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Abstract: Let G be a graph and S ⊆ V(G). If S is a dominating set of G, and for each
vertex u ∈ V(G)− S, there is a neighbor of u in S, denoted by v, such that (S \ {v}) ∪ {u}
is a dominating set of G, then S is a secure dominating set (SDS) of G. Conversely, S is
a co-secure dominating set (CSDS) of G if S is a dominating set of G and for each vertex
v in S, V(G) − S contains a neighbor of v, denoted by u, such that (S \ {v}) ∪ {u} is a
dominating set of G. The minimum cardinality of a CSDS (resp. SDS) of G is the co-secure
(resp. secure) domination number of G. We use γcs(G) and γs(G) to denote the co-secure
domination number and secure domination number of G, respectively. Arumugam et al.
proposed two questions: (1) Characterize a graph G with γcs(G) = α(G), where α(G) is the
independence number of G; (2) Characterize a graph G with γcs(G) = γs(G). In this paper,
we characterize some forbidden induced subgraphs for a graph G with γcs(G) = α(G);
moreover, we obtain that γcs(G) = γs(G) for each {K3, C5, P5}-free graph G with δ(G) ≥ 2.
Our conclusions can generalize some known results.

Keywords: co-secure dominating set; secure dominating set; co-secure domination number
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1. Introduction
We consider only simple graphs in this paper. For notation and terminology not

defined here, readers are referred to [1]. Let G be a graph and S ⊆ V(G). We use G[S] and
E(G[S]) to denote the subgraph of G induced by S, and the edge set of G[S], respectively.
Let NS(v) = {u ∈ S : uv ∈ E(G)} and dS(v) = |NS(v)|; and if there is no confusion,
we set N(v) = NG(v) and d(v) = dG(v) for brevity. Let N[v] = N(v) ∪ {v}. For an
induced subgraph H1 of G and a graph H2, let H1 = H2 if H1 is isomorphic to H2. A
complete graph of order n is denoted by Kn, and a complete bipartite graph with two
color classes A, B is denoted by Kp,q, where |A| = p and |B| = q. G is H-free if G contains
no induced subgraph isomorphic to a graph H. Figure 1 shows some of the forbidden
induced subgraphs of G in this paper. A claw is a graph isomorphic to K1,3. We use
G[v, v1, v2, v3] to denote an induced subgraph H of G with H = K1,3 such that the degree
sequence of H is dH(v) = 3, dH(vi) = 1 for each i ∈ {1, 2, 3}. Let K−

4 denote the graph
obtained from K4 by deleting an edge. We use C4, C5, and P5 to denote a 4-cycle, 5-cycle,
and a path of order 5, respectively. Let P = v1v2 · · · vk denote a path P of order k ≥ 2
from v1 to vk in G. The bull graph, denoted by B1,1, is a graph obtained by joining two
disjoint vertices to two distinct vertices of a triangle. If an induced subgraph H of G
consisting of vi, 1 ≤ i ≤ 5, and isomorphic to B1,1, then let G[{v1, v2, v3, v4, v5}] = H such
that dH(v1) = 2, dH(v2) = dH(v3) = 3, dH(v4) = dH(v5) = 1, and v4v2, v3v5 ∈ E(H).
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If an induced subgraph H of G consisting of wi, 1 ≤ i ≤ 5, and isomorphic to Z2, then
let G[{w1, w2, w3, w4, w5}] = H such that dH(w1) = 3, dH(w2) = dH(w3) = dH(w4) =

2, dH(v5) = 1, and w1w4w5 is an induced path of order 3 in H. For two graphs H1 and
H2, let G1 = H1 ∨ H2 denote the join of H1 and H2 such that V(G1) = V(H1) ∪ V(H1)

and E(G1) = E(H1) ∪ E(H2) ∪ {uv ∈ E(G1) : u ∈ V(H1), v ∈ V(H2)}. The diameter of G,
denoted by diam(G), is the maximum distance of a pair of vertices in G. Let α(G) denote
the independence number of G.

If each vertex of G is in S or adjacent to some vertex in S, then S is a dominating set (DS)
of G. If S is a dominating set of G, and for each vertex u ∈ V(G)− S, there is a neighbor of
u in S, denoted by v, such that (S \ {v}) ∪ {u} is a dominating set of G, then S is a secure
dominating set (SDS) of G. Conversely, S is a co-secure dominating set (CSDS) of G if S is a
dominating set of G and for each vertex v in S, V(G)− S contains a neighbor of v, denoted
by u, such that (S \ {v}) ∪ {u} is a dominating set of G. The minimum cardinality of a
CSDS (resp. SDS) of G is the co-secure (resp. secure) domination number of G. Let γcs(G)

and γs(G) denote the co-secure domination number and secure domination number of
G, respectively. Let G = Km ∨ (K2 ∪ K1), m ≥ 3. It is easy to verify that γcs(G) = 1 and
γs(G) = 2, which implies there is no implication between SDS and CSDS.

The secure domination and co-secure domination problems have practical applications,
such as the assignment of guards for locations. We can obtain a graph G in the following
way: the given locations consist of the vertex set of G, and if two locations are connected
by a street, then there is an edge between them in G. We assume that if a location u has a
guard, then each neighbor of u is protected by the guard. The secure domination problem
is that we assign a minimum number of guards for a subset of locations, denoted by S, such
that for each location u in V(G)− S, S contains a neighbor v of u such that the guard in v
can move to u, and then the guard team can also protect all the locations. The problem
with the co-secure domination number is that we assign a minimum number of guards for
a subset S of locations such that for each location u in S, its guard can move to a neighbor
of u, and then the guard team can also protect all the locations.

Cockayne et al. introduced the concept of a secure dominating set and secure domina-
tion number. The exact values of secure domination number for paths, cycles, complete
multipartite graphs and some other graph classes were given in [2], and the bounds of
secure domination number for different graph classes were given in [3–9]. The concept of
co-secure domination was introduced by Arumugan et al. [10]. They also determined the
co-secure domination number of some families of graphs, such as paths and cycles, and
gave sharp upper and lower bounds of graphs; moreover, they proved that the decision
problem for γcs(G) of a graph G is NP-complete even if G is a bipartite, chordal or planar
graph. Joseph and Sangeetha [11] gave some bounds for the co-secure domination number
of some classes of graphs.

Arumugan et al. [10] proved that for a connected graph G, the independence number
is an upper bound of γcs(G) as follows.

Theorem 1 ([10]). Every maximum independent set is a co-secure dominating set of G for each
non-trivial graph G, i.e., γcs(G) ≤ α(G).

