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Abstract: Let G be a graph and S C V(G). If S is a dominating set of G, and for each
vertex u € V(G) — S, there is a neighbor of u in S, denoted by v, such that (S \ {v}) U {u}
is a dominating set of G, then S is a secure dominating set (SDS) of G. Conversely, S is
a co-secure dominating set (CSDS) of G if S is a dominating set of G and for each vertex
vin S, V(G) — S contains a neighbor of v, denoted by u, such that (S \ {v}) U{u}isa
dominating set of G. The minimum cardinality of a CSDS (resp. SDS) of G is the co-secure
(resp. secure) domination number of G. We use .s(G) and s(G) to denote the co-secure
domination number and secure domination number of G, respectively. Arumugam et al.
proposed two questions: (1) Characterize a graph G with 7.5(G) = a(G), where a(G) is the
independence number of G; (2) Characterize a graph G with 7¢s(G) = 7s(G). In this paper,
we characterize some forbidden induced subgraphs for a graph G with .(G) = a(G);
moreover, we obtain that 7. (G) = 7s(G) for each {K3, Cs, P5 }-free graph G with 6(G) > 2.
Our conclusions can generalize some known results.
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MSC: 05C69

1. Introduction

We consider only simple graphs in this paper. For notation and terminology not
defined here, readers are referred to [1]. Let G be a graph and S C V(G). We use G[S] and
E(GIS]) to denote the subgraph of G induced by S, and the edge set of G[S], respectively.
Let Ns(v) = {u € S : uv € E(G)} and dg(v) = |Ns(v)|; and if there is no confusion,
we set N(v) = Ng(v) and d(v) = dg(v) for brevity. Let N[v] = N(v) U {v}. For an
induced subgraph H; of G and a graph Hj, let Hy = H; if H; is isomorphic to Hy. A
complete graph of order # is denoted by K,, and a complete bipartite graph with two
color classes A, B is denoted by K 5, where |A| = p and |B| = q. G is H-free if G contains
no induced subgraph isomorphic to a graph H. Figure 1 shows some of the forbidden
induced subgraphs of G in this paper. A claw is a graph isomorphic to K; 3. We use
G[v,v1,v2,v3] to denote an induced subgraph H of G with H = Kj 3 such that the degree
sequence of H is dy(v) = 3,dy(v;) = 1 foreach i € {1,2,3}. Let K, denote the graph
obtained from Kj by deleting an edge. We use Cy4, Cs, and Ps to denote a 4-cycle, 5-cycle,
and a path of order 5, respectively. Let P = v1v; - - - v; denote a path P of order k > 2
from v; to vy in G. The bull graph, denoted by By 1, is a graph obtained by joining two
disjoint vertices to two distinct vertices of a triangle. If an induced subgraph H of G
consisting of v;,1 < i < 5, and isomorphic to By 1, then let G[{v1, v, v3,v4,v5}] = H such
that dg(v1) = 2,dy(vp) = dy(vs) = 3,dy(vy) = dy(vs) = 1, and v4vy,v305 € E(H).
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If an induced subgraph H of G consisting of w;,1 < i < 5, and isomorphic to Z, then
let G[{wy, wp, w3, wg, ws}| = H such that dy(wy) = 3,dy(w2) = dy(w3) = dy(wy) =
2,dy(vs) = 1, and wyw,ws is an induced path of order 3 in H. For two graphs H; and
Hj, let Gy = Hj V H; denote the join of H; and H; such that V(Gy) = V(H;) UV (H;)
and E(Gy) = E(H;) UE(Hp) U{uv € E(Gy) : u € V(Hy),v € V(H)}. The diameter of G,
denoted by diam(G), is the maximum distance of a pair of vertices in G. Let a(G) denote
the independence number of G.

If each vertex of G is in S or adjacent to some vertex in S, then S is a dominating set (DS)
of G.If S is a dominating set of G, and for each vertex u € V(G) — S, there is a neighbor of
uin S, denoted by v, such that (S \ {v}) U {u} is a dominating set of G, then S is a secure
dominating set (SDS) of G. Conversely, S is a co-secure dominating set (CSDS) of G if Sis a
dominating set of G and for each vertex v in S, V(G) — S contains a neighbor of v, denoted
by u, such that (S \ {v}) U{u} is a dominating set of G. The minimum cardinality of a
CSDS (resp. SDS) of G is the co-secure (resp. secure) domination number of G. Let y¢(G)
and 75(G) denote the co-secure domination number and secure domination number of
G, respectively. Let G = K, V (Kp UK7), m > 3.1t is easy to verify that 7.(G) = 1 and
vs(G) = 2, which implies there is no implication between SDS and CSDS.

The secure domination and co-secure domination problems have practical applications,
such as the assignment of guards for locations. We can obtain a graph G in the following
way: the given locations consist of the vertex set of G, and if two locations are connected
by a street, then there is an edge between them in G. We assume that if a location u has a
guard, then each neighbor of u is protected by the guard. The secure domination problem
is that we assign a minimum number of guards for a subset of locations, denoted by S, such
that for each location u in V(G) — S, S contains a neighbor v of u such that the guard in v
can move to u, and then the guard team can also protect all the locations. The problem
with the co-secure domination number is that we assign a minimum number of guards for
a subset S of locations such that for each location u in S, its guard can move to a neighbor
of u, and then the guard team can also protect all the locations.

Cockayne et al. introduced the concept of a secure dominating set and secure domina-
tion number. The exact values of secure domination number for paths, cycles, complete
multipartite graphs and some other graph classes were given in [2], and the bounds of
secure domination number for different graph classes were given in [3-9]. The concept of
co-secure domination was introduced by Arumugan et al. [10]. They also determined the
co-secure domination number of some families of graphs, such as paths and cycles, and
gave sharp upper and lower bounds of graphs; moreover, they proved that the decision
problem for .s(G) of a graph G is NP-complete even if G is a bipartite, chordal or planar
graph. Joseph and Sangeetha [11] gave some bounds for the co-secure domination number
of some classes of graphs.

