1 − m

,

The next theorem provides an alternative formula for the i-th derivative of Cauchy
polynomials in terms of the respective Cauchy numbers and the GSN of the first kind.

Theorem 6. For integers i ≥ 0, the i-th derivative of Cauchy polynomials can be expressed by

dicn(x)
dxi = i!

n

∑
m=i

(−1)mcn−m

(
n
m

)[
m
i

]
x
, (49)

and
di ĉn(x)

dxi = (−1)ii!
n

∑
m=i

(−1)m ĉn−m

(
n
m

)[
m
i

]
−x

. (50)

Proof. Equation (49) follows straightforwardly by putting (34) in the form

cn(x) = n!
n

∑
m=0

(−1)mcn−m

(n − m)!

(
x + m − 1

m

)
,

and using the relation (cf. Equation (6))

di

dxi

(
x + m − 1

m

)
=

i!
m!

[
m
i

]
x
.

Similarly, Equation (50) can be obtained by putting (35) in the form

ĉn(x) = n!
n

∑
m=0

ĉn−m

(n − m)!

(
x
m

)
,

and using the relation (cf. Equation (6))

di

dxi

(
x
m

)
= (−1)m−i i!

m!

[
m
i

]
−x

.

Remark 6. By virtue of (46), the above Formulas (49) and (50) can be rewritten as

dicn(x)
dxi = (−1)ii!

n

∑
m=i

cn−m

(
n
m

)(
m
i

)
B(m+1)

m−i (1 − x),

and
di ĉn(x)

dxi = i!
n

∑
m=i

ĉn−m

(
n
m

)(
m
i

)
B(m+1)

m−i (x + 1).

We can also obtain derivative formulas for Cauchy polynomials by directly differenti-
ating (23) and (24). So, for i ≥ 1, this yields

dicn(x)
dxi = (−1)nn(i − 1)!

n

∑
m=i

(
m − 1
i − 1

)[
n − 1
m − 1

]
xm−i = (−1)nn(i − 1)!

[
n − 1
i − 1

]
x
, (51)

and

di ĉn(x)
dxi = (−1)nn(i − 1)!

n

∑
m=i

(−1)m
(

m − 1
i − 1

)[
n − 1
m − 1

]
(x − 1)m−i = (−1)n+in(i − 1)!

[
n − 1
i − 1

]
1−x

, (52)

respectively.
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Furthermore, identifying the right-hand sides of (49) and (51), we obtain

n

∑
m=i

(−1)n−m cn−m

(
n
m

)[
m
i

]
x
=

n
i

[
n − 1
i − 1

]
x
, i ≥ 1. (53)

In particular, for (i, x) = (1, 0), (2, 0), (1, 1), (53) leads to the following identities:

cn

n!
=

n−1

∑
m=0

cm

m!
(−1)n+1−m

n + 1 − m
, n ≥ 1, (54)

n

∑
m=0

(−1)n−m

m + 1
cn−m

(n − m)!
Hm =

1
2n

, n ≥ 1,

n

∑
m=0

(−1)n−m cn−m

(n − m)!
Hm+1 = 1, n ≥ 0, (55)

where (54) is Theorem 2.2 of [4] and (55) is the first identity in Theorem 5.1 of [48] (but note
the small error there).

Likewise, by equating the right-hand sides of (50) and (52), and making x → −x,
we obtain

n

∑
m=i

(−1)n−m ĉn−m

(
n
m

)[
m
i

]
x
=

n
i

[
n − 1
i − 1

]
x+1

, i ≥ 1. (56)

In particular, for (i, x) = (1, 0), (2, 0), (1, 1), (56) leads to the following identities:

ĉn

n!
= (−1)n +

n−1

∑
m=0

ĉm

m!
(−1)n+1−m

n + 1 − m
, n ≥ 1,

n

∑
m=0

(−1)n−m

m + 1
ĉn−m

(n − m)!
Hm =

1
2

Hn, n ≥ 0,

n

∑
m=0

(−1)n−m ĉn−m

(n − m)!
Hm+1 = n + 1, n ≥ 0,

where the last equation is the second identity in Theorem 5.1 of [48].

4. A Connection with Hyperharmonic Polynomials

The hyperharmonic polynomials H(x)
n can be defined by means of the generating

function [49] (p. 2)
∞

∑
n=0

H(x)
n tn = − ln(1 − t)

(1 − t)x (|t| < 1), (57)

with alternative representation [49] (Theorem 1)

H(x)
n =

n

∑
t=1

(
x + n − t − 1

n − t

)
1
t

, n ≥ 1, (58)

and H(x)
0 = 0. When x is the non-negative integer r, H(r)

n is the so-called n-th hyperharmonic

number of order r [50] (p. 258), with H(0)
n = 1

n for n ≥ 1. In particular, H(1)
n is the n-th

harmonic number Hn = 1 + 1
2 + 1

3 + · · ·+ 1
n . The first few hyperharmonic polynomials are

as follows:
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H(x)
1 = 1, H(x)

2 =
1
2
+ x, H(x)

3 =
1
3
+ x +

1
2

x2, H(x)
4 =

1
4
+

11
12

x +
3
4

x2 +
1
6

x3,

H(x)
5 =

1
5
+

5
6

x +
7
8

x2 +
1
3

x3 +
1

24
x4, H(x)

6 =
1
6
+

137
180

x +
15
16

x2 +
17
36

x3 +
5
48

x4 +
1

120
x5,

H(x)
7 =

1
7
+

7
10

x +
29
30

x2 +
7

12
x3 +

25
144

x4 +
1

40
x5 +

1
720

x6.

From the generating functions in (1), (2) and (57), we can deduce the following relations
between Cauchy and hyperharmonic polynomials.

Proposition 2. For integers n ≥ 0 and for arbitrary x and y, we have

n

∑
m=0

(−1)m cm(x)
m!

H(y)
n+1−m =

(
x + y + n − 1

n

)
, (59)

and
n

∑
m=0

(−1)m ĉm(x)
m!

H(y)
n+1−m =

(
−x + y + n

n

)
, (60)

where H(x)
n are the hyperharmonic polynomials defined by (57).

Proof. Equation (59) follows from the relation(
∞

∑
n=0

cn(x)
n!

tn

)(
∞

∑
n=0

(−1)n H(y)
n+1tn

)
=

1
(1 + t)x+y ,

after comparing the coefficients of tn on both sides. On the other hand, Equation (60) is
obtained by setting x → 1 − x in (59).

Remark 7. The relation in Equation (59) was first discovered (although expressed in a slightly
different way) by Komatsu and Mező ([2], Proposition 2).

We present the following observations with respect to Proposition 2:

• From (59) and (60), we quickly obtain (n ≥ 0)

n

∑
m=0

(−1)m cm(x)
m!

H(−x)
n+1−m = δn,0, (61)

and
n

∑
m=0

(−1)m ĉm(x)
m!

H(x)
n+1−m = 1. (62)

Furthermore, using (58) in (61) and (62), we arrive at the following recurrence formulas
for Cauchy polynomials (n ≥ 1):

cn(x)
n!