Moreover, in [10], they gave the upper bound γs(G) for γcs(G) of a graph G as follows.

Theorem 2 ([10]). γcs(G) ≤ γs(G) for each graph G with δ(G) ≥ 2.

Based on Theorems 1 and 2, Arumugan et al. [10] asked the following two problems.

Problem 1 ([10]). Characterize a graph G with γcs(G) = α(G).
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Problem 2 ([10]). Characterize a graph G with γcs(G) = γs(G).

Inspired by Theorems 1 and 2 and Problems 1 and 2, in the Section 2, we give sufficient
conditions for a graph G that satisfies γcs(G) = α(G) and γcs(G) = γs(G), respectively.

Figure 1. The forbidden induced subgraphs in this paper K−
4 , B1,1 and Z2.

2. Main Results and Their Proofs
Suppose that S is a dominating set of a graph G with v ∈ S, u ∈ NG−S(v). If

NS(u) = {v}, then u is an external private neighbor of v with respect to S. If (S \ {v}) ∪ {u}
is a dominating set of G, then u is S-defended by v, and we can say u is S-defended for
brevity. If for each vertex u′ ∈ S, u is not S-defended by u′, then u is S-undefended.
Let epn(v, S) = {u ∈ V(G) − S : u is an S-external private neighbor of v} and
rpn(v, S) = {w ∈ V(G)− S : w is S-defended by v}. It is easy to verify that u ∈ rpn(v, S) if
and only if epn(v, S) ⊆ N[u]. By the definitions of secure dominating set and co-secure dom-
inating set, if S is a secure dominating set of G, it is easy to verify that for each u ∈ G − S,
u ∈ rpn(v, S) and epn(v, S) ⊆ N[u] for some vertex v ∈ S; if S is a co-secure dominating
set of G, then for each vertex v ∈ S, rpn(v, S) ̸= ∅ and epn(v, S) ⊆ N[u] for each vertex
u ∈ rpn(v, S). We mainly applied the previous definitions and properties to the proof of
our main results in this section.

According to Problem 1, we obtain Theorems 3 and 4, which gives an infinite family
F of graphs with γcs(G) = α(G) if G ∈ F .

Theorem 3. Every non-trivial {K−
4 , C4, P5, B1,1}-free graph contains a minimum co-secure domi-

nating set which is a maximum independent set.

Proof. Let G be a non-trivial {K−
4 , C4, P5}-free graph. Suppose that G consists of k com-

ponents G1, · · · , Gk with k ≥ 1. Clearly, ∑i=k
i=1 γcs(Gi) = γcs(G). Thus, without loss of

generality, we assume that G is connected, i.e., k = 1. We begin with the following result.

Claim 1. For a vertex x in a CSDS S of G, if epn(x, S) ̸= ∅, then G[epn(x, S)] is a clique.

Proof. Suppose that S is a CSDS of G and x ∈ S with epn(x, S) ̸= ∅. If |epn(x, S)| = 1,
then we are done. Let |epn(x, S)| ≥ 2. Suppose on the contrary that x1, x2 ∈ epn(x, S)
and x1x2 /∈ E(G). By the definition of a CSDS, we have rpn(x, S) ̸= ∅ and x1, x2 /∈
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rpn(x, S). Assume that y ∈ rpn(x, S). Then, y /∈ {x1, x2} and x1y, x2y ∈ E(G), which
implies G[{x, x1, x2, y}] = K−

4 , a contradiction. Thus, G[epn(x, S)] is a clique.

For a CSDS S of G, since u ∈ rpn(v, S) if and only if epn(v, S) ⊆ N[u] for a vertex
v ∈ S and a vertex u ∈ NG−S(v), we can obtain the following claim by Claim 1.

Claim 2. For a vertex x in a CSDS S of G, epn(x, S) ⊆ rpn(x, S).

By the definition of a CSDS and Claims 1 and 2, we can obtain the following result.

Claim 3. Let S be a dominating set such that dG−S(x) ≥ 1 for each vertex x ∈ S. If S is not
a CSDS of G, then S contains a vertex x such that rpn(x, S) = ∅, and epn(x, S) contains two
non-adjacent vertices.

Claim 4. If S is a minimum CSDS of G with E(G[S]) ̸= ∅, then there is a vertex x ∈ S with
dS(x) ≥ 1 such that epn(x, S) ̸= ∅.

Proof. Suppose on the contrary that epn(x, S) = ∅ for each vertex x ∈ S with
dS(x) ≥ 1. Let u, v ∈ S such that uv ∈ E(G). Then, by the hypothesis, we have
epn(u, S) = epn(v, S) = ∅. Let S′ = S \ {u}. Since S is a CSDS of G, we have rpn(x, S) ̸= ∅
and NG−S(x) ̸= ∅ for each vertex x ∈ S. Moreover, since epn(u, S) = ∅ and uv ∈ E(G),
we have dS′(x) ≥ 1 for each vertex x ∈ V(G) − S′. Thus, S′ is a dominating set of
G. Since S is a minimum CSDS of G and |S′| < |S|, S′ is not a CSDS of G. Thus, by
Claim 3, there exists a vertex y in S′ with epn(y, S′) ̸= ∅ and rpn(y, S′) = ∅. More-
over, let y1, y2 ∈ epn(y, S′) with y1y2 /∈ E(G). By y ∈ S′, we have y ̸= u. Suppose
that y1, y2 /∈ epn(y, S). Then, NS(yi) = {u, y} for each i ∈ {1, 2}. If uy /∈ E(G),
then G[{y1, y2, y, u}] = y1uy2yy1 is a 4-cycle by y1y2 /∈ E(G), a contradiction. Thus,
uy ∈ E(G), which implies G[{y1, y2, y, u}] = K−

4 , a contradiction. Thus, epn(y, S) con-
tains at least one vertex in {y1, y2}. Moreover, by Claim 1 and y1y2 /∈ E(G), we have
|{y1, y2} ∩ epn(y, S)| = 1.

Without loss of generality, assume that y1 ∈ epn(y, S) and y2 /∈ epn(y, S). Then,
NS(y2) = {u, y} by y2 ∈ epn(y, S′). Since y1 ∈ epn(y, S), we have dS(y) = 0 by
epn(x, S) = ∅ for each vertex x ∈ S with dS(x) ≥ 1. Thus, y ̸= v and yu, yv /∈ E(G).
By y ̸= v and NS(y2) = {u, y}, we have y2v /∈ E(G). We have y1u, y1v /∈ E(G) by
y1 ∈ epn(y, S) and y /∈ {u, v}. It follows that G[{v, u, y, y1, y2}] = vuy2yy1 = P5, a contra-
diction. Thus, epn(x, S) ̸= ∅ for some vertex x ∈ S with dS(x) ≥ 1.

