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1. Introduction

Throughout this paper, X, Y are locally compact and locally connected metric measure
spaces endowed with Borel regular measures y and v, which are finite on compact sets.
Also, X is Ahlfors n-regular and v is doubling and D C X is an open subset of X. We set by
d the distance on X and Y. If f : D — Y is a mapping and x € D, we set

(BN
Jr(x) =limsup = 5o )

and we set

A (), f()

I(x,f) = liminfw and L(x, f) = limsup a0y, %)

y—x X,Y) ysx
We say that f : D — Y is of finite conformal energy if [ L(x, f)"dy < co. If p > 1
D

and D C R" is open, we set Wllo’f (D,R"), the Sobolev space of all mappings f : D — R”,

which are locally in L?, together with their first-order distributional derivatives. Usually,

if X = R", amapping f : D — R" is of finite conformal energy (or of a bounded Dirichlet

integral) if f € W (D,R") and [ |f(x)|"dx < co. If f is a.e. differentiable, then L(x, f) =
D

loc

|f'(x)] a.e. and both definitions coincide in this case. The following example shows that
our definition is more general, since we find a mapping f : Q C R® — R3 a.e. differentiable
such that [ |f'(x,y,z)[?dus < coand f ¢ W (Q,R3).

@)

loc

We denote by i, the Lebesgue measure in R*. If A C R" is Lebesgue measurable and
f: A — R" is Lebesgue integrable, we set [ fdu, = [ f(x)dx.
A A

Example 1. Let E C [0,1] be a Cantor set such that u1(E) > 0and let g : [0,1] — [0, u1(CE)]
X

be given by g(x) = [ xpg(t)dt for every x € [0,1]. We see that g is absolutely continuous and
0
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strictly increasing and this inverse h : [0, u1(CE)] — [0,1] is not absolutely continuous, is a.e.

differentiable and h'(t) = 1a.e. Let f : B(0,1) — C, f(z) = 2" for every z € B(0, 1), suppose that

n > 2andlet Q = (0,u1(CE)) x B(0,1) and F : Q — R3, F(xq,x2,%3) = (h(x1), f(x2,%3)).

Then, u3(Bg) = 0, u3(F(Bp)) = 0, F & W H(Q,R3), [ |F'(x,y,2)?dus < oo and F satisfies
Q

loc

condition (N~1).

Here, if f : D — Y is a mapping, we set Bf = {x € D|f is not a local homeomorphism
at x} and we say that f satisfies condition (N) if v(f(A)) = 0 whenever A C X is such that
#(A) = 0 and we say that f satisfies condition (N~!) if u(f~!(A)) = 0 whenever A C Y is
such that v(A) = 0.

Let D C X. Let A(D) be the set of all nonconstant path families in D and if T € A(D),
and we set F(I') = {p : D — [0, 0] Borel functions | [ pds > 1 for every v € I locally

gt

rectifiable}.
If p>1and w: D — [0,00] is 4 measurable and finite a.e., we define the p-modulus
of weight w by

ML) = inf ! w(x)p(x)Pdu if T € A(D).

If F(T) = ¢, we set M[,(T) = 0. If w = 1, we set

M,(T) = inf Pduif T € A(D).
p(T) pel?(mx p(x)Pdu if (D)

One of the basic tools in studying quasiregular mappings is the modular inequality
of Poletsky
M, (f(T) < KM,(T) foreveryT € A(D). 1)

We recommend the monographs [1—4] to the reader for more information about
quasiregular mappings.

Several generalizations of quasiregular mappings were introduced in the last 30 years.
The most important is the class of mappings of finite distortion (see monographs [5,6] for
further information), and a Poletsky modular inequality holds in this class of mappings
(see [7,8] or [9]). A mapping f : D — R" is of finite distortion if n > 2, D C R" is open,
f e W-(D,R"), Jf € L} (D) and there exists K : D — [0, o] measurable and finite a.e.

loc

such that |f'(x)|" < K(x)]¢(x) a.e. and we set the outer dilatation

el

KO(x/f) ]f(x) lf ]f(x) 7& O/KO(x/f) =1 lf ]f(x) =0.

Here, f'(x) is the matrix formed by the partial derivatives of f at x and J¢(x) =
det f'(x) for a.e. x € D and we use this definition of the Jacobian ] for mappings of
finite distortion.

Martio proposed the study of mappings distinguished by moduli inequalities, first
on R" and then on metric measure spaces. Such mappings satisfy a generalized Poletsky
modular inequality of the type

My(f(T)) < ME(T) for every T € A(D). (2)

In this class of mappings, Montel- and Picard-type theorems, boundary extension results,
equicontinuity results and estimates of the modulus of continuity were given (see [7,8,10-27])
and we recommend the monographs [22,28] to the reader for further information.
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If f: D — Yisamappingand L(x, f,r) = sup d(f(x),f(y)), I(x,f,r) = inf
yeS(x,r) yes(xr)
d(f(x), f(y)) for x € X and r > 0, the linear dilatation H(-, f) : D — [0, o] is defined by

H(x, f) = lim S(;lp ?((;(Jf:)) for every x € D.
r—>

A mapping f : D — Y between general metric measure spaces is quasiregular if it
is continuous, open and discrete, and there exists H > 1 such that H(x, f) < H for every
x € D. This is the metric definition of quasiregularity (see [29-39]). In some particular
cases, a Poletsky modular inequality holds for quasiregular mappings defined on general
metric measure spaces.

As in the classical case, even on very general metric measure spaces X and Y, a map-
ping f : D — Y which is continuous, open and discrete is quasiregular if and only if
it is geometrically quasiregular, i.e., M,(I') < K [ N(y, f,G)p"(y)dv for every open set

Y

G CC D, everyI' € A(G) and every p € F(f(T')). This important property inspired
the study of some classes of mappings satisfying a generalized inverse Poletsky modular
inequality (see [12,28,40]), like

My (T) < v6(ML,(f(T))) for every T € A(D) and every G CC D. 3)

Here, p,q > 1, f : D — Y is continuous, open and discrete, wg : Y — [0, o0] is v measurable
and finite a.e. and ¢ : (0,00) — (0, o) is increasing and %g% Y6(t) =0 forevery G CC D.

The class of mappings satisfying a relation of type (3) is strictly larger than the class of
quasiregular mappings, where relation (3) holds for a particular weight wg(y) = N(y, f, G)
for every G CC D and every y € Y. This thing is shown by the function F : Q — R?
from Example 1. We see that F ¢ W}!(Q),R?) (and hence F is not quasiregular), and

loc
since [ |F/(x)|?dx < oo, we see from Lemma 1 that there exists w € L!(R3) such that
Q

M;3(T) < M2, (F(T)) for every T € A(Q). In fact, F is not a mapping of finite distortion.
The following class of mappings of finite conformal energy satisfies an inverse Poletsky
modular inequality:

Theorem 1. Letn >2,q > 1,let f : D — Y be continuous such that yu(Bs) = 0, v(f(Bf)) =0,
f satisfies condition (N~1) and [ L(z, f)7du < co. Then, there exists w € L'(Y) such that
D

Mg(T) < ML(f(T)) for every T € A(D).

Theorem 1 extends Lemma 1 from [17] given for open, discrete mappings between
Riemannian n-manifolds. Our result is more general and is valid for non-open mappings,
as shown in the example given by f : B> — B2, f(x,y) = (x,y) ify > 0, f(x,y) = (x — )
ify <0.

The aim of this paper is to study the geometric properties of such mappings. Let us
consider the following class of mappings of finite distortion:

fe Wllof(D,]R") such that Ko(-, f) € L (D), wherep >n—1ifn>3,p=1if n=2. (4)
We see from [41,42] that such mappings f : D — R" are open, discrete and satisfy condition
(N~1) and that un(Bf) = 0, pun(f(Bs)) = 0. Using Theorem 1, we see that for every
G CC D there exists wg € L'(R") such that

My(T) < Mg, (f(T))) forevery T € A(G). (5)

Using H6lder’s inequality, we can replace n by some n — 1 < g < nin (5). We note that
relation (5) is the first inverse Poletsky modular inequality given for an important class
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of mappings of finite distortion. We will establish, in a future paper, further geometric
properties of this class of mappings using the modulus method.

