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1. Introduction
Throughout this paper, X, Y are locally compact and locally connected metric measure

spaces endowed with Borel regular measures µ and ν, which are finite on compact sets.
Also, X is Ahlfors n-regular and ν is doubling and D ⊂ X is an open subset of X. We set by
d the distance on X and Y. If f : D → Y is a mapping and x ∈ D, we set

J f (x) = lim sup
r→0

ν( f (B(x, r)))
µ(B(x, r))

,

and we set

l(x, f ) = lim inf
y→x

d( f (y), f (x))
d(x, y)

and L(x, f ) = lim sup
y→x

d( f (y), f (x))
d(y, x)

.

We say that f : D → Y is of finite conformal energy if
´
D

L(x, f )ndµ < ∞. If p > 1

and D ⊂ Rn is open, we set W1,p
loc (D,Rn), the Sobolev space of all mappings f : D → Rn,

which are locally in Lp, together with their first-order distributional derivatives. Usually,
if X = Rn, a mapping f : D → Rn is of finite conformal energy (or of a bounded Dirichlet
integral) if f ∈ W1,n

loc (D,Rn) and
´
D
| f ′(x)|ndx < ∞. If f is a.e. differentiable, then L(x, f ) =

| f ′(x)| a.e. and both definitions coincide in this case. The following example shows that
our definition is more general, since we find a mapping f : Ω ⊂ R3 → R3 a.e. differentiable
such that

´
Ω
| f ′(x, y, z)|3dµ3 < ∞ and f ̸∈ W1,1

loc (Ω,R3).

We denote by µn the Lebesgue measure in Rn. If A ⊂ Rn is Lebesgue measurable and
f : A → Rn is Lebesgue integrable, we set

´
A

f dµn =
´
A

f (x)dx.

Example 1. Let E ⊂ [0, 1] be a Cantor set such that µ1(E) > 0 and let g : [0, 1] → [0, µ1(∁E)]

be given by g(x) =
x́

0
χ∁E(t)dt for every x ∈ [0, 1]. We see that g is absolutely continuous and
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strictly increasing and this inverse h : [0, µ1(∁E)] → [0, 1] is not absolutely continuous, is a.e.
differentiable and h′(t) = 1 a.e. Let f : B(0, 1) → C, f (z) = zn for every z ∈ B(0, 1), suppose that
n ≥ 2 and let Ω = (0, µ1(∁E))× B(0, 1) and F : Ω → R3, F(x1, x2, x3) = (h(x1), f (x2, x3)).
Then, µ3(BF) = 0, µ3(F(BF)) = 0, F ̸∈ W1,1

loc (Ω,R3),
´
Ω
|F′(x, y, z)|3dµ3 < ∞ and F satisfies

condition (N−1).

Here, if f : D → Y is a mapping, we set B f = {x ∈ D| f is not a local homeomorphism
at x} and we say that f satisfies condition (N) if ν( f (A)) = 0 whenever A ⊂ X is such that
µ(A) = 0 and we say that f satisfies condition (N−1) if µ( f−1(A)) = 0 whenever A ⊂ Y is
such that ν(A) = 0.

Let D ⊂ X. Let A(D) be the set of all nonconstant path families in D and if Γ ∈ A(D),
and we set F(Γ) = {ρ : D → [0, ∞] Borel functions |

´
γ

ρds ≥ 1 for every γ ∈ Γ locally

rectifiable}.
If p > 1 and ω : D → [0, ∞] is µ measurable and finite a.e., we define the p-modulus

of weight ω by

Mp
ω(Γ) = inf

ρ∈F(Γ)

ˆ

X

ω(x)ρ(x)pdµ i f Γ ∈ A(D).

If F(Γ) = ϕ, we set Mp
ω(Γ) = 0. If ω = 1, we set

Mp(Γ) = inf
ρ∈F(Γ)

ˆ

X

ρ(x)pdµ i f Γ ∈ A(D).

One of the basic tools in studying quasiregular mappings is the modular inequality
of Poletsky

Mn( f (Γ) ≤ KMn(Γ) f or every Γ ∈ A(D). (1)

We recommend the monographs [1–4] to the reader for more information about
quasiregular mappings.

Several generalizations of quasiregular mappings were introduced in the last 30 years.
The most important is the class of mappings of finite distortion (see monographs [5,6] for
further information), and a Poletsky modular inequality holds in this class of mappings
(see [7,8] or [9]). A mapping f : D → Rn is of finite distortion if n ≥ 2, D ⊂ Rn is open,
f ∈ W1,1

loc (D,Rn), J f ∈ L1
loc(D) and there exists K : D → [0, ∞] measurable and finite a.e.

such that | f ′(x)|n ≤ K(x)J f (x) a.e. and we set the outer dilatation

K0(x, f ) =
| f ′(x)|n

J f (x)
i f J f (x) ̸= 0, K0(x, f ) = 1 i f J f (x) = 0.

Here, f ′(x) is the matrix formed by the partial derivatives of f at x and J f (x) =

det f ′(x) for a.e. x ∈ D and we use this definition of the Jacobian J f for mappings of
finite distortion.

Martio proposed the study of mappings distinguished by moduli inequalities, first
on Rn and then on metric measure spaces. Such mappings satisfy a generalized Poletsky
modular inequality of the type

Mq( f (Γ)) ≤ Mp
ω(Γ) f or every Γ ∈ A(D). (2)

In this class of mappings, Montel- and Picard-type theorems, boundary extension results,
equicontinuity results and estimates of the modulus of continuity were given (see [7,8,10–27])
and we recommend the monographs [22,28] to the reader for further information.
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If f : D → Y is a mapping and L(x, f , r) = sup
y∈S(x,r)

d( f (x), f (y)), l(x, f , r) = inf
y∈S(x,r)

d( f (x), f (y)) for x ∈ X and r > 0, the linear dilatation H(·, f ) : D → [0, ∞] is defined by
H(x, f ) = lim sup

r→0

L(x, f ,r)
l(x, f ,r) for every x ∈ D.

A mapping f : D → Y between general metric measure spaces is quasiregular if it
is continuous, open and discrete, and there exists H ≥ 1 such that H(x, f ) ≤ H for every
x ∈ D. This is the metric definition of quasiregularity (see [29–39]). In some particular
cases, a Poletsky modular inequality holds for quasiregular mappings defined on general
metric measure spaces.

As in the classical case, even on very general metric measure spaces X and Y, a map-
ping f : D → Y which is continuous, open and discrete is quasiregular if and only if
it is geometrically quasiregular, i.e., Mn(Γ) ≤ K

´
Y

N(y, f , G)ρn(y)dν for every open set

G ⊂⊂ D, every Γ ∈ A(G) and every ρ ∈ F( f (Γ)). This important property inspired
the study of some classes of mappings satisfying a generalized inverse Poletsky modular
inequality (see [12,28,40]), like

Mp(Γ) ≤ γG(Mq
ωG ( f (Γ))) f or every Γ ∈ A(D) and every G ⊂⊂ D. (3)

Here, p, q > 1, f : D → Y is continuous, open and discrete, ωG : Y → [0, ∞] is ν measurable
and finite a.e. and γG : (0, ∞) → (0, ∞) is increasing and lim

t→0
γG(t) = 0 for every G ⊂⊂ D.

The class of mappings satisfying a relation of type (3) is strictly larger than the class of
quasiregular mappings, where relation (3) holds for a particular weight ωG(y) = N(y, f , G)

for every G ⊂⊂ D and every y ∈ Y. This thing is shown by the function F : Ω → R3

from Example 1. We see that F ̸∈ W1,1
loc (Ω,R3) (and hence F is not quasiregular), and

since
´
Ω
|F′(x)|3dx < ∞, we see from Lemma 1 that there exists ω ∈ L1(R3) such that

M3(Γ) ≤ M3
ω(F(Γ)) for every Γ ∈ A(Ω). In fact, F is not a mapping of finite distortion.

The following class of mappings of finite conformal energy satisfies an inverse Poletsky
modular inequality:

Theorem 1. Let n ≥ 2, q > 1, let f : D → Y be continuous such that µ(B f ) = 0, ν( f (B f )) = 0,
f satisfies condition (N−1) and

´
D

L(z, f )qdµ < ∞. Then, there exists ω ∈ L1(Y) such that

Mq(Γ) ≤ Mq
ω( f (Γ)) for every Γ ∈ A(D).

Theorem 1 extends Lemma 1 from [17] given for open, discrete mappings between
Riemannian n-manifolds. Our result is more general and is valid for non-open mappings,
as shown in the example given by f : B2 → B2, f (x, y) = (x, y) if y > 0, f (x, y) = (x − y)
if y < 0.

The aim of this paper is to study the geometric properties of such mappings. Let us
consider the following class of mappings of finite distortion:

f ∈ W1,n
loc (D,Rn) such that K0(·, f ) ∈ Lp

loc(D), where p > n− 1 i f n ≥ 3, p = 1 i f n = 2. (4)

We see from [41,42] that such mappings f : D → Rn are open, discrete and satisfy condition
(N−1) and that µn(B f ) = 0, µn( f (B f )) = 0. Using Theorem 1, we see that for every
G ⊂⊂ D there exists ωG ∈ L1(Rn) such that

Mn(Γ) ≤ Mn
ωG

( f (Γ))) f or every Γ ∈ A(G). (5)

Using Hőlder’s inequality, we can replace n by some n − 1 < q < n in (5). We note that
relation (5) is the first inverse Poletsky modular inequality given for an important class
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of mappings of finite distortion. We will establish, in a future paper, further geometric
properties of this class of mappings using the modulus method.

A significant part of mathematical analysis is the study of geometric properties of map-
pings. In our paper, we establish some geometric properties of mappings of a bounded Dirichlet
integral using the fact that such mappings satisfy an inverse Poletsky modular inequality.

First, we study the modulus of continuity of such mappings and we extend in this
way Theorem 7.5.2 in [6] given for mappings f ∈ W1,n

loc (D,Rn).
The main objective of this paper is to generalize important theorems from complex

analysis and quasiregular mappings in the class of mappings of a bounded Dirichlet
integral. These extensions are consistent due to the generality of such mappings and due to
the fact that these extensions are established on general metric measure spaces. However,
the main spaces we have in mind are Riemannian n-manifolds.

We extend in Theorem 3 the known theorems of Fatou and F. and M. Riesz from
complex analysis.