=
n−1

∑
m=0

cm(x)
m!

n−m

∑
t=0

(−1)n+1−m−t

n + 1 − m − t

(
x
t

)
,

and
ĉn(x)

n!
= (−1)n +

n−1

∑
m=0

ĉm(x)
m!

n−m

∑
t=0

(−1)n+1−m

n + 1 − m − t

(
x + t − 1

t

)
.

Note that when x = 1, the last equation reduces to the identity in (55).
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• Clearly, more appealing identities can be derived from (59) and (60). For example,
by taking y = −1 and noting that [33] (p. 18)

H(−1)
n+1 =


1, for n = 0;

− 1
n(n + 1)

, for n ≥ 1,

from (59) and (60), we find the recurrence formulas (n ≥ 1)

cn(x)
n!

= (−1)n
(

x + n − 2
n

)
+

n−1

∑
m=0

cm(x)
m!

(−1)n−m

(n − m)(n + 1 − m)
,

and
ĉn(x)

n!
=

(
x
n

)
+

n−1

∑
m=0

ĉm(x)
m!

(−1)n−m

(n − m)(n + 1 − m)
. (63)

Additionally, by taking x = 1 in (63), we obtain

cn

n!
= δn,1 +

n−1

∑
m=0

cm

m!
(−1)n−m

(n − m)(n + 1 − m)
, n ≥ 1.

By means of Proposition 2, we also obtain the following relationships between Cauchy
polynomials of the first and second kind.

Proposition 3. For integers n ≥ 0 and for arbitrary x, we have

cn(x)
n!

=
n

∑
m=0

(−1)m ĉm(x + n)
m!

, (64)

and
ĉn(x)

n!
=

n

∑
m=0

(−1)m cm(x − n)
m!

. (65)

Proof. We prove only (64). For this, integrate over y from 0 to 1 on both sides of (60)
to obtain

n

∑
m=0

(−1)m ĉm(x)
m!

∫ 1

0
H(y)

n+1−mdy =
∫ 1

0

(
−x + y + n

n

)
dy =

cn(x − n)
n!

.

Hence, using the representation H(y)
j+1 = d

dy (
y+j
j+1) (cf. [33], Equation (5)), and setting x →

x + n, we obtain (64).

Remark 8. Recalling that cn(2) = (−1)nn! ∑n
m=0(−1)m ĉm

m! and ĉn = (−1)nn! ∑n
m=0(−1)m cm

m! ,
we can use (64) (with x = −n) and (65) (with x = n) to obtain the identities

cn(−n) = (−1)ncn(2) and ĉn(n) = (−1)n ĉn.

We finish this section by giving the following formulas for the hyperharmonic polyno-
mials H(x)

n and H(x+1)
n in terms of Bernoulli polynomials and the corresponding Cauchy

numbers (n ≥ 1):

H(x)
n =

1
n!

n

∑
m=1

(−1)n−m
(

n
m

)
cn−m

m

∑
i=1

[
m + 1
i + 1

]
iBi−1(x),
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and

H(x+1)
n =

1
n!

n

∑
m=1

(−1)n−m
(

n
m

)
ĉn−m

m

∑
i=1

[
m + 1
i + 1

]
iBi−1(x).

5. Several Formulas Involving Bernoulli and Cauchy Polynomials
Recall from Theorem 1 that Cauchy numbers of the first kind can be expressed in

terms of Bernoulli numbers as

cn = δn,1 + (−1)n+1n
n

∑
m=1

[
n − 1
m − 1

]
Bm

m
, n ≥ 1.

Furthermore, from Theorem 4 we quickly obtain

ĉ2n(n) = −n
n

∑
m=1

u(n, m)

m
B2m, n ≥ 1.

Our goal in this section is to derive several more formulas involving Bernoulli numbers
and polynomials, Cauchy numbers and polynomials, and GSNs of both kinds. Firstly, we
derive a couple of explicit formulas for Bernoulli polynomials in terms of the corresponding
Cauchy equivalents and the GSN of the second kind.

Theorem 7. For integers n ≥ 1 and for arbitrary x, we have

−Bn(x)
n

=
n

∑
m=1

cm(x)
m

{
n − 1
m − 1

}
x
, (66)

and
(−1)n − Bn(x)

n
=

n

∑
m=1

ĉm(−x)
m

{
n − 1
m − 1

}
x
, (67)

where {n
m}x is the polynomial defined in (5).

Proof. The proof of the theorem relies on the following formula for Sn(x) [51] (Lemma 1):

Sn(x) = Sn(a − 1) +
n

∑
m=0

m!
(

x + 1 − a
m + 1

){
n
m

}
a
, n ≥ 0, (68)

where a stands for a fixed (but arbitrary) real number. To derive (66), make the replacements
n → n − 1 and x → x − 1 in (68) and integrate over x from 0 to 1 on both sides to obtain

∫ 1

0
Sn−1(x − 1)dx − Sn−1(a − 1) =

n

∑
m=1

(m − 1)!
{

n − 1
m − 1

}
a

∫ 1

0

(
x − a

m

)
dx.

Applying (21) with y = 0 gives
∫ 1

0 Sn−1(x − 1)dx = − Bn(1)
n for n ≥ 1. Moreover, from (10)

we have Sn−1(a − 1) = 1
n
(

Bn(a)− Bn(1)
)
. Hence, recalling the definition of cn(x) in (3),

we deduce that

−Bn(a)
n

=
n

∑
m=1

cm(a)
m

{
n − 1
m − 1

}
a
,

which is Equation (66) with x replaced by a.
Similarly, by setting n → n − 1 and x → −x − 1 in (68) and integrating both sides

from 0 to 1, we obtain

∫ 1

0
Sn−1(−x − 1)dx − Sn−1(a − 1) =

n

∑
m=1

(m − 1)!
{

n − 1
m − 1

}
a

∫ 1

0

(
−a − x

m

)
dx.
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By (22) (with y = 0), we have
∫ 1

0 Sn−1(−x − 1)dx = (−1)n−Bn(1)
n for n ≥ 1. Thus, recalling

the definition of ĉn(x) in (3), it follows that

(−1)n − Bn(a)
n

=
n

∑
m=1

ĉm(−a)
m

{
n − 1
m − 1

}
a
,

which is Equation (67) with x replaced by a.

Let us observe the following consequences of Theorem 7:

• Setting x = 1 and x = 0 in (66) gives (cf. [4], Theorem 2.9)

−Bn

n
= (−1)n

n

∑
m=1

ĉm

m

{
n
m

}
and − Bn

n
=

n

∑
m=1

cm

m

{
n − 1
m − 1

}
.

• Inverting (66) and (67) produces

− cn(x)
n

=
n

∑
m=1

(−1)n−m

m

[
n − 1
m − 1

]
x
Bm(x), (69)

and

− ĉn(−x)
n

=
n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
x

(
(−1)mBm(x)− 1

)
. (70)

Upon using (12), this last equation can be written as

− ĉn(−x)
n

= ĉn−1(−x) +
n

∑
m=1

(−1)n−m

m

[
n − 1
m − 1

]
x
Bm(x).