A significant part of mathematical analysis is the study of geometric properties of map-
pings. In our paper, we establish some geometric properties of mappings of a bounded Dirichlet
integral using the fact that such mappings satisfy an inverse Poletsky modular inequality.

First, we study the modulus of continuity of such mappings and we extend in this
way Theorem 7.5.2 in [6] given for mappings f € Wll.f(D, R™).

The main objective of this paper is to generalize important theorems from complex
analysis and quasiregular mappings in the class of mappings of a bounded Dirichlet
integral. These extensions are consistent due to the generality of such mappings and due to
the fact that these extensions are established on general metric measure spaces. However,
the main spaces we have in mind are Riemannian #-manifolds.

We extend in Theorem 3 the known theorems of Fatou and F. and M. Riesz from
complex analysis.

Another important theorem from classical complex analysis is the Lindelof-type result
from Theorem 5 and Theorem 6, which extends some results of Vuorinen (see [4,43-45]).

We prove in Theorem 7 a pointwise #-quasisymmetry property of some homeomor-
phisms f : D — Dy between Riemannian n-manifolds satisfying a direct Poletsky modu-
lar inequality.

We say that a mapping f : D — Y is quasimonotone if there exists a constant L > 0
(the coefficient of quasimonotonicity) such that for every set K C A CC D with K compact
and A open, it results that d(f(K)) < Ld(f(dA)). If L = 1, we say that f is monotone.
If Y = R" and f is open and continuous, then f is monotone.

Let B" be the unit ball from R". An important theorem from classical complex analysis
is the theorem of Fatou, which says that if f : B> — C is a bounded analytic mapping, then
f has a.e. radial limits. Another theorem from classical complex analysis is the theorem of
F. and M. Riesz, which says that if f : B> — C is a bounded analytic mapping and w € C,
then, if E,, = {y € 5(0,1)| }1_r>r11f(ty) = w}, it results that #!(Ey) = 0. Here, if p > 1, we
denote by H? the p-dimensional Hausdorff measure.

We say that a mapping f : B” — R” has a nontangential limit at a point x € dB" if for
every finite cone I and I'; with a vertex at x such that T \ {x} C Iy C B", it results that
there exists ;Lm; f(y) € R". Also, the mapping f : B” — R is monotone (in the sense of

yel
Lebesgue) if

max f(x) = max f(x) and min f(x) = min f(x) for every G CC B".
xeG x€dG x€G x€dG
Using the modulus method, Manfredi and Villamor showed in [42,46,47] thatifn —1 <
p <n, f: B" — R" has monotone components, f € Wllt;f(D,R”) and [ |f'(x)|Pdx < oo,
BVl

then f has nontangential limits with the possible exception of a set of zero p-capacity
(see [46,47]). Also, Miklyukov showed in [48] that if f : B” — R" is a bounded quasiregular

mapping and Bf |f'(x)|"dx < co, then f has a.e. nontangential limits.
It is not yet known whether a bounded quasiregular mapping f : B* — R", n > 3

has at least a radial limit. Using the modulus method, an important result related to the

theorems of Fatou and M. and F. Riesz was obtained by Martio and Rickman in [49]. They

showed that if f : B” — R" is quasiregular and there exist C > 0and 0 < « < n — 1 such

that [ N(y, f,B(0,7)) < C(1—r)* for every 0 < r < 1, then f has a.e. radial limits, and if
Rn

w e R"and E, = {y € S(0,1)| }in}f(ty) = w}, they showed that #"~!(E,) = 0. Akkinen
—
showed in [50] that if f : B — R" is a mapping of finite distortion with exponentially
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integrable outer distortion and there exist C > 0and 0 < & < n — 1such that [ J(x)dx <
BTI
C(1—r) *forevery 0 < r < 1, then f has a.e. radial limits.

We partially extend these results in Theorem 3 for mappings f : D — Y with Y
complete and having doubling measure v and such that there exists a homeomorphism
® : B" — D such that I(z,®) > m > 0 and L(z,®) < M < o for every z € B". Due to
the generality of homeomorphism @ and of spaces X and Y, we obtain a rather general
version of the theorems of Fatou and F. and M. Riesz. A version for a particular type of
homeomorphism ® and for open, discrete mappings f : D — Y between Riemannian
n-manifolds is given in [17].

Let D C R" be open, g > 1and f € W' (D, R"). We set

loc

(f’(x))

Here, if A € L(R",R"), we set [(A) = |1‘r1f |A(x)[. If, in addition, f : D — Dyisa
homeomorphism, then f is a.e. differentiable and satisfies condition (N). Let Z; = {x €

D|f is differentiable at x and J(x) = 0} and A = {x € D|f is not differentiable at x}.
Using Sard’s lemma from [51], we see that p, (f(Z¢)) = 0 and then p, (f (AU Zf)) = 0. It
results that if ¢ : Dy — D is the inverse of f, then g is a.e. differentiable and J(y) # 0 a.e.
Using the change of variable formulae, we see that

Kig(x, f) = if J(x) # 0,Kp4(x, f) = 0 otherwise.

/ Sy = [ 1$FEDII @I = [ Ky, s

D\Af D

It results that [ Ky (x, f)dz < oo if and only if f Ig'(y)|dy < oo. If, in addition, f
D

satisfies condition (N~1), then f is a.e. differentiable and Jf(x) #0ae.
The chordal distance between two points a,b € R" is the number

q(a,b) = |a—b|(1+|a2)~2(1+ |b]2) "2 ifa,b € R", g(a,00) = (1+ [a]?)"2 if a € R".

We shall apply our results to the mappings of finite conformal energy. Such map-
pings are homeomorphisms f : D — Dy between two domains from R" such that
f e Wln(D,Df) and [ |f'(x)["dx < co. We set Ep(f) = [ |f'(x)|"dx the energy of f

D D

loc

and EZ (f) = f(|f’(x) " + Kqu(x,f))dx the total energy of f and usually we take g = n.

If f1e Wln(Df, and f [(f~1)(y)|"dy < oo, we say that f is of biconformal

loc

energy. Such mappings form an 1mportant class with connections to mathematical models
of Nonlinear Elasticity (see [52-54]). The general task in mathematical models of elasticity
is to find deformations of the smallest energy Ep(f) or of the smallest total energy E?,D (f)-
These deformations are usually found as weak limits of minimizing sequences. However,
in the limiting process, we may lose the injectivity of f, and we refer to this incident
as permanent damage in the material. We accept the weak limits of energy-minimizing
sequences of homeomorphisms as legitimate deformations and the minimal energy (usually
attained) can be strictly smaller then the infimum energy among homeomorphisms.

We are interested to find injective minimizers of the energy EZA( D) and of the total
energy E/ (D) in some classes of deformations.

Let D C R" be a domain, a,b € D,a # b,n—1 < g < n, r > O,qu) =
{f € W-"(D, Dy) homeomorphisms such that f~! € W q(Df, D), E‘Z,D (f) < o and

loc loc

q(f(a), f(b)) > r} and let HZ), = {f € H] |E p(f) < M}. We set the total en-
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ergy E](D) = infq EZD(f) and EZM(D) = ian EZD(f) and the energy E},(D) =
f€Hp feHp m
inf ED(f)
fEHD M

We apply the preceding results in Theorem 8 and we find some conditions for the
existence of injective minimizers for mappings of biconformal energy in connection with
the seminal paper of Ball [55].

2. Notations and Definitions

We say thata set E C R" is a cap of a sphere S(x, t) in R" if E = HN S(x,t) where
H is an open half-space in R”. We extend now some results from [12] and Theorem 6.4
from [43].

We say that a mapping f : D — Y is open if it carries open sets into open sets, we say
that it is closed if it carries closed sets into closed sets and we say that it is discrete if either
f~Yy) = ¢ or f~1(y) is a discrete subset of D. We set G CC D if G is open, G is compact
and G C D.

Let f : D — Y be a mapping. We say that f is y-quasisymmetric if # : (0,00) —

(0, 00) is increasing and 1136 7(t) = 0 and ZE;EZ g;gg; < n(ggi)) ) for every distinct point

x,Y,z € D. Such a continuous, open, discrete mapping is quasiregular, since H(x, ) < 7(1)
forevery x € D. If X = Y = R", every quasiconformal mapping f : D — f(D) is
locally quasisymmetric.