Claim 5. G contains a minimum CSDS S such that S is an independent set.

Proof. Suppose to the contrary that each minimum CSDS of G is not an independent
set. We choose a minimum CSDS S of G such that |E(G[S])| is minimum. Since S
is not an independent set, we have |E(G[S])| ≥ 1, which implies γcs(G) = |S| ≥ 2.
By Claim 4, without loss of generality, assume that dS(u) ≥ 1 and u′ ∈ epn(u, S). Let
S1 = (S \ {u}) ∪ {u′}. By Claim 1, epn(u, S) ⊆ N[u′]. Moreover, rpn(x, S) ̸= ∅ for each
vertex x ∈ S1 \ {u′}. Thus, S1 is a dominating set of G with dS1(x) ≥ 1 for each vertex
x ∈ S1. We have dS1(u

′) = 0 by u′ ∈ epn(u, S), which implies |E(G[S1])| < |E(G[S])|.
Thus, by the choice of S, S1 is not a CSDS of G. By Claim 3, there is a vertex w ∈ S1

and z1, z2 ∈ epn(w, S1) such that rpn(w, S1) = ∅ and z1z2 /∈ E(G). By u /∈ S1, we have
w ̸= u. By Claim 1 and z1z2 /∈ E(G), at least one vertex in {z1, z2} is not in epn(w, S).
In the following, we claim that there is a contradiction if {z1, z2} ∩ epn(w, S) = ∅ or
|{z1, z2} ∩ epn(w, S)| = 1.
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Suppose that {z1, z2} ∩ epn(w, S) = ∅. Then, NS(zi) = {u, w} for each i ∈ {1, 2}.
If wu ∈ E(G), then G[{z1, u, z2, w}] = K−

4 , a contradiction. If wu /∈ E(G), then
G[{z1, u, z2, w}] = z1wz2uz1 is a 4-cycle, a contradiction. Thus, |{z1, z2} ∩ epn(w, S)| = 1.
Without loss of generality, assume that z1 /∈ epn(w, S) and z2 ∈ epn(w, S). Then,
NS(z1) = {u, w}. By u′ ∈ epn(u, S) and z2 ∈ epn(w, S), we have u′w, z2u /∈ E(G). Suppose
that uw ∈ E(G). We have u′z2 ∈ E(G) by G[{u′, u, z1, w, z2}] ̸= B1,1, a contradiction to
z2 ∈ epn(w, S1). Suppose that uw /∈ E(G). Then, we have u′z2 ∈ E(G) by u′uz1wz2 ̸= P5, a
contradiction to z2 ∈ epn(w, S1). Thus, the claim is true.

Let us resume the proof of Theorem 3. If G contains a minimum CSDS which is a
maximum independent set of G, then we are done. Thus, we assume that each minimum
CSDS of G is not a maximum independent set. Then, γcs(G) < α(G) by Theorem 1, which
implies α(G) ≥ 2. We have γcs(G) ≥ 2. Otherwise, suppose S = {v} is a minimum CSDS
of G. Then, each vertex in V(G)− {v} is adjacent to v, i.e., epn(v, S) = V(G) \ {v}. Then,
by Claim 1, G is a complete graph, a contradiction to α(G) ≥ 2.

Let S′ be a maximum independent of G. By Claim 5, we take a minimum CSDS
S of G such that S is an independent set and |S ∩ S′| is maximum. Then, |S| < |S′| by
γcs(G) < α(G), and hence S′ − S ̸= ∅ and |S′ − S| > |S − S′|. Since S is a dominating set
of G, each vertex in S′ − S is adjacent to a vertex of S − S′. The rest proof boils down to two
cases as follows.

Case 1. dS(x) ≥ 2 for each vertex x ∈ S′ − S.
Since |S′ − S| > |S − S′| and S is a dominating set of G, there is a vertex v ∈ S − S′

such that dS′−S(v) ≥ 2. Assume that v1, v2 ∈ NS′−S(v). By the hypothesis of the case,
dS(vi) ≥ 2 for each i ∈ {1, 2}. Suppose that |NS(v1) ∩ NS(v2)| ≥ 2 and assume w ∈
(NS(v1) ∩ NS(v2)) \ {v}. Since v1, v2 are in the independent set S′, v1v2 /∈ E(G). We have
vw /∈ E(G) since S is an independent set. Thus, G[{v, v1, w, v2}] = v1vv2wv1 is a 4-cycle,
a contradiction. Thus, NS(v1) ∩ NS(v2) = {v}. Suppose wi ∈ NS(vi) \ {v}, i ∈ {1, 2}. By
NS(v1) ∩ NS(v2) = {v}, we have w1 ̸= w2 and v1w2, v2w1 /∈ E(G). Moreover, since S is an
independent set, G[{w1, v1, v, v2, w2}] = w1v1vv2w2 = P5, a contradiction.

Case 2. There is a vertex u ∈ S′ − S and a vertex v ∈ S such that u ∈ epn(v, S).
Let S1 = (S \ {v}) ∪ {u}. By u ∈ epn(v, S), ux /∈ E(G) for each vertex x ∈ S \ {v},

which implies that S1 is an independent set with |S1| = |S|. Since rpn(x, S) ̸= ∅ for each
vertex x ∈ S and u ∈ epn(v, S), S1 is a dominating set of G with dG−S1(x′) ≥ 1 for each
vertex x′ ∈ S1 by Claim 1. If S1 is a CSDS of G, then |S1 ∩ S′| > |S ∩ S′|, a contradiction
to the choice of S′. Thus, S1 is not a CSDS of G. By Claim 3, there exists a vertex x ∈ S1

and x1, x2 ∈ epn(x, S1) such that rpn(x, S1) = ∅, and x1x2 /∈ E(G). Since v /∈ S1, we have
x ̸= v. Moreover, it is easy to verify that v ∈ rpn(u, S1), and hence u ̸= x by rpn(x, S1) = ∅.
By Claim 1 and x1x2 /∈ E(G), we have |{x1, x2} ∩ epn(x, S)| ≤ 1.