Another important theorem from classical complex analysis is the Lindelöf-type result
from Theorem 5 and Theorem 6, which extends some results of Vuorinen (see [4,43–45]).

We prove in Theorem 7 a pointwise η-quasisymmetry property of some homeomor-
phisms f : D → D f between Riemannian n-manifolds satisfying a direct Poletsky modu-
lar inequality.

We say that a mapping f : D → Y is quasimonotone if there exists a constant L > 0
(the coefficient of quasimonotonicity) such that for every set K ⊂ A ⊂⊂ D with K compact
and A open, it results that d( f (K)) ≤ Ld( f (∂A)). If L = 1, we say that f is monotone.
If Y = Rn and f is open and continuous, then f is monotone.

Let Bn be the unit ball from Rn. An important theorem from classical complex analysis
is the theorem of Fatou, which says that if f : B2 → C is a bounded analytic mapping, then
f has a.e. radial limits. Another theorem from classical complex analysis is the theorem of
F. and M. Riesz, which says that if f : B2 → C is a bounded analytic mapping and w ∈ C,
then, if Ew = {y ∈ S(0, 1)| lim

t→1
f (ty) = w}, it results that H1(Ew) = 0. Here, if p ≥ 1, we

denote by Hp the p-dimensional Hausdorff measure.
We say that a mapping f : Bn → Rn has a nontangential limit at a point x ∈ ∂Bn if for

every finite cone Γ and Γ1 with a vertex at x such that Γ \ {x} ⊂ Γ1 ⊂ Bn, it results that
there exists lim

y→x
y∈Γ

f (y) ∈ Rn. Also, the mapping f : Bn → R is monotone (in the sense of

Lebesgue) if

max
x∈G

f (x) = max
x∈∂G

f (x) and min
x∈G

f (x) = min
x∈∂G

f (x) f or every G ⊂⊂ Bn.

Using the modulus method, Manfredi and Villamor showed in [42,46,47] that if n− 1 <

p ≤ n, f : Bn → Rn has monotone components, f ∈ W1,p
loc (D,Rn) and

´
Bn

| f ′(x)|pdx < ∞,

then f has nontangential limits with the possible exception of a set of zero p-capacity
(see [46,47]). Also, Miklyukov showed in [48] that if f : Bn → Rn is a bounded quasiregular
mapping and

´
Bn

| f ′(x)|ndx < ∞, then f has a.e. nontangential limits.

It is not yet known whether a bounded quasiregular mapping f : Bn → Rn, n ≥ 3
has at least a radial limit. Using the modulus method, an important result related to the
theorems of Fatou and M. and F. Riesz was obtained by Martio and Rickman in [49]. They
showed that if f : Bn → Rn is quasiregular and there exist C > 0 and 0 < α < n − 1 such
that

´
Rn

N(y, f , B(0, r)) ≤ C(1 − r)α for every 0 < r < 1, then f has a.e. radial limits, and if

w ∈ Rn and Ew = {y ∈ S(0, 1)| lim
t→1

f (ty) = w}, they showed that Hn−1(Ew) = 0. Akkinen

showed in [50] that if f : Bn → Rn is a mapping of finite distortion with exponentially



Axioms 2025, 14, 28 5 of 23

integrable outer distortion and there exist C > 0 and 0 < α < n − 1 such that
´
Bn

J f (x)dx <

C(1 − r)−α for every 0 < r < 1, then f has a.e. radial limits.
We partially extend these results in Theorem 3 for mappings f : D → Y with Y

complete and having doubling measure ν and such that there exists a homeomorphism
Φ : Bn → D such that l(z, Φ) ≥ m > 0 and L(z, Φ) < M < ∞ for every z ∈ Bn. Due to
the generality of homeomorphism Φ and of spaces X and Y, we obtain a rather general
version of the theorems of Fatou and F. and M. Riesz. A version for a particular type of
homeomorphism Φ and for open, discrete mappings f : D → Y between Riemannian
n-manifolds is given in [17].

Let D ⊂ Rn be open, q > 1 and f ∈ W1,n
loc (D,Rn). We set

KI,q(x, f ) =
J f (x)

l( f ′(x))q i f J f (x) ̸= 0, KI,q(x, f ) = 0 otherwise.

Here, if A ∈ L(Rn,Rn), we set l(A) = inf
|x|=1

|A(x)|. If, in addition, f : D → D f is a

homeomorphism, then f is a.e. differentiable and satisfies condition (N). Let Z f = {x ∈
D| f is differentiable at x and J f (x) = 0} and A f = {x ∈ D| f is not differentiable at x}.
Using Sard’s lemma from [51], we see that µn( f (Z f )) = 0 and then µn( f (A f ∪ Z f )) = 0. It
results that if g : D f → D is the inverse of f , then g is a.e. differentiable and Jg(y) ̸= 0 a.e.
Using the change of variable formulae, we see that

ˆ

D f

|g′(y)|qdy =

ˆ

D\A f

|g′( f (x))|q|J f (x)|dx =

ˆ

D

KI,q(x, f )dx.

It results that
´
D

KI,q(x, f )dz < ∞ if and only if
´
D
|g′(y)|dy < ∞. If, in addition, f

satisfies condition (N−1), then f is a.e. differentiable and J f (x) ̸= 0 a.e.
The chordal distance between two points a, b ∈ Rn is the number

q(a, b) = |a − b|(1 + |a|2)− 1
2 (1 + |b|2)− 1

2 if a, b ∈ Rn, q(a, ∞) = (1 + |a|2)− 1
2 if a ∈ Rn.

We shall apply our results to the mappings of finite conformal energy. Such map-
pings are homeomorphisms f : D → D f between two domains from Rn such that
f ∈ W1,n

loc (D, D f ) and
´
D
| f ′(x)|ndx < ∞. We set ED( f ) =

´
D
| f ′(x)|ndx the energy of f

and Eq
t,D( f ) =

´
D
(| f ′(x)|n + KI,q(x, f ))dx the total energy of f and usually we take q = n.

If f−1 ∈ W1,n
loc (D f , D) and

´
D f

|( f−1)′(y)|ndy < ∞, we say that f is of biconformal

energy. Such mappings form an important class with connections to mathematical models
of Nonlinear Elasticity (see [52–54]). The general task in mathematical models of elasticity
is to find deformations of the smallest energy ED( f ) or of the smallest total energy Eq

t,D( f ).
These deformations are usually found as weak limits of minimizing sequences. However,
in the limiting process, we may lose the injectivity of f , and we refer to this incident
as permanent damage in the material. We accept the weak limits of energy-minimizing
sequences of homeomorphisms as legitimate deformations and the minimal energy (usually
attained) can be strictly smaller then the infimum energy among homeomorphisms.

We are interested to find injective minimizers of the energy Eq
M(D) and of the total

energy Eq
t (D) in some classes of deformations.

Let D ⊂ Rn be a domain, a, b ∈ D, a ̸= b, n − 1 < q ≤ n, r > 0, Hq
D =

{ f ∈ W1,n
loc (D, D f ) homeomorphisms such that f−1 ∈ W1,q

loc (D f , D), Eq
t,D( f ) < ∞ and

q( f (a), f (b)) ≥ r} and let Hq
D,M = { f ∈ Hq

D|E
q
t,D( f ) < M}. We set the total en-
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ergy Eq
t (D) = inf

f∈Hq
D

Eq
t,D( f ) and Eq

t,M(D) = inf
f∈Hq

D,M

Eq
t,D( f ) and the energy Eq

M(D) =

inf
f∈Hq

D,M

ED( f ).

We apply the preceding results in Theorem 8 and we find some conditions for the
existence of injective minimizers for mappings of biconformal energy in connection with
the seminal paper of Ball [55].

2. Notations and Definitions
We say that a set E ⊂ Rn is a cap of a sphere S(x, t) in Rn if E = H ∩ S(x, t) where

H is an open half-space in Rn. We extend now some results from [12] and Theorem 6.4
from [43].

We say that a mapping f : D → Y is open if it carries open sets into open sets, we say
that it is closed if it carries closed sets into closed sets and we say that it is discrete if either
f−1(y) = ϕ or f−1(y) is a discrete subset of D. We set G ⊂⊂ D if G is open, G is compact
and G ⊂ D.

Let f : D → Y be a mapping. We say that f is η-quasisymmetric if η : (0, ∞) →
(0, ∞) is increasing and lim

t→0
η(t) = 0 and d( f (y), f (x))

d( f (z), f (x)) ≤ η( d(y,x)
d(z,x) ) for every distinct point

x, y, z ∈ D. Such a continuous, open, discrete mapping is quasiregular, since H(x, f ) ≤ η(1)
for every x ∈ D. If X = Y = Rn, every quasiconformal mapping f : D → f (D) is
locally quasisymmetric.

If ω : D → [0, ∞] is µ measurable and A is a Borel subset of D, we set
ffl
A

ω(z)dµ =
´
A

ω(z)dµ/µ(A), and if x ∈ D, we set ωx = lim sup
r→0

ffl
B(x,r)

ω(z)dµ.

If E, F ⊂ D, we set ∆(E, F, D) = {γ : [0, 1] → D path |γ(0) ∈ E, γ(1) ∈ F and
γ((0, 1)) ⊂ D}. A domain A ⊂ Rn

is a ring if ∁A has exactly two components, and if these
components of ∁A are C0 and C1, we denote A = R(C0, C1) and we set ΓA = ∆(C0, C1, A).
Given r > 0, we let Φn(r) be the set of all rings A = R(C0, C1) such that C0 contains
the origin and a point a such that |a| = 1 and C1 contains ∞ and a point b such that
|b| = r and we denote Hn(r) = inf Mn(ΓA) over all rings A ∈ Φn(r). The function
Hn(r) : (0, ∞) → (0, ∞) is decreasing and lim

r→0
Hn(r) = ∞, lim

r→∞
Hn(r) = 0.

If A = R(C0, C1) and a, b ∈ C0, c, ∞ ∈ C1, then Mn(ΓA) ≥ Hn(
|c−a|
|b−a| ) (see [3]).