Arumugan et al. [10] proved that for a connected graph G, the independence number
is an upper bound of .s(G) as follows.

Theorem 1 ([10]). Every maximum independent set is a co-secure dominating set of G for each
non-trivial graph G, i.e., Yes(G) < a(G).

Moreover, in [10], they gave the upper bound 7 (G) for 7.5(G) of a graph G as follows.
Theorem 2 ([10]). Yes(G) < vs(G) for each graph G with 6(G) > 2.
Based on Theorems 1 and 2, Arumugan et al. [10] asked the following two problems.

Problem 1 ([10]). Characterize a graph G with vy.s(G) = a(G).
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Problem 2 ([10]). Characterize a graph G with 75(G) = vs(G).

Inspired by Theorems 1 and 2 and Problems 1 and 2, in the Section 2, we give sufficient
conditions for a graph G that satisfies 7.5(G) = a(G) and 7v¢5(G) = 7(G), respectively.

o

K, B

2o

Figure 1. The forbidden induced subgraphs in this paper K, , By 1 and Z5.

2. Main Results and Their Proofs

Suppose that S is a dominating set of a graph G with v € S,u € Ng_s(v). If
Ns(u) = {v}, then u is an external private neighbor of v with respect to S. If (S \ {v}) U{u}
is a dominating set of G, then u is S-defended by v, and we can say u is S-defended for
brevity. If for each vertex u’ € S, u is not S-defended by u’, then u is S-undefended.
Let epn(v,S) = {u € V(G) —S : u is an S-external private neighbor of v} and
rpn(v,S) = {w € V(G) — S : wis S-defended by v}. It is easy to verify that u € rpn(v,S) if
and only if epn (v, S) C NJu]|. By the definitions of secure dominating set and co-secure dom-
inating set, if S is a secure dominating set of G, it is easy to verify that foreachu € G — S,
u € rpn(v,S) and epn(v,S) C N[u] for some vertex v € S; if S is a co-secure dominating
set of G, then for each vertex v € S, rpn(v,S) # @ and epn(v,S) C N[u] for each vertex
u € rpn(v,S). We mainly applied the previous definitions and properties to the proof of
our main results in this section.

According to Problem 1, we obtain Theorems 3 and 4, which gives an infinite family
F of graphs with 7.(G) = a(G) if G € F.

Theorem 3. Every non-trivial {K, , Cy, Ps, By 1 }-free graph contains a minimum co-secure domi-
nating set which is a maximum independent set.

Proof. Let G be a non-trivial {K,, Cy4, P5}-free graph. Suppose that G consists of k com-
ponents Gy, - -+, Gy with k > 1. Clearly, Zi’l‘ Yes(Gi) = 7ves(G). Thus, without loss of
generality, we assume that G is connected, i.e., k = 1. We begin with the following result.

Claim 1. For a vertex x ina CSDS S of G, ifepn(x,S) # @, then Glepn(x, S)] is a clique.

Proof. Suppose that S is a CSDS of G and x € S with epn(x,S) # @. If |epn(x,S)| = 1,
then we are done. Let |epn(x,S)| > 2. Suppose on the contrary that x1,x, € epn(x,S)
and x1x; ¢ E(G). By the definition of a CSDS, we have rpn(x,S) # @ and x1,x, ¢
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rpn(x,S). Assume that y € rpn(x,S). Then, y ¢ {x1,x} and xjy, xoy € E(G), which
implies G[{x, x1, x2,y}] = K, , a contradiction. Thus, G[epn(x, S)] is a clique. [J

For a CSDS S of G, since u € rpn(v,S) if and only if epn(v,S) C N[u] for a vertex
v € Sand a vertex u € Ng_g(v), we can obtain the following claim by Claim 1.

Claim 2. For a vertex x ina CSDS S of G, epn(x,S) C rpn(x,S).
By the definition of a CSDS and Claims 1 and 2, we can obtain the following result.

Claim 3. Let S be a dominating set such that dg_gs(x) > 1 for each vertex x € S. If S is not
a CSDS of G, then S contains a vertex x such that rpn(x,S) = @, and epn(x, S) contains two
non-adjacent vertices.

Claim 4. If S is a minimum CSDS of G with E(GI[S]) # @, then there is a vertex x € S with
ds(x) > 1 such that epn(x,S) # @.

Proof. Suppose on the contrary that epn(x,S) = @ for each vertex x € S with
ds(x) > 1. Let u,v € S such that uv € E(G). Then, by the hypothesis, we have
epn(u,S) = epn(v,S) = @.Let S’ = S\ {u}. Since S is a CSDS of G, we have rpn(x,S) # @
and Ng_s(x) # @ for each vertex x € S. Moreover, since epn(u,S) = @ and uv € E(G),
we have dg(x) > 1 for each vertex x € V(G) — S'. Thus, S’ is a dominating set of
G. Since S is a minimum CSDS of G and |S'| < |S], §’ is not a CSDS of G. Thus, by
Claim 3, there exists a vertex y in §’ with epn(y,S’) # @ and rpn(y,S’) = @. More-
over, let y1,y2 € epn(y,S') with y1y» ¢ E(G). By y € S, we have y # u. Suppose
that y1,y2 ¢ epn(y,S). Then, Ns(y;) = {u,y} for each i € {1,2}. If uy ¢ E(G),
then G[{y1,y2,y,u}] = y1uyayy; is a 4-cycle by y1y2 ¢ E(G), a contradiction. Thus,
uy € E(G), which implies G[{y1,y2,y,u}] = K, , a contradiction. Thus, epn(y,S) con-
tains at least one vertex in {y;,y2}. Moreover, by Claim 1 and y1y» ¢ E(G), we have
{y1,y2} Nepn(y, S)| = 1.