• For x = 1 and x = 0, (69) gives (cf. [4], Theorem 2.10)

(−1)n+1 ĉn

n
=

n

∑
m=1

[
n
m

]
Bm

m
and

(−1)n+1cn

n
=

n

∑
m=1

(−1)m
[

n − 1
m − 1

]
Bm

m
. (71)

• The simultaneous validity of (25) and the second identity in (71) for n ≥ 2 implies
the equality

n

∑
m=1

[
n − 1
m − 1

]
Bm

m
=

n

∑
m=1

(−1)m
[

n − 1
m − 1

]
Bm

m
, n ≥ 2,

from which one can deduce inductively that B2m+1 = 0 for all m ≥ 1.

Interestingly, as the next theorem shows, Bernoulli polynomials can be expressed in
terms of the corresponding Cauchy numbers and the GSN of the second kind.

Theorem 8. For integers n ≥ 1 and for arbitrary x, we have

Bn(x) = xn − n
n

∑
m=1

cm

m

{
n − 1
m − 1

}
x
, (72)

and

Bn(x) = (x − 1)n − n
n

∑
m=1

ĉm

m

{
n − 1
m − 1

}
x
, (73)

where {n
m}x is the polynomial defined in (5).
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Proof. Set n → n − 1 and x → x + a − 1 in (68) to obtain

Sn−1(x + a − 1)− Sn−1(a − 1) =
n

∑
m=1

(m − 1)!
(

x
m

){
n − 1
m − 1

}
a
.

Thus, integrating both sides over the unit interval, we have

∫ 1

0
Sn−1(x + a − 1)dx − Sn−1(a − 1) =

n

∑
m=1

cm

m

{
n − 1
m − 1

}
a
.

By (21) (with y = a),
∫ 1

0 Sn−1(x + a − 1)dx is equal to an−Bn(1)
n for n ≥ 1. Then, using that

Sn−1(a − 1) = 1
n
(

Bn(a)− Bn(1)
)
, it follows that

Bn(a) = an − n
n

∑
m=1

cm

m

{
n − 1
m − 1

}
a
,

which is Equation (72) after renaming a to x.
On the other hand, setting n → n − 1 and x → −x + a − 1 in (68) gives

Sn−1(−x + a − 1)− Sn−1(a − 1) =
n

∑
m=1

(m − 1)!
(
−x
m

){
n − 1
m − 1

}
a
.

Therefore, integrating from 0 to 1 on both sides and noting that
∫ 1

0 Sn−1(−x + a − 1)dx =
(a−1)n−Bn(1)

n for n ≥ 1, we arrive at Equation (73) after renaming a to x.

Setting x = 1 in (72) and x = 0 in (73), we obtain the following couple of alternative
formulas for Bernoulli numbers:

Bn = (−1)n

(
1 − n

n

∑
m=1

cm

m

{
n
m

})
,

and

Bn = (−1)n − n
n

∑
m=1

ĉm

m

{
n − 1
m − 1

}
.

Furthermore, combining (66) and (72) yields

n

∑
m=1

cm − cm(x)
m

{
n − 1
m − 1

}
x
=

xn

n
, n ≥ 1,

and, in particular,
n

∑
m=1

cm − ĉm

m

{
n
m

}
=

1
n

, n ≥ 1.

Recalling that cm − ĉm = mĉm−1, the last equation can be written as

n

∑
m=0

{
n + 1
m + 1

}
ĉm =

1
n + 1

, n ≥ 0,

which may also be obtained by inverting (17).
Next, we derive the following relationships between Bernoulli and Cauchy polynomials.



Axioms 2025, 14, 746 21 of 36

Proposition 4. For integers n ≥ 0 and for arbitrary x and y, we have

Bn(x) =
n

∑
m=0

m

∑
l=0

(−1)mm!
{

n
m

}
x

{
m
l

}
y
cl(y),

Bn(x) =
n

∑
m=0

m

∑
l=0

m!
{

n
m

}
x

{
m
l

}
y
ĉl(−y),

cn(x) =
n

∑
m=0

m

∑
l=0

(−1)n−m+l

m!

[
n
m

]
x

[
m
l

]
y
Bl(y),

ĉn(−x) =
n

∑
m=0

m

∑
l=0

(−1)n−l

m!

[
n
m

]
x

[
m
l

]
y
Bl(y).

Proof. We prove the first and third identities. For this, we employ the following well-
known explicit formula for Bernoulli polynomials [40] (Equation (18):

Bn(x) =
n

∑
m=0

m

∑
l=0

(−1)l

m + 1

(
m
l

)
(x + l)n.

By (7), it is equal to

Bn(x) =
n

∑
m=0

(−1)m m!
m + 1

{
n
m

}
x
. (74)

Moreover, from the first identity in (18), we have

1
m + 1

=
m

∑
l=0

{
m
l

}
y
cl(y),

which holds for arbitrary y. Hence, substituting this expression for 1
m+1 into (74), we easily

derive the first identity of Proposition 4. On the other hand, by inverting (74), we obtain

1
m + 1

=
1

m!

m

∑
l=0

(−1)l
[

m
l

]
y
Bl(y),

which holds for arbitrary y. Using this expression for 1
m+1 in (11), we end up with the third

identity of Proposition 4.

Similarly, relying on the previous Theorems 7 and 8, and using the identities in (18), the
following formulas expressing the Bernoulli polynomials in terms of Cauchy polynomials
and the GSN of the second kind can be obtained.

Proposition 5. For integers n ≥ 1 and for arbitrary x and y, we have

−Bn(x)
n

=
n

∑
m=1

m

∑
l=1

{
n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
cm(x)cl−1(y),

Bn(x)
n

=
n

∑
m=1

m

∑
l=1

(−1)m
{

n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
cm(x)ĉl−1(−y),

(−1)n − Bn(x)
n

=
n

∑
m=1

m

∑
l=1

{
n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
ĉm(−x)cl−1(y),

Bn(x)− (−1)n

n
=

n

∑
m=1

m

∑
l=1

(−1)m
{

n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
ĉm(−x)ĉl−1(−y),

and
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Bn(x) = xn − n
n

∑
m=1

m

∑
l=1

{
n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
cm cl−1(y),

Bn(x) = xn + n
n

∑
m=1

m

∑
l=1

(−1)m
{

n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
cm ĉl−1(−y),

Bn(x) = (x − 1)n − n
n

∑
m=1

m

∑
l=1

{
n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
ĉm cl−1(y),

Bn(x) = (x − 1)n + n
n

∑
m=1

m

∑
l=1

(−1)m
{

n − 1
m − 1

}
x

{
m − 1
l − 1

}
y
ĉm ĉl−1(−y).

Remark 9. By assigning the values (0, 0), (0, 1), (1, 0), or (1, 1) to the corresponding vari-
ables (x, y) in Propositions 4 and 5, one can find numerous relationships between Bernoulli and
Cauchy numbers.