Suppose that x1, x2 /∈ epn(x, S). Then, NS(xi) = {v, x} for each i ∈ {1, 2}. Since S is
an independent set and v ̸= x, we have xv /∈ E(G), which implies that G[{x1, v, x2, x}] =
x1vx2xx1 is a 4-cycle, a contradiction. Thus, |{x1, x2} ∩ epn(x, S)| = 1. Without loss of
generality, assume that x1 ∈ epn(x, S) and x2 /∈ epn(x, S). Then, NS(x2) = {v, x}. By
x1 ∈ epn(x, S) and u ∈ epn(v, S), we have x1v, ux /∈ E(G). Since uvx2xx1 ̸= P5 and
vx, x1v, ux2, x1x2, ux /∈ E(G), we have x1u ∈ E(G), which implies dS1(x1) ≥ 2, a contradic-
tion to x1 ∈ epn(x, S1).

It follows that Theorem 3 is true.

By Theorems 1 and 3, we can obtain the following corollary, which characterizes a
graph G with γcs(G) = α(G).

Corollary 1. Let G be a non-trivial {K−
4 , C4, P5, B1,1}-free graph. Then, γcs(G) = α(G).
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By Corollary 1, it is obvious that G contains an induced subgraph isomorphic to
K−

4 , C4, P5 or B1,1 if γcs(G) ̸= α(G) for a graph G. Clearly, a tree contains no induced
subgraph in {K−

4 , B1,1, C4}. Thus, by Corollary 1, we have that if T is a tree with diam
(T) ≤ 3, then γcs(T) = α(T). Let T be a star or double star of order n. Clearly, α(T) = n − 2
and diam (T) ≤ 3. Thus, γcs(T) = n − 2 by Corollary 1, which is obtained by Arumugan
in [10].

In the following we consider some other forbidden induced subgraphs in
F = {K1,3, B1,1, Z2} for a graph G, such that if G is F -free, i.e., G contains no any in-
duced subgraph in F , then γcs(G) = α(G).

Theorem 4. γcs(G) = α(G) for every {K1,3, B1,1, Z2}-free graph G with δ(G) ≥ 3 if α(G) ̸= 2.

Proof. We assume that G is connected and {K1,3, B1,1, Z2}-free graph with α(G) ̸= 2. As
the proof of Theorem 3, it suffices to prove that there is a minimum CSDS of G, which
is a maximum independent set of G. If G is a complete graph, i.e., α(G) = 1, then
γcs(G) = α(G) = 1, and we are done. Suppose on the contrary that γcs(G) < α(G). Then,
α(G) ≥ 3.

Claim 1. γcs(G) ≥ 2.

Proof. Suppose on the contrary that γcs(G) = 1. Let S = {v} be a CSDS of G. Then,
each vertex in G \ {v} is adjacent to v and each vertex in G \ {v} is adjacent to v. Since
δ(G) ≥ 3, |V(G)| ≥ 4. Then, by α(G) ≥ 3, let v1, v2, v3 ∈ V(G) \ {v} such that {v1, v2, v3}
is an independent set. Then, G[v, v1, v2, v3] = K1,3, a contradiction. Thus, α(G) ≤ 2, a
contradiction.

Let S be a minimum CSDS of G such that |E(G[S])| is minimum. By Claim 1, |S| ≥ 2.

Claim 2. There exists a vertex x ∈ S with dS(x) ≥ 1 such that epn(x, S) ̸= ∅ if E(G[S]) ̸= ∅.

Proof. Suppose to the contrary that epn(x, S) = ∅ for each vertex x ∈ S with dS(x) ≥ 1. We
assume that uv ∈ E(G) with u, v ∈ S. Then, epn(u, S) = epn(v, S) = ∅. Let S′ = S \ {u}.
Since S is a CSDS of G, NG−S(x) ̸= ∅ for each vertex x ∈ S. Moreover, by epn(u, S) = ∅
and uv ∈ E(G), we have S′ is a dominating set of G such that dG−S′(x) ≥ 1 for each vertex
x ∈ S′. By the minimality of |S| and |S′| < |S|, S′ is not a CSDS of G. Then, by Claim 3 of
Theorem 3, let x ∈ S′ such that rpn(x, S′) = ∅ and x1, x2 ∈ epn(x, S′) with x1x2 /∈ E(G). We
have |{x1, x2} ∩ epn(x, S)| < 2 since rpn(x, S) ̸= ∅. Clearly, u ∈ NS(xi) if xi /∈ epn(x, S),
where i ∈ {1, 2}.

Suppose {x1, x2} ∩ epn(x, S) = ∅. Then, {u, x} = NS(xi) for each i ∈ {1, 2}. We
have x = v; otherwise, x1, x2 /∈ N(v) by NS′(xi) = {x}, and so G[u, x1, x2, v] = K1,3,
a contradiction. Thus, epn(v, S′) ̸= ∅ by x = v and {x1, x2} ∈ epn(x, S′). We have
epn(v, S′) ⊆ N[u] by epn(v, S) = ∅. Thus, u ∈ rpn(v, S′), a contradiction to rpn(v, S′) = ∅.
It follows that |{x1, x2} ∩ epn(x, S)| = 1 by |{x1, x2} ∩ epn(x, S)| < 2.

Without loss of generality, assume x1 /∈ epn(x, S) and x2 ∈ epn(x, S). Then, x ̸= v and
NS(x) = ∅ by the hypothesis that epn(x′, S) = ∅ for each vertex x′ ∈ S with dS(x′) ≥ 1.
Note that NS(x1) = {u, x}. By d(x) ≥ 3 and NS(x) = ∅, assume NG−S(x) \ {x1, x2} ̸= ∅.
We claim that yx2 /∈ E(G), and yx1, yu ∈ E(G) for each vertex y ∈ NS(x) \ {x1, x2}. Let
x3 ∈ NG−S(x) \ {x1, x2}. We have x1x3 ∈ E(G) or x2x3 ∈ E(G) by G[x, x1, x2, x3] ̸= K1,3

and x1x2 /∈ E(G). Assume x2x3 ∈ E(G). Suppose x3v ∈ E(G). Then, we have x1x3 ∈ E(G)

by G[x2, x3, x, v, x1] ̸= B1,1 and vx, x1x2, x2v, x1v /∈ E(G), and hence G[x3, x1, v, x2] = K1,3,
a contradiction. Thus, x3v /∈ E(G). If x3u ∈ E((G), then G[x3, x2, x, u, v] = Z2 by
x2u, x2v, x3v, xu, xv /∈ E(G), a contradiction. Thus, x3u /∈ E((G), which implies G[x, x2, x3,
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x1, u] = Z2, a contradiction. It follows that x2x3 /∈ E(G) and then x1x3 ∈ E(G). By
G[x3, x, x1, x2, u] ̸= B1,1 and x3x2, x2x1, x2u /∈ E(G), we have x3u ∈ E(G).