Without loss of generality, assume that y; € epn(y,S) and yo ¢ epn(y,S). Then,
Ns(y2) = {u,y} by y» € epn(y,S'). Since y; € epn(y,S), we have ds(y) = 0 by
epn(x,S) = @ for each vertex x € S with dg(x) > 1. Thus, y # v and yu,yv ¢ E(G).
By y # v and Ns(y2) = {u,y}, we have ypv ¢ E(G). We have yju,y10 ¢ E(G) by
y1 € epn(y,S) and y ¢ {u,v}. It follows that G[{v, u,y,y1,y2}| = vuyoyy1 = Ps, a contra-
diction. Thus, epn(x,S) # @ for some vertex x € Swithdg(x) > 1. O

Claim 5. G contains a minimum CSDS S such that S is an independent set.

Proof. Suppose to the contrary that each minimum CSDS of G is not an independent
set. We choose a minimum CSDS S of G such that |[E(G[S])| is minimum. Since S
is not an independent set, we have |E(G[S])| > 1, which implies 7.(G) = |S| > 2.
By Claim 4, without loss of generality, assume that ds(u) > 1 and u’ € epn(u,S). Let
S1 = (S\ {u})U{u'}. By Claim 1, epn(u,S) C N[u']. Moreover, rpn(x,S) # @ for each
vertex x € Sy \ {'}. Thus, S; is a dominating set of G with dg, (x) > 1 for each vertex
x € Si. We have dg, (u') = 0 by u’ € epn(u,S), which implies |E(G[S1])| < |E(GIS])|.
Thus, by the choice of S, 51 is not a CSDS of G. By Claim 3, there is a vertex w € 5
and z1,zy € epn(w, Sq) such that rpn(w, S1) = @ and z12, ¢ E(G). By u ¢ S1, we have
w # u. By Claim 1 and z1zp ¢ E(G), at least one vertex in {z1,2,} is not in epn(w, S).
In the following, we claim that there is a contradiction if {z1,z;} Nepn(w,S) = @ or
l{z1,22} Nepn(w,S)| = 1.
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Suppose that {z1,z,} Nepn(w,S) = @. Then, Ns(z;) = {u,w} for each i € {1,2}.
If wu € E(G), then G[{z1,u,zp,w}] = K, a contradiction. If wu ¢ E(G), then
Gl{z1,u,zp, w}] = zywzyuz; is a 4-cycle, a contradiction. Thus, [{z1,2z2} Nepn(w,S)| = 1.
Without loss of generality, assume that z; ¢ epn(w,S) and zp € epn(w,S). Then,
Ns(z1) = {u,w}.By u' € epn(u,S) and z; € epn(w, S), we have u'w, zou ¢ E(G). Suppose
that uw € E(G). We have u'z; € E(G) by G[{u',u,z1,w,z,}] # B11, a contradiction to
z € epn(w, S1). Suppose that uw ¢ E(G). Then, we have u'z; € E(G) by u'uzywz, # Ps, a
contradiction to zp € epn(w, S1). Thus, the claim is true. O

Let us resume the proof of Theorem 3. If G contains a minimum CSDS which is a
maximum independent set of G, then we are done. Thus, we assume that each minimum
CSDS of G is not a maximum independent set. Then, 7.5(G) < a(G) by Theorem 1, which
implies a(G) > 2. We have 7.5(G) > 2. Otherwise, suppose S = {v} is a minimum CSDS
of G. Then, each vertex in V(G) — {v} is adjacent to v, i.e., epn(v,S) = V(G) \ {v}. Then,
by Claim 1, G is a complete graph, a contradiction to a(G) > 2.

Let S’ be a maximum independent of G. By Claim 5, we take a minimum CSDS
S of G such that S is an independent set and |S N §’| is maximum. Then, |S| < |S| by
Yes(G) < a(G), and hence S’ — S # @ and |S' — S| > |S — §'|. Since S is a dominating set
of G, each vertex in S’ — S is adjacent to a vertex of S — S'. The rest proof boils down to two
cases as follows.

Case 1. ds(x) > 2 for each vertex x € ' — S.

Since |S' — S| > |S — S'| and S is a dominating set of G, there is a vertexv € S — §’
such that dgs_g(v) > 2. Assume that v1,v; € Ng_g5(v). By the hypothesis of the case,
ds(v;) > 2 for each i € {1,2}. Suppose that [Ns(v1) N Ng(vz)| > 2 and assume w €
(Ns(v1) N Ng(v2)) \ {v}. Since vy, v; are in the independent set S, v1v; ¢ E(G). We have
vw ¢ E(G) since S is an independent set. Thus, G[{v, v, w, v}| = v1vvwo; is a 4-cycle,
a contradiction. Thus, Ns(v1) N Ns(v2) = {v}. Suppose w; € Ns(v;) \ {v},i € {1,2}. By
Ns(v1) N Ng(v2) = {v}, we have wy # wy and v1wy, vwy ¢ E(G). Moreover, since S is an
independent set, G[{w1,v1,v,vp, wp }| = wiv1v0w, = Ps, a contradiction.

Case 2. There is a vertex u € S’ — S and a vertex v € S such that u € epn(v,S).

Let S = (S\{v}) U{u}. By u € epn(v,S), ux ¢ E(G) for each vertex x € S\ {v},
which implies that 51 is an independent set with |S;| = |S]|. Since rpn(x, S) # @ for each
vertex x € Sand u € epn(v,S), St is a dominating set of G with dg_g, (x") > 1 for each
vertex x' € Sy by Claim 1. If S; is a CSDS of G, then [S; N S'| > |SN S|, a contradiction
to the choice of S’. Thus, S; is not a CSDS of G. By Claim 3, there exists a vertex x € S;
and x1, xy € epn(x,Sy1) such that rpn(x,S1) = @, and x1x, ¢ E(G). Since v ¢ S1, we have
x # v. Moreover, it is easy to verify that v € rpn(u, S1), and hence u # x by rpn(x,S1) = @.
By Claim 1 and x1xp ¢ E(G), we have |[{x1,x2} Nepn(x,S)| < 1.