6. Formulas Involving Poly-Cauchy Polynomials, Generalized Stirling
Numbers, Binomial Coefficients and More

For integers n ≥ 0 and k ≥ 1, Kamano and Komatsu [8] introduced poly-Cauchy
polynomials of the first and second kind, c(k)n (x) and ĉ(k)n (x), as a generalization of classical
Cauchy polynomials. These can be defined by integral formulas (see [8] (Sections 2 and 3)
and [9] (Theorems 3 and 9))

c(k)n (x) = n!
∫ 1

0
. . .
∫ 1

0

(
t1 · · · tk − x

n

)
dt1 · · · dtk, (75)

and

ĉ(k)n (x) = n!
∫ 1

0
. . .
∫ 1

0

(
x − t1 · · · tk

n

)
dt1 · · · dtk. (76)

(Note that x is replaced by −x in the original definition of poly-Cauchy polynomials set
forth in [8]). Clearly, poly-Cauchy polynomials reduce to ordinary Cauchy polynomials
when k = 1. For x = 0, c(k)n = c(k)n (0) and ĉ(k)n = ĉ(k)n (0) are called, respectively, poly-
Cauchy numbers of the first and second kind [7]. Notice that for the general case where
k > 1, c(k)n (x) is no longer equal to ĉ(k)n (1 − x).

As an explicit example, for n = 6, the poly-Cauchy polynomials of the first and second
kind are given by

c(k)6 (x) =− 120
2k +

274
3k − 225

4k +
85
5k − 15

6k +
1
7k

+

(
120 − 548

2k +
675
3k − 340

4k +
75
5k − 6

6k

)
x

+

(
274 − 675

2k +
510
3k − 150

4k +
15
5k

)
x2 +

(
225 − 340

2k +
150
3k − 20

4k

)
x3

+

(
85 − 75

2k +
15
3k

)
x4 +

(
15 − 6

2k

)
x5 + x6,
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and

ĉ(k)6 (x) = +
120
2k +

274
3k +

225
4k +

85
5k +

15
6k +

1
7k

−
(

120 +
548
2k +

675
3k +

340
4k +

75
5k +

6
6k

)
x

+

(
274 +

675
2k +

510
3k +

150
4k +

15
5k

)
x2 −

(
225 +

340
2k +

150
3k +

20
4k

)
x3

+

(
85 +

75
2k +

15
3k

)
x4 −

(
15 +

6
2k

)
x5 + x6.

In this section, we provide several formulas and identities for poly-Cauchy polynomi-
als by generalizing the previous results from Sections 2, 3 and 5.

6.1. Some Basic Formulas for Poly-Cauchy Polynomials

The following formulas generalize those in Proposition 1 to poly-Cauchy polynomials.

Proposition 6. For integers n ≥ 0 and for arbitrary x, we have

c(k)n (x) =
n

∑
m=0

(−1)n−m

(m + 1)k

[
n
m

]
x
, (77)

and

ĉ(k)n (−x) = (−1)n
n

∑
m=0

1
(m + 1)k

[
n
m

]
x
, (78)

where [n
m]x is the polynomial defined in (4).

Proof. The above formulas can be proved in the same way as the formulas in Proposition 1
once we make the identifications t ≡ t1 · · · tk and dt ≡ dt1 . . . dtk. So, writing (14) in
the form

n

∏
l=1

(t1 · · · tk − x + l) =
n

∑
m=0

Pn+1,m(x) tm
1 · · · tm

k ,

and noting that

n

∏
l=1

(t1 · · · tk − x + l) = n!
(

t1 · · · tk − x + n
n

)
= (−1)nn!

(
x − t1 · · · tk − 1

n

)
,

it follows that

ĉ(k)n (x) = (−1)n
n

∑
m=0

Pn+1,m(x + 1)
∫ 1

0
tm
1 dt1 . . .

∫ 1

0
tm
k dtk = (−1)n

n

∑
m=0

Pn+1,m(x + 1)
(m + 1)k ,

which amounts to (78) due to the relation Pn+1,m(x + 1) = [n
m]−x.

An immediate consequence of Proposition 6 is the following.

Corollary 2. Let c(k)n (x) = ∑n
i=0 c(k)n,i xi and ĉ(k)n (x) = ∑n

i=0 ĉ(k)n,i xi be poly-Cauchy polynomials of
the first and second kind, respectively. Then, for i = 0, 1, . . . , n, we have

c(k)n,i = (−1)n+i
n

∑
m=i

(−1)m

(m − i + 1)k

(
m
i

)[
n
m

]
,
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and

ĉ(k)n,i = (−1)n+i
n

∑
m=i

1
(m − i + 1)k

(
m
i

)[
n
m

]
.

Remark 10. The polynomials c(k)n (x) and ĉ(k)n (x) defined in Corollary 2 can be expressed equiva-
lently as

c(k)n (x) =
n

∑
m=0

(−1)n−m
[

n
m

] m

∑
i=0

(
m
i

)
(−x)i

(m − i + 1)k , (79)

and

ĉ(k)n (x) = (−1)n
n

∑
m=0

[
n
m

] m

∑
i=0

(
m
i

)
(−x)i

(m − i + 1)k , (80)

in accordance with [8] (Theorems 1 and 4) and [9] (Theorems 1 and 7).

Likewise, several of the other formulas we have previously obtained for Cauchy
polynomials can be extended to poly-Cauchy polynomials by simply changing cn(x) to
c(k)n (x), ĉn(x) to ĉ(k)n (x), and by raising to the k-th power the appropriate denominators
(if any). Next, we write down the generalization for poly-Cauchy polynomials of Equa-
tions (39), (40), (44) and (45), Theorem 2, Equations (34) and (35), and Theorems 3, 5 and 6.
The resulting formulas are, respectively, as follows:

c(k)n (x + 1)− c(k)n (x) = −nc(k)n−1(x + 1),

ĉ(k)n (x + 1)− ĉ(k)n (x) = nĉ(k)n−1(x),

c(k)n

( r
m

)
=

n

∑
l=0

(−1)n−l

(l + 1)k
wm,r(n, l)

mn−l ,

ĉ(k)n

(
− r

m

)
= (−1)n

n

∑
l=0

1
(l + 1)k

wm,r(n, l)
mn−l ,

c(k)n (x) = (−1)nn!
n

∑
m=0

ĉ(k)m
m!

(
x + n − 1

n − m

)
, (81)

ĉ(k)n (x) = n!
n

∑
m=0

(−1)mc(k)m
m!

(
x − m
n − m

)
, (82)

c(k)n (x) = n!
n

∑
m=0

c(k)m
m!

(
−x

n − m

)
=

n

∑
m=0

(−1)mc(k)n−m

(
n
m

)
x(m), (83)

ĉ(k)n (x) = n!
n

∑
m=0

ĉ(k)m
m!

(
x

n − m

)
=

n

∑
m=0

ĉ(k)n−m

(
n
m

)
(x)m, (84)

c(k)n+1(x) = −(n + x)c(k)n (x) + (−1)n+1n!
n

∑
m=0

ĉ(k)m+1
m!

(
x + n
n − m

)
,

ĉ(k)n+1(x) = −(x − n)ĉ(k)n (x)− n!
n

∑
m=0

(−1)m c(k)m+1
m!