If w: D — [0,00] is 4 measurable and A is a Borel subset of D, we set { w(z)du =
[w(z)du/u(A), and if x € D, we set wy = limsup § w(z)dp. !

A r—0  B(x,r)

If E,F C D, weset A(E,F,D) = {v :[0,1] — D path |y(0) € E,y(1) € F and
7((0,1)) € D}. A domain A ¢ R" is a ring if CA has exactly two components, and if these
components of CA are Cy and C, we denote A = R(Cy, C;) and we set T4 = A(Cy, Cy, A).
Given r > 0, we let ®,(r) be the set of all rings A = R(Cy, C1) such that Cy contains
the origin and a point a such that |a| = 1 and C; contains co and a point b such that
|b| = r and we denote H,(r) = inf M, (I'4) over all rings A € ®,(r). The function

Hu(r) : (0,00) — (0,00) is decreasing and lin% Hnu(r) = oo, ILm Hn(r) =0.
r— r—oo

If A = R(Co, Cy) and a,b € Co, ¢,00 € Cy, then My (') > Hu(l5=21) (see [3]).
Given0 <r <1,g>n—-1and 0 <t <1, welet ,,4(7,t) be the set of all rings
A = R(Cy,Cq) such that q(Cy) > r, q(C;) > r, C; is unbounded, q(Cp,C;) < t and

we set Ay 4(r,t) = inf My(T 4) over all rings A € ¥,,4(r,t). Then, the function A, :
(0,1] x (0,1] — R is increasing in r and decreasing in t+ and }g% Anyg(r,t) = oo for every
fixed r € (0,1] (see [3,56]).

Here, if A,B C R", we set g(A) as the diameter of A corresponding to the chordal
distance in R" and we set (A, B) as the distance between the sets A and B corresponding
to the chordal distance in R".

Let Ey, ..., Ey, ... be a sequence of sets in R". The kernel Kerj ,ooEj of this sequence is
the set of all points in R", which have a neighborhood that is contained in all but a finite
number of sets E]-, ie., Kerj_mE]- = kijl Int fj{ E]-.

Let X be a Riemannian #-manifold anél x € X. Aset D C X is a normal neighborhood
of x if there exist > 0 and a C! diffeomorphism ® : B(0,7) — B(x,r) such that ®(0) = x,
®(5(0,t)) = S(x,t) forevery 0 < t < rand D = B(x,r). Here, B(0,r) is a ball from
R" endowed with the Euclidean distance and B(x,r) is the ball in X endowed with the
geodesic distance. We see from [57] that if X is a Riemannian n-manifold and x € X, then
X has a fundamental system of normal neighborhoods.
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Let v : [a,b] — X be rectifiable. We set |y| = Imy and if p : X — [0,00] is a
1(y)
Borel function, we set [pds = [ p(9°(t))dt, where 4° : [0,1(7)] — X is such that
Y 0

v = 1% 0s, and s, is the length function of +. If y : [a,b] — X is locally rectifiable, we set

[ pds = sup [ pds, where the supremum is taken over closed rectifiable subpaths of +.
v

If I'1,T, € A(D), we say that I'1 > I'; if every path 7 € I'; has a subpath 1, € T».
IfT; > Ty, p > land w: D — [0, 0] is measurable and finite a.e., then M, (T) < ML, (T,).

If x = (x1,..., 1) € R", weset [x| = (¥ 22)~ 3,

A metric measure space X is A}{l_fi)rs n-regular if there exists a constant C > 0 such
that % < u(B(x,r)) < Cr" for every ball B(x,r) C X.

A domain D C X is finitely connected at a boundary point x € 9D if there exists
(Upm) men a fundamental system of neighborhoods of x such that U,, N D has a finite number
of components for every m € N.

We denote by Y the Alexandrov compactification of Y.

WesetCy,p = B(x,b)\ B(x,a) ifx € Xand0 < a < band T, ,;, = A(B(x,a),CB(x,b),
Cygp) forx € Xand 0 <a <b.

3. Preliminaries

As in Lemma 2.5 in [8], we prove the following:

Lemma 1. Let X,Y be Ahlfors n-spaces,p >1,D C X, G C Y beopenandlet f : D — G bea
homeomorphism such that there exist m, M > 0 such that L(z, f) < M and I(z, f) > m for every
z € D. Then, there exists C > 0 such that

M,(T) < CMy(f(T)) foreveryT € A(D). (6)

Remark 1. If X, Y are Riemannian n-manifolds, D C X, G C Y are domains and f : D— Gisa
C! diffeomorphism, then there exist m, M > 0 such that L(z, f) < M and I(z, f) > m for every
z € D. If X =Y = R", the condition (6) with p = n holds if f : D — G is quasiconformal.

As in Lemma 2.6 in [8], we prove the following:

Lemma 2. Let X be a Riemannian n-manifold, let x € X and let D be a normal neighborhood
of x such that there exist ry > 0 and a C* diffeomorphism ® : B(0,ry) — D = B(x,ry) and
let0 <a<b<reandn—1< q < n. Then, if E,F C D are such that S(x,t) NE # ¢,
S(x,t) NF # ¢ for every a < t < b, it results that

Mu(A(E,E, Cp)) > Cln, @) In(L) if g = 1,

My(A(E,F,Cyp)) > C(n,q, @) (0" 1 —a""T)if n—1<q<n.

Lemma 3. Letn > 2, let n —1 < g < n, let X,Y be Riemannian n-manifolds, let D C X a

domain and let f; : D — D; be homeomorphisms such that f; — f and the family (f;);en is

equicontinuous. Suppose that there exists w; : D — [0, o] u measurable and finite y a.e. such that

M, (f;i(T)) < MZ,].(F)for every I' € A(D) and every j € N and that for every x € D there exist

My > 0and Uy € V(x) such that [ w;j(z)dp < My for every j € N. Then, either f is constant
Uy

on Dor f: D — f(D) is a homeomorphism.
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Proof. Let us show first that every point x € D has a neighborhood U, such that either
f is constant on Uy or f is injective on Uy. Suppose that this thing is false. Then, there
exist Uy € V(x) as before and a C! diffeomorphism @ : R” — U, and distinct points
a1, az,a3 € ®(B") such that f(a1) # f(a2) and f(az) = f(a3). Since the family (f;)jcn is
equicontinuous, we can also suppose that there exists Vy € V(f(x)) such that f;(Uy) C Vi
for every j € N and that there exists a C! diffeomorphism ¢ : B" — V. Let x; € B" be such
that ®(x;) = a; for k = 1,2,3. Let ]y be an arc joining x1 with x; in B" and let J; be an arc
joining x3 with some point x4 € S(0,1) and such that Jo N J; = ¢. Let A = R(Jo, J; UCB")
and let Fj = ¢! o fj o @ for every j € N. Then, F; : R" — F;(R") is a homeomorphism,
and Fj(T4) is a ring A; = (Coj, C1j), where Co; = Fj(Jo) and Cy; = F;(J1) UCF;(B") for
every j € N. Since f(a1) # f(ap), there exists jy € Nand 0 < p < g(CB") such that
q(Fj(Jo)) > p for every j > jo and we can take jo = 1. Let d(®(Jo), ®(J; UCB")) = 6 > 0.
Since Fj(B") C B" for j € N, we see that CF;(B") D CB" and then g(Cy;) > ¢(CB") > p >0
ifjeN.

Let r; = min{q(Co;),q(Cy;)} and t; = q(C;, Cy;) for every j € N. Then, r; > p for
every j € Nand

Augo,t)) < Aug(rj t;) < Mg(Fi(Ta)) = Mg(y ™ o fio®(Tn)) <

CMx

< CMy(fi(®(T))) < CM" /w]

for every j € N. Since Ay q(p, tj) — o0 if j — oo, we reached a contradiction. We therefore
proved that for every point x € D there exists Uy € V(x) such that either f is constant on
Uy or f is injective on U.

Let E; = {x € D] there exists Uy € V(x) such that f is constant on U, } and E; = {x €
D| there exists Uy € V(x) such that f is injective on Uy }. Then, D = E; U Ey, E; and E; are
open and we proved that E; N E; = ¢.