Suppose that x1,x; & epn(x,S). Then, Ng(x;) = {v,x} for each i € {1,2}. Since S is
an independent set and v # x, we have xv ¢ E(G), which implies that G[{x1,v, xp,x}] =
X10x2xx1 is a 4-cycle, a contradiction. Thus, |[{x1,x2} Nepn(x,S)| = 1. Without loss of
generality, assume that x; € epn(x,S) and x, ¢ epn(x,S). Then, Ng(x2) = {v,x}. By
x1 € epn(x,S) and u € epn(v,S), we have xjv,ux ¢ E(G). Since uvxyxx; # Ps and
VX, X10, Ux, X1 X2, ux ¢ E(G), we have xju € E(G), which implies dg, (x1) > 2, a contradic-
tion to x1 € epn(x, Sq).

It follows that Theorem 3 is true. [

By Theorems 1 and 3, we can obtain the following corollary, which characterizes a
graph G with 7.(G) = a(G).

Corollary 1. Let G be a non-trivial {K , Cy4, Ps, By 1 }-free graph. Then, v.5(G) = «(G).
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By Corollary 1, it is obvious that G contains an induced subgraph isomorphic to
Ky ,Cy, Ps or By if 75(G) # a(G) for a graph G. Clearly, a tree contains no induced
subgraph in {K4_, By1, Cy}. Thus, by Corollary 1, we have that if T is a tree with diam
(T) < 3, then 7¢s(T) = a(T). Let T be a star or double star of order n. Clearly, a(T) = n —2
and diam (T) < 3. Thus, y¢s(T) = n — 2 by Corollary 1, which is obtained by Arumugan
in [10].

In the following we consider some other forbidden induced subgraphs in
F = {Ky3,B11, 2>} for a graph G, such that if G is F-free, i.e., G contains no any in-
duced subgraph in F, then 7.(G) = a(G).

Theorem 4. v.5(G) = a(G) for every {Ky 3, B1,1, Z3 }-free graph G with §(G) > 3 if a(G) # 2.

Proof. We assume that G is connected and {Kj 3, By 1, Z; }-free graph with a(G) # 2. As
the proof of Theorem 3, it suffices to prove that there is a minimum CSDS of G, which
is a maximum independent set of G. If G is a complete graph, i.e., a(G) = 1, then
Yes(G) = a(G) = 1, and we are done. Suppose on the contrary that 7.(G) < a(G). Then,
a(G) > 3.

Claim 1. 7,(G) > 2.

Proof. Suppose on the contrary that 7.s(G) = 1. Let S = {v} be a CSDS of G. Then,
each vertex in G \ {v} is adjacent to v and each vertex in G \ {v} is adjacent to v. Since
J(G) >3, |V(G)| > 4. Then, by a(G) > 3,let v1,v5,v3 € V(G) \ {v} such that {vq,v2,v3}
is an independent set. Then, G[v,v1,v;,v3] = Kj 3, a contradiction. Thus, a(G) < 2, a
contradiction. O

Let S be a minimum CSDS of G such that |[E(G[S])| is minimum. By Claim 1, |S| > 2.
Claim 2. There exists a vertex x € S with dg(x) > 1 such that epn(x,S) # @ if E(G[S]) # @.

Proof. Suppose to the contrary that epn(x,S) = @ for each vertex x € S withdg(x) > 1. We
assume that uv € E(G) with u,v € S. Then, epn(u,S) = epn(v,S) = @. Let S’ = S\ {u}.
Since S is a CSDS of G, Ng_s(x) # @ for each vertex x € S. Moreover, by epn(u,S) = @
and uv € E(G), we have §’ is a dominating set of G such that dg_g (x) > 1 for each vertex
x € §'. By the minimality of |S| and |S’| < |S]|, S’ is not a CSDS of G. Then, by Claim 3 of
Theorem 3, let x € §' such that rpn(x,S') = @and x1, x5 € epn(x,S") with x1x; ¢ E(G). We
have [{x1,x2} Nepn(x,S)| < 2 since rpn(x,S) # @. Clearly, u € Ns(x;) if x; ¢ epn(x,S),
where i € {1,2}.

Suppose {x1,x2} Nepn(x,S) = @. Then, {u,x} = Ng(x;) for each i € {1,2}. We
have x = v; otherwise, x1,x; ¢ N(v) by Ng/(x;) = {x}, and so G[u,xq,x2,v] = Ky,
a contradiction. Thus, epn(v,S’) # @ by x = v and {x1,x} € epn(x,S’). We have
epn(v,S") C N[u] by epn(v,S) = @. Thus, u € rpn(v,S’), a contradiction to rpn(v,S') = @.
It follows that [{x1, xp} Nepn(x,S)| = 1 by |[{x1,x2} Nepn(x,S)| < 2.

Without loss of generality, assume x1 ¢ epn(x,S) and x, € epn(x,S). Then, x # v and
Ns(x) = @ by the hypothesis that epn(x/,S) = @ for each vertex 1’ € S with dg(x’) > 1.
Note that Ng(x1) = {u,x}. By d(x) > 3 and Ng(x) = @, assume Ng_g(x) \ {x1,x2} # @.
We claim that yx, ¢ E(G), and yxq,yu € E(G) for each vertex y € Ng(x) \ {x1,x2}. Let
X3 € NG—S(x) \ {xl,xz}. We have x1x3 € E(G) Or XpX3 € E(G) by G[x, X1,X2, Xg] 7+— K1,3
and x1xp ¢ E(G). Assume x,x3 € E(G). Suppose x3v € E(G). Then, we have x1x3 € E(G)
by G[x2,x3,x,v,x1] # B11 and vx, x1x2, x20, x10 ¢ E(G), and hence G|x3,x1,v, x2] = Ky 3,
a contradiction. Thus, x3v ¢ E(G). If x3u € E((G), then G[x3,xp,x,u,0v] = Z, by
Xou, Xp0, x30, xu, xv ¢ E(G), a contradiction. Thus, xzu ¢ E((G), which implies G|[x, xp, x3,
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x1,u] = Zp, a contradiction. It follows that xpx3 ¢ E(G) and then x1x3 € E(G). By
Glx3,x,x1,x2,u] # By and x3x2, X2x1, X1 ¢ E(G), we have x3u € E(G).

