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Abstract: In the framework of linear viscoelasticity, the authors have previously calculated a novel
inverse Laplace transform involving the Mittag–Leffler function in order to calculate the relaxation
modulus in the Andrade model. Here, we generalize this result, calculating the inverse Laplace
transform of a given function Fα,β(s) by using two different approaches: the Bromwich integral and
the decomposition of Fα,β(s) in simple fractions. From both calculations, we obtain a set of novel
Laplace and Stieltjes transforms.
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1. Introduction and Preliminaries

A great variety of applications of integral transforms is well known in the existing
literature. Among these applications, we can find that different integral transforms are an
effective tool for the solution of ordinary differential equations, partial differential equations,
integral equations, and boundary-value problems [1]. The Laplace transform occupies a
prominent place among the integral transforms. This transform simplifies differentiation
and integration in the time domain by converting them into multiplication and division in
the Laplace domain. This makes it widely useful for solving linear differential equations
and dynamical systems. There is pervasive literature about the Laplace transform [2,3], as
well as an extensive compendium of direct [4] and inverse Laplace transform tables [5].

However, the Stieltjes transform and its applications are not so popular within the
integral transforms realm. Also, the compendia of tables are not so extensive ([6], Chapter
XIV). However, it is worth noting that the Stieltjes transform is connected with the moment
problem for the semi-infinite interval [7] and, consequently, with specific continued fractions.

Next, we set the notation for the Laplace and Stieltjes transforms.

Definition 1. The Laplace transform of a function f (t), defined for all real non-negative arguments
t ≥ 0, is a function F(s) of the complex variable s, defined as [2]

F(s) = L[ f (t); s] =
∫ ∞

0
e−st f (t) dt, (1)

whenever the improper integral given in (1) exists.

Definition 2. The Stieltjes transform of a function f (t) is defined as ([8], Equation 1.14.47)

S [ f (t); z] =
∫ ∞

0

f (t)
z + t

dt. (2)
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If f (t) is piecewise continuous on [0, ∞) and the integral (2) converges, then we can
write the Stieltjes transform as an iterated Laplace transform. Indeed, according to [9], we
can formally write

S [ f (t); z] = L[L[ f (t); s]; z], (3)

since

L[L[ f (t); s]; z] =
∫ ∞

0
e−zs

{∫ ∞

0
e−st f (t) dt

}
ds

=
∫ ∞

0
f (t)

{∫ ∞

0
e−(z+t) ds

}
dt

=
∫ ∞

0

f (t)
z + t

dt.

Under suitable conditions, the inverse Stieltjes transform can be obtained by Titch-
marsh’s formula ([2], Section 3.3):

S−1[F(z); t] =
1
π

Im
[

F
(

e−i πt
)]

. (4)

It is worth noting that this inversion formula is used to calculate the time-spectral
functions from the knowledge of the creep and relaxation functions in linear viscoelasticity
([10], Section 2.7). However, Titchmarsh’s formula cannot be applied for all rheological
models [11]; thus, the enhancement of Stieltjes transformation tables is quite valuable.

The departure point of this note is to calculate the inverse Laplace transform of the
following function in the Laplace domain:

Fα,β(s) =
sβ

a s + b sα + c
, (5)

a, b > 0, c ≥ 0, α ∈ (0, 1), β > −1,

from two different approaches. The first one decomposes Fα,β(s) in simple fractions for
rational α, and the second one calculates the inverse Laplace transform of Fα,β(s) for real α,
applying the Bromwich formula. From the results of both approaches, we calculate some
new Laplace and Stieltjes transforms.

It is worth noting that the authors have calculated the inverse Laplace transform of (5)
for the particular case β = 0 and rational α in the framework of linear viscoelasticity [10] in
order to calculate the relaxation modulus in the Andrade model [12,13].

This paper is organized as follows. In Sections 2 and 3, we calculate the inverse
Laplace transform of (5) for rational and real α, respectively. From both calculations, we
derive the main results of the paper in terms of two novel integral transforms: one as a
Laplace transform and another one as a Stieltjes transform in Section 4. Also in Section 4,
we consider some interesting particular cases of these novel integral transforms. Finally,
we collect our conclusions in Section 5.