(
x − m − 1

n − m

)
,

dic(k)n (x)
dxi = (−1)ii!

n

∑
m=i

(
n
m

)(
m
i

)B(n+1)
m−i (1 − x)
(n + 1 − m)k , (85)

di ĉ(k)n (x)
dxi = i!

n

∑
m=i

(−1)n−m
(

n
m

)(
m
i

)B(n+1)
m−i (x + 1)

(n + 1 − m)k , (86)
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and

dic(k)n (x)
dxi = i!

n

∑
m=i

(−1)mc(k)n−m

(
n
m

)[
m
i

]
x
,

di ĉ(k)n (x)
dxi = (−1)ii!

n

∑
m=i

(−1)m ĉ(k)n−m

(
n
m

)[
m
i

]
−x

,

where, in Equation (83), x(m) denotes the rising factorial x(m) = x(x + 1) . . . (x + m − 1) for
m ≥ 1 and x(0) = 1.

Additionally, as can be shown, the following identities

n

∑
m=r

{
n − r
m − r

}
r
c(k)m−s(s) =

r

∑
l=s

(−1)r−l

(n + l − r − s + 1)k

[
r − s
l − s

]
s
, (87)

and
n

∑
m=r

{
n − r
m − r

}
r
ĉ(k)m−s(−s) = (−1)n−s

r

∑
l=s

1
(n + l − r − s + 1)k

[
r − s
l − s

]
s
, (88)

hold for any integers s, r, and n fulfilling 0 ≤ s ≤ r ≤ n.
The following are a few remarks regarding the foregoing equations.

• By inverting (77) and (78) we obtain (cf. [52], Theorem 3.3)

n

∑
m=0

{
n
m

}
x
c(k)m (x) =

1
(n + 1)k and

n

∑
m=0

{
n
m

}
x
ĉ(k)m (−x) =

(−1)n

(n + 1)k .

• From Equations (81)–(84), we find the identities

c(k)n (1) = (−1)nn!
n

∑
m=0

(
n
m

)
ĉ(k)m
m!

= (−1)nn!
n

∑
m=0

(−1)m c(k)m
m!

,

ĉ(k)n (−1) = (−1)nn!
n

∑
m=0

(
n
m

)
c(k)m
m!

= (−1)nn!
n

∑
m=0

(−1)m ĉ(k)m
m!

,

along with

c(k)n = (−1)n
n

∑
m=0

L(n, m) ĉ(k)m and ĉ(k)n = (−1)n
n

∑
m=0

L(n, m) c(k)m ,

where L(n, m) = n!
m! (

n−1
m−1) are the (unsigned) Lah numbers [53].

• The expressions for c(k)n (x) and ĉ(k)n (x) on the rightmost sides of (83) and (84) were
previously obtained via umbral calculus in [54] (Theorem 2.10) and [55] (Theorem 7),
respectively. On the other hand, taking i = 0 in (85) and (86) yields

c(k)n (x) =
n

∑
m=0

(
n
m

)
B(n+1)

m (1 − x)
(n + 1 − m)k ,

([9], Theorem 12), and

ĉ(k)n (x) =
n

∑
m=0

(−1)n−m
(

n
m

)
B(n+1)

m (x + 1)
(n + 1 − m)k ,

generalizing Formulas (47) and (48) to poly-Cauchy case.
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• Letting s = 0 in (87) and (88) leads to

n

∑
m=0

{
n
m

}
r
c(k)m+r =

r

∑
l=0

(−1)r−l

(n + l + 1)k

[
r
l

]
,

and
n

∑
m=0

{
n
m

}
r
ĉ(k)m+r = (−1)n+r

r

∑
l=0

1
(n + l + 1)k

[
r
l

]
,

which are equivalent, respectively, to the identities in Theorems 1 and 3 of [56].

The following proposition extends the integration formula in (28) to poly-Cauchy
polynomials.

Proposition 7. For integers n ≥ 0 and k ≥ 1, we have

∫ 1

0
c(k)n (x)dx = cn − n

k

∑
j=1

c(j)
n , (89)

and ∫ 1

0
ĉ(k)n (x)dx = ĉn − n

k

∑
j=1

(
ĉ(j)

n + (n − 1)ĉ(j)
n−1
)
. (90)

Proof. For Formula (89), integrate (83) to obtain

∫ 1

0
c(k)n (x)dx = n!

n

∑
m=0

c(k)m
m!

∫ 1

0

(
−x

n − m

)
dx

=
n

∑
m=0

(
n
m

)
c(k)m ĉn−m = cn − n

k

∑
j=1

c(j)
n ,

where, in the last step, we have used the identity in [38] (Equation (99)). For Formula (90),
integrate (84) to obtain∫ 1

0
ĉ(k)n (x)dx = n!

n

∑
m=0

ĉ(k)m
m!

∫ 1

0

(
x

n − m

)
dx

=
n

∑
m=0

(
n
m

)
ĉ(k)m cn−m = ĉn − n

k

∑
j=1

(
ĉ(j)

n + (n − 1)ĉ(j)
n−1
)
,

where, in the last step, we have used the identity in [38] (Equation (89)).

On the other hand, the generalization of Proposition 4 for poly-Cauchy polyno-
mials can be accomplished by means of the corresponding poly-Bernoulli polynomials
B(k)

n (x) [57,58]. These are generalizations of the so-called poly-Bernoulli numbers B(k)
n

introduced by Kaneko [59], where B(k)
n = B(k)

n (0). Specifically, by defining B(k)
n (x) as

B(k)
n (x) = (−1)n

n

∑
m=0

(−1)m m!
(m + 1)k

{
n
m

}
x
,
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it can be shown that (cf. [52] (Theorem 3.4))

B(k)
n (x) = (−1)n

n

∑
m=0

m

∑
l=0

(−1)mm!
{

n
m

}
x

{
m
l

}
y
c(k)l (y),

B(k)
n (x) = (−1)n

n

∑
m=0

m

∑
l=0

m!
{

n
m

}
x

{
m
l

}
y
ĉ(k)l (−y),

c(k)n (x) = (−1)n
n

∑
m=0

m

∑
l=0

(−1)m

m!

[
n
m

]
x

[
m
l

]
y
B(k)

l (y),

ĉ(k)n (−x) = (−1)n
n

∑
m=0

m

∑
l=0

1
m!

[
n
m

]
x

[
m
l

]
y
B(k)

l (y),

which hold for all integers n ≥ 0, k ≥ 1, and for arbitrary x and y.
On the other hand, Komatsu and Luca [60] (p. 105) (see also [61]) defined different

poly-Bernoulli polynomials by

B(k)
n (x) = (−1)n

n

∑
m=0

(−1)mm!
{

n
m

} m

∑
i=0

(
m
i

)
(−x)i

(m − i + 1)k .