We have NG−S(v) ∩ NG−S(x) = ∅. Otherwise, without loss of generality, let
y ∈ NG−S(v) ∩ NG−S(x). Then, yx1, yu ∈ E(G) and yx2 /∈ E(G) by the above re-
sult. Thus, G[y, u, v, x, x2] = Z2, a contradiction. Moreover, we claim that NG−S(v) ∩
NG−S(x1) = ∅. Otherwise, let v1 ∈ NG−S(v) ∩ NG−S(x1). Then, v1x /∈ E(G) by
NG−S(v)∩ NG−S(x) = ∅. We have v1u ∈ E(G) by G[x1, u, x, v1] ̸= K1,3 and ux, v1x /∈ E(G).
Thus, v1x2 ∈ E(G) by G[x1, u, v1, x, x2] ̸= Z2 and x2u, x2x1, xv1, xu /∈ E(G). Then, we have
G[v1, x1, x2, v] = K1,3, a contradiction. We have NG−S(v) ∩ NG−S(u) = ∅. Otherwise, as-
sume v2 ∈ NG−S(v) ∩ NG−S(u). Then, x1v2 /∈ E(G) by NG−S(v) ∩ NG−S(x1) = ∅ and
v2x /∈ E(G) by NG−S(v) ∩ NG−S(x) = ∅. Thus, G[u, v2, v, x1, x] = Z2, a contradiction.
Let v′ ∈ NG−S(v) by NG−S(v) ̸= ∅. Then, v′x, v′u, v′x1 /∈ E(G) by the previous proof,
and hence x3v′ ∈ E(G) by G[u, x1, x3, v, v′] ̸= Z2. It follows that G[x3, v′, x, u] = K1,3,
a contradiction.

Claim 3. S is an independent set.

Proof. Suppose on the contrary that S is not an independent set. By Claim 2, as-
sume u, v ∈ S with uv ∈ E(G), and u1 ∈ epn(u, S). Clearly, u1v /∈ E(G). Let
S2 = (S \ {u}) ∪ {u1}. For each vertex u′ ∈ NG−S(u) \ {u1}, we have u′u1 ∈ E(G)

or u′v ∈ E(G) by G[u, u1, v, u′] ̸= K1,3 and u1v /∈ E(G). Thus, S2 is a dominating set
with |S| = |S2| and |E(G[S2])| < |E(G[S])|, which implies S2 is not a CSDS by the
choice of S. Clearly, u ∈ rpn(u1, S2). By Claim 3 of Theorem 3, let x ∈ S2 \ {u1} such
that rpn(x, S2) = ∅, and let x1, x2 ∈ epn(x, S2) be two distinct non-adjacent vertices
such that |{x1, x2} ∩ epn(x, S)| < 2. By x1, x2 ∈ epn(x, S2), we have x1u1, x2u1 /∈ E(G).
By {x1, x2} ⊈ epn(x, S), without loss of generality, assume that x2 /∈ epn(x, S). Then,
NS(x2) = {u, x}. We have x2v ∈ E(G) by G[u, x2, v, u1] ̸= K1,3 and x2u1, vu1 /∈ E(G),
which implies x = v. We claim x1 ∈ epn(v, S). Otherwise, NS(x1) = NS(x2) = {u, v}.
Then, x2x1 ∈ E(G) by G[u, x2, x1, u1] ̸= K1,3 and x1, x2 /∈ N(u1), a contradiction. Thus,
NS(x1) = {v} and then x1u /∈ E(G). By G[x2, u, v, u1, x1] ̸= B1,1 and
u1v, x1u, u1x2, x1x2 /∈ E(G), we have u1x1 ∈ E(G), a contradiction to x1 ∈ epn(v, S2).

Let S1 be a maximum independent set of G. By Claim 3, we choose a minimum CSDS
S of G such that S is an independent set and |S ∩ S1| is maximum. Then, |S1 \ S| > |S \ S1|
by γcs(G) < α(G). Since S is a dominating set and |S1 \ S| > |S \ S1|, there are two vertices
in S1 \ S having a common neighbor in S \ S1. Assume u, v ∈ S1 \ S and w ∈ S \ S1 such
that u, v ∈ N(w).

Claim 4. If z ∈ epn(w, S), then z /∈ rpn(w, S), where z ∈ {u, v}.

Proof. Without loss of generality, let u ∈ epn(w, S) and suppose on the contrary that
u ∈ rpn(w, S). Let S′ = (S \ {w}) ∪ {u}. Since u ∈ epn(w, S), S′ is an independent set. We
have epn(w, S) ⊆ N[u] by u ∈ rpn(w, S). Thus, S′ is a dominating set with |S′| = |S|. By
|S′ ∩ S1| > |S ∩ S1| and the choice of S, S′ is not a CSDS of G. Clearly, w ∈ rpn(u, S′). Thus,
by Claim 3 of Theorem 3, let x ∈ S′ \ {u} such that rpn(x, S′) = ∅ and x1, w1 ∈ epn(x, S′)

such that x1w1 /∈ E(G) and |{x1, w1} ∩ epn(x, S)| < 2. Since x1, w1 ∈ epn(x, S′) and
u ∈ S′ \ {x}, we have x1u, w1u /∈ E(G). By |{x1, w1} ∩ epn(x, S)| < 2, without loss of
generality, assume w1 /∈ epn(x, S). Then, NS(w1) = {w, x}.

We claim that |{x1, w1} ∩ epn(x, S)| = 1. Suppose x1 /∈ epn(x, S). Then,
NS(x1) = NS(w1) = {u, x}, and hence G[w, u, x1, w1] = K1,3, a contradiction. Thus,
x1 ∈ epn(x, S).
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We claim that each vertex in NG−S(w) \ {u, w1} is nonadjacent to u and adja-
cent to w1. Let w2 ∈ NG−S(w) \ {w1, u} since d(w) ≥ 3 and S is an independent
set. Then, w2w1 ∈ E(G) or w2u ∈ E(G) by G[w, w1, w2, u] ̸= K1,3 and uw1 /∈ E(G).
Suppose uw2 ∈ E(G). Assume w2 ∈ epn(w, S). Then, w2x /∈ E(G), which implies
w2w1 ∈ E(G) by G[w, u, w2, w1, x] ̸= Z2 and wx, ux, uw1 /∈ E(G). Thus, w2x1 ∈ E(G) by
G[w1, w2, w, x, x1] ̸= Z2 and wx, x1w, x1w1, w2x /∈ E(G). It follows that G[w2, u, w1, x1] = K1,3,
a contradiction. Thus, w2 /∈ epn(w, S), and moreover, we have dS(w2) = 2 since G is claw-
free and S is an independent set. Let {y, w} = NS(w2). Suppose y ̸= x. Then, w2x /∈ E(G),
which implies w2w1 ∈ E(G) by G[w, u, w2, w1, x] ̸= Z2. Since u ∈ epn(w, S) and
NS(w1) = {u, x}, we have uy, w1y /∈ E(G), and hence G[w2, y, u, w1] = K1,3, a contradiction.
Thus, y = x, i.e., NS(w2) = {w, x}. By G[x, w1, w2, x1] ̸= K1,3 and w1x1 /∈ E(G), we have
x1w2 ∈ E(G) or w1w2 ∈ E(G). If w1w2 ∈ E(G), then w2x1 ∈ E(G) by G[w1, w2, x, u, x1] ̸=
B1,1 and uw1, ux1, w1x1, ux /∈ E(G), which implies G[w2, u, w1, x1] = K1,3, a contradiction.
Thus, w2w1 /∈ E(G), and w2x1 ∈ E(G), which implies G[x1, w2, x, u, w1] = B1,1, a contradic-
tion. It follows that w2u /∈ E(G), and w2w1 ∈ E(G). In the following we use the result to
obtain a contradiction.