We have Ng_s(v) N Ng_g(x) = @. Otherwise, without loss of generality, let
y € Ng_s(v) N Ng_g(x). Then, yx;,yu € E(G) and yx, ¢ E(G) by the above re-
sult. Thus, G[y,u,v,x,x,] = Z, a contradiction. Moreover, we claim that Ng_g(v) N
Ng_s(x1) = @. Otherwise, let v; € Ng_s(v) N Ng_g(x1). Then, v1x ¢ E(G) by
Ng_s(v) N Ng_g(x) = @. Wehave vu € E(G) by G[x1,u,x,v1] # Ky 3and ux,v1x ¢ E(G).
Thus, v1x € E(G) by G[x1,u,v1, X, Xx2] # Zp and xpu, xpx1, xv1, xut ¢ E(G). Then, we have
G[v1,x1, x2,v] = Ky 3, a contradiction. We have Ng_g(v) N Ng_g(u) = @. Otherwise, as-
sume v; € Ng_s(v) N Ng_s(u). Then, x,v, ¢ E(G) by Ng_s(v) N Ng_s(x1) = @ and
vx ¢ E(G) by Ng_s(v) N Ng_g(x) = @. Thus, G[u,v,,v,x1,x] = Zp, a contradiction.
Let v € Ng_s(v) by Ng_s(v) # @. Then, v'x,v'u,v'x; ¢ E(G) by the previous proof,
and hence x3v" € E(G) by Glu,x1,x3,v, V'] # Z,. It follows that G[x3,v’,x,u] = Ky 3,
a contradiction. O

Claim 3. S is an independent set.

Proof. Suppose on the contrary that S is not an independent set. By Claim 2, as-
sume u,v €S with uv € E(G), and u; € epn(u,S). Clearly, uyv ¢ E(G). Let
Sy = (S\ {u})U{ui}. For each vertex u’ € Ng_gs(u)\ {u1}, we have v'u; € E(G)
or u'v € E(G) by Glu,us,v,u'] # K3 and ujv ¢ E(G). Thus, S; is a dominating set
with [S| = |S;| and |E(G[S2])| < |E(G[S])|, which implies S, is not a CSDS by the
choice of S. Clearly, u € rpn(uy,S;). By Claim 3 of Theorem 3, let x € Sy \ {u;} such
that rpn(x,S;) = @, and let x1,xp € epn(x,Sy) be two distinct non-adjacent vertices
such that [{x1,x2} Nepn(x,S)| < 2. By x1,x, € epn(x,Sy), we have xquy, xou; ¢ E(G).
By {x1,x2} & epn(x,S), without loss of generality, assume that x, ¢ epn(x,S). Then,
Ns(x2) = {u,x}. We have xov € E(G) by Glu,x2,v,u1] # Ky and xuqy,vu; ¢ E(G),
which implies x = v. We claim x; € epn(v,S). Otherwise, Ns(x1) = Ng(x2) = {u,v}.
Then, xpx1 € E(G) by G[u, x2,x1,u1] # Ki3 and x1,x2 ¢ N(u1), a contradiction. Thus,
Ng(x1) ={v} and then xju ¢ E(G). By Glxo,u,v,u;,x1] # By1 and
u1v, X114, U1x2, X1x2 ¢ E(G), we have u1x; € E(G), a contradiction to x1 € epn(v,S;). O

Let S; be a maximum independent set of G. By Claim 3, we choose a minimum CSDS
S of G such that S is an independent set and |S N S1| is maximum. Then, |S;\ S| > |S\ S1]
by 7es(G) < a(G). Since S is a dominating set and |S1 \ S| > |S\ S1], there are two vertices
in S1 \ S having a common neighbor in S \ S;. Assume #,v € S\ Sand w € S\ 51 such
thatu,v € N(w).

Claim 4. Ifz € epn(w,S), then z ¢ rpn(w, S), where z € {u,v}.

Proof. Without loss of generality, let 1 € epn(w,S) and suppose on the contrary that
uerpn(w,S).Let S’ = (S\ {w}) U {u}.Since u € epn(w,S), S’ is an independent set. We
have epn(w,S) C N[u] by u € rpn(w,S). Thus, S’ is a dominating set with |S’| = |S|. By
|S" N S1| > |S N S| and the choice of S, S’ is not a CSDS of G. Clearly, w € rpn(u,S’). Thus,
by Claim 3 of Theorem 3, let x € S"\ {u} such that rpn(x,S’) = @ and x1, wq € epn(x,S’)
such that x;w; ¢ E(G) and [{x1, w1} Nepn(x,S)| < 2. Since xq,w; € epn(x,S’) and
u € 8"\ {x}, we have xju,wiu ¢ E(G). By |{xy, w1} Nepn(x,S)| < 2, without loss of
generality, assume wy ¢ epn(x,S). Then, Ng(w;1) = {w, x}.