2. Inverse Laplace Transform for Rational-Valued α

Consider the case α = m/n ∈ Q∩ (0, 1), and perform the change r = s1/n,

Fm/n,β(r) =
rnβ

a rn + b rm + c︸ ︷︷ ︸
p(r)

. (6)

If p(r) has n non-repeated roots rk, (k = 1, . . . , n), we can recast (6) as ([14], Equation
17:13:10)

Fm/n,β(r) =
n

∑
k=1

rnβ

p′(rk)(r − rk)
, (7)
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thus,

Fm/n,β(s) =
n

∑
k=1

sβ

p′(rk)
(
s1/n − rk

) . (8)

Apply the inverse Laplace transform formula ([14], Equation 45:14:4):

L−1
[

sµ−ν

sµ − a
; t
]
= tν−1Eµ,ν(a tµ), (9)

to (8), where Eµ,ν(z) denotes the two-parameter Mittag–Leffler function [15], i.e.,

Eµ,ν(z) =
∞

∑
n=0

zn

Γ(µ n + ν)
, (10)

z, µ, ν ∈ C, Re µ > 0, Re ν > 0,

in order to obtain

fm/n,β(t) = L−1
[

Fm/n,β(s); t
]
=

n

∑
k=1

1
p′(rk)

L−1
[

sβ

s1/n − rk
; t
]

, (11)

i.e.,

fm/n,β(t) = t1/n−β−1
n

∑
k=1

E 1
n , 1

n −β

(
rk t1/n

)
p′(rk)

, (12)

where rk denotes the n different roots of the polynomial,

p(r) = a rn + b rm + c. (13)

It is essential to highlight that (12) only holds when the multiplicity of all the roots of
p(r) are unity, i.e., for k = 1, . . . , n, we have m(rk) = 1. Note that if we have m(rℓ) > 1 for
some ℓ, then p′(rℓ) = 0, and (12) does not hold.

3. Inverse Laplace Transform for Real-Valued α

The inverse Laplace transform can be calculated by using the Bromwich formula ([2],
Equation 3.4.2), also known as Fourier–Mellin inversion formula ([3], Equation 4.3),

fα,β(t) = L−1[Fα,β(s); t
]
=

1
2πi

∫ γ+i ∞

γ−i ∞
estFα,β(s) ds, (14)

where γ > 0. According to the Cauchy’s residue theorem ([16], Section 70), if C is a closed
integration contour, and the function g(s) is analytic in the interior of C, then

1
2πi

∫
C

g(s) ds = 0. (15)

Note that

g(s) = estFα,β(s) =
est sβ

a s + b sα + c
(16)

is an analytic function ∀s ∈ C\(−∞, 0]. In order to prove this, consider the function
h(s) = a s + b sα + c, and calculate the roots of h(s) taking s = r eiθ :

h(s) = a r eiθ + b rα eiθα + c = 0 (17)

⇔
{

Re[h(s)] = a r cos θ + b rα cos αθ + c = 0,
Im[h(s)] = a sin θ + b rα−1 sin αθ = 0.
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Note that θ ∈ (−π, π], and recall that α ∈ (0, 1) and a, b > 0, c ≥ 0; thus,

θ ∈ (−π, 0) ⇒ αθ ∈ (−π, 0) ⇒ Im[h(s)] < 0. (18)

θ ∈ (0, π) ⇒ αθ ∈ (0, π) ⇒ Im[h(s)] > 0. (19)

Also,

θ = 0 ⇒
{

∀c > 0, Re[h(s)] = a r + b rα + c > 0,
∀c = 0, Re[h(s)] = a r + b rα = 0 ⇔ r = 0.

(20)

Therefore, the roots of h(s), if any, should lie at origin or on the negative real semi-axis,
i.e., on the branch cut of g(s). Consequently, if we take the integration contour path C given
in Figure 1, we obtain

1
2πi

∫
C

estFα,β(s) ds = 0. (21)

 1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

γ 

s - complex plane 

R → ∞ 

r → 0 

Branch cut 

RC  

L1 

L2 

rC  

Re s 

Im s 

Figure 1. Integration contour path.