Since u ∈ epn(w, S) and d(u) ≥ 3, let u1, u2 ∈ NG−S(u). By the above result, we have
u1, u2 /∈ N(w); otherwise, there is a vertex in N(w) \ {u, w1} adjacent to u, a contradiction.
Thus, u1u2 ∈ E(G) by G[u, u1, u2, w] ̸= K1,3. Moreover, we have w1ui ∈ E(G) for some
i ∈ {1, 2} by G[u, u1, u2, w, w1] ̸= Z2. Without loss of generality, assume w1u1 ∈ E(G).
Then, u1x ∈ E(G) by G[w1, u1, w, x] ̸= K1,3 and u1w, wx /∈ E(G). We have u1x1 ∈ E(G)

by G[w1, u1, x, u, x1] ̸= B1,1 and ux, ux1, uw1, w1x1 /∈ E(G). Thus, G[u1, w1, u, x1] = K1,3, a
contradiction.

Claim 5. {u, v} ∩ epn(w, S) = ∅.

Proof. Without loss of generality, suppose on the contrary that u ∈ epn(w, S). Then, by
Claim 4, u /∈ rpn(w, S), and hence let w1 ∈ epn(w, S) \ {u} such that uw1 /∈ E(G). Since S
is a CSDS of G, rpn(w, S) ̸= ∅.

Let w2 ∈ rpn(w, S). We have w2 /∈ {u, w1} by u, w1 ∈ epn(w, S) and uw1 /∈ E(G).
Moreover, w1w2, w2u ∈ E(G) by w2 ∈ rpn(w, S) and u, w1 ∈ epn(w, S). We claim
rpn(w, S) ⊆ epn(w, S). Suppose w2 /∈ epn(w, S). Then, dS(w2) ≥ 2. Let x ∈ NS(w2) \ {w}.
We have ux, w1x /∈ E(G) by u, w1 ∈ epn(w, S), and hence G[w2, w1, u, x] = K1,3, a contra-
diction. Thus, w2 ∈ epn(w, S).

We claim that N(w) = epn(w, S) by reduction to absurdity. Suppose N(w) \
epn(w, S) ̸= ∅, and assume w3 ∈ N(w) \ epn(w, S). Then, dS(w3) ≥ 2, and w3 /∈
{u, w1, w2} by {u, w1, w2} ⊆ epn(w, S). Let y ∈ NS(w3) \ {w}. Then, w3u ∈ E(G) or
w3w1 ∈ E(G) by G[w, w1, u, w3] ̸= K1,3 and w1u /∈ E(G). Assume w3u ∈ E(G). Then, by
G[u, w, w3, w1, y] ̸= B1,1 and uw1, uy, wy, w1y /∈ E(G), we have w1w3 ∈ E(G), and hence
G[w3, w1, u, y] = K1,3, a contradiction. Thus, w3u /∈ E(G) and similarly, w1w3 /∈ E(G),
which implies a contradiction.

Since |S| ≥ 2 and G is connected, assume that x1 ∈ NG−S(w), x2 ∈ V(G)− S such
that x1x2 ∈ E(G) and NS(x2) \ {w} ̸= ∅. Moreover, by epn(w, S) = N(w), we have
x2w /∈ E(G). Let z ∈ NS(x2). Then, z ̸= w. Suppose x1 /∈ rpn(w, S). Then, without
loss of generality, assume x1 = w1. By x2z ∈ E(G) and N(w) = epn(w, S), we have
x2w, w1z, uz, w2z /∈ E(G). Thus, w2x2 ∈ E(G) by G[w1, w2, w, x2, z] ̸= Z2, which implies
ux2 ∈ E(G) by G[w2, u, w, x2, z] ̸= Z2. It follows that G[x2, w1, u, z] = K1,3, a contradiction.
Thus, x1 ∈ rpn(w, S), and then x2u /∈ E(G). Without loss of generality, let x1 = w2. Then,
G[w2, u(w1), w, x2, z] = Z2 by x2w1, x2u /∈ E(G), a contradiction.

Claim 6. epn(x, S) ̸= ∅ for each vertex x in NS(u) ∩ NS(v).



Axioms 2025, 14, 10 9 of 12

Proof. Without loss of generality, suppose on the contrary that epn(w, S) = ∅. Since d(w) ≥ 3,
let w1 ∈ NG−S(w) \ {u, v}. Then, w1u ∈ E(G) or w1v ∈ E(G) by G[w, u, v, w1] ̸= K1,3 and
uv /∈ E(G). Without loss of generality, assume that w1u ∈ E(G). Since epn(w, S) = ∅,
min{dS(u), dS(v)} ≥ 2. Moreover, since G is claw-free and S is an independent set,
dS(u) = dS(v) = 2. Assume NS(u) = {w, x} and NS(v) = {w, y}.

We claim that y = x. Suppose y ̸= x. By G[w, w1, u, v, y] ̸= Z2 and uy, uv, wy /∈
E(G), we have vw1 ∈ E(G) or w1y ∈ E(G). Suppose that yw1 ∈ E(G). Then, w1x /∈
E(G); otherwise, G[w1, w, y, x] = K1,3, a contradiction. Thus, G[w, w1, u, y, x] = B1,1, a
contradiction. It follows that yw1 /∈ E(G), and then w1v ∈ E(G). Since epn(w, S) = ∅,
we assume that z ∈ NS(w1) \ {w}. By w1y /∈ E(G), we have z ̸= y. Moreover, we have
G[w, v, w1, y, z] = B1,1 by NS(v) = {y, w}, a contradiction. Thus, y = x.