We claim that [{xj,w;} Nepn(x,S)| = 1. Suppose x; ¢ epn(x,S). Then,
Ns(x1) = Ng(wy) = {u,x}, and hence Glw,u,x;,w;] = Kj3, a contradiction. Thus,
x1 € epn(x, S).
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We claim that each vertex in Ng_g(w) \ {u, w1} is nonadjacent to u and adja-
cent to wy. Let wy € Ng_g(w) \ {wy,u} since d(w) > 3 and S is an independent
set. Then, wow; € E(G) or wou € E(G) by Glw,wy, wp,u] # Ky3 and uw; ¢ E(G).
Suppose uw, € E(G). Assume w, € epn(w,S). Then, wpx ¢ E(G), which implies
wowy € E(G) by Glw, u,wy, wy, x| # Zp and wx,ux,uwy ¢ E(G). Thus, wpx; € E(G) by
Glun, wp, w, x, x1] # Zp and wx, xyw, xywy, wox ¢ E(G). It follows that G[wy, u, wq, x1] = Ky 3,
a contradiction. Thus, w, ¢ epn(w, S), and moreover, we have dg(w;) = 2 since G is claw-
free and S is an independent set. Let {y, w} = Ng(w,). Suppose y # x. Then, wyx ¢ E(G),
which implies wow; € E(G) by Glw,u,wy, w1, x] # Zp. Since u € epn(w,S) and
Ng(w1) = {u,x}, wehave uy, w1y ¢ E(G), and hence G[wy,y, u, w1] = Kj 3, a contradiction.
Thus, y = x, i.e., Ng(w2) = {w, x}. By G[x,wq,wz, x1] # Ky 3 and wix; ¢ E(G), we have
x1wy € E(G) or wywy € E(G). If wyw, € E(G), then wyx; € E(G) by Glwy, wy, x,u, x1] #
By1 and uwn, uxy, wixy, ux ¢ E(G), which implies G[ws, u, w1, x1] = Kj 3, a contradiction.
Thus, wow; ¢ E(G), and wpx1 € E(G), which implies G[x1, wy, x, 1, w1] = By 1, a contradic-
tion. It follows that wou ¢ E(G), and wow; € E(G). In the following we use the result to
obtain a contradiction.

Since u € epn(w,S) and d(u) > 3, let uy, uy € Ng_s(u). By the above result, we have
uq,up ¢ N(w); otherwise, there is a vertex in N(w) \ {u, w;} adjacent to u, a contradiction.
Thus, ujuy € E(G) by Gu,uy, uy, w] # Kj 3. Moreover, we have wju; € E(G) for some
i € {1,2} by Gu,uy, up,w,wy] # Z,. Without loss of generality, assume wju; € E(G).
Then, u1x € E(G) by Glwy, uy,w, x] # Ky 3 and uyw, wx ¢ E(G). We have u1x; € E(G)
by Glwq,u1, x,u,x1] # By 1 and ux, uxy, uwy, wix; € E(G). Thus, Gluq, wq,u,x1] = K1 3,a
contradiction. O

Claim 5. {u,v} Nepn(w,S) = @.

Proof. Without loss of generality, suppose on the contrary that u € epn(w,S). Then, by
Claim 4, u ¢ rpn(w, S), and hence let wy € epn(w,S) \ {u} such that uw; ¢ E(G). Since S
isa CSDS of G, rpn(w, S) # @.

Let wp € rpn(w,S). We have wy ¢ {u, w1} by u,w; € epn(w,S) and uw; ¢ E(G).
Moreover, wywy, wou € E(G) by wy € rpn(w,S) and u,w; € epn(w,S). We claim
rpn(w,S) C epn(w, S). Suppose wy & epn(w,S). Then, ds(w,) > 2. Let x € Ng(wy) \ {w}.
We have ux, w1x ¢ E(G) by u,w; € epn(w,S), and hence G[wy, w1, 1, x] = Kj 3, a contra-
diction. Thus, w; € epn(w, S).

We claim that N(w) = epn(w,S) by reduction to absurdity. Suppose N(w) \
epn(w,S) # @, and assume ws € N(w) \ epn(w,S). Then, ds(w3) > 2, and w3 ¢
{u, w1, wy} by {u, w1, w2} C epn(w,S). Let y € Ng(ws) \ {w}. Then, wsu € E(G) or
wswy € E(G) by Glw, wq,u, w3] # Ky 3 and wiu ¢ E(G). Assume wzu € E(G). Then, by
Glu,w, w3, wy,y] # B11 and uwy, uy, wy, w1y ¢ E(G), we have wyws € E(G), and hence
Glws, w1, u,y] = K3, a contradiction. Thus, wsu ¢ E(G) and similarly, wiw; ¢ E(G),
which implies a contradiction.

Since |S| > 2 and G is connected, assume that x; € Ng_gs(w), x2 € V(G) — S such
that x1x; € E(G) and Ng(xp) \ {w} # @. Moreover, by epn(w,S) = N(w), we have
xow ¢ E(G). Let z € Ng(x2). Then, z # w. Suppose x1 ¢ rpn(w,S). Then, without
loss of generality, assume x; = wy. By xz € E(G) and N(w) = epn(w,S), we have
Xow, w1z, uz, wpz ¢ E(G). Thus, wyxp; € E(G) by Glwy, wa, w, X2,z] # Zp, which implies
uxy € E(G) by Glwa, u,w, x3,z] # Z. It follows that G[xp, w1, 1, z| = Kj 3, a contradiction.
Thus, x; € rpn(w, S), and then x,u ¢ E(G). Without loss of generality, let x; = w,. Then,
Glwy, u(wy), w, x2,z] = Zp by xowy, xou ¢ E(G), a contradiction. [

Claim 6. epn(x,S) # @ for each vertex x in Ng(u) N Ng(v).
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Proof. Without loss of generality, suppose on the contrary that epn(w, S) = @. Since d(w) > 3,
let wq € Ng_s(w) \ {u,v}. Then, wiu € E(G) or wyv € E(G) by Glw,u,v,w;] # K13 and
uv ¢ E(G). Without loss of generality, assume that wju € E(G). Since epn(w,S) = @,
min{dg(u),ds(v)} > 2. Moreover, since G is claw-free and S is an independent set,
ds(u) = ds(v) = 2. Assume Ng(u) = {w,x} and Ng(v) = {w,y}.

We claim that y = x. Suppose y # x. By Glw, w1, u,v,y] # Zp and uy,uv,wy ¢
E(G), we have vw; € E(G) or w1y € E(G). Suppose that yw; € E(G). Then, wix ¢
E(G); otherwise, G[wq,w,y,x] = K3, a contradiction. Thus, G[w, w1, u,y,x] = By, a
contradiction. It follows that yw; ¢ E(G), and then wiv € E(G). Since epn(w,S) = @,
we assume that z € Ng(w;) \ {w}. By wiy ¢ E(G), we have z # y. Moreover, we have
Glw,v,w1,y,z] = B11 by Ng(v) = {y,w}, a contradiction. Thus, y = x.