Suppose that f is not injective on D and let x1, x; € D, x1 # x5 be such that f(x1) =
f(XQ) and let § = d(xl,xz) > 0. Let U; = B(x1,4) U, = B(XQ,4) Then, U1 N UQ = ¢,
and since f; is a homeomorphism, we see that f;(U;) and f;(Us) are compact disjoint sets.
Let 0 < € < § and let dj : [0,1] — Y be a geodesic joining f;(x1) with f;(x2) for every
j € N. Then, fj(x2) ¢ fj(U1) and d;(0) = fj(x1), dj(1) = fj(x2). Let t; € (0,1) be such
that d;(t;) € 9fj(B(x1,€)) = fi(S(x1,€)) for every j € N and let x; € S(x1,€) be such
that d;(t;) = fj(xj) for every j € N and can suppose that x; — x € S(x1,€) and then
f](x]) — f(xe). On the other side, d(f](x]),f](xz)) = d(d](f]), d](l)) < d(d](O),d](l)) =
d(fj(x1), fi(x2)) — 0and hence f(x¢) = f(x2) = f(x1). We found in every sphere S(x1,€)
points x¢ such that f(x;) = f(x¢) and hence x; ¢ Ep. It results that x; € E; and hence
D=EF.

We proved that either f is injective on D or f is constant on D. [

Lemma 4. Let ¢ > 1, D C R" be open and f,, € W q(D R"™) such that f, — f uni-

loc

formly on the compact subsets of D. Then, f, — f weakly in lOC(D R") and f |f(x)]9dx <
hmmff | (x)]9dx.

Proof. Since f;, — f uniformly on the compact subsets of D, it results that also f €
qu(D R") and f |fr(x) — f'(x)]9dx — 0 if m — oo for every fixed compact set F C D.

loc

We can now suppose that I = lim 1nff |f7,(x)]9dx < co and also that f |f'(x)]9dx > 0. Let

F CC D besuch thatf |f(x)|7dx > Oand lete > 0. Let 6c > 0 be such thatf |f'(x)]9dx <



Axioms 2025, 14, 28

90f23

§if A C Fand py(A) < Je and let me € N be such thatf|fm )%dx < I+ § and
l

J1fu(x) = f(x)dx < | ————= | if m > me. Using Riesz’s theorem and taking
F 3‘1({ f(2)]7dx) T
a subsequence if necessary, we can suppose that |f;,(x)| — |f'(x)| a.e. Using Egorov’s
theorem, we find Fe C F measurable such that u,(F \ Fe) < éc and |f;,(x)| — [f'(x)]
uniformly on Fe.

Let ne > me be such that | f/(x)| — |f},(x)| < € for every x € Fe and every m > ne. Let

Ac(x) =< qlf' (x)|772f(x), fi(x) — f'(x) > if x € Fe and m > n.. We have

fn ()17 =1 ()17 = qmin{| £, ()], [F' ()BT fra(3)] = [ (0)]) >

’xill "(x), fr(x) = f(x) >= Ac(x
> I gy < £ W ) = £1(2) = Aclo)

if x € Fe and m > n.. Using Hélder’s inequality, we have

=
-

éq(/vwwwm> (/UM@—JV@QM) <

it > e Then, [If () = [If @I+ [P <TI0l
F\FE
f|Ae Ndx+ [ [f'(x)%dx < T+ §+§ +3 =I+eifm> ne.
F\F
Letting e =+ 0 and F D, the theorem is proved. U

Let X be a metric space, A C X and k, 7 > 0. We set HX(A) = inf Y d(B;)¥, where the
i=1

infimum is taken over all balls B; such that A C |J B; and d(B;) < r for every i € N.

i=1
We set H¥(A) = 1in(1) HE(A).
r—

Lemma 5. Let X, Y be Ahlfors n-regular, let U C X, let V C Y be open and let ® : U — V bea
homeomorphism such that there exist m, M > 0 such that 1(z, ®) > m and L(z, ®) < M for every
z € U. Then, if A C U is such that H*(A) = 0, it results that H¥(D(A)) = 0 and the mapping
®|U : U — V satisfies condition (N) and condition (N~1).

Proof. Let A C U be such that H¥(A) = 0 and let 7 > 0, ¢ > 0. We can find a covering
A C U B(xj, ;) such that d(®(x), P(x;)) < Md(x,x;) for every x € AN B(xj,1i), 1 <t
i=1
for every i € Nand Z (2r))k < €. Then, ®(A) C | ®(B(x;,r;)) NA) C U B(®(x;), Mr;)
= i=1 i=1

and Z (2Mr)k < Mk Z (2r;)F < MFe. Tt results that HX, (®(A)) < Me and letting e — 0
i=1 i=1

and then r — 0 we find that HX(®(A)) = 0.

Letnow A C U be such that j/(A) = 0 and let € > 0. Since y is Borel regular, we find
Q C Uopensuchthat A C Q C Uand u(Q) < €. We see that ®(B(x,r)) C B(P(x), Mr)
and B(x,r) C @~ 1(B(®(x), Mr)) for every x € A and r > 0 small enough. Let C1,C; > 0
be such that 6—1; < u(B(x,r)) < Cqr" for every ball B(x,r) C X and E—Z <v(B(y,r)) < Cor"
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for every ball B(y,r) C Y. We cover the set A with balls B(x,ry) such that B(x,ry) C Q,
B(®(x),5Mry) C ®(Q) and then ®(A) C ( U B(x,ry)) C U B(®(x), Mry).

Using the covering lemma from page 30 in [35] we fmd dls]01nt balls B(®(x;), Mr;),
i € Nsuch that |J B(®(x), Mry) C U B(¢(x;),5Mr;). Then, ®(A) C U B(®(x;),5Mr;)
x€A i=1 i=1

and hence v(®(A)) < v('[;le(CD(xi),SMri)) < iu(B(cp(xi)er,-)) < Co(5BM)"

£M8

Vl
l .
i

We see that also the sets ®~1(B(®(x;), Mr;)), i € N are disjoint, and since B(x;,7;) C
O~ 1(B(®(x;), Mr;)) for every i € N, it results that the balls B(x;,7;), i € N are disjoint

subsets of Q and p( Ej B(x;, 1)) < u(Q) < e. We find that
=1

& L < B ubtun) = (U B ) < (@) <e
= i= i=1

We have v(®(A)) < Co(5M)" Z < CiCy(5M)"e

Letting € — 0, we see that v(q)(A)) = 0 and we proved that ®|U : U — V satisfies
condition (N). In the same way, we prove that ®|U : U — V satisfies condition (N~1). [

Lemma 6. Let p > 1, let X be a metric measure space, let x € X and let w : X — [0, 0]
be y measurable and finite y a.e. such that wy < oo. Then, there exists ry > 0 such that
CePwy E kil’

ME(Tyup) < — forevery 0 < a < b < be < ry.

(InIn( bf

a

Proof. We follow the ideas from Lemma 2.2 in [16]. O

A measure y in a metric space X is called doubling if the balls have a finite and positive
measure and there exists a constant C such that #(2B) < Cyu(B) for all balls B C X.

Lemma 7. Let (X, u) be a metric measure space and let y be doubling. Let D CC X and let
f:D—=DfCYbea homeomorphism satisfying condition (N) and let g : Y — [0, 00| be a Borel
function. Then, f S(f(x)J¢(x)dp = f ¢(y)dv for every Borel set A C D.