Given 0 < r ≤ 1, q > n − 1 and 0 < t ≤ 1, we let ψn,q(r, t) be the set of all rings
A = R(C0, C1) such that q(C0) ≥ r, q(C1) ≥ r, C1 is unbounded, q(C0, C1) ≤ t and
we set λn,q(r, t) = inf Mq(ΓA) over all rings A ∈ Ψn,q(r, t). Then, the function λn,q :
(0, 1]× (0, 1] → R is increasing in r and decreasing in t and lim

t→0
λn,q(r, t) = ∞ for every

fixed r ∈ (0, 1] (see [3,56]).
Here, if A, B ⊂ Rn

, we set q(A) as the diameter of A corresponding to the chordal
distance in Rn

and we set q(A, B) as the distance between the sets A and B corresponding
to the chordal distance in Rn

.
Let E1, ..., Em, ... be a sequence of sets in Rn

. The kernel Kerj→∞Ej of this sequence is
the set of all points in Rn

, which have a neighborhood that is contained in all but a finite

number of sets Ej, i.e., Kerj→∞Ej =
∞⋃

k=1
Int

∞⋂
j=k

Ej.

Let X be a Riemannian n-manifold and x ∈ X. A set D ⊂ X is a normal neighborhood
of x if there exist r > 0 and a C1 diffeomorphism Φ : B(0, r) → B(x, r) such that Φ(0) = x,
Φ(S(0, t)) = S(x, t) for every 0 < t ≤ r and D = B(x, r). Here, B(0, r) is a ball from
Rn endowed with the Euclidean distance and B(x, r) is the ball in X endowed with the
geodesic distance. We see from [57] that if X is a Riemannian n-manifold and x ∈ X, then
X has a fundamental system of normal neighborhoods.
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Let γ : [a, b] → X be rectifiable. We set |γ| = Imγ and if ρ : X → [0, ∞] is a

Borel function, we set
´
γ

ρds =
l(γ)´
0

ρ(γ0(t))dt, where γ0 : [0, l(γ)] → X is such that

γ = γ0 ◦ sγ and sγ is the length function of γ. If γ : [a, b] → X is locally rectifiable, we set´
γ

ρds = sup
´
β

ρds, where the supremum is taken over closed rectifiable subpaths of γ.

If Γ1, Γ2 ∈ A(D), we say that Γ1 > Γ2 if every path γ1 ∈ Γ1 has a subpath γ2 ∈ Γ2.
If Γ1 > Γ2, p > 1 and ω : D → [0, ∞] is measurable and finite a.e., then Mp

ω(Γ1) ≤ Mp
ω(Γ2).

If x = (x1, ..., xn) ∈ Rn, we set |x| = (
n
∑

i=1
x2

i )
− 1

2 .

A metric measure space X is Ahlfors n-regular if there exists a constant C > 0 such
that rn

C ≤ µ(B(x, r)) ≤ Crn for every ball B(x, r) ⊂ X.
A domain D ⊂ X is finitely connected at a boundary point x ∈ ∂D if there exists

(Um)m∈N a fundamental system of neighborhoods of x such that Um ∩ D has a finite number
of components for every m ∈ N.

We denote by Y the Alexandrov compactification of Y.
We set Cx,a,b = B(x, b) \ B(x, a) if x ∈ X and 0 < a < b and Γx,a,b = ∆(B(x, a), ∁B(x, b),

Cx,a,b) for x ∈ X and 0 < a < b.

3. Preliminaries
As in Lemma 2.5 in [8], we prove the following:

Lemma 1. Let X, Y be Ahlfors n-spaces, p > 1, D ⊂ X, G ⊂ Y be open and let f : D → G be a
homeomorphism such that there exist m, M > 0 such that L(z, f ) ≤ M and l(z, f ) > m for every
z ∈ D. Then, there exists C > 0 such that

Mp(Γ) ≤ CMp( f (Γ)) f or every Γ ∈ A(D). (6)

Remark 1. If X, Y are Riemannian n-manifolds, D ⊂ X, G ⊂ Y are domains and f : D → G is a
C1 diffeomorphism, then there exist m, M > 0 such that L(z, f ) ≤ M and l(z, f ) ≥ m for every
z ∈ D. If X = Y = Rn, the condition (6) with p = n holds if f : D → G is quasiconformal.

As in Lemma 2.6 in [8], we prove the following:

Lemma 2. Let X be a Riemannian n-manifold, let x ∈ X and let D be a normal neighborhood
of x such that there exist rx > 0 and a C1 diffeomorphism Φ : B(0, rx) → D = B(x, rx) and
let 0 < a < b < rx and n − 1 < q ≤ n. Then, if E, F ⊂ D are such that S(x, t) ∩ E ̸= ϕ,
S(x, t) ∩ F ̸= ϕ for every a < t < b, it results that

Mn(∆(E, F, Cx,a,b)) ≥ C(n, Φ) ln(
b
a
) i f q = n,

Mq(∆(E, F, Cx,a,b)) ≥ C(n, q, Φ)(bn−q − an−q) i f n − 1 < q < n.

Lemma 3. Let n ≥ 2, let n − 1 < q ≤ n, let X, Y be Riemannian n-manifolds, let D ⊂ X a
domain and let f j : D → Dj be homeomorphisms such that f j → f and the family ( f j)j∈N is
equicontinuous. Suppose that there exists ωj : D → [0, ∞] µ measurable and finite µ a.e. such that
Mq( f j(Γ)) ≤ Mq

ωj(Γ) for every Γ ∈ A(D) and every j ∈ N and that for every x ∈ D there exist
Mx > 0 and Ux ∈ V(x) such that

´
Ux

ωj(z)dµ ≤ Mx for every j ∈ N. Then, either f is constant

on D or f : D → f (D) is a homeomorphism.
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Proof. Let us show first that every point x ∈ D has a neighborhood Ux such that either
f is constant on Ux or f is injective on Ux. Suppose that this thing is false. Then, there
exist Ux ∈ V(x) as before and a C1 diffeomorphism Φ : Rn → Ux and distinct points
a1, a2, a3 ∈ Φ(Bn) such that f (a1) ̸= f (a2) and f (a2) = f (a3). Since the family ( f j)j∈N is
equicontinuous, we can also suppose that there exists Vx ∈ V( f (x)) such that f j(Ux) ⊂ Vx

for every j ∈ N and that there exists a C1 diffeomorphism ψ : Bn → Vx. Let xk ∈ Bn be such
that Φ(xk) = ak for k = 1, 2, 3. Let J0 be an arc joining x1 with x2 in Bn and let J1 be an arc
joining x3 with some point x4 ∈ S(0, 1) and such that J0 ∩ J1 = ϕ. Let A = R(J0, J1 ∪ ∁Bn)

and let Fj = ψ−1 ◦ f j ◦ Φ for every j ∈ N. Then, Fj : Rn → Fj(Rn) is a homeomorphism,
and Fj(ΓA) is a ring Aj = (C0j, C1j), where C0j = Fj(J0) and C1j = Fj(J1) ∪ ∁Fj(Bn) for
every j ∈ N. Since f (a1) ̸= f (a2), there exists j0 ∈ N and 0 < ρ < q(∁Bn) such that
q(Fj(J0)) > ρ for every j ≥ j0 and we can take j0 = 1. Let d(Φ(J0), Φ(J1 ∪ ∁Bn)) = δ > 0.
Since Fj(Bn) ⊂ Bn for j ∈ N, we see that ∁Fj(Bn) ⊃ ∁Bn and then q(C1j) ≥ q(∁Bn) > ρ > 0
if j ∈ N.

Let rj = min{q(C0j), q(C1j)} and tj = q(C0j, C1j) for every j ∈ N. Then, rj ≥ ρ for
every j ∈ N and

λn,q(ρ, tj) ≤ λn,q(rj, tj) ≤ Mq(Fj(ΓA)) = Mq(ψ
−1 ◦ f j ◦ Φ(ΓA)) ≤

≤ CMq( f j(Φ(ΓA))) ≤ CMq
ωj(Φ(ΓA)) ≤

C
δq

ˆ

Ux

ωj(z)dµ ≤ CMx

δq

for every j ∈ N. Since λn,q(ρ, tj) → ∞ if j → ∞, we reached a contradiction. We therefore
proved that for every point x ∈ D there exists Ux ∈ V(x) such that either f is constant on
Ux or f is injective on Ux.

Let E1 = {x ∈ D| there exists Ux ∈ V(x) such that f is constant on Ux} and E2 = {x ∈
D| there exists Ux ∈ V(x) such that f is injective on Ux}. Then, D = E1 ∪ E2, E1 and E2 are
open and we proved that E1 ∩ E2 = ϕ.

Suppose that f is not injective on D and let x1, x2 ∈ D, x1 ̸= x2 be such that f (x1) =

f (x2) and let δ = d(x1, x2) > 0. Let U1 = B(x1, δ
4 ), U2 = B(x2, δ

4 ). Then, U1 ∩ U2 = ϕ,
and since f j is a homeomorphism, we see that f j(U1) and f j(U2) are compact disjoint sets.
Let 0 < ϵ < δ

4 and let dj : [0, 1] → Y be a geodesic joining f j(x1) with f j(x2) for every
j ∈ N. Then, f j(x2) ̸∈ f j(U1) and dj(0) = f j(x1), dj(1) = f j(x2). Let tj ∈ (0, 1) be such
that dj(tj) ∈ ∂ f j(B(x1, ϵ)) = f j(S(x1, ϵ)) for every j ∈ N and let xj ∈ S(x1, ϵ) be such
that dj(tj) = f j(xj) for every j ∈ N and can suppose that xj → xϵ ∈ S(x1, ϵ) and then
f j(xj) → f (xϵ). On the other side, d( f j(xj), f j(x2)) = d(dj(tj), dj(1)) < d(dj(0), dj(1)) =
d( f j(x1), f j(x2)) → 0 and hence f (xϵ) = f (x2) = f (x1). We found in every sphere S(x1, ϵ)

points xϵ such that f (x1) = f (xϵ) and hence x1 ̸∈ E2. It results that x1 ∈ E1 and hence
D = E1.

We proved that either f is injective on D or f is constant on D.

Lemma 4. Let q > 1, D ⊂ Rn be open and fm ∈ W1,q
loc (D,Rn) such that fm → f uni-

formly on the compact subsets of D. Then, fm → f weakly in W1,q
loc (D,Rn) and

´
D
| f ′(x)|qdx ≤

lim inf
m→∞

´
D
| f ′m(x)|qdx.

Proof. Since fm → f uniformly on the compact subsets of D, it results that also f ∈
W1,q

loc (D,Rn) and
´
F
| f ′m(x)− f ′(x)|qdx → 0 if m → ∞ for every fixed compact set F ⊂ D.