Let S = (S\ {w,x}) U {u,v}. Since Ns(u) = Ns(v) = {w, x}, S’ is an independent
set with |S’| = |S|. Moreover, each vertex in N(w) U N(x) is adjacent to u or v, since G is
claw-free. Clearly, w, x ¢ S; and then |S' N S1| > |SN S1|. Thus, S’ is not a CSDS of G by
the choice of S. Then, let z € S’ such that rpn(z,S’) = @ and let x1, x, be two non-adjacent
vertices in epn(z, S’) such that |[{x1, x2} Nepn(z, S)| < 2. Without loss of generality, assume
that x1 ¢ epn(z,S). Then, x1 N {w, x} # @, which implies xju € E(G) or xv € E(G). In
the following, we claim that z € {u, v}, and then obtain a forbidden subgraph to give
a contradiction.

Suppose z ¢ {u,v}. Then, de/(x1) > 2 by x1 € N(u) UN(v), a contradiction to
x1 € epn(z,S'). Without loss of generality, assume that z = u. Then, x;v ¢ E(G) by x; €
epn(u,S’), and N(x;) N{w,x} # @ for each i € {1,2}. Suppose that x; and x; has a
common neighbor in {w, x}. Without loss of generality, assume that w € N(x1) N N(x7).
Then, x1v or x,v € E(G) by Glw,v,x1,x2] # Ky3 and x1x, ¢ E(G), a contradiction.
Thus, N(x1) N N(x2) = @. Without loss of generality, assume that x;w, xox € E(G). Then,
x1x, xow ¢ E(G). It follows that G[xp, x, 1,0, x1] = By, a contradiction. Thus, the claim
is true. O

Claim 7. If a vertex in {u,v} isin rpn(x,S), then Ns(u) = Ng(v), where x € Ng(u) N Ns(v).

Proof. Without loss of generality, let u € rpn(w,S). We have epn(w, S) # @ by Claim 6.
Then, each vertex in epn(w, S) is adjacent to u. By Claim 5, ds(u) = dg(v) = 2 since G is
claw-free. Assume Ns(u) = {w, x} and Ng(v) = {w, y}. It suffices to prove x = y. Suppose
x # y. We claim that v € rpn(w, S). Otherwise, let w; € epn(w, S) such that wiv ¢ E(G).
By u € rpn(w, S), we have wyu € E(G). Moreover, w1y ¢ E(G) by w; € epn(w,S). Thus,
Glw, u, w1,v,y] = Z,, a contradiction, and then v € rpn(w, S).

Let w; € epn(w,S). Then, wyv,wiu € E(G) by {u,v} C rpn(w,S). We claim
that v € rpn(y,S). Otherwise, let y; € epn(y,S) such that vy; ¢ E(G). Clearly,
w1y, y1w ¢ E(G) by wy € epn(w,S) and y; € epn(y,S). Thus, we have wyy; € E(G) by
Glv, w1, w,y,y1] # Zy. Then, uy; € E(G) since G[wq,u, w,y1,y] # Zy. Since y1 € epn(y, S),
we have y1x, 3w ¢ E(G), which implies G[u, x,w,y1] = Kj 3, a contradiction. Similarly,
u € rpn(x,S). Moreover, each vertex in N(w) \ {u, v} is adjacent to u or v since G is claw-
free. Let S’ = (S \ {w, x,y}) U {u, v}. By the previous result, S’ is a dominating set of G.
Moreover, S’ is an independent set.

We claim that zju € E(G) or z;v € E(G) for each vertex in z; € N(z) \ (N(w) U
epn(z,S)) and each z € {x,y}. Otherwise, without loss of generality, suppose that
z1 € N(x)\ (N(w) Uepn(x,S)) and z1u,z1v ¢ E(G). Then, we have wyz; € E(G) by
Glu, w1, w,x,21] # Zp, and hence Glwy,z1,u,v] = Kj3, a contradiction. It follows that
z' ¢ epn(z,S') if Ng(z') \ {w, x,y} # @ for each z’ € N(z), where z € {x,y, w}.

By |S'| < |S|, ' is not a CSDS of G. Then, let 2’ € S’ such that rpn(z/,S") = @ and let
21,23 be two non-adjacent vertices in epn(z’,S") such that |{z1,z2} Nepn(z/,S)| < 2. Suppose
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that 2/ ¢ {u,v}. By |[{z1,22} Nepn(z/,S)| < 2, without loss of generality, assume that
z1 ¢ epn(z’,S). Then, N(z1) N {w, x,y} # @ by the above result. Since N(z1) N {u, v} # @,
we obtain a contradiction to z; € epn(z/,S"). Thus, 2’ € {u, v}. Without loss of generality,
assume that z’ = u. Then, 210,20 ¢ E(G) by 21,2z, € epn(u,S’). We have z1x € E(G)
or zpx € E(G) by Glu,z1,22,x] # Ky3. Without loss of generality, assume that z;x €
E(G). Then, we have zyw € E(G) by Gu,z1,x,w,v] # Z;, which implies z;y € E(G) by
Glw,u,z1,v,y] # Zy. Thus, G[z1,w, x,y] = Kj 3, a contradiction. It follows that x = y. [

Now we come to complete the theorem. We claim that Ng(u) = Ng(v). By Claim 7,
it suffices to prove Ns(u) = Ng(v) if no vertex of {u,v} is in rpn(w’, S) for each vertex
w' € Ng(u) N Ng(v). Assume {u,v} Nrpn(w,S) = @. Then, by Claim 6, let w; € epn(w, S)
such that wyu ¢ E(G). We have wyv € E(G) by Glw,u,v,w1] # Ky 3 and uv ¢ E(G). We
have ds(u) = dg(v) = 2 since G is claw-free and by Claim 5. Assume that Ng(u) = {w, x}.
Clearly, wix ¢ E(G) by wy € epn(w,S). Then, vx € E(G) by Glw,v, w1, u,x] # Z,. Thus,
Ns(u) = Ns(v) = {w, x}.