Proof. Letvs(A) = v(f(A)) for every Borel set A C D. Then, vy is a finite Borel measure,
and since f satisfies condition (N), we see that v; < u. Using Radon-Nikodym's theorem,
we find b € L'(f(D)) such that v¢(A fh x)du for every Borel set A C D. Using

Lebesgue’s differentiation theorem (see Theorem 1.8 in [32]), we see that in every Lebesgue
point x of 1 we have

Jf(x) = limsup W = limsup vy(Bxr) = limsup h(z)dp = h(x).

r—0 r—0 H(B(x,7)) r—0
B(x,r)

Then, v(f(A)) = vf(A fh

\>%

Jf(x)dp for every Borel set A C D. Using
now standard arguments, we see that f g(f(x)Jf(x)du = [ g(y)dv for every Borel set
f(4)

AcD. O
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4. The Main Results
Proof of Theorem 1. Let Dy CC D\ By be such that Dy C Dy forevery k € Nand D \
Bf = U Dy. Letk € Nbe fixed. Since u(Bf) = 0, f is open on Dy \ By and every ball B(x, )

inY w1th r > 0 has a positive measure and v(f(By)) = 0, we see that f(D) \ f(By) # ¢.
Lety € f(Dx) \ f(By). Since f is a local homeomorphism on Dy and Dy is compact, we
see that f~!(y) N Dy is finite and we can find V € V(y) and open sets U; CC D \ By such

that f~1(V)NDy C U U; C Dyyq and f|U; : U; — V is a homeomorphism for every
=1

i=1,..,m. Sincev is doubhng, we can use Vitali’s covering theorem (see Theorem 1.6in

[32]) and we find Hy C Y with v(Hy) = 0, disjoint balls V; such that f(Dy) \ Hy = U V; and
=
disjoint sets U;j such that f|U;; : U;; — V; is a homeomorphism, Dy \ f~ L(H) c U U Uij,
i=1j=1
and if we denote by g;; : V; — Ujj, gij = (f|l,ll-]-)*1 fori € N,j=1,..,j(i), we can also
suppose that Jg, (y) < oo forevery y € V;\ Hy and fori € Nand j = 1,...,j(i). Since f
satisfies condition (N 1), we see that u(f~!(Hy)) = 0.

o i)
Let wp : Y — [0,00], wi(y) = A21le-(]/) legi,'(y)L(gij(y)/f)q if y € f(Dx) \ Hy,
i= j=
wr(y) = 0 otherwise. Using Lemma 7, we have [ wi(y)dv = f wi(y =
f(Dy) =1V
9] ](l) e ](1)
Y X TenL(8ii(y), f)idv = & L(z, f)9du < [ L(z, f)7dyu and we find that
== i=1j=11; Dy
| wiv < [ 16 fyan ?
f(Dy) Dr

IfI' € A(D) is such that F(I') = ¢, then M;(T') = 0 and the theorem is proved. We can

suppose that F(T') # ¢.

LetT € A(D) and A = {7 € T|vy is locally rectifiable and f o " is absolutely contin-
uous}. Using Fuglede’s theorem from [15], we see that M,;(I') = M, (A). Let € F(f(T'))
and p : X — [0, 0] be defined by p(z) = n(f(z))L(z, f) if z € D, p(z) = 0 otherwise. We
see from [15] that p € F(A), and using Lemma 7, we have:

oo j(i)
[ e@ran= [n(ryLe, fra szz/ )L, )1 =
=1j=1 U

=5 [ n ) L) ), ()i =

=

|
™e

Il
—

j=1

j ()
16000 X L 00, 1)1 () =
v,

= / 1) wi(y)dv.

Y

[ o@rin < [y ®
Dy Y

We proved that
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xe

Let w : Y — [0,00], w(y) = fZ Jo WL(gx(y), /)T if y € f(D)\ f(By), w(y) = 0

otherwise. Here, if x € f~1(y), we set by gy alocal inverse of f such that gx(y) = x and we
see that wy = w|Dy v a.e. and wy / w v a.e. Using the fact that u(Bf) = 0, v(f(Bf)) =0
and letting k — oo in (7) and (8), we obtain that

/w(y)dvg/ (z, f)1dpu < oo and My(T') /p qdy</17 Vw(y
f(D) D

Since 7 € F(f(T)) was arbitrarily chosen, we find that M,(T') < M (f(T)) for every
I € A(D) and thatw € L'(Y). O
Remark 2. Let us take in Theorem 1 the measure v, given by v, (A f w(x)dy for every Borel

set A C Y. Since w € LY(Y), we see that v, < p,and if: Y — [0, oo] is a Borel function and

A C Y is a Borel set, then
[etman = [ nxyiav.
A

A

Since My(T) < M, (f(T)) for every T € A(D), it results that
M;(T) < My(f(T)) foreveryI' € A(D). )
Here, we take the measure y on X and the measure v, on'Y.

Remark 3. The idea in the proof of Theorem 1 comes from the old methods in the book of Viiisili [3].
Here, if D, G are domains in R" and f : D — G is a homeomorphism satisfying condition
(N), the Jacobian is defined by

for every Borel set A C D (see page 85 in [3]). Using standard arguments, we see that

/g )] f(x dx—/g

for every positive Borel function g and every Borel set A C D.

Suppose now that D, G are domains in R”, letg > 1 and let f : D — G be a homeo-
morphism such that its inverse g : G — D satisfies condition (N) and [ L(x, f)7dx < co.

D
Letw : R" = [0,00], w(y) = Jo(y)L(g(v), f)Tify € G, w(y) = 0 otherwise.
We see that [ w(y)dy = [Jo(y)L(g(y),f)7dy = [L(x,f)7dx < oo and hence
R” G D
w € LY(RM).
LetT € A(D), A = {y € T|f 09" is absolutely continuous} and let € F(f(T)). Let
p:R" — [0,00], p(x) = 5(f(x))L(x, f) if x € D, p(x) = 0 otherwise and let v € A. Then,
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using Theorem 5.3 in [3], we have 1 < [ nds < f;y )L(x, f)ds = [ pds and hence
for v
p € F(A).
We have

M, (T) = M,(8) < / qu_/q )IL(x, f)ldx —

/ IFEWNILEW), N Wiy = [ 1) )dy.

G

Since 7 € F(f(I')) was arbitrarily chosen, we see that

My(T) < MG,(f())

foreveryI' € A(D).
Now, we see from Example 1 and Theorem 1 that we can take the homeomorphism
f:D — Gsuchthat f ¢ W"Y(D,G).

loc

Also, the modular inequality (9) implies that
My(T) < My(f(T)) forevery T € A(D) (10)
and we take the measure 1, on D and the measure (j, ), on G.

Theorem 2. Let1 < n—1 < g < n,let X,Y be Riemannian n-manifolds, let f : D — Y be
continuous, open and discrete, satisfying condition (N~1) and such that u(B £)=0,v(f(Bf)) =0
and [ L(z, f)7du < oco. Then, there exists ry > 0 such that

D

d(f(y), f(x)" < NrrTse / L(w, f)'dpand 0 < d(x,y) < d(x,z) <ry. (11)
d(x'y))B(x,d(x,z))

C .

d(f(y), f(x))1 < W / L(w, f)lduif n—1<qg <nand2d(x,y) < ry. (12)
T Bad(ey)

If X = R", we can take ry = d(x,0D). The constant Cy depends only on n and x, and the constant

Cy depends on n,q and x. If f is quasimonotone of constant L instead of being open and discrete,

then Cy depends on L, n and x and the constant C; depends on L, q,n and x.

Proof of Theorem 2. We see from Theorem 1 that there exists w € L!(Y) such that My (T) <
ML (f(T)) for every T € A(D) and that [ w(y)dv < [ L(z, f)7du for every ball B C D.
f(B) B
Let @ : B(0,7¢) — B(x,7y) be a C! diffeomorphism such that B(x,ry) C D, ®(5(0,t)) =
S(x,t) forevery 0 < t < ryandlety,z € Xbesuchthat0 < d(x,y) < d(x,z) < ry. Suppose
that f is quasimonotone. We can find for every d(x,y) < t < d(x,z) some points a;, By €
S(x,t) such that df(B(x,y)) < Ld(f(at), f(Bt)). Let E = {a;}, F = {B¢} for d(x,y) <
t < d(x,z) and letI' = A(E, F, Cx,d(x,y),d(x,z))‘ Then, n= WL,ﬂy))Xf(B(xrd(x/Z))) S F(f(F))
Here, L is the coefficient of quasimonotonicity of f.
If g = n, we see from Lemma 2 that

C(x,n)In(
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Li’l
< - L(w, f)'du.
= TG0 7)) o
B(x,d(x,z))
Ifn—1 < g < nand 2d(x,y) = d(x,z), we see from Lemma 2 that C(x,n,q)(2"7 —
Dd(x,y)"~7 = C(x,m,q)(d(x,2)" 1 — d(x,y)" 1) < My(T) < MG,(f(T)) < [ w(w)y(w)idv <
Y
T ) wdv< s [ L(w, f)%dp
d(f(x).f(y))7 FB(od(x,2)) d(f(x).f(y))7 Blxd(x2))
Suppose now that f is open and discrete. In this case, we take the normal coordinates

® : B(0,r¢) — B(x,ry) such that f(®(x,ry)) C Vy, where Vy € V(f(x)) and there exists
a C! diffeomorphism ¢ : B" — V, such that ¢(0) = f(x). We can suppose that there

exists Ly > 0 such that d(f;b) < d(yp~(a),p1(b)) < Lyd(a,b) for every a,b € V. Let

F = lp’l o f : B(x,ry) = R". Then, F is well defined, is continuous, open, discrete and
hence monotone and L(w, F) < LyL(w, f) for every w € B(x, ry).