We can now suppose that I = lim inf
m→∞

´
D
| f ′m(x)|qdx < ∞ and also that

´
D
| f ′(x)|qdx > 0. Let

F ⊂⊂ D be such that
´
F
| f ′(x)|qdx > 0 and let ϵ > 0. Let δϵ > 0 be such that

´
A
| f ′(x)|qdx <
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ϵ
3 if A ⊂ F and µn(A) < δϵ and let mϵ ∈ N be such that

´
D
| f ′m(x)|qdx ≤ I + ϵ

3 and

´
F
| f ′m(x)− f ′(x)|qdx ≤

 ϵ

3q(
´
F
| f ′(x)|qdx)

q−1
q


q

if m ≥ mϵ. Using Riesz’s theorem and taking

a subsequence if necessary, we can suppose that | f ′m(x)| → | f ′(x)| a.e. Using Egorov’s
theorem, we find Fϵ ⊂ F measurable such that µn(F \ Fϵ) < δϵ and | f ′m(x)| → | f ′(x)|
uniformly on Fϵ.

Let nϵ ≥ mϵ be such that | f ′(x)| − | f ′m(x)| < ϵ for every x ∈ Fϵ and every m ≥ nϵ. Let
Aϵ(x) =< q| f ′(x)|q−2 f ′(x), f ′m(x)− f ′(x) > if x ∈ Fϵ and m ≥ nϵ. We have

| f ′m(x)|q − | f ′(x)|q ≥ q min{| f ′m(x)|, | f ′(x)|}q−1(| f ′m(x)| − | f ′(x)|) ≥

≥ q| f ′(x)|q−1 1
| f ′(x)| < f ′(x), f ′m(x)− f ′(x) >= Aϵ(x)

if x ∈ Fϵ and m ≥ nϵ. Using Hőlder’s inequality, we have

ˆ

Fϵ

|Aϵ(x)|dx ≤ q

ˆ

Fϵ

| f ′(x)|qdx


q−1

q
ˆ

Fϵ

| f ′m(x)− f ′(x)|qdx


1
q

≤

≤ q

ˆ

F

| f ′(x)|qdx


q−1

q
ˆ

F

| f ′m(x)− f ′(x)|qdx

 1
q

≤ ϵ

3

if m ≥ nϵ. Then,
´
F
| f ′(x)|qdx =

´
Fϵ

| f ′(x)|qdx +
´

F\Fϵ

| f ′(x)qdx ≤
´
Fϵ

| f ′m(x)|qdx +

´
Fϵ

|Aϵ(x)|dx +
´

F\Fϵ

| f ′(x)|qdx ≤ I + ϵ
3 + ϵ

3 + ϵ
3 = I + ϵ if m ≥ nϵ.

Letting ϵ → 0 and F ↗ D, the theorem is proved.

Let X be a metric space, A ⊂ X and k, r > 0. We set Hk
r (A) = inf

∞
∑

i=1
d(Bi)

k, where the

infimum is taken over all balls Bi such that A ⊂
∞⋃

i=1
Bi and d(Bi) < r for every i ∈ N.

We set Hk(A) = lim
r→0

Hk
r (A).

Lemma 5. Let X, Y be Ahlfors n-regular, let U ⊂ X, let V ⊂ Y be open and let Φ : U → V be a
homeomorphism such that there exist m, M > 0 such that l(z, Φ) > m and L(z, Φ) < M for every
z ∈ U. Then, if A ⊂ U is such that Hk(A) = 0, it results that Hk(Φ(A)) = 0 and the mapping
Φ|U : U → V satisfies condition (N) and condition (N−1).

Proof. Let A ⊂ U be such that Hk(A) = 0 and let r > 0, ϵ > 0. We can find a covering

A ⊂
∞⋃

i=1
B(xi, ri) such that d(Φ(x), Φ(xi)) ≤ Md(x, xi) for every x ∈ A ∩ B(xi, ri), ri < r

for every i ∈ N and
∞
∑

i=1
(2ri)

k < ϵ. Then, Φ(A) ⊂
∞⋃

i=1
Φ(B(xi, ri) ∩ A) ⊂

∞⋃
i=1

B(Φ(xi), Mri)

and
∞
∑

i=1
(2Mri)

k ≤ Mk
∞
∑

i=1
(2ri)

k ≤ Mkϵ. It results that Hk
Mr(Φ(A)) ≤ Mkϵ and letting ϵ → 0

and then r → 0 we find that Hk(Φ(A)) = 0.
Let now A ⊂ U be such that µ(A) = 0 and let ϵ > 0. Since µ is Borel regular, we find

Q ⊂ U open such that A ⊂ Q ⊂ U and µ(Q) < ϵ. We see that Φ(B(x, r)) ⊂ B(Φ(x), Mr)
and B(x, r) ⊂ Φ−1(B(Φ(x), Mr)) for every x ∈ A and r > 0 small enough. Let C1, C2 > 0
be such that rn

C1
≤ µ(B(x, r)) ≤ C1rn for every ball B(x, r) ⊂ X and rn

C2
≤ ν(B(y, r)) ≤ C2rn
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for every ball B(y, r) ⊂ Y. We cover the set A with balls B(x, rx) such that B(x, rx) ⊂ Q,
B(Φ(x), 5Mrx) ⊂ Φ(Q) and then Φ(A) ⊂ Φ(

⋃
x∈A

B(x, rx)) ⊂
⋃

x∈A
B(Φ(x), Mrx).

Using the covering lemma from page 30 in [35], we find disjoint balls B(Φ(xi), Mri),

i ∈ N such that
⋃

x∈A
B(Φ(x), Mrx) ⊂

∞⋃
i=1

B(ϕ(xi), 5Mri). Then, Φ(A) ⊂
∞⋃

i=1
B(Φ(xi), 5Mri)

and hence ν(Φ(A)) ≤ ν(
∞⋃

i=1
B(Φ(xi), 5Mri)) ≤

∞
∑

i=1
ν(B(Φ(xi), 5Mri)) ≤ C2(5M)n

∞
∑

i=1
rn

i .

We see that also the sets Φ−1(B(Φ(xi), Mri)), i ∈ N are disjoint, and since B(xi, ri) ⊂
Φ−1(B(Φ(xi), Mri)) for every i ∈ N, it results that the balls B(xi, ri), i ∈ N are disjoint

subsets of Q and µ(
∞⋃

i=1
B(xi, ri)) ≤ µ(Q) ≤ ϵ. We find that

1
C1

∞

∑
i=1

rn
i ≤

∞

∑
i=1

µ(B(xi, ri)) = µ(
∞⋃

i=1

B(xi, ri)) ≤ µ(Q) ≤ ϵ.

We have ν(Φ(A)) ≤ C2(5M)n
∞
∑

i=1
rn

i ≤ C1C2(5M)nϵ.

Letting ϵ → 0, we see that ν(Φ(A)) = 0 and we proved that Φ|U : U → V satisfies
condition (N). In the same way, we prove that Φ|U : U → V satisfies condition (N−1).

Lemma 6. Let p > 1, let X be a metric measure space, let x ∈ X and let ω : X → [0, ∞]

be µ measurable and finite µ a.e. such that ωx < ∞. Then, there exists rx > 0 such that

Mp
ω(Γx,a,b) ≤

Cepωx
∞
∑

k=1

1
kp

(ln ln( be
a ))

n for every 0 < a < b < be < rx.

Proof. We follow the ideas from Lemma 2.2 in [16].

A measure µ in a metric space X is called doubling if the balls have a finite and positive
measure and there exists a constant C such that µ(2B) ≤ Cµ(B) for all balls B ⊂ X.

Lemma 7. Let (X, µ) be a metric measure space and let µ be doubling. Let D ⊂⊂ X and let
f : D → D f ⊂ Y be a homeomorphism satisfying condition (N) and let g : Y → [0, ∞] be a Borel
function. Then,

´
A

g( f (x))J f (x)dµ =
´

f (A)

g(y)dν for every Borel set A ⊂ D.

Proof. Let ν f (A) = ν( f (A)) for every Borel set A ⊂ D. Then, ν f is a finite Borel measure,
and since f satisfies condition (N), we see that ν f ≤ µ. Using Radon–Nikodym’s theorem,
we find h ∈ L1( f (D)) such that ν f (A) =

´
A

h(x)dµ for every Borel set A ⊂ D. Using

Lebesgue’s differentiation theorem (see Theorem 1.8 in [32]), we see that in every Lebesgue
point x of h we have

J f (x) = lim sup
r→0

ν( f (B(x, r)))
µ(B(x, r))

= lim sup
r→0

ν f (B(x, r))
µ(B(x, r))

= lim sup
r→0

 

B(x,r)

h(z)dµ = h(x).

Then, ν( f (A)) = ν f (A) =
´
A

h(x)dµ =
´
A

J f (x)dµ for every Borel set A ⊂ D. Using

now standard arguments, we see that
´
A

g( f (x))J f (x)dµ =
´

f (A)

g(y)dν for every Borel set

A ⊂ D.
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4. The Main Results
Proof of Theorem 1. Let Dk ⊂⊂ D \ B f be such that Dk ⊂ Dk+1 for every k ∈ N and D \

B f =
∞⋃

k=1
Dk. Let k ∈ N be fixed. Since µ(B f ) = 0, f is open on Dk \ B f and every ball B(x, r)

in Y with r > 0 has a positive measure and ν( f (B f )) = 0, we see that f (Dk) \ f (B f ) ̸= ϕ.
Let y ∈ f (Dk) \ f (B f ). Since f is a local homeomorphism on Dk and Dk is compact, we
see that f−1(y) ∩ Dk is finite and we can find V ∈ V(y) and open sets Ui ⊂⊂ D \ B f such

that f−1(V) ∩ Dk ⊂
m⋃

i=1
Ui ⊂ Dk+1 and f |Ui : Ui → V is a homeomorphism for every

i = 1, ..., m. Since ν is doubling, we can use Vitali’s covering theorem (see Theorem 1.6 in

[32]) and we find Hk ⊂ Y with ν(Hk) = 0, disjoint balls Vi such that f (Dk) \ Hk =
∞⋃

i=1
Vi and

disjoint sets Uij such that f |Uij : Uij → Vi is a homeomorphism, Dk \ f−1(Hk) ⊂
∞⋃

i=1

j(i)⋃
j=1

Uij,

and if we denote by gij : Vi → Uij, gij = ( f |Uij)
−1 for i ∈ N, j = 1, ..., j(i), we can also

suppose that Jgij(y) < ∞ for every y ∈ Vi \ Hk and for i ∈ N and j = 1, ..., j(i). Since f
satisfies condition (N−1), we see that µ( f−1(Hk)) = 0.