As it turns out, the corresponding relationships between B(k)
n (x) and poly-Cauchy polyno-

mials are given by (cf. [60], Theorem 4.1)

B(k)
n (x) = (−1)n

n

∑
m=0

m

∑
l=0

(−1)mm!
{

n
m

}{
m
l

}
c(k)l (x),

B(k)
n (x) = (−1)n

n

∑
m=0

m

∑
l=0

m!
{

n
m

}{
m
l

}
ĉ(k)l (x),

c(k)n (x) = (−1)n
n

∑
m=0

m

∑
l=0

(−1)m

m!

[
n
m

][
m
l

]
B(k)

l (x),

ĉ(k)n (x) = (−1)n
n

∑
m=0

m

∑
l=0

1
m!

[
n
m

][
m
l

]
B(k)

l (x),

(91)

which hold for all integers n ≥ 0, k ≥ 1, and for arbitrary x.

6.2. Additional Formulas for Poly-Cauchy Polynomials

The following formulas for c(k)n (x) and ĉ(k)n (x) are the generalizations for poly-Cauchy
polynomials of the formulas for cn(x) and ĉn(x) given in Theorem 1.

Theorem 9. For integers n ≥ 1 and for arbitrary x, we have

c(k)n (x) = δn,1 + (−1)nn
n

∑
m=1

1
m

[
n − 1
m − 1

] m

∑
j=1

(
m
j

)
Bm−j C

(k)
j (x + 1), (92)

and

ĉ(k)n (x) = δn,1 + (−1)nn
n

∑
m=1

1
m

[
n − 1
m − 1

] m

∑
j=1

(−1)j
(

m
j

)
Bm−j C

(k)
j (x − 1), (93)

where C(k)
j (x) is the polynomial in x of degree j defined by

C(k)
j (x) =


1, for j = 0;

j

∑
i=0

(−1)i

(i + 1)k

(
j
i

)
xj−i, for j ≥ 1.

(94)
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Proof. We prove only (92), but the proof of (93) is similar. From (26), we see that, for n ≥ 1,

c(k)n (x)
n

= δn,1 +
n

∑
m=1

(−1)n−m
[

n − 1
m − 1

] ∫ 1

0
. . .
∫ 1

0
Sm−1(t1 · · · tk − x − 1)dt1 · · · dtk. (95)

Now, invoking the well-known formula for the power sum polynomials (see, e.g., [62])

Sm−1(x) =
1
m

m

∑
j=1

(−1)m−j
(

m
j

)
Bm−jxj, m ≥ 1,

we have

Sm−1(t1 · · · tk − x − 1) =
m

∑
j=1

(−1)m−j

m

(
m
j

)
Bm−j ×

(
t1 · · · tk − x − 1

)j

=
(−1)m

m

m

∑
j=1

(
m
j

)
Bm−j

j

∑
i=0

(−1)i
(

j
i

)
(x + 1)j−i(t1 · · · tk

)i,

and then∫ 1

0
. . .
∫ 1

0
Sm−1(t1 · · · tk − x − 1)dt1 · · · dtk =

(−1)m

m

m

∑
j=1

(
m
j

)
Bm−j C

(k)
j (x + 1).

Thus, substituting the above integration formula into (95), we obtain (92).

Remark 11. Thanks to (25), Equations (92) and (93) can be rewritten as

c(k)n (x) = cn + (−1)nn
n

∑
m=1

1
m

[
n − 1
m − 1

] m

∑
j=0

(
m
j

)
Bm−j C

(k)
j (x + 1), (96)

and

ĉ(k)n (x) = cn + (−1)nn
n

∑
m=1

1
m

[
n − 1
m − 1

] m

∑
j=0

(−1)j
(

m
j

)
Bm−j C

(k)
j (x − 1). (97)

Hence, comparing (96) (for k = 1) with (23), and (97) (for k = 1) with (24), we deduce that

m

∑
j=0

(
m
j

)
Bm−j C

(1)
j (x + 1) = xm, (98)

and
m

∑
j=0

(−1)m−j
(

m
j

)
Bm−j C

(1)
j (x) = xm, (99)

which hold for arbitrary x and for any non-negative integer m.

The following theorem is the generalization of Equations (69) and (70) to poly-Cauchy
polynomials. We omit the proof for the sake of brevity.

Theorem 10. For integers n ≥ 1 and arbitrary x, we have

− c(k)n (x)
n

=
n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
x

(
(−1)mBm(x)−

m

∑
j=0

(
m
j

)
Bm−j C

(k)
j (1)

)
, (100)
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and

− ĉ(k)n (−x)
n

=
n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
x

(
(−1)mBm(x)−

m

∑
j=0

(−1)j
(

m
j

)
Bm−j C

(k)
j (−1)

)
, (101)

where C(k)
j (x) is the polynomial defined in (94).

We note that employing Formulas (72) and (73) for Bernoulli polynomials in (100) and
(101) leads, respectively, to the alternative formulas (n ≥ 1)

c(k)n (x) = cn − n
n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
x

(
(−x)m −

m

∑
j=0

(
m
j

)
Bm−j C

(k)
j (1)

)
,

and

ĉ(k)n (−x) = ĉn − n
n

∑
m=1

(−1)n

m

[
n − 1
m − 1

]
x

(
(1 − x)m −

m

∑
j=0

(−1)j
(

m
j

)
Bm−j C

(k)
j (−1)

)
.

For k = 1, the above formulas become

cn(x) = cn − (−1)nn
n

∑
m=1

(−1)m

m

[
n − 1
m − 1

]
x
xm,

and

ĉn(−x) = ĉn − (−1)nn
n

∑
m=1

(−1)m

m

[
n − 1
m − 1

]
x

(
(x − 1)m − 1

)
,

which may be compared with the formulas in (23) and (24).
Finally, the extension to poly-Cauchy polynomials of Theorem 4 reads as follows.

Theorem 11. For integers n ≥ 1 and for arbitrary x, we have

c(k)2n (x) = n
n

∑
m=1

u(n, m)

m

2m−1

∑
j=0

(
2m

j

)
Bj C

(k)
2m−j(x + n),

ĉ(k)2n (x) = n
n

∑
m=1

u(n, m)

m

2m−1

∑
j=0

(−1)j
(

2m
j

)
Bj C

(k)
2m−j(x − n),

c(k)2n+1(x) = −(2n + 1)
n

∑
m=1

u(n, m)

2m + 1

2m

∑
j=0

2j
(

2m + 1
j

)
Bj C

(k)
2m+1−j(x + n + 1),

ĉ(k)2n+1(x) = (2n + 1)
n

∑
m=1

u(n, m)

2m + 1

2m

∑
j=0

2j
(

2m + 1
j

)
Bj C

(k)
2m+1−j(x − n + 1),

where u(n, m) are the central factorial numbers with even indices of the first kind and C(k)
j (x) is

the polynomial defined in (94).

We present several comments with respect to Theorem 11.

• By (98) and (99), the formulas for c(k)2n (x) and ĉ(k)2n (x) in Theorem 11 reduce to the
formulas for c2n(x) and ĉ2n(x) in Theorem 4 when k = 1.

• Comparing the formula for c(k)2n+1(x) in Theorem 11 with that for c2n+1(x) in Theorem 4
reveals that

E2m+1(x) =
2m

∑
j=0

2j
(

2m + 1
j

)
Bj C

(1)
2m+1−j(x + 1), m ≥ 1.