If g = n, using the preceding result, we have

WS < (r(y), px) <

< C(n,x)L"

< e
In( dﬁ% ) B

L(w, f)"dp.
(xd(x2))

Also,if n —1 < g < n, we have

WP < airy), m)r < 2850 [ 1w, Pyt <
x Y B(x,2d(x,y))

Cln,q,x)L]
<SSt [ v

B(x,2d(x,y))
O]

Also, the family W from Remark 5 is obviously equicontinuous on D.

Remark 4. Relation (11) is proved in Theorem 7.5.2 in [6] for mappings f € W"(D,R") of

loc
finite dilatation. However, as Example 1 shows, relation (11) may be valid even for mappings

f ¢ Wyl (D,R").

Remark 5. If W = {f : D — Y|f is continuous, has the coefficient of quasimonotonicity L and
satisfies condition (N1), #(Bf) =0, v(f(By)) = 0 and there exists a constant M < oo such that
[ L(x, f)"du < M}, then the family W is equicontinuous on D.

D

Theorem 3. Let Y be complete, let D C X be a domain, let x € D be such that there exists a
homeomorphism ® : B — D such that ®(0) = x and there exist m, M > 0 such that [(z, ®) > m,
L(z,®) < M for every z € B". Let us denote by 7, : [0,1] — Y the radial path joining x and
yin D given by vy, (t) = ®(t®~1(y)) for every t € [0,1] and every y € D = ®(5(0,1)). Let
f: D — Y be continuous such that u(Bs) = 0, v(f(By)) = 0, f satisfies condition (N1 and
there exists g > 1 such that g L(z, f)1du < oo. Then, there exists }gr}f('yy(t)) €Y for H' !

ae.y € 9D, and if E, = {y € 0D| }irrllf('yy(t)) = w}, it results that H"1(E,) = 0 for every
—
weY.
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Proof of Theorem 3. We use the ideas from Theorem 1 in [17] and we apply Theorem 1
instead of Lemma 1in [17]. O

Theorem 4. Let D C R” be a domain, let x € D be such that there exists ® : B — D a
C! diffeomorphism such that ®(0) = x and let us denote by Yy : [0,1] — R" the radial path
joining x and y in D given by 7, (t) = ®(td1(y)) for every t € [0,1] and every y € 9D =

®(5(0,1)). Let f : D — R" be a mapping of finite distortion satisfying relation (4) and such
that[f)\f’(zﬂ"dz < oo. Then, there exists }I_I)I‘llf(’)/y(t)) € R" for H" ' a.e. y € 9D, and if

Ey = {y € 9D }in}f(’yy(t)) = w}, it results that H"~1(E,,) = 0 for every w € R".
—

Proof of Theorem 4. The mapping f satisfies the conditions from Theorem 1 and we apply
Theorem 3. [

Theorem 5. Letn > 2, >0, D1 C B(0,r) C R" be a domain such that D1 N S(0,t) is a cap of
a sphere in R" for every 0 < t < r and let D, be a domain such that D, \ {0} C D1,0 € D N Dy
and there exists 0 < a < 1 such that B(y,a|y|) C Dy for every y € Ds.

Let D C X and x € 0D and suppose that there exists a homeomorphism ® : B(0,r) —
U,, with U, € V(x) such that ®(0) = x and there exist m, M > 0 such that 1(z,®) > m
L(z,®) < M for every z € B(0,r) and let Gy = ®(Dy) be such that Gy \ {x} C D N U, and let
Gy = ®(Dy).

Let f : D — Y be quasimonotone and continuous, satisfying condition (N~1), such that

#(Bf) = 0, v(f(Bf)) = Oand [ L(z f)"du < oo and suppose that there exists a path
DNu,
v :[0,1) = Gy such that }gr}v(t) = x and }gr}f(y(t)) =c €Y. Then, ;g}c fly) =

vyt

Proof of Theorem 5. Let 6 > 0 be such that ®(D; N B(0,d)) C GiNU, C DNU,. Let

0 < a < B < ¢ and let us take points ay, fr € D1 N S(0,¢t) for every a« < t < p and let

It = A(at, Bt, D1 N S(0,t)) fort € (v, f) andletT = |J T4 Letp € F(I') and we can
te(wp)

suppose that p = 0 on Cy \ D;1. We see from Theorem 10.12 in [3] that there exists a

constant C(n) depending only on n such that Mg, (Ty) > M

M2 (Ty) = inf f 1" (z)ds(o,) for every a <t < . Also,p\S(O t) € F(Ty) for every
S(0,t) neF(Th)

t € (a, ). We have

for every a < t < B. Here,

B B p
dt n n
cmm(®)=c /TS/MMD dté/ /p Mso)dt = [ p"(2)dz
® 5(0,t) D1NCoup
and hence
cmin(E) < m,(r) (13)

Lety; = ® 1oy :[0,1) — D;. Then, 71 is a path, 1(0) € D; and %irrll'yl(t) = 0.
—
Let F = fo® : DN B(0,6) — Y. Using Lemma 5, we see that F is quasimonotone,
continuous and }1rr11 F(y1(t)) = ¢, un(Bg) = 0, v(F(Bf)) = 0, F satisfies condition (N~1)
—
and [ L(z F)"dz < oo. We see from Theorem 1 that there exists w € L!(Y) such
D;NB(0,6)

that M, (') < M/, (F(T)) for every I € A(D; N B(0,6)) and [ w(y)dv < [L(z F)"dz
F(A) A
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for every open set A C D1 N B(0,6). We show that ili% F(y) = c. Indeed, otherwise
yeh;

we find € > 0 and points y; — 0, yx € D2 N B(0,$) such that d(F(yx),c) > 3¢ for every

k € N, Imy; N5(0,t) N Dy # ¢ and we can suppose that d(F(y1(t)),c) < € for every

0 < t < 4. We also suppose that B(yy,2alyx|) € Dy N B(0,06) for every k € N. Let

k € N. Since F is quasimonotone, we can find L > 0 and a¢, Bt € Dy N S(yy, t) such that

4(F(y), F(yi)) < Ld(F(ar), F(By)) for every alyi| < ¢ < 2alye| and every y € By, alyi|).

Let 7y = mXF(B(ykla\ykl)) and let us take I' = U A(at, Bt, S(yx, t) N D1).
alyg| <t<2alyy|

Then, 1, € F(F(T)), and as before, we have

Clnn2 = Cln (%) < w4, (1) < MU(FID) < [ e o) <
Y

L? L?
e — w2)dv < ———r— / L(z,F)'dz.
AE), EG))” | «w AE ), E))" (= F)

F(B(yx,2alyk|)) B(yx.2alykl)

We showed that d(F(y), F(yx))" < Wnlnz [ L(z,F)'dz — 0if k — oo.
B(yk.2alyl)
We showed that there exists k. € N such that

A(F(y), F(yx)) < € for every y € B(y,2alyx|) and every k > ke (14)

and we can take ke = 1. Then, it results that
d(F(y),c) > 2e for every y € B(yy,2alyk|) and every k > k. (15)

Let k € N. We see that S(0,t) N B(yk, alyx|) # ¢ for every t € ((1 —a)|yk|, (14 a)|yk|),
and since Imy; N D3 N S(0,t) # ¢ for every t € (0,6), we can find points a; €
Imy; N DN S(0,t), Br € D1 NS(0,t) N B(yk, alyk|) for every t € ((1 —a)|yx|, (1 +a)|yk|)-
Letaw = (1 —a)lyx| and B = (1 + a)|yk| and let us take in relation (13) the path family
I'= U A(ﬂét,‘Bt,DlﬁS(O,t)).

te(wp)

Since d(F(at),F(Bt)) > € for every o < t < B, we see that o, = %)(F(B(OI(;)QD” €

F(F(T)).
We have

1 1 )

— w(z)dv < o / L(z,F)"dz — 0if 6 — 0.