Let ωk : Y → [0, ∞], ωk(y) =
∞
∑

i=1
χVi (y)

j(i)
∑

j=1
Jgij(y)L(gij(y), f )q if y ∈ f (Dk) \ Hk,

ωk(y) = 0 otherwise. Using Lemma 7, we have
´

f (Dk)

ωk(y)dν =
∞
∑

i=1

´
Vi

ωk(y)dν =

∞
∑

i=1

´
Vi

j(i)
∑

j=1
Jgij(y)L(gij(y), f )qdν =

∞
∑

i=1

j(i)
∑

j=1

´
Uij

L(z, f )qdµ ≤
´

Dk

L(z, f )qdµ and we find that

ˆ

f (Dk)

ωk(y)dν ≤
ˆ

Dk

L(z, f )qdµ (7)

If Γ ∈ A(D) is such that F(Γ) = ϕ, then Mq(Γ) = 0 and the theorem is proved. We can
suppose that F(Γ) ̸= ϕ.

Let Γ ∈ A(D) and ∆ = {γ ∈ Γ|γ is locally rectifiable and f ◦ γ0 is absolutely contin-
uous}. Using Fuglede’s theorem from [15], we see that Mq(Γ) = Mq(∆). Let η ∈ F( f (Γ))
and ρ : X → [0, ∞] be defined by ρ(z) = η( f (z))L(z, f ) if z ∈ D, ρ(z) = 0 otherwise. We
see from [15] that ρ ∈ F(∆), and using Lemma 7, we have:

ˆ

Dk

ρ(z)qdµ =

ˆ

Dk

η( f (z))qL(z, f )qdµ ≤
∞

∑
i=1

j(i)

∑
j=1

ˆ

Uij

η( f (z))qL(z, f )qdµ =

=
∞

∑
i=1

j(i)

∑
j=1

ˆ

Vi

η( f (gij(y)))qL(gij(y), f )q Jgij(y)dν =

=
∞

∑
i=1

ˆ

Vi

η(y)qχVi (y)
j(i)

∑
j=1

L(gij(y), f )q Jgij(y)dν =

=

ˆ

Y

η(y)qωk(y)dν.

We proved that
ˆ

Dk

ρ(z)qdµ ≤
ˆ

Y

η(y)qωk(y)dν (8)
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Let ω : Y → [0, ∞], ω(y) = ∑
x∈ f−1(y)

Jgx (y)L(gx(y), f )q if y ∈ f (D) \ f (B f ), ω(y) = 0

otherwise. Here, if x ∈ f−1(y), we set by gx a local inverse of f such that gx(y) = x and we
see that ωk = ω|Dk ν a.e. and ωk ↗ ω ν a.e. Using the fact that µ(B f ) = 0, ν( f (B f )) = 0
and letting k → ∞ in (7) and (8), we obtain that

ˆ

f (D)

ω(y)dν ≤
ˆ

D

L(z, f )qdµ < ∞ and Mq(Γ) = Mq(∆) ≤
ˆ

D

ρ(z)qdµ ≤
ˆ

Y

η(y)qω(y)dν.

Since η ∈ F( f (Γ)) was arbitrarily chosen, we find that Mq(Γ) ≤ Mq
ω( f (Γ)) for every

Γ ∈ A(D) and that ω ∈ L1(Y).

Remark 2. Let us take in Theorem 1 the measure νω given by νω(A) =
´
A

ω(x)dµ for every Borel

set A ⊂ Y. Since ω ∈ L1(Y), we see that νω ≤ µ, and if η : Y → [0, ∞] is a Borel function and
A ⊂ Y is a Borel set, then

ˆ

A

ω(x)η(x)qdµ =

ˆ

A

η(x)qdνω.

Since Mq(Γ) ≤ Mq
ω( f (Γ)) for every Γ ∈ A(D), it results that

Mq(Γ) ≤ Mq( f (Γ)) f or every Γ ∈ A(D). (9)

Here, we take the measure µ on X and the measure νω on Y.

Remark 3. The idea in the proof of Theorem 1 comes from the old methods in the book of Väisälä [3].
Here, if D, G are domains in Rn and f : D → G is a homeomorphism satisfying condition

(N), the Jacobian is defined by

J f (x) = lim
r→0

µn( f (B(x, r)))
µn(B(x, r))

which exists a.e. and J f is measurable and

µn( f (A)) =

ˆ

A

J f (x)dx

for every Borel set A ⊂ D (see page 85 in [3]). Using standard arguments, we see that
ˆ

A

g( f (x))J f (x)dx =

ˆ

f (A)

g(y)dy

for every positive Borel function g and every Borel set A ⊂ D.

Suppose now that D, G are domains in Rn, let q > 1 and let f : D → G be a homeo-
morphism such that its inverse g : G → D satisfies condition (N) and

´
D

L(x, f )qdx < ∞.

Let ω : Rn → [0, ∞], ω(y) = Jg(y)L(g(y), f )q if y ∈ G, ω(y) = 0 otherwise.
We see that

´
Rn

ω(y)dy =
´
G

Jg(y)L(g(y), f )qdy =
´
D

L(x, f )qdx < ∞ and hence

ω ∈ L1(Rn).
Let Γ ∈ A(D), ∆ = {γ ∈ Γ| f ◦ γ0 is absolutely continuous} and let η ∈ F( f (Γ)). Let

ρ : Rn → [0, ∞], ρ(x) = η( f (x))L(x, f ) if x ∈ D, ρ(x) = 0 otherwise and let γ ∈ ∆. Then,
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using Theorem 5.3 in [3], we have 1 ≤
´

f ◦γ

ηds ≤
´
γ

η( f (x))L(x, f )ds =
´
γ

ρds and hence

ρ ∈ F(∆).
We have

Mq(Γ) = Mq(∆) ≤
ˆ

D

ρ(x)qdx =

ˆ

D

η( f (x))qL(x, f )qdx =

=

ˆ

G

η( f (g(y)))qL(g(y), f )q Jg(y)dy =

ˆ

G

η(y)qω(y)dy.

Since η ∈ F( f (Γ)) was arbitrarily chosen, we see that

Mq(Γ) ≤ Mq
ω( f (Γ))

for every Γ ∈ A(D).
Now, we see from Example 1 and Theorem 1 that we can take the homeomorphism

f : D → G such that f ̸∈ W1,1
loc (D, G).

Also, the modular inequality (9) implies that

Mq(Γ) ≤ Mq( f (Γ)) f or every Γ ∈ A(D) (10)

and we take the measure µn on D and the measure (µn)ω on G.

Theorem 2. Let 1 ≤ n − 1 < q ≤ n, let X, Y be Riemannian n-manifolds, let f : D → Y be
continuous, open and discrete, satisfying condition (N−1) and such that µ(B f ) = 0, ν( f (B f )) = 0
and

´
D

L(z, f )qdµ < ∞. Then, there exists rx > 0 such that

d( f (y), f (x))n ≤ C1

ln( d(x,z)
d(x,y) )

ˆ

B(x,d(x,z))

L(w, f )ndµ and 0 < d(x, y) < d(x, z) < rx. (11)

d( f (y), f (x))q ≤ C2

d(x, y)n−q

ˆ

B(x,2d(x,y))

L(w, f )qdµ i f n − 1 < q < n and 2d(x, y) < rx. (12)

If X = Rn, we can take rx = d(x, ∂D). The constant C1 depends only on n and x, and the constant
C2 depends on n, q and x. If f is quasimonotone of constant L instead of being open and discrete,
then C1 depends on L, n and x and the constant C2 depends on L, q, n and x.

Proof of Theorem 2. We see from Theorem 1 that there exists ω ∈ L1(Y) such that Mq(Γ) ≤
Mq

ω( f (Γ)) for every Γ ∈ A(D) and that
´

f (B)
ω(y)dν ≤

´
B

L(z, f )qdµ for every ball B ⊂ D.

Let Φ : B(0, rx) → B(x, rx) be a C1 diffeomorphism such that B(x, rx) ⊂ D, Φ(S(0, t)) =
S(x, t) for every 0 < t < rx and let y, z ∈ X be such that 0 < d(x, y) < d(x, z) < rx. Suppose
that f is quasimonotone. We can find for every d(x, y) < t < d(x, z) some points αt, βt ∈
S(x, t) such that d f (B(x, y)) ≤ Ld( f (αt), f (βt)). Let E = {αt}, F = {βt} for d(x, y) <

t < d(x, z) and let Γ = ∆(E, F, Cx,d(x,y),d(x,z)). Then, η = L
d( f (x), f (y))χ f (B(x,d(x,z))) ∈ F( f (Γ)).

Here, L is the coefficient of quasimonotonicity of f .
If q = n, we see from Lemma 2 that

C(x, n) ln(
d(x, z)
d(x, y)

) ≤ Mn(Γ) ≤ Mn
ω( f (Γ)) ≤ Ln

d( f (x), f (y))n

ˆ

f (B(x,d(x,z)))

ω(w)dν ≤



Axioms 2025, 14, 28 14 of 23

≤ Ln

d( f (x), f (y))n

ˆ

B(x,d(x,z))

L(w, f )ndµ.

If n − 1 < q < n and 2d(x, y) = d(x, z), we see from Lemma 2 that C(x, n, q)(2n−q −
1)d(x, y)n−q = C(x, n, q)(d(x, z)n−q − d(x, y)n−q) ≤ Mq(Γ) ≤ Mq

ω( f (Γ)) ≤
´
Y

ω(w)η(w)qdν ≤
Lq

d( f (x), f (y))q

´
f (B(x,d(x,z)))

ω(w)dν ≤ Lq

d( f (x), f (y))q

´
B(x,d(x,z))

L(w, f )qdµ.

Suppose now that f is open and discrete. In this case, we take the normal coordinates
Φ : B(0, rx) → B(x, rx) such that f (Φ(x, rx)) ⊂ Vx, where Vx ∈ V( f (x)) and there exists
a C1 diffeomorphism ψ : Bn → Vx such that ψ(0) = f (x). We can suppose that there
exists Lx > 0 such that d(a,b)

Lx
≤ d(ψ−1(a), ψ−1(b)) ≤ Lxd(a, b) for every a, b ∈ Vx. Let

F = ψ−1 ◦ f : B(x, rx) → Rn. Then, F is well defined, is continuous, open, discrete and
hence monotone and L(w, F) ≤ LxL(w, f ) for every w ∈ B(x, rx).