Now, split the integration path C as indicated in Figure 1:

0 =
1

2πi

[∫
CR

estFα,β(s) ds +
∫

Cr
estFα,β(s) ds (22)

+
∫

L1

estFα,β(s) ds +
∫

L2

estFα,β(s) ds +
∫ γ+i ∞

γ−i ∞
estFα,β(s) ds

]
.

Thus, according to (14) and (22), by taking limits, we obtain

fα,β(t) = − 1
2πi

[
lim

R→∞

∫
CR

estFα,β(s) ds + lim
r→0

∫
Cr

estFα,β(s) ds (23)

+ lim
R→∞
r→0

∫
L1

estFα,β(s) ds + lim
R→∞
r→0

∫
L2

estFα,β(s) ds

.

In order to calculate the integrals given in (23), we present the following lemmas below.
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Lemma 1. For t > 0, the following limit holds true:

lim
R→∞

∫
CR

estFα,β(s) ds = 0. (24)

Proof. Following the proof of Jordan’s lemma ([16], Section 81), take s = γ + R eiθ for
θ ∈

(
π
2 , π

)
∪
(
π, 3π

2
)
,

∫
CR

estFα,β(s) ds =
∫ 3π/2

π/2
exp

(
γt + Rt eiθ

)
Fα,β

(
γ + R eiθ

)
Ri eiθdθ. (25)

Therefore,∣∣∣∣∫CR

estFα,β(s) ds
∣∣∣∣ ≤

∫ 3π/2

π/2

∣∣∣exp
(

γt + Rt eiθ
)∣∣∣∣∣∣Fα,β

(
γ + R eiθ

)∣∣∣R dθ (26)

= R eγt
∫ 3π/2

π/2
eRt cos θ

∣∣∣∣∣
(
γ + R eiθ)β

a
(
γ + R eiθ

)
+ b

(
γ + R eiθ

)α
+ c

∣∣∣∣∣ dθ.

Perform the change of variables φ = θ − π
2 to obtain∣∣∣∣∫CR

estFα,β(s) ds
∣∣∣∣ (27)

≤ R eγt
∫ π

0
e−Rt sin φ

∣∣∣∣∣∣∣
(

γ + R ei(φ+ π
2 )
)β

a
(

γ + R ei(φ+ π
2 )
)
+ b

(
γ + R ei(φ+ π

2 )
)α

+ c

∣∣∣∣∣∣∣ dφ.

Consequently,

lim
R→∞

∣∣∣∣∫CR

estFα,β(s) ds
∣∣∣∣ = 0, (28)

and the proof is completed.

Lemma 2. For β > −1, the following limit holds true:

lim
r→0

∫
Cr

estFα,β(s) ds = 0. (29)

Proof. Take s = r eiθ for θ ∈ (−π, π); thus, for β > −1, we have

lim
r→0

∫
Cr

estFα,β(s) ds = lim
r→0

∫ −π

π
exp

(
rt eiθ

) i rβ+1eiθ(β+1)

a reiθ + b rαeiθα + c
dθ = 0, (30)

as we aim to prove.

Therefore, taking into account (24) and (29), for t > 0 and β > −1, (23) is reduced to

fα,β(t) = − 1
2πi

 lim
R→∞
r→0

∫
L1

estFα,β(s) ds + lim
R→∞
r→0

∫
L2

estFα,β(s) ds

. (31)

For the calculation of the integrals given in (31), take s = ξeiπ for L1 with ξ ∈ [r, R],
and s = ξe−iπ for L2 with ξ ∈ [r, R], to obtain

lim
R→∞
r→0

∫
L1

estFα,β(s) ds = lim
R→∞
r→0

∫ r

R
exp

(
ξeiπt

)
Fα,β

(
ξeiπ

)
eiπdξ (32)

=
∫ ∞

0
e−t ξ Fα,β

(
eiπξ

)
dξ,
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and

lim
R→∞
r→0

∫
L2

estFα,β(s) ds = lim
R→∞
r→0

∫ R

r
exp

(
ξe−iπt

)
Fα,β

(
ξeiπ

)
e−iπdξ (33)

= −
∫ ∞

0
e−t ξ Fα,β

(
e−iπξ

)
dξ.