Let S = (S\ {w,x}) U {u,v}. Since G is claw-free and uv ¢ E(G), each vertex in
N(w) U N(x) is adjacent to u or v. Thus, S’ is a dominating set, and moreover, S’ is an
independent set by Ns(u) = Ng(v) = {w, x}. Clearly, x,w ¢ S; and then |S'N 51| > [SN
S1|. Thus, S’ is not a CSDS of G by the choice of S. Then, let y € S’ such that rpn(y, S') = @,
and let y1,yo € epn(y,S’) such that y1y, ¢ E(G) and |{y1,y2} Nepn(y,S)| < 2.

Without loss of generality, assume that y; ¢ epn(y,S). Then, ds(y;) > 2 and
Ns(y1) N{w, x} # @. Thus, N(y1) N{u, v} # @. It follows that dg/(y1) > 2ify ¢ {u, v}, a
contradiction to y; € epn(y,S’). Thus, y € {u,v}. Without loss of generality, assume
that y = u. Then, y1v,y0v ¢ E(G) by y1,y2 € epn(u,S’). We have yyw € E(G) or
yow € E(G) by Glu, w,y1,y2] # Ky 3. Without loss of generality, assume that y;w € E(G).
Then, wy, ¢ E(G). Otherwise, G[w,y1,2,v] = Kj3, a contradiction. It follows that
Gly1,u, w,y2,v] = By 1, a contradiction. Thus, the theorem is true. [

Let G = K V (K UKy ), m > 3. Then, Gis a {Ky 3, B 1, Z» }-free graph with 6(G) > 3
and «(G) = 2. It is easy to verify that 7.(G) = 1. Thus, the condition that a(G) # 2 in
Theorem 4 is necessary.

By Theorem 4, if 7.(G) < a(G) for a graph G with §(G) > 3, then G contains an
induced subgraph isomorphic to Kj 3, Zy, or By 1. Moreover, by Theorems 1 and 4, it is easy
to obtain the following corollary.

Corollary 2. Let G be a non-trivial every {Ky3,B11, Zs}-free graph G with 6(G) > 3 and
«(G) # 2. Then, every maximum independent set of G is a minimum co-secured dominating set
of G.

According to Problem 2, we give the following result.
Theorem 5. 7.5(G) = vs(G) for every {K3, Cs, D5 }-free graph G with 6(G) > 2.

Proof. Let G be a {K3, Cs, Ps }-free graph with 6(G) > 2. By Theorem 2, it suffices to prove
G contains a minimum CSDS S such that S is a SDS, i.e., ¢5(G) > vs(G). Suppose to the
contrary that each minimum CSDS of G is not a SDS of G. Let S be a minimum CSDS S of
G. Then, there is an S-undefended vertex in G — S.

Firstly, we claim that for each vertex u € S, |epn(u,S)| < 1. Suppose that there
is a vertex x € S such that |epn(x,S)| > 2. Assume that x1,x, € epn(x,S). We have
x1x2 ¢ E(G), otherwise, G[{x, x1, x2}] = K3, a contradiction. Thus, x; ¢ rpn(x,S) for each
i € {1,2}. By the definition of a CSDS, rpn(x,S) # @. Assume thaty € rpn(x,S). Then,
y & {x1,x2} by {x1,x2} Nrpn(x,S) = @, and hence yx; € E(G) for each i € {1,2}. It
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follows that G[{y, x;, x}] = K3 for each i € {1,2}, a contradiction. Thus, |epn(x,S)| <1
and rpn(x,S) = {«x'} if epn(x,S) = {x'}. It follows that if a vertex z € V(G) — S is
S-undefended, then ds(z) > 2.

Suppose z € V(G) — S is S-undefended. Then, for each vertex w in Ng(z), epn(w, S) #
@ and the exactly one vertex in epn(w, S) is non-adjacent to z. By dg(z) > 2, we as-
sume wi, wy € Ng(z). Let uy € epn(wy,S),up € epn(wy, S). Then, uqw,, upwy ¢ E(G). By
G[{z, w1, wp}] # K3, we have wiwyp ¢ E(G). Then, uqup € E(G) by G[{uy, wy,z, wa, up }] #
Ps, which implies G[{u1, w1,z, wy, up} = Cs, a contradiction. Thus, each vertex in G — S is
S-defended, and S is a SDS of G. We have 9.5(G) > v5(G), and the theorem is true. O

By Theorem 5, if y¢(G) < 75(G) for a graph G with 6(G) > 2, then G contains an
induced subgraph isomorphic to K3, Cs, or Ps. Since a bipartite graph G contains no odd
cycles, G is {K3, Cs }-free. Thus, by Theorem 5, we can obtain the following corollary.

Corollary 3. If G is a bipartite graph with 6(G) > 2 and contains no induced subgraph isomorphic
to Ps, then vv.5(G) = 7v5(G).

By Corollary 3, we have 7¢s(G) = 7s(G) for a complete bipartite graph G = K, ; with
2 < p < gq. This generalizes Proposition 2.15 in [10].

3. Conclusions

Arumugam et al. [10] proposed two questions: (1) Characterize a graph G with
Yes(G) = a(G); (2) Characterize a graph G with 7.5(G) = 75(G). In this paper, according to
question (1), we prove that y.s(G) = a(G) for every non-trivial {K, , C4, By 1, P5 }-free graph;
moreover, we obtain that v.(G) = a(G) for every non-trivial {Kj 3, By 1, Z» }-free graph
G with 6(G) > 3 and a(G) # 2; according to question (2), we obtain that .(G) = 7s(G)
for each {Kj, Cs, Ps }-free graph G with §(G) > 2. Our conclusions can generalize some
results on the bounds of co-secure domination number of some families of trees and
bipartite graphs.
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