If q = n, using the preceding result, we have

d( f (y), f (x))n

Ln
x

≤ d(F(y), F(x))n ≤ C(n, x)

ln( d(x,z)
d(x,y) )

ˆ

B(x,d(x,z))

L(w, F)ndw ≤

≤ C(n, x)Ln
x

ln( d(x,z)
d(x,y) )

ˆ

B(x,d(x,z))

L(w, f )ndµ.

Also, if n − 1 < q < n, we have

d( f (y), f (x))q

Lq
x

≤ d(F(y), F(x))q ≤ C(n, q, x)
d(x, y)n−q

ˆ

B(x,2d(x,y))

L(w, F)qdw ≤

≤ C(n, q, x)Lq
x

d(x, y)n−q

ˆ

B(x,2d(x,y))

L(w, f )qdµ.

Also, the family W from Remark 5 is obviously equicontinuous on D.

Remark 4. Relation (11) is proved in Theorem 7.5.2 in [6] for mappings f ∈ W1,n
loc (D,Rn) of

finite dilatation. However, as Example 1 shows, relation (11) may be valid even for mappings
f ̸∈ W1,1

loc (D,Rn).

Remark 5. If W = { f : D → Y| f is continuous, has the coefficient of quasimonotonicity L and
satisfies condition (N−1), µ(B f ) = 0, ν( f (B f )) = 0 and there exists a constant M < ∞ such that´
D

L(x, f )ndµ ≤ M}, then the family W is equicontinuous on D.

Theorem 3. Let Y be complete, let D ⊂ X be a domain, let x ∈ D be such that there exists a
homeomorphism Φ : Bn → D such that Φ(0) = x and there exist m, M > 0 such that l(z, Φ) > m,
L(z, Φ) < M for every z ∈ Bn. Let us denote by γy : [0, 1] → Y the radial path joining x and
y in D given by γy(t) = Φ(tΦ−1(y)) for every t ∈ [0, 1] and every y ∈ ∂D = Φ(S(0, 1)). Let
f : D → Y be continuous such that µ(B f ) = 0, ν( f (B f )) = 0, f satisfies condition (N−1) and
there exists q > 1 such that

´
D

L(z, f )qdµ < ∞. Then, there exists lim
t→1

f (γy(t)) ∈ Y for Hn−1

a.e. y ∈ ∂D, and if Ew = {y ∈ ∂D| lim
t→1

f (γy(t)) = w}, it results that Hn−1(Ew) = 0 for every

w ∈ Y.
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Proof of Theorem 3. We use the ideas from Theorem 1 in [17] and we apply Theorem 1
instead of Lemma 1 in [17].

Theorem 4. Let D ⊂ Rn be a domain, let x ∈ D be such that there exists Φ : Bn → D a
C1 diffeomorphism such that Φ(0) = x and let us denote by γy : [0, 1] → Rn the radial path
joining x and y in D given by γy(t) = Φ(tΦ−1(y)) for every t ∈ [0, 1] and every y ∈ ∂D =

Φ(S(0, 1)). Let f : D → Rn be a mapping of finite distortion satisfying relation (4) and such
that

´
D
| f ′(z)|ndz < ∞. Then, there exists lim

t→1
f (γy(t)) ∈ Rn for Hn−1 a.e. y ∈ ∂D, and if

Ew = {y ∈ ∂D| lim
t→1

f (γy(t)) = w}, it results that Hn−1(Ew) = 0 for every w ∈ Rn.

Proof of Theorem 4. The mapping f satisfies the conditions from Theorem 1 and we apply
Theorem 3.

Theorem 5. Let n ≥ 2, r > 0, D1 ⊂ B(0, r) ⊂ Rn be a domain such that D1 ∩ S(0, t) is a cap of
a sphere in Rn for every 0 < t ≤ r and let D2 be a domain such that D2 \ {0} ⊂ D1, 0 ∈ D2 ∩ D1

and there exists 0 < a < 1 such that B(y, a|y|) ⊂ D1 for every y ∈ D2.
Let D ⊂ X and x ∈ ∂D and suppose that there exists a homeomorphism Φ : B(0, r) →

Ur, with Ur ∈ V(x) such that Φ(0) = x and there exist m, M > 0 such that l(z, Φ) > m,
L(z, Φ) < M for every z ∈ B(0, r) and let G1 = Φ(D1) be such that G1 \ {x} ⊂ D ∩ Ur and let
G2 = Φ(D2).

Let f : D → Y be quasimonotone and continuous, satisfying condition (N−1), such that
µ(B f ) = 0, ν( f (B f )) = 0 and

´
D∩Ur

L(z, f )ndµ < ∞ and suppose that there exists a path

γ : [0, 1) → G1 such that lim
t→1

γ(t) = x and lim
t→1

f (γ(t)) = c ∈ Y. Then, lim
y→x
y∈G2

f (y) = c.

Proof of Theorem 5. Let δ > 0 be such that Φ(D1 ∩ B(0, δ)) ⊂ G1 ∩ Ur ⊂ D ∩ Ur. Let
0 < α < β < δ and let us take points αt, βt ∈ D1 ∩ S(0, t) for every α < t < β and let
Γt = ∆(αt, βt, D1 ∩ S(0, t)) for t ∈ (α, β) and let Γ =

⋃
t∈(α,β)

Γt. Let ρ ∈ F(Γ) and we can

suppose that ρ = 0 on C0,α,β \ D1. We see from Theorem 10.12 in [3] that there exists a

constant C(n) depending only on n such that Mn
S(0,t)(Γt) ≥ C(n)

t for every α < t < β. Here,
Mn

S(0,t)(Γt) = inf
η∈F(Γt)

´
S(0,t)

ηn(z)dS(0,t) for every α < t < β. Also, ρ|S(0, t) ∈ F(Γt) for every

t ∈ (α, β). We have

C(n) ln(
β

α
) = C(n)

βˆ

α

dt
t
≤

βˆ

α

(Mn
S(0,t)(Γt))dt ≤

βˆ

α

(

ˆ

S(0,t)

ρn(z)dS(0,t))dt =
ˆ

D1∩C0,α,β

ρn(z)dz

and hence

C(n) ln(
β

α
) ≤ Mn(Γ) (13)

Let γ1 = Φ−1 ◦ γ : [0, 1) → D1. Then, γ1 is a path, γ1(0) ∈ D1 and lim
t→1

γ1(t) = 0.

Let F = f ◦ Φ : D1 ∩ B(0, δ) → Y. Using Lemma 5, we see that F is quasimonotone,
continuous and lim

t→1
F(γ1(t)) = c, µn(BF) = 0, ν(F(BF)) = 0, F satisfies condition (N−1)

and
´

D1∩B(0,δ)
L(z, F)ndz < ∞. We see from Theorem 1 that there exists ω ∈ L1(Y) such

that Mn(Γ) ≤ Mn
ω(F(Γ)) for every Γ ∈ A(D1 ∩ B(0, δ)) and

´
F(A)

ω(y)dν ≤
´
A

L(z, F)ndz
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for every open set A ⊂ D1 ∩ B(0, δ). We show that lim
y→0
y∈D2

F(y) = c. Indeed, otherwise

we find ϵ > 0 and points yk → 0, yk ∈ D2 ∩ B(0, δ
2 ) such that d(F(yk), c) ≥ 3ϵ for every

k ∈ N, Imγ1 ∩ S(0, t) ∩ D1 ̸= ϕ and we can suppose that d(F(γ1(t)), c) ≤ ϵ for every
0 < t < δ. We also suppose that B(yk, 2a|yk|) ⊂ D1 ∩ B(0, δ) for every k ∈ N. Let
k ∈ N. Since F is quasimonotone, we can find L > 0 and αt, βt ∈ D1 ∩ S(yk, t) such that
d(F(y), F(yk)) ≤ Ld(F(αt), F(βt)) for every a|yk| < t < 2a|yk| and every y ∈ B(yk, a|yk|).
Let ηk =

L
d(F(y),F(yk))

χF(B(yk ,2a|yk |)) and let us take Γ =
⋃

a|yk |<t<2a|yk |
∆(αt, βt, S(yk, t) ∩ D1).

Then, ηk ∈ F(F(Γ)), and as before, we have

C(n) ln 2 = C(n) ln(
2a|yk|
a|yk|

) ≤ Mn(Γ) ≤ Mn
ω(F(Γ)) ≤

ˆ

Y

ηk(z)nω(z)dν ≤

≤ Ln

d(F(y), F(yk))n

ˆ

F(B(yk ,2a|yk |))

ω(z)dν ≤ Ln

d(F(y), F(yk))n

ˆ

B(yk ,2a|yk |)

L(z, F)ndz.

We showed that d(F(y), F(yk))
n ≤ Ln

C(n) ln 2

´
B(yk ,2a|yk |)

L(z, F)ndz → 0 if k → ∞.

We showed that there exists kϵ ∈ N such that

d(F(y), F(yk)) ≤ ϵ f or every y ∈ B(yk, 2a|yk|) and every k ≥ kϵ (14)

and we can take kϵ = 1. Then, it results that

d(F(y), c) ≥ 2ϵ f or every y ∈ B(yk, 2a|yk|) and every k ≥ kϵ. (15)

Let k ∈ N. We see that S(0, t) ∩ B(yk, a|yk|) ̸= ϕ for every t ∈ ((1 − a)|yk|, (1 + a)|yk|),
and since Imγ1 ∩ D1 ∩ S(0, t) ̸= ϕ for every t ∈ (0, δ), we can find points αt ∈
Imγ1 ∩ D1 ∩ S(0, t), βt ∈ D1 ∩ S(0, t) ∩ B(yk, a|yk|) for every t ∈ ((1 − a)|yk|, (1 + a)|yk|).
Let α = (1 − a)|yk| and β = (1 + a)|yk| and let us take in relation (13) the path family
Γ =

⋃
t∈(α,β)

∆(αt, βt, D1 ∩ S(0, t)).

Since d(F(αt), F(βt)) ≥ ϵ for every α < t < β, we see that ρk = 1
ϵ χF(B(0,δ)∩D1)

∈
F(F(Γ)).