Let S′ = (S \ {w, x}) ∪ {u, v}. Since NS(u) = NS(v) = {w, x}, S′ is an independent
set with |S′| = |S|. Moreover, each vertex in N(w) ∪ N(x) is adjacent to u or v, since G is
claw-free. Clearly, w, x /∈ S1 and then |S′ ∩ S1| > |S ∩ S1|. Thus, S′ is not a CSDS of G by
the choice of S. Then, let z ∈ S′ such that rpn(z, S′) = ∅ and let x1, x2 be two non-adjacent
vertices in epn(z, S′) such that |{x1, x2} ∩ epn(z, S)| < 2. Without loss of generality, assume
that x1 /∈ epn(z, S). Then, x1 ∩ {w, x} ̸= ∅, which implies x1u ∈ E(G) or x1v ∈ E(G). In
the following, we claim that z ∈ {u, v}, and then obtain a forbidden subgraph to give
a contradiction.

Suppose z /∈ {u, v}. Then, dS′(x1) ≥ 2 by x1 ∈ N(u) ∪ N(v), a contradiction to
x1 ∈ epn(z, S′). Without loss of generality, assume that z = u. Then, xiv /∈ E(G) by xi ∈
epn(u, S′), and N(xi) ∩ {w, x} ̸= ∅ for each i ∈ {1, 2}. Suppose that x1 and x2 has a
common neighbor in {w, x}. Without loss of generality, assume that w ∈ N(x1) ∩ N(x2).
Then, x1v or x2v ∈ E(G) by G[w, v, x1, x2] ̸= K1,3 and x1x2 /∈ E(G), a contradiction.
Thus, N(x1) ∩ N(x2) = ∅. Without loss of generality, assume that x1w, x2x ∈ E(G). Then,
x1x, x2w /∈ E(G). It follows that G[x2, x, u, v, x1] = B1,1, a contradiction. Thus, the claim
is true.

Claim 7. If a vertex in {u, v} is in rpn(x, S), then NS(u) = NS(v), where x ∈ NS(u) ∩ NS(v).

Proof. Without loss of generality, let u ∈ rpn(w, S). We have epn(w, S) ̸= ∅ by Claim 6.
Then, each vertex in epn(w, S) is adjacent to u. By Claim 5, dS(u) = dS(v) = 2 since G is
claw-free. Assume NS(u) = {w, x} and NS(v) = {w, y}. It suffices to prove x = y. Suppose
x ̸= y. We claim that v ∈ rpn(w, S). Otherwise, let w1 ∈ epn(w, S) such that w1v /∈ E(G).
By u ∈ rpn(w, S), we have w1u ∈ E(G). Moreover, w1y /∈ E(G) by w1 ∈ epn(w, S). Thus,
G[w, u, w1, v, y] = Z2, a contradiction, and then v ∈ rpn(w, S).

Let w1 ∈ epn(w, S). Then, w1v, w1u ∈ E(G) by {u, v} ⊆ rpn(w, S). We claim
that v ∈ rpn(y, S). Otherwise, let y1 ∈ epn(y, S) such that vy1 /∈ E(G). Clearly,
w1y, y1w /∈ E(G) by w1 ∈ epn(w, S) and y1 ∈ epn(y, S). Thus, we have w1y1 ∈ E(G) by
G[v, w1, w, y, y1] ̸= Z2. Then, uy1 ∈ E(G) since G[w1, u, w, y1, y] ̸= Z2. Since y1 ∈ epn(y, S),
we have y1x, y1w /∈ E(G), which implies G[u, x, w, y1] = K1,3, a contradiction. Similarly,
u ∈ rpn(x, S). Moreover, each vertex in N(w) \ {u, v} is adjacent to u or v since G is claw-
free. Let S′ = (S \ {w, x, y}) ∪ {u, v}. By the previous result, S′ is a dominating set of G.
Moreover, S′ is an independent set.

We claim that z1u ∈ E(G) or z1v ∈ E(G) for each vertex in z1 ∈ N(z) \ (N(w) ∪
epn(z, S)) and each z ∈ {x, y}. Otherwise, without loss of generality, suppose that
z1 ∈ N(x) \ (N(w) ∪ epn(x, S)) and z1u, z1v /∈ E(G). Then, we have w1z1 ∈ E(G) by
G[u, w1, w, x, z1] ̸= Z2, and hence G[w1, z1, u, v] = K1,3, a contradiction. It follows that
z′ /∈ epn(z, S′) if NS(z′) \ {w, x, y} ̸= ∅ for each z′ ∈ N(z), where z ∈ {x, y, w}.

By |S′| < |S|, S′ is not a CSDS of G. Then, let z′ ∈ S′ such that rpn(z′, S′) = ∅ and let
z1, z2 be two non-adjacent vertices in epn(z′, S′) such that |{z1, z2} ∩ epn(z′, S)| < 2. Suppose
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that z′ /∈ {u, v}. By |{z1, z2} ∩ epn(z′, S)| < 2, without loss of generality, assume that
z1 /∈ epn(z′, S). Then, N(z1) ∩ {w, x, y} ̸= ∅ by the above result. Since N(z1) ∩ {u, v} ̸= ∅,
we obtain a contradiction to z1 ∈ epn(z′, S′). Thus, z′ ∈ {u, v}. Without loss of generality,
assume that z′ = u. Then, z1v, z2v /∈ E(G) by z1, z2 ∈ epn(u, S′). We have z1x ∈ E(G)

or z2x ∈ E(G) by G[u, z1, z2, x] ̸= K1,3. Without loss of generality, assume that z1x ∈
E(G). Then, we have z1w ∈ E(G) by G[u, z1, x, w, v] ̸= Z2, which implies z1y ∈ E(G) by
G[w, u, z1, v, y] ̸= Z2. Thus, G[z1, w, x, y] = K1,3, a contradiction. It follows that x = y.

Now we come to complete the theorem. We claim that NS(u) = NS(v). By Claim 7,
it suffices to prove NS(u) = NS(v) if no vertex of {u, v} is in rpn(w′, S) for each vertex
w′ ∈ NS(u) ∩ NS(v). Assume {u, v} ∩ rpn(w, S) = ∅. Then, by Claim 6, let w1 ∈ epn(w, S)
such that w1u /∈ E(G). We have w1v ∈ E(G) by G[w, u, v, w1] ̸= K1,3 and uv /∈ E(G). We
have dS(u) = dS(v) = 2 since G is claw-free and by Claim 5. Assume that NS(u) = {w, x}.
Clearly, w1x /∈ E(G) by w1 ∈ epn(w, S). Then, vx ∈ E(G) by G[w, v, w1, u, x] ̸= Z2. Thus,
NS(u) = NS(v) = {w, x}.