Now, insert (32) and (33) in (31) to obtain, for t > 0 and β > −1, that

fα,β(t) =
1

2πi

∫ ∞

0
e−t ξ

[
Fα,β

(
e−iπξ

)
− Fα,β

(
eiπξ

)]
dξ. (34)

Note that

Fα,β

(
e−iπξ

)
=

ξβe−iπβ

aξeiπ + be−iπαξα + c
= Fα,β

(
e−iπξ

)
, (35)

thus,

fα,β(t) =
1
π

∫ ∞

0
e−t ξ Im

[
Fα,β

(
e−iπξ

)]
dξ, (36)

and, after some calculations, we arrive at

fα,β(t) =
1
π

∫ ∞

0
e−t ξ ξβ b ξα sin π(β − α)− (c − a ξ) sin πβ

(c − a ξ)2 + 2b(c − a ξ) ξα cos πα + b2ξ2α
dξ, (37)

i.e., for t > 0, and β > −1, fα,β(t) is written in terms of the following Laplace transform:

fα,β(t) =
1
π
L
[

ξβ b ξα sin π(β − α)− (c − a ξ) sin πβ

(c − a ξ)2 + 2b(c − a ξ) ξα cos πα + b2ξ2α
; t

]
. (38)

4. Main Results and Particular Cases

Theorem 1. For a, b, t > 0, c ≥ 0, β > −1, and 0 < m < n with m, n ∈ N, the following Laplace
transform holds true:

L
[

tβ b tm/n sin π
(

β − m
n
)
− (c − a t) sin πβ

(c − a t)2 + 2b(c − a t) tm/n cos
(m π

n
)
+ b2t2m/n

; s

]
(39)

= π s1/n−β−1
n

∑
k=1

E 1
n , 1

n −β

(
rk s1/n

)
p′(rk)

,

where rk denotes the n different roots of the polynomial,

p(r) = a rn + b rm + c. (40)

Proof. Consider (38) for α = m/n ∈ Q∩ (0, 1), and equate the result to (12) and (13).

Theorem 2. For a, b, s > 0, c ≥ 0, −1 < β < 1, and 0 < α < 1, the following Stieltjes transform
holds true:

S
[

xβ b xα sin π(β − α)− (c − a x) sin πβ

(c − a x)2 + 2b(c − a x) xα cos πα + b2x2α
; s

]
=

π sβ

a s + b sα + c
. (41)

Proof. Substitute (5) and (38) into (14) to obtain

1
π
L
[

ξβ b ξα sin π(β − α)− (c − a ξ) sin πβ

(c − a ξ)2 + 2b(c − a ξ) ξα cos πα + b2ξ2α
; t

]
= L−1

[
sβ

a s + b sα + c
; t
]

, (42)
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and apply the definition of the Stieltjes transform (2) to complete the proof.

4.1. Particular Cases

Next, we present some particular cases of the main results given in (40) and (41).

4.1.1. Laplace Transform

1. Consider a, b, s > 0 and z = b2/a2. Taking m = 1, n = 2, c = 0, and β = 1
2 + k with

k = 0, 1, 2, . . . in (40), we arrive at

L
[

tk+1/2

t + z
; s

]
=

π√
z

(
−1

s

)k+1
E 1

2 ,−k

(
−
√

z s
)
, (43)

which is an alternative form of the following result given in [4] (Equation 2.1.3(6)) for
ν = k + 1

2 (see Appendix A for the equivalence):

L
[

tν

t + z
; s
]
= Γ(ν + 1) zνezs Γ(−ν, z s), (44)

Re ν > −1, |arg z| < π,

where Γ(a, x) denotes the upper incomplete gamma function ([14], Equation 45:3:2).
2. Consider a, b, s > 0, and z = b/a. Taking m = 1, n = 3, c = 0, and β = 1

3 + k with
k = 0, 1, 2, . . . in (40), we arrive at

L
[

tk+2/3

z2 − z t2/3 + t4/3 ; s

]
(45)

=
π√
3 z

(
−1

s

)k+1[
E 1

3 ,−k

(
i
√

z s1/3
)
+ E 1

3 ,−k

(
−i

√
z s1/3

)]
.