We have

C(n) ln(
1 + a
1 − a

) ≤ Mn(Γ) ≤ Mn
ω(F(Γ)) ≤

ˆ

Y

ρk(z)nω(z)dν ≤

≤ 1
ϵn

ˆ

F(B(0,δ)∩D1)

ω(z)dν ≤ 1
ϵn

ˆ

B(0,δ)∩D1

L(z, F)ndz → 0 i f δ → 0.

We reached a contradiction and we therefore proved that lim
y→0
y∈D2

F(y) = c and hence

lim
y→x
y∈G2

f (y) = c.

Our theorem is a Lindelőf-type theorem for mappings of finite conformal energy.
This theorem was inspired by the work of M. Vuorinen concerning nontangential limits of
quasiregular mappings and angular limits of the mappings having a bounded Dirichlet
integral and defined on open sets from Rn (see [4,43–45]). As in the corresponding theorem
from classical complex analysis or from the theory of quasiregular mappings (see [43]), D1

may be a cone centered at 0, direction d and angle φ ∈ (0, π
2 ) and D2 a cone centered at
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0, direction d and angle 0 < ψ < φ. In our case, D1 and D2 may be a kind of spirallike
domain and hence can be more general than cones in Rn. The preceding theorem may be a
theorem concerning angular limits over domains G2 with x ∈ ∂G2, which are images of a
spirallike domain D2 ⊂ Rn with 0 ∈ ∂D2 by a normal parametrization Φ of some manifold
X. Due to the generality of domains G1 and G2, our theorem is an extension of Lindelőf’s
theorem even in Rn. We immediately prove the following:

Theorem 6. Let n ≥ 2, r > 0, D1 ⊂ B(0, r) ⊂ Rn be a domain such that D1 ∩ S(0, t) is a cap of
a sphere for every 0 < t ≤ r and let D2 be a domain such that D2 \ {0} ⊂ D1, 0 ∈ D2 ∩ D1 and
there exists 0 < a < 1 such that B(y, a|y|) ⊂ D1 for every y ∈ D2. Let D ⊂ Rn be open such that
0 ∈ ∂D, D1 \ {0} ⊂ D and let f : D → Rn be a mapping of finite distortion satisfying relation (4)
such that

´
D∩B(0,r)

L(z, f )ndz < ∞ and suppose that there exists a path γ : [0, 1) → D1 such that

lim
t→1

γ(t) = 0 and lim
t→1

f (γ(t)) = c ∈ Rn. Then, lim
y→0
y∈D2

f (y) = c.

We remind that Miklyukov showed in [48] that if f : Bn → Rn is a bounded quasireg-
ular mapping and

´
Bn

| f ′(x)|ndx < ∞, then f has a.e. nontangential limits. Theorem 4 and

Theorem 6 generalized this result in the class of mappings of finite distortion satisfying
relation (4).

Corollary 1. Let n ≥ 2, let X be a Riemannian n-manifold, let G ⊂ X be open and x ∈ ∂G be
an isolated point of ∂G. Let f : G → Y be continuous and quasimonotone, satisfying condition
(N−1) such that µ(B f ) = 0, ν( f (B f )) = 0 and

´
G

L(z, f )ndµ < ∞. Suppose that there exists a

path γ : [0, 1) → G such that lim
t→1

γ(t) = x and lim
t→1

f (γ(t)) = c. Then, lim
y→x

f (y) = c.

Remark 6. Usually in Theorem 5, we take X a Riemannian n-manifold and the mapping Φ :
B(0, rx) → Ur a C1 diffeomorphism. Also, in Theorem 3, we can take X a Riemannian n-manifold
and Φ : Bn → D a C1 diffeomorphism. If D ⊂ Rn is a domain and Φ : Bn → D is a
homeomorphism such that there exist m, M > 0 such that l(z, Φ) > m, L(z, Φ) < M for every
z ∈ Bn and f : D → Rn is a mapping of biconformal energy, then there exists lim

t→1
f (Φ(tΦ−1(y)))

for Hn−1 a.e. y ∈ ∂D.

Theorem 7. Let n ≥ 2, let X, Y be Riemannian n-manifolds, let D ⊂ X be a domain, let
ω : D → [0, ∞] be µ measurable and finite a.e. and let f : D → D f be a homeomorphism such
that Mn( f (Γ)) ≤ Mn

ω(Γ) for every Γ ∈ A(D). Let x ∈ D be such that ωx < ∞. Then, there
exist constants C1, C2, C3, C4 and a function ηx : (0, ∞) → (0, ∞) such that lim

t→0
ηx(t) = 0, ηx is

increasing on each interval (0, 1) and (1, ∞),

ηx(t) =

{
(C1/H−1

n ( C2ωx
(ln ln( e

t ))
n )), i f 0 < t < 1

C4 exp(C3ωx(2 + t)n), i f t ≥ 1.

and there exists rx > 0 such that

d( f (z), f (x))
d( f (y), f (x))

≤ ηx(
d(x, z)
d(x, y)

) i f y, z ∈ B(x, rx), x ̸= y, x ̸= z. (16)

Proof of Theorem 7. Let rx > 0 and Φ : B(0, rx) → B(x, rx) be a C1 diffeomorphism such
that Φ(0) = x and Φ(S(0, t)) = S(x, t) for every 0 < t < rx and let Vx ∈ V( f (x)) be
such that there exists ψ : B(0, 1) → Vx a C1 diffeomorphism such that ψ(0) = f (x) and
f (B(x, rx)) ⊂ Vx. Let y, z ∈ B(x, rx) be such that 0 < d(x, y) < d(x, z) < rx

e , and let a, b ∈
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B(0, rx) be such that Φ(a) = y and Φ(b) = z. Let F : B(0, 1) → B(0, 1), F = ψ−1 ◦ f ◦ Φ.
Then, F : B(0, 1) → F(B(0, 1)) is a homeomorphism between open sets from Rn, F(0) = 0
and let Γ = Γ0,|a|,|b|. Then, F(Γ) is a ring R(C0, C1) and F(0), F(a) ∈ C0, F(b), ∞ ∈ C1. Let L
be such that 1

L d(α, β) ≤ d(ψ−1(β), ψ−1(α)) ≤ Ld(α, β) for every α, β ∈ Vx. Using Lemma 1
and Lemma 7, we have the following:

Hn(L2 d( f (z), f (x))
d( f (y), f (x))

) = Hn(
L2d( f ◦ Φ(b), f ◦ Φ(0))
d( f ◦ Φ(a), f ◦ Φ(0))

) ≤ Hn(
d(F(b), F(0))
d(F(a), F(0))

) ≤

≤ Mn(F(Γ)) ≤ CMn( f ◦ Φ(Γ)) ≤ CMn
ω(Φ(Γ)) = CMn

ω(Γx,d(x,y),d(x,z)) ≤
Cωx

(ln ln( ed(x,z)
d(x,y) ))

n

if 0 < d(x, y) < d(x, z) < rx
e . We proved that

d( f (z), f (x))
d( f (y), f (x))

≥ 1
L2 H

−1
n (

Cωx

(ln ln( ed(x,z)
d(x,y) ))

n
)

if 0 < d(x, y) < d(x, z) < rx
e .

Suppose now that 1
L1

d(α, β) ≤ d(Φ(α), Φ(β)) ≤ L1d(α, β) if α, β ∈ B(0, rx). Let
y, z ∈ B(x, rx) be such that 0 < d(x, y) ≤ d(x, z) ≤ 2d(x, y) + d(x, z) < rx and let a, b ∈
B(0, rx) be such that Φ(a) = y, Φ(b) = z, and as before, let F = ψ−1 ◦ f ◦ Φ. Let w ∈
S(0, |a| + |b|) be such that L(0, F, |a| + |b|) = d(F(0), F(w)) and let B ∈ S(0, 2|a| + |b|)
be such that L(0, F, 2|a| + |b|) = d(F(0), F(B)). Let P be the plane determined by the
point 0, a, w and let C be the circle P ∩ S(a, |a|). Let E be the tangency point of C of a
ray emerging from 0 to w and let γ be the shortest arc in the circle C joining 0 with E
and let E1 = [E, w] ∪ |γ|. Let d be the line perpendicular on the plane P in the point a
and let M = d ∩ S(0, 2|a|+ |b|). Let E2 = [a, M] ∪ S(0, 2|a|+ |b|). Then, d(E1, E2) ≥ |a|
and d(F(0), F(a)) ≤ L(0, F, |a|) ≤ L(0, F, |a|+ |b|) = d(F(0), F(w)) ≤ L(0, F, 2|a|+ |b|) =
d(F(0), F(B)). Let ∆ = ∆(E1, E2, B(0, 2|a|+ |b|)). Then, 1

|a|χB(0,2|a|+|b|) ∈ F(∆). Let Γ′ =

∆(F(E1), F(E2), C0,d(F(0),F(a)),d(F(0),F(w))).
We see that Γ′ > F(∆), that f (E1) is a path joining F(0) with F(w) and that F(E2)

contains a subpath joining F(a) with F(B), and since d(F(0), F(w)) ≤ d(F(0), F(B)), we see
from (13) that Mn(Γ′) ≥ C(n) ln( d(F(0),F(w))

d(F(0),F(a)) ). We see that d(Φ(E1), Φ(E2)) ≥ d(E1,E2)
L1

≥
d(x,y)

L1
and hence ρ = L1

d(x,y)χ(B(x,2d(x,y)+d(x,z))) ∈ F(Φ(∆)). We have the following:

C(n) ln(
d( f (z), f (x))

L2d( f (y), f (x))
) = C(n) ln(

d( f (Φ(b))), d( f (Φ(0)))
L2d( f (Φ(a)), f (Φ(0)))

) ≤

C(n) ln(
d(F(b), F(0))
d(F(a), F(0))

) ≤ C(n) ln(
d(F(w), F(0))
d(F(a), F(0))

) ≤ Mn(Γ′) ≤

≤ Mn(F(∆)) = Mn(Ψ−1 ◦ f ◦ Φ(∆)) ≤ CMn( f ◦ Φ(∆)) ≤

CMn
ω(Φ(∆)) ≤ C

ˆ

X

ρn(z)ω(z)dµ ≤
Ln

1 C
d(x, y)n

ˆ

B(x,2d(x,y)+d(x,z))

ω(u)du ≤

≤ (i f rx is small enough) ≤
CLn

1 (2d(x, y) + d(x, z))n

d(x, y)n

 

B(x,2d(x,y)+d(x,z))

ω(u)du ≤

≤ CLn
1 ωx(2 +

d(x, z)
d(x, y)

)n i f 0 < d(x, y) ≤ d(x, z) < 2d(x, y) + d(x, z) < rx.
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We proved that

d( f (z), f (x))
d( f (y), f (x))

≤ L2 exp(
CLn

1 ωx

C(n)
(2 +

d(x, z)
d(x, y)

))n

if 0 < d(x, y) ≤ d(x, z) < 2d(x, y) + 2d(x, z) < rx.