Let S′ = (S \ {w, x}) ∪ {u, v}. Since G is claw-free and uv /∈ E(G), each vertex in
N(w) ∪ N(x) is adjacent to u or v. Thus, S′ is a dominating set, and moreover, S′ is an
independent set by NS(u) = NS(v) = {w, x}. Clearly, x, w /∈ S1 and then |S′ ∩ S1| > |S ∩
S1|. Thus, S′ is not a CSDS of G by the choice of S. Then, let y ∈ S′ such that rpn(y, S′) = ∅,
and let y1, y2 ∈ epn(y, S′) such that y1y2 /∈ E(G) and |{y1, y2} ∩ epn(y, S)| < 2.

Without loss of generality, assume that y1 /∈ epn(y, S). Then, dS(y1) ≥ 2 and
NS(y1) ∩ {w, x} ̸= ∅. Thus, N(y1) ∩ {u, v} ̸= ∅. It follows that dS′(y1) ≥ 2 if y /∈ {u, v}, a
contradiction to y1 ∈ epn(y, S′). Thus, y ∈ {u, v}. Without loss of generality, assume
that y = u. Then, y1v, y2v /∈ E(G) by y1, y2 ∈ epn(u, S′). We have y1w ∈ E(G) or
y2w ∈ E(G) by G[u, w, y1, y2] ̸= K1,3. Without loss of generality, assume that y1w ∈ E(G).
Then, wy2 /∈ E(G). Otherwise, G[w, y1, y2, v] = K1,3, a contradiction. It follows that
G[y1, u, w, y2, v] = B1,1, a contradiction. Thus, the theorem is true.

Let G = Km ∨ (K2 ∪ K1), m ≥ 3. Then, G is a {K1,3, B1,1, Z2}-free graph with δ(G) ≥ 3
and α(G) = 2. It is easy to verify that γcs(G) = 1. Thus, the condition that α(G) ̸= 2 in
Theorem 4 is necessary.

By Theorem 4, if γcs(G) < α(G) for a graph G with δ(G) ≥ 3, then G contains an
induced subgraph isomorphic to K1,3, Z2, or B1,1. Moreover, by Theorems 1 and 4, it is easy
to obtain the following corollary.

Corollary 2. Let G be a non-trivial every {K1,3, B1,1, Z2}-free graph G with δ(G) ≥ 3 and
α(G) ̸= 2. Then, every maximum independent set of G is a minimum co-secured dominating set
of G.

According to Problem 2, we give the following result.

Theorem 5. γcs(G) = γs(G) for every {K3, C5, P5}-free graph G with δ(G) ≥ 2.

Proof. Let G be a {K3, C5, P5}-free graph with δ(G) ≥ 2. By Theorem 2, it suffices to prove
G contains a minimum CSDS S such that S is a SDS, i.e., γcs(G) ≥ γs(G). Suppose to the
contrary that each minimum CSDS of G is not a SDS of G. Let S be a minimum CSDS S of
G. Then, there is an S-undefended vertex in G − S.

Firstly, we claim that for each vertex u ∈ S, |epn(u, S)| ≤ 1. Suppose that there
is a vertex x ∈ S such that |epn(x, S)| ≥ 2. Assume that x1, x2 ∈ epn(x, S). We have
x1x2 /∈ E(G), otherwise, G[{x, x1, x2}] = K3, a contradiction. Thus, xi /∈ rpn(x, S) for each
i ∈ {1, 2}. By the definition of a CSDS, rpn(x, S) ̸= ∅. Assume that y ∈ rpn(x, S). Then,
y /∈ {x1, x2} by {x1, x2} ∩ rpn(x, S) = ∅, and hence yxi ∈ E(G) for each i ∈ {1, 2}. It
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follows that G[{y, xi, x}] = K3 for each i ∈ {1, 2}, a contradiction. Thus, |epn(x, S)| ≤ 1
and rpn(x, S) = {x′} if epn(x, S) = {x′}. It follows that if a vertex z ∈ V(G) − S is
S-undefended, then dS(z) ≥ 2.

Suppose z ∈ V(G)− S is S-undefended. Then, for each vertex w in NS(z), epn(w, S) ̸=
∅ and the exactly one vertex in epn(w, S) is non-adjacent to z. By dS(z) ≥ 2, we as-
sume w1, w2 ∈ NS(z). Let u1 ∈ epn(w1, S), u2 ∈ epn(w2, S). Then, u1w2, u2w1 /∈ E(G). By
G[{z, w1, w2}] ̸= K3, we have w1w2 /∈ E(G). Then, u1u2 ∈ E(G) by G[{u1, w1, z, w2, u2}] ̸=
P5, which implies G[{u1, w1, z, w2, u2} = C5, a contradiction. Thus, each vertex in G − S is
S-defended, and S is a SDS of G. We have γcs(G) ≥ γs(G), and the theorem is true.

By Theorem 5, if γcs(G) < γs(G) for a graph G with δ(G) ≥ 2, then G contains an
induced subgraph isomorphic to K3, C5, or P5. Since a bipartite graph G contains no odd
cycles, G is {K3, C5}-free. Thus, by Theorem 5, we can obtain the following corollary.

Corollary 3. If G is a bipartite graph with δ(G) ≥ 2 and contains no induced subgraph isomorphic
to P5, then γcs(G) = γs(G).

By Corollary 3, we have γcs(G) = γs(G) for a complete bipartite graph G = Kp,q with
2 ≤ p ≤ q. This generalizes Proposition 2.15 in [10].

3. Conclusions
Arumugam et al. [10] proposed two questions: (1) Characterize a graph G with

γcs(G) = α(G); (2) Characterize a graph G with γcs(G) = γs(G). In this paper, according to
question (1), we prove that γcs(G) = α(G) for every non-trivial {K−

4 , C4, B1,1, P5}-free graph;
moreover, we obtain that γcs(G) = α(G) for every non-trivial {K1,3, B1,1, Z2}-free graph
G with δ(G) ≥ 3 and α(G) ̸= 2; according to question (2), we obtain that γcs(G) = γs(G)

for each {K3, C5, P5}-free graph G with δ(G) ≥ 2. Our conclusions can generalize some
results on the bounds of co-secure domination number of some families of trees and
bipartite graphs.
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