F(B(0,6)NDy) B(0,6)NDy

We reached a contradiction and we therefore proved that lin}) F(y) = c and hence
y—

yeD,
lim f(y) =c. O

y—=x
yeG

Our theorem is a Lindel6f-type theorem for mappings of finite conformal energy.
This theorem was inspired by the work of M. Vuorinen concerning nontangential limits of
quasiregular mappings and angular limits of the mappings having a bounded Dirichlet
integral and defined on open sets from R" (see [4,43—45]). As in the corresponding theorem
from classical complex analysis or from the theory of quasiregular mappings (see [43]), D;
may be a cone centered at 0, direction d and angle ¢ € (0, ) and D; a cone centered at
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0, direction 4 and angle 0 < ¢ < ¢. In our case, D; and D, may be a kind of spirallike
domain and hence can be more general than cones in R". The preceding theorem may be a
theorem concerning angular limits over domains G, with x € dGy, which are images of a
spirallike domain D, C R" with 0 € dD, by a normal parametrization ® of some manifold
X. Due to the generality of domains G; and Gy, our theorem is an extension of Lindel6f’s
theorem even in R”. We immediately prove the following;:

Theorem 6. Letn > 2, > 0, D1 C B(0,r) C R" be a domain such that D1 N S(0,t) is a cap of
a sphere for every 0 < t < r and let Dy be a domain such that Dy \ {0} C D1, 0 € D, N Dy and
there exists 0 < a < 1 such that B(y,aly|) C Dy for every y € Dj. Let D C R" be open such that
0€ 0D, Dy \ {0} C Dandlet f: D — R" be a mapping of finite distortion satisfying relation (4)

suchthat [ L(z, f)"dz < oo and suppose that there exists a path <y : [0,1) — D; such that
DNB(0,r)
limy(t) = 0and lim f(y(t)) = ¢ € R™. Then, lim f(y) = c.
t—1 t—1 y—=0
yeDs

We remind that Miklyukov showed in [48] that if f : B” — R" is a bounded quasireg-

ular mapping and [ |f'(x)|"dx < oo, then f has a.e. nontangential limits. Theorem 4 and
Bn
Theorem 6 generalized this result in the class of mappings of finite distortion satisfying

relation (4).

Corollary 1. Let n > 2, let X be a Riemannian n-manifold, let G C X be open and x € 9G be

an isolated point of dG. Let f : G — Y be continuous and quasimonotone, satisfying condition

(N~1) such that #(Bs) =0, v(f(Bf)) = 0and [ L(z, f)"du < oo. Suppose that there exists a
G

path 7y : [0,1) — G such that lim y(t) = x and lim f(y(t)) = c. Then, lim f(y) = c.
t—1 t—1 y—x

Remark 6. Usually in Theorem 5, we take X a Riemannian n-manifold and the mapping ® :
B(0,7y) — U, a C! diffeomorphism. Also, in Theorem 3, we can take X a Riemannian n-manifold
and ® : B" — D a C! diffeomorphism. If D C R" is a domain and ® : B' — D isa
homeomorphism such that there exist m, M > 0 such that 1(z, ®) > m, L(z, ®) < M for every
z € B"and f : D — R" is a mapping of biconformal energy, then there exists }g‘q f(@(td~1(y)))

for H""1ae. y € aD.

Theorem 7. Let n > 2, let X,Y be Riemannian n-manifolds, let D C X be a domain, let
w : D — [0, 0] be yu measurable and finite a.e. and let f : D — Dy be a homeomorphism such
that My, (f(T)) < M!(T) for every I € A(D). Let x € D be such that wy < oo. Then, there
exist constants Cq, Cp, C3, Cq and a function 1y : (0,00) — (0, 00) such that %1_% Nx(t) =0, 7y is

increasing on each interval (0,1) and (1, 00),

naw:{(cMH“Wﬁﬁ%U%#0<t<l

Caexp(Cawx (24 1)"),if t > 1.
and there exists ry > 0 such that

d(F(2),f(x) _  d(x,2)
aF ), f0) = ")

Proof of Theorem 7. Letry > 0and @ : B(0,ry) — B(x, ) be a C! diffeomorphism such
that ®(0) = x and ®(5(0,t)) = S(x,t) for every 0 < t < ry and let Vyx € V(f(x)) be
such that there exists ¢ : B(0,1) — Vy a C! diffeomorphism such that (0) = f(x) and

f(B(x,rx)) C Vi. Lety,z € B(x,ry) be such that 0 < d(x,y) < d(x,z) < %, and leta,b €

Jify,z€ B(x,ry),x #y,x # z. (16)
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B(0,ry) be such that ®(a) = y and ®(b) = z. Let F : B(0,1) — B(0,1), F = ¢ lo fod.
Then, F : B(0,1) — F(B(0,1)) is a homeomorphism between open sets from R", F(0) = 0
and letI' =T, - Then, F(I') is a ring R(Co, C1) and F(0), F(a) € Co, F(b), % € Cy. Let L
be such that 1d(a, B) < d(p~1(B), v (a)) < Ld(a, B) for every a, B € Vy. Using Lemma 1
and Lemma 7, we have the following;:

AT gy LPdf o0 f000)) oy dED)EO),

a(F (), () 4(f 0 D(a), £ o B(0)) (Fla), F(0))) =
< My (E(T)) < CMy(f 0 9(1)) < CMY (D)) = CMS (T n) < —— s
(Inln( d(x,’y) )"

if0 <d(x,y) <d(x,z) < . We proved that

if0<d(xy) <d(x,z) <=
Suppose now that L (oc B) < d(®(a),®(B)) < Lid(a,B)if a, € B(0,ry). Let
¥,z € B(x,ry) be such thatO <d(x,y) <d(x,z) <2d(x,y)+d(x,z) < ryandleta,b €
B(0,7y) be such that ®(a) = y, ®(b) = z, and as before, let F = ¢y Lo fod. Letw €
S(0, |a| + |b|) be such that L(0, F, |a| + |b|) = d(F(0),F(w)) and let B € 5(0,2|a| + |b|)
be such that L(0, F,2[a| + |b|) = d(F(0),F(B)). Let P be the plane determined by the
point 0,4, w and let C be the circle P N S(a, |a|). Let E be the tangency point of C of a
ray emerging from 0 to w and let y be the shortest arc in the circle C joining 0 with E
and let E; = [E,w] U |7y|. Let d be the line perpendicular on the plane P in the point a
and let M = d N S(0,2]a| + |b]). Let E; = [a, M] US(0,2|a| + |b|). Then, d(E;,Ey) > |a]
and d(F(0),F(a)) < L(0,F,|a]) < L(0,F, |a| + |b|) = d(F(0), F(w)) < L(0,F,2]a| + |b|) =
d(F(O),F(B)). Let A = A(El,Ez,B(O,2|LI| + |b‘)) Then, \le\XB(O,ZWHbD S F(A). Let I’ =
A(F(E1), F(E2), Coa(F(0),F(a)) d(F(0),F(w)))-
We see that I” > F(A), that f(E;) is a path joining F(0) with F(w) and that F(E)
contains a subpath joining F(a) with F(B), and since d(F(0), F(w)) < d(F(0), F(B)), we see

from (13) that M, (I") > C(n) In(4E ). We see that d(®(E;), () > 52 >
d(xy)

and hence p = (x y)X(B(x 2d(xy)+d(xz))) € F(P(A)). We have the following:

B(x,2d(x,y)+d(x,2))
CLY (2d(x,y) +d(x,2))"
d(x,y)"

< (if ry is small enough) <

w(u)du <
B(x,2d(x,y)+d(x,z))

< CL'wy (2 + Zgi;; YUif 0 < d(x,y) <d(x,z) < 2d(x,y) +d(x,2) < ry.
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We proved that

WG ) _ . Cliws
a(fw), fa)) =B Py

if0<d(x,y) <d(x,z) <2d(x,y)+2d(x,z) <ry. O

Corollary 2. Let f : D — Dy be a homeomorphism satisfying condition (N) and such that
[ L(y,8)"dv < oo, where g : D¢ — D is the inverse of f. Then, relation (16) is satisfied for a.e.
Y

x € Dand H(x, f) < oo a.e.