Axioms 2025, 14, 746 30 of 36

In particular, for x = 0, this produces

2m

∑
j=0

2j
(

2m + 1
j

)
Bj C

(1)
2m+1−j(1) =

1 − 22m+2

m + 1
B2m+2, m ≥ 1,

where we have used the well-known formula for Em(0) (see, e.g., [46] (Equation (15.47))).
• Regarding even-indexed Euler polynomials E2m(x), we checked the numerical correct-

ness of the formula

E2m(x) =
2m−1

∑
j=0

2j
(

2m
j

)
Bj

(
C(1)

2m−j(x + 1)−C(1)
2m−j(1)

)
, m ≥ 1,

fulfilling that E2m(0) = 0 for all m ≥ 1.
• By introducing the generalized Euler polynomials

E(k)
2m+1(x) =

2m

∑
j=0

2j
(

2m + 1
j

)
Bj C

(k)
2m+1−j(x + 1),

the formulas for c(k)2n+1(x) and ĉ(k)2n+1(x) in Theorem 11 can be written more com-
pactly as

c(k)2n+1(x) = −(2n + 1)
n

∑
m=1

u(n, m)

2m + 1
E(k)

2m+1(x + n),

and

ĉ(k)2n+1(x) = (2n + 1)
n

∑
m=1

u(n, m)

2m + 1
E(k)

2m+1(x − n).

7. Multiparameter Poly-Cauchy Polynomials
As mentioned in the Introduction, numerous generalizations of Cauchy numbers and

polynomials have been proposed in the literature, and many of their properties have been
studied in various contexts. For our purpose here, among the proposed generalizations, we
highlight Cauchy numbers with a q parameter [10] and shifted poly-Cauchy numbers [14].
Komatsu et al. [31] went further by combining the last two types of generalizations.
Specifically, for integers n ≥ 0, k ≥ 1, a positive real number a, and non-zero real numbers
q and l1, . . . , lk, the authors of [31] defined poly-Cauchy numbers c(k)n,a,q,L and ĉ(k)n,a,q,L by

c(k)n,a,q,L =
∫ l1

0
. . .
∫ lk

0
(t1 · · · tk)

a
n−1

∏
j=1

(t1 · · · tk − jq)dt1 · · · dtk,

and

ĉ(k)n,a,q,L = (−1)a−1
∫ l1

0
. . .
∫ lk

0
(−t1 · · · tk)

a
n−1

∏
j=1

(−t1 · · · tk − jq)dt1 · · · dtk,

where L stands for the k-tuple (l1, . . . , lk). From [31] (Theorems 1 and 8), c(k)n,a,q,L and ĉ(k)n,a,q,L
can be expressed in terms of (unsigned) Stirling numbers of the first kind as follows:

c(k)n,a,q,L =
n

∑
m=0

(−q)n−m (l1 · · · lk)m+a

(m + a)k

[
n
m

]
, (102)

and

ĉ(k)n,a,q,L = (−1)n
n

∑
m=0

qn−m (l1 · · · lk)m+a

(m + a)k

[
n
m

]
. (103)
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As noted in [31], if a = l1 = . . . = lk = 1, then c(k)n,1,q,(1,...,1) = c(k)n,q and ĉ(k)n,1,q,(1,...,1) = ĉ(k)n,q

are the poly-Cauchy numbers with a q parameter, as defined in [10]. In contrast, if q =

l1 = . . . = lk = 1, then c(k)n,a,1,(1,...,1) = c(k)n,a and ĉ(k)n,a,1,(1,...,1) = ĉ(k)n,a are shifted poly-Cauchy
numbers, as defined in [14].

In line with the above definition of c(k)n,a,q,L and ĉ(k)n,a,q,L, we now introduce a kind of
multiparameter poly-Cauchy polynomials, extending the original concept (see [18–20] for
a general overview). In concrete terms, we consider the following multiparameter poly-
Cauchy polynomials of the first and second kind, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x), defined by

c(k)n,a,q,L,y(x) =
∫ l1

0
. . .
∫ lk

0
(t1 · · · tk − x)a−1

n−1

∏
j=0

(t1 · · · tk − x − y − jq)dt1 · · · dtk,

and

ĉ(k)n,a,q,L,y(x) = (−1)a−1
∫ l1

0
. . .
∫ lk

0
(x − t1 · · · tk)

a−1
n−1

∏
j=0

(x + y − t1 · · · tk − jq)dt1 · · · dtk,

which, in addition to n, k, a, q, and l1, . . . , lk, involve the real parameters x and y.
As the following theorem shows, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x) can be determined for

positive integers a using (bivariate) Stirling polynomials of the first kind[
n
m

]
(y,q)

=
n−m

∑
i=0

(
i + m

m

)[
n

i + m

]
yiqn−m−i, 0 ≤ m ≤ n, (104)

and augmented polynomials

C(k)
j (x; L) =


l1 · · · lk, for j = 0;

j

∑
i=0

(−1)i

(i + 1)k (l1 · · · lk)i+1
(

j
i

)
xj−i, for j ≥ 1.

(105)

Theorem 12. For integers n ≥ 0, k ≥ 1, a ≥ 1, and arbitrary q, l1, . . . , lk, x, and y (with
l1, . . . , lk ̸= 0), we have

c(k)n,a,q,L,y(x) = (−1)a−1
n

∑
m=0

(−1)n
[

n
m

]
(y,q)

C(k)
m+a−1(x; L), (106)

and

ĉ(k)n,a,q,L,y(x) = (−1)a−1
n

∑
m=0

(−1)n−m
[

n
m

]
(−y,q)

C(k)
m+a−1(x; L), (107)

where [n
m](y,q) and C(k)

m (x; L) are the polynomials defined in (104) and (105), respectively.

Proof. Using the generating function for [n
m](y,q) (cf. [63], Equation (1.1))

n−1

∏
j=0

(x − (y + jq)) =
n

∑
m=0

(−1)n−m
[

n
m

]
(y,q)

xm,

it follows that
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(t1 · · · tk − x)a−1
n−1

∏
j=0

(t1 · · · tk − x − (y + jq))

=
n

∑
m=0

(−1)n−m
[

n
m

]
(y,q)

(t1 · · · tk − x)m+a−1

= (−1)a−1
n

∑
m=0

(−1)n
[

n
m

]
(y,q)

m+a−1

∑
i=0

(−1)i
(

m + a − 1
i

)
xm+a−1−i(t1 · · · tk)

i.

Thus,

c(k)n,a,q,L,y(x) = (−1)a−1
n

∑
m=0

(−1)n
[

n
m

]
(y,q)

×
m+a−1

∑
i=0

(−1)i
(

m + a − 1
i

)
xm+a−1−i

∫ l1

0
. . .
∫ lk

0
ti
1 · · · ti

kdt1 · · · dtk,

which, after performing the multiple integral, can be expressed in the form of Equation (106).
Identity (107) is proven similarly.

We present a few comments are in relation to c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x).