Corollary 2. Let f : D → D f be a homeomorphism satisfying condition (N) and such that´
Y

L(y, g)ndν < ∞, where g : D f → D is the inverse of f . Then, relation (16) is satisfied for a.e.

x ∈ D and H(x, f ) < ∞ a.e.

Proof of Corollary 2. We see from Theorem 1 that there exists ω ∈ L1(X) such that
Mn(Γ′) ≤ Mn

ω(g(Γ)) for every Γ′ ∈ A(D f ) and this implies that Mn( f (Γ)) ≤ Mn
ω(Γ)

for every Γ ∈ A(D). Since ω ∈ L1(X), we see that ωx < ∞ µ a.e. in D and we apply
Theorem 7. Also, the proof of Corollary 3 follows immediately from Corollary 2.

Corollary 3. Let f : D → D f be a homeomorphism between two domains in Rn such that
f ∈ W1,n

loc (D, D f ) and f−1 ∈ W1,n
loc (D f , D). Then, relation (16) holds for a.e. x ∈ D.

Theorem 8. Let n ≥ 2, D ⊂ Rn a domain, a, b ∈ D, a ̸= b, n − 1 < q ≤ n and r > 0 be such
that Hq

D ̸= ϕ. Then, there exists an injective minimizer f ∈ Hq
D for the total energy Eq

t (D) such
that Eq

t,D( f ) = Eq
t (D). Also, if Hq

D,M ̸= ϕ, there exist injective minimizers f1, f2 ∈ Hq
D,M such

that Eq
M(D) = ED( f1) and Eq

t,M(D) = Eq
t,D( f2) and f1 and f2 may be different.

Proof of Theorem 8. Let I = Eq
t (D) < ∞ and let f j ∈ Hq

D be such that I < Eq
t,D( f j) < I + 1

j
for every j ∈ N. We see from Corollary 7.5.1 in [6] that the family ( f j)j∈N is equicontinuous
and, eventually taking a subsequence, we find f : D → Rn such that f j → f uniformly on
the compact subsets D. We see from Lemma 4 that f ∈ W1,n

loc (D,Rn) and that
´
D
| f ′(x)|ndx ≤

lim inf
j→∞

´
D
| f ′j (x)|ndx = I. Let gj : D f j

→ D be the inverse of f j : D → D f j
for every j ∈ N.

Then, gj is a.e. differentiable, satisfies condition (N−1) and
´

D f j

|g′j(y)|qdy =
´
D

KI,q(x, f j) ≤

Eq
t,D( f j) < ∞ for every j ∈ N. We see from Theorem 1 that there exists ωj ∈ L1(Rn) such

that Mq(Γ′) ≤ Mq
ωj(gj(Γ′)) for every Γ′ ∈ A(D f j

) and every j ∈ N and hence Mq( f j(Γ)) ≤
Mq

ωj(Γ) for every Γ ∈ A(D) and every j ∈ N. We see that

ˆ

D

ωj(z)dz =

ˆ

gj( f j(D))

ωj(z)dz ≤
ˆ

f j(D)

L(y, gj)
qdy =

ˆ

f j(D)

|g′j(y)|qdy =

ˆ

D

KI,q(x, f j)dx ≤ Eq
t,D( f j) < I + 1

for every j ∈ N.
We see from Lemma 3 that either f is constant on D or there exists a domain G ⊂

Rn such that f : D → G is a homeomorphism and f j → f uniformly on the compact
subsets of D. Since q( f j(a), f j(b)) ≥ r for every j ∈ N, we see that q( f (a), f (b)) ≥ r > 0
and hence there exists a domain G ⊂ Rn such that f : D → G is a homeomorphism.
Using Lemma 1 in [13], we find that G is a component of Kerj→∞D f j

and let g : G → D
be the inverse of f : D → G. Let now K and U be domains such that K ⊂⊂ G and
U ⊂⊂ D and K ⊂ f (U). Then, K ⊂ f (U) ⊂ Kerj→∞ f j(U). Let us show that there
exists j0 ∈ N such that gj(K) ⊂ U for j ≥ j0. Indeed, otherwise we find infinitely many
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points aj ∈ K such that αj = gj(aj) ̸∈ U. Then, f j(αj) = aj ∈ K ⊂ f (U) ⊂ Kerj→∞ f j(U);
and for j great enough, we see that f j(αj) ⊂ f j(U) and hence we find β j ∈ U such that
f j(αj) = f j(β j); and since αj ̸= β j, this contradicts the injectivity of the mapping f j. We
proved that there exists j0 ∈ N such that gj(K) ⊂ U for every j ≥ j0 and we can suppose
that K ⊂ f (U) ⊂ D f j

for every j ≥ j0. We can take j0 = 1 and then the mappings

gj|K : K → D are well defined for every j ∈ N. The mappings gj satisfy condition (N−1)

and
´
K
|g′j(y)|qdy ≤

´
D f j

|g′j(y)|qdy =
´
D

KI,q(x, f j)dx ≤ Eq
t,D( f j) < I + 1 for every j ∈ N

and we see from Theorem 2 that the family W = (gj|K)j∈N is equicontinuous. In fact,
the family W1 = (gj|K1)j∈N is equicontinuous even if K ⊂⊂ K1 and K1 ⊂ f (U). We
can suppose that there exists h : K → Rn such that gj → h uniformly on K. We see that
h(K) ⊂ U ⊂ D and let us show that gj → g uniformly on K. Indeed, otherwise we can
find ϵ > 0 and zj, z ∈ K such that zj → z and |gj(zj)− g(zj)| > ϵ for every j ∈ N. Now,
wj = gj(zj) → h(z) = w ∈ U ⊂ D and let xj = g(zj) for every j ∈ N. We can suppose
that xj → x ∈ g(K) ⊂ D, and since the family ( f j)j∈N is equicontinuous at w, we find that
f j(wj) → f (w). Then, f j(wj) = f j(gj(zj)) = zj = f (xj) → f (x); and letting j → ∞, we
find that f (w) = f (x); and since f is injective, it results that x = w. On the other side,
|xj − wj| = |g(zj) − gj(zj)| > ϵ for every j ∈ N and then |x − w| ≥ ϵ and we reached
a contradiction.

We proved that gj → g uniformly on K and hence gj → g in W1,q
loc (K,Rn). As before,

using Lemma 4, we have

ˆ

K

|g′(y)|qdy ≤ lim inf
j→∞

ˆ

K

|g′j(y)|qdy ≤ lim inf
j→∞

ˆ

D f j

|g′j(y)|qdy

and letting K ↗ G, we find that g ∈ W1,q
loc (G,Rn) and

ˆ

G

|g′(y)|qdy ≤ lim inf
j→∞

ˆ

D f j

|g′j(y)|qdy.

We have

Eq
t,D( f ) =

ˆ

D

(| f ′(x)|n + KI,q(x, f ))dx =

ˆ

D

| f ′(x)|ndx +

ˆ

G

|g′(y)|qdy ≤

≤ lim inf
j→∞

ˆ

D

| f ′j (x)|ndx + lim inf
j→∞

ˆ

D f j

|g′j(y)|qdy =

= lim inf
j→∞

ˆ

D

| f ′j (x)|ndx + lim inf
j→∞

ˆ

D

KI,q(x, f j)dx ≤

≤ lim inf
j→∞

ˆ

D

(| f ′j (x)|n + KI,q(x, f j))dx = lim inf
j→∞

Eq
t,D( f j) = I.

We proved that f ∈ Hq
D and that Eq

t,D( f ) = Eq
t (D).

Suppose now that Hq
D,M ̸= ϕ. Then, I = Eq

M(D) ≤ Eq
t,M(D) < M and let f j ∈

Hq
D,M be such that I < ED( f j) < I + 1

j for every j ∈ N. As before, taking eventually a

subsequence, we can suppose that there exists f ∈ W1,n
loc (D,Rn) such that f j → f uniformly

on the compact subsets of D and
´
D
| f ′(x)|ndx ≤ lim inf

j→∞

´
D
| f ′j (x)|ndx. Let gj : D f j

→ D

be the inverse of f j : D → D f j
for every j ∈ N. Then, gj satisfies condition (N−1),
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is a.e. differentiable and
´

D f j

|g′j(y)|qdy =
´
D

KI,q(x, f j)dx < M for every j ∈ N. Using

Theorem 1, we find ωj ∈ L1(Rn) such that Mq(Γ′) ≤ Mq
ωj(gj(Γ′)) for every Γ′ ∈ A(D f j

)

and every j ∈ N and hence Mq( f j(Γ)) ≤ Mq
ωj(Γ) for every Γ ∈ A(D) and every j ∈ N.

Then,
´
D

ωj(z)dz =
´

gj( f j(D))

ωj(z)dz ≤
´

D f j

L(z, gj)
qdz =

´
D f j

|g′j(y)|qdy =
´
D

KI,q(x, f j)dx ≤

Eq
t,D( f j) < M for every j ∈ N.

Using Lemma 3, we find a domain G ⊂ Rn such that f : D → G is a homeomorphism,
and if g : G → D is the inverse of f : D → G, we prove as before that

´
G
|g′(y)|qdy ≤

lim inf
j→∞

´
D f j

|g′j(y)|qdy and hence that Eq
t,D( f ) ≤ lim

j→∞
Eq

t,D( f j) < M. We proved that f ∈ Hq
D,M

and that Eq
M(D) = ED( f ).

5. Conclusions
Vuorinen (see [4,43–45]) was the first who remarked that the mappings of a bounded

Dirichlet integral satisfy a modular inequality. He used this method to prove some geo-
metric properties of such mappings. We develop his method and, by showing that such
mappings satisfy an inverse Poletsky modular inequality, we can obtain strong generaliza-
tions of some classical theorems from complex analysis. We open the systematic study of
geometric properties of some classes of mappings of finite distortion using the modulus
method. The conditions for finding injective minimizers may be useful both in theoretical
and applied mathematics.
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