Proof of Corollary 2. We see from Theorem 1 that there exists w € L'(X) such that
My (T') < M (g(T)) for every I’ € A(Dy) and this implies that M, (f(I')) < M,(T)
for every I € A(D). Since w € L!(X), we see that wy < o p a.e. in D and we apply
Theorem 7. Also, the proof of Corollary 3 follows immediately from Corollary 2. O

Corollary 3. Let f : D — Dy be a homeomorphism between two domains in R" such that
fe W (D, Dys)and f~1 € Wl’"(Df,D). Then, relation (16) holds for a.e. x € D.

loc loc

Theorem 8. Letn > 2, D C R"adomain, a,b € D,a#b,n—1<q <mnandr > 0 be such
that HqD # ¢. Then, there exists an injective minimizer f € Hg for the total energy E] (D) such
that EZD(f) = E](D). Also, ifH?)’M # ¢, there exist injective minimizers fy, fo € H?),M such
that E};(D) = Ep(f1) and th,M(D) = E?,D (f2) and f, and f, may be different.

Proof of Theorem 8. Let I = E/(D) < coand let f; € H], be such that I < EZD (fi) < I—l—%

for every j € N. We see from Corollary 7.5.1 in [6] that the family (f;) e is equicontinuous

and, eventually taking a subsequence, we find f : D — R" such that f; — f uniformly on

the compact subsets D. We see from Lemma 4 that f € W, (D, R") and that [ | f'(x)|"dx <
D

loc

liminf [ |fj’(x)|”dx = L. Letg; : Dy, — D be the inverse of fj : D — Dy, for every j € N.
]~>oo D

Then, gj is a.e. differentiable, satisfies condition (N~!) and [ | g]’-(y) 19dy = [ Kpg(x, fj) <
Dy, D
j
EZD( fi) < oo for every j € N. We see from Theorem 1 that there exists w; € L'(R") such
that M, (I") < MZ,]. (8j(T")) for every I € A(Dy;) and every j € N and hence M, (£;(T)) <
MZ,].(F) forevery I' € A(D) and every j € N. We see that

[w@az= [ weaz< [ twgra= [ g -
D 8;(f;(D)) fi(D) fi(D)

/K,,q(x,fj)dx <El,(f) <I+1
D

for every j € N.

We see from Lemma 3 that either f is constant on D or there exists a domain G C
R" such that f : D — G is a homeomorphism and f; — f uniformly on the compact
subsets of D. Since q(fj(a), fi(b)) > r for every j € N, we see that q(f(a), f(b)) > r >0
and hence there exists a domain G C R” such that f : D — G is a homeomorphism.
Using Lemma 1 in [13], we find that G is a component of Kerj_mej andletg: G — D
be the inverse of f : D — G. Let now K and U be domains such that K CC G and
U CC Dand K C f(U). Then, K C f(U) C Kerj,efj(U). Let us show that there
exists jo € N such that g;(K) C U for j > jo. Indeed, otherwise we find infinitely many
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points a; € K such that a; = gj(a;) ¢ U. Then, fj(a;) = a; € K C f(U) C Kerj_of;(U);
and for j great enough, we see that f;(a;) C f;j(U) and hence we find g; € U such that
fi(aj) = fij(B)); and since a; # B, this Contradicti the injectivity of the mapping f;. We
proved that there exists jo € N such that g;(K) C U for every j > jo and we can suppose
that K C f(U) C Dy, for every j > jo. We can take jo = 1 and then the mappings
gjlK : K = D are well defined for every j € N. The mappings g; satisfy condition (N~ 1)
and}{lg}(}/)l"d}/ < Df 18i(y)9dy = gKLq(x/fj)dx < E/p(f)) < I+1foreveryj e N
f,

j
and we see from Theorem 2 that the family W = (g;|K);cn is equicontinuous. In fact,

the family Wy = (g;|K1)jen is equicontinuous even if K CC Ky and Ky C f(U). We
can suppose that there exists & : K — R” such that g; — h uniformly on K. We see that
h(K) C U C D and let us show that g; — ¢ uniformly on K. Indeed, otherwise we can
finde > 0and zj,z € K sucklthat z; — z and |g;(zj) — g(z;)| > € for every j € N. Now,
w; = gi(zj) = h(z) = w € U C D and let x; = g(z;) for every j € N. We can suppose
that x; — x € g(K) C D, and since the family (f;)en is equicontinuous at w, we find that
fi(w;) = f(w). Then, f;(w;) = fi(gj(zj)) = z; = f(x;) = f(x); and letting j — oo, we
find that f(w) = f(x); and since f is injective, it results that x = w. On the other side,
|xj —w;| = |g(zj) — gj(zj)| > € for every j € N and then |x — w| > € and we reached
a contradiction.

We proved that ¢; — ¢ uniformly on K and hence g; — g in Wllo’g (K,R™). As before,
using Lemma 4, we have

[ 18wy < timine [ I5j(y)irdy < timin [ |gj(y) 7dy
K K D 5
and letting K ,* G, we find that g € Wllo’Z(G, R") and
[ 15/ 1ty < timin [ [g) (w17
G Df]_
We have

Elp(H) = [ (F 0"+ Kuglx, N = [ IF Goldx+ [ 1g/ )19y <
D D G

gliminf/\f]-’(x)|”dx+liminf/ 12,y |dy =
j—ro0 joo
D ij

= liminf/ |f]»'(x)|”dx+liminf/Kllq(x,fj)dx <
]—00 ]—0
D D

< liminf/(|f]-’(x)|” + Ky g(x, f7))dx = liminf EY ) (f7) = 1.
] ]— 4
D

We proved that f € H}, and that EZD(f) = E!(D).
Suppose now that HIqJ,M # ¢. Then, I = E],(D) < EZM(D) < M and let f; €
H?J,M be such that I < Ep(f;) < I+ % for every j € N. As before, taking eventually a

subsequence, we can suppose that there exists f € Wllo’f(D, R") such that f; — f uniformly

on the compact subsets of D and [ |f’(x)|"dx < liminf [ |f]-’(x)|"dx. Letgj: Dy, = D
D ] D

be the inverse of f; : D — Dy, for every j € N. Then, g; satisfies condition (N -,
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is a.e. differentiable and f 183 (y)|1dy = fKIq ,fj)dx < M for every j € N. Using
Py
Theorem 1, we find w; € LY(R") such that My (I') < MZ,}. (8j(T")) for every " € A(ij)
and every j € N and hence M,(f;(I')) < M, ;(I') for every I' € A(D) and every j € N.
Then, fw] z)dz = [ wj(z)dz < [ L(z g])qdz = f |g )9dy = fKIq x, fj)dx <
8i(fi(D)) Dy,
E] 5 (fj) < M for every j € N.
Using Lemma 3, we find a domain G C R" such that f : D — Gisa homeomorphism,
and if g : G — D is the inverse of f : D — G, we prove as before that f 1§’ (y)]9dy <

hmmf f |g] )|9dy and hence thatE p(f) < lim EtD(f]) < M. We proved thatf € HL
] ’ ’
andthatE?VI(D):ED(f). O

5. Conclusions

Vuorinen (see [4,43—45]) was the first who remarked that the mappings of a bounded
Dirichlet integral satisfy a modular inequality. He used this method to prove some geo-
metric properties of such mappings. We develop his method and, by showing that such
mappings satisfy an inverse Poletsky modular inequality, we can obtain strong generaliza-
tions of some classical theorems from complex analysis. We open the systematic study of
geometric properties of some classes of mappings of finite distortion using the modulus
method. The conditions for finding injective minimizers may be useful both in theoretical
and applied mathematics.
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