• For fixed q, L, and y, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x) are polynomials in x of degree n +

a − 1.
• For a = q = l1 = . . . = lk = 1 and y = 0, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x) reduce to the

ordinary poly-Cauchy polynomials

c(k)n (x) =
n

∑
m=0

(−1)n
[

n
m

]
C(k)

m (x),

and

ĉ(k)n (x) =
n

∑
m=0

(−1)n−m
[

n
m

]
C(k)

m (x),

which correspond to the formulas in (79) and (80), respectively.
• For x = 0, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x) become

c(k)n,a,q,L,y(0) ≡ c(k)n,a,q,L,y =
n

∑
m=0

(−1)n−m
[

n
m

]
(y,q)

(l1 · · · lk)m+a

(m + a)k ,

and

ĉ(k)n,a,q,L,y(0) ≡ ĉ(k)n,a,q,L,y = (−1)n
n

∑
m=0

[
n
m

]
(−y,q)

(l1 · · · lk)m+a

(m + a)k .

Furthermore, since [n
m](0,q) = [n

m]q
n−m, c(k)n,a,q,L,y and ĉ(k)n,a,q,L,y reduce to (102) and (103)

when y = 0. On the other hand, if a = q = l1 = . . . = lk = 1, c(k)n,a,q,L,y and ĉ(k)n,a,q,L,y are
the same, respectively, as (77) and (78) (after renaming y to x).

• From the definition of c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x), it can be seen that, for a = 1, they
remain invariant under the interchange of x and y. So, for example,

c(3)
4,1,−3,(1,1, 1

2 ),−
3
2
(
√

5) = c(3)
4,1,−3,(1,1, 1

2 ),
√

5
(− 3

2 ) =
114177911

144000
− 284203

√
5

768
,

and

ĉ(3)
4,1,−3,(1,1, 1

2 ),−
3
2
(
√

5) = ĉ(3)
4,1,−3,(1,1, 1

2 ),
√

5
(− 3

2 ) =
14046697
288000

+
10805

√
5

768
.
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Moreover, c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x) are related by

c(k)n,a,q,L,y(x) = (−1)n ĉ(k)n,a,−q,L,y(x).

• Let {S1, S2} be the Stirling pair [64] composed of S1 = [n
m](y,q) and S2 = {n

m}(y,q), with

{
n
m

}
(y,q)

=
1

m!qm

m

∑
l=0

(−1)m−l
(

m
l

)
(y + lq)n.

If we define multiparameter poly-Bernoulli polynomials B(k)
n,a,q,L,y(x) by

B
(k)
n,a,q,L,y(x) = (−1)n

n

∑
m=0

m!
{

n
m

}
(y,q)

C(k)
m+a−1(x; L),

we have the following relationships between B
(k)
n,a,q,L,y(x) and multiparameter poly-

Cauchy polynomials c(k)n,a,q,L,y(x) and ĉ(k)n,a,q,L,y(x):

B
(k)
n,a,q,L,y(x) = (−1)n+a−1

n

∑
m=0

m

∑
l=0

(−1)mm!
{

n
m

}
(y,q)

{
m
l

}
(y,q)

c(k)l,a,q,L,y(x),

B
(k)
n,a,q,L,y(x) = (−1)n+a−1

n

∑
m=0

m

∑
l=0

m!
{

n
m

}
(y,q)

{
m
l

}
(−y,q)

ĉ(k)l,a,q,L,y(x),

c(k)n,a,q,L,y(x) = (−1)n+a−1
n

∑
m=0

m

∑
l=0

(−1)m

m!

[
n
m

]
(y,q)

[
m
l

]
(y,q)

B
(k)
l,a,q,L,y(x),

ĉ(k)n,a,q,L,y(x) = (−1)n+a−1
n

∑
m=0

m

∑
l=0

1
m!

[
n
m

]
(−y,q)

[
m
l

]
(y,q)

B
(k)
l,a,q,L,y(x),

which reduce to (91) when a = 1, q = 1, l1 = . . . = lk = 1, and y = 0.

8. Conclusions
In this paper, we mainly report a variety of (known and novel) formulas and identities

involving Cauchy and poly-Cauchy numbers and polynomials, ordinary and generalized
Stirling numbers, binomial coefficients, central factorial numbers, Euler polynomials, r-
Whitney numbers, hyperharmonic polynomials, and Bernoulli numbers and polynomials.
Furthermore, we obtain several recurrence and higher-order derivative formulas (amongst
others) for Cauchy and poly-Cauchy polynomials. Moreover, we develop an extended
version of poly-Cauchy polynomials accounting, in particular, for shifted poly-Cauchy
numbers and the polynomials with a q parameter.

In conclusion, it is our intention that this paper may serve as a useful compilation
of facts and results about the Cauchy numbers and polynomials. We also hope that it
may stimulate further research into these fascinating objects and their connections with
other types of numbers and polynomials such as, for example, the number sequence
Ax(n, m) [37], the poly-Daehee numbers and polynomials [65–67], the generalized r-
Whitney numbers [68,69], and the generalized harmonic numbers [1,70–72].

In this respect, it is worth noting that the equations in Proposition 2 can alternatively
be expressed in the form

n

∑
m=0

(−1)m Hm(x + 1)
cn−m(y)
(n − m)!

=

(
x − y

n

)
,
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and
n

∑
m=0

(−1)m Hm(x + 2)
ĉn−m(y)
(n − m)!

=

(
x + y

n

)
,

where Hm(x) are the so-called harmonic polynomials in x of degree m, defined by the
generating function [70] (Equation (28))

∞

∑
m=0

Hm(x)tm = − ln(1 − t)
t(1 − t)1−x ,

with Hm(0) = Hm+1 for all m ≥ 0. Furthermore, it can be shown that, for n ≥ 1,

ĉn(x)
n!

=

(
x
n

)
−

n−1

∑
m=0

(−1)m cn−m

(n − m − 1)!
Hm(x + 1).

Upon comparing this equation with (63), we obtain the identity

n

∑
m=0

(−1)m cm(−x)
m!(n − m + 1)(n − m + 2)

=
n

∑
m=0

(−1)n−m cn+1−m
(n − m)!

Hm(x), n ≥ 0.

In particular, for x = 0, we have

n

∑
m=0

(−1)m cn−m

(n − m)!(m + 1)(m + 2)
=

n

∑
m=0

(−1)m cn+1−m
(n − m)!

Hm+1, n ≥ 0.

Remark 12. All properties and results of this article have been tested using the computer algebra
system Mathematica.

Funding: This research received no external funding.

Data Availability Statement: There are no external data.

Acknowledgments: The author thanks the anonymous referees for their careful reading of the
manuscript and for their useful comments and suggestions for improving the presentation of this
study. He also thanks José A. Pocino for providing him with some of the references listed below.

Conflicts of Interest: The author declares no conflicts of interest.

References
1. Cheon, G.-S.; Hwang, S.-G.; Lee, S.-G. Several polynomials associated with the harmonic numbers. Discret. Appl. Math. 2007, 155,

2573–2584. [CrossRef]
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