3. Consider a, b, s > 0, c ≥ 0, ∆ =
√

b2 − 4ac ̸= 0, and r± = (−b ± ∆)/2a. Taking m = 1,
n = 2, and β = k = 0, 1, 2, . . . in (40), we arrive at

L
[

tk+1/2

(c − a t)2 + b2t
; s

]
=

(−1)kπ

sk+1/2 ∆

[
E 1

2 , 1
2−k

(√
s r+

)
− E 1

2 , 1
2−k

(√
s r−

)]
. (46)

4. Consider a, b, s > 0, and z = b/a. Taking m = 1, n = 3, c = 0, and β = k = 0, 1, 2, . . .
in (40), we arrive at

L
[

tk

z2t1/3 − z t + t5/3 ; s

]
(47)

=
(−1)k+1π√
3 z2 sk+2/3

E 1
3 , 1

3−k

(
i
√

z s1/3
)
+ E 1

3 , 1
3−k

(
−i

√
z s1/3

)
− 2

Γ
(

1
3 − k

)
.

4.1.2. Stieltjes Transform

1. Consider a, b, s > 0, z = b/a, and 0 < α < 1. Taking α = β and c = 0 in (41), we
arrive at

S
[

1
t1−α + z2tα−1 − 2 z cos πα

; s
]
=

π sα

sin πα (s + z sα)
. (48)

2. Consider a, b, s > 0, c ≥ 0, and 0 < α < 1. Taking β = 0 in (41), we arrive at

S
[

tα

b2t2α + (c − at)2 + 2btα(c − at) cos πα
; s

]
=

π

b sin πα (c + a s + b sα)
. (49)
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Taking α = 1
2 , (49) is reduced to

S
[ √

t

b2t + (c − at)2 ; s

]
=

π

b
(
c + a s + b

√
s
) . (50)

3. Consider a, c, s > 0, b = a, z = c/a, and 0 < α < 1. Taking β = 0, and β = 1 − α
in (41), and summing up the result, we arrive at

S

 1

t
[
tα + t−α(z − t)2 + 2(z − t) cos πα

] ; s

 =
π(s + sα)

z sin πα (z + s + sα)s
. (51)

5. Conclusions

We have calculated two novel formulas of integral transforms, one corresponding to
a Laplace transform and the other one to a Stieltjes transform. For this purpose, we have
calculated the inverse Laplace transform of the function Fα,β(s) given in (5) by calculating
the Bromwich integral for Fα,β(s), as well as decomposing Fα,β(s) in simple fractions,
and then calculating the inverse Laplace transform term by term. On the one hand, the
calculation of the Bromwich integral has been expressed in terms of a Laplace transform,
which has allowed us to obtain a new formula for the Stieltjes transform, i.e., (41). On
the other hand, since the decomposition of Fα,β(s) in simple fractions is only possible for
rational α ∈ (0, 1), the novel Laplace transform obtained in (40) depends on two parameters
m, n ∈ N, with 0 < m < n.

It is worth pointing out why the Mittag–Leffler function arises in Theorem 1. The
Mittag–Leffler function is a beneficial particular function in fractional calculus, up to the
point that it is called the queen function of fractional calculus [17]. Therefore, it is not
surprising that the Mittag–Leffler function arises in solving the relaxation modulus in the
Andrade model within the theory of linear viscoelasticity, because this theory is related to
fractional calculus [10].

We have also calculated a set of integral transform formulas in Section 4.1, taking
particular values for the parameters in the novel Laplace and Stieltjes transforms obtained
(i.e., Theorems 1 and 2). The formula given in (43) is also given in the existing literature, but
with a completely different expression, i.e., (44). As a consistency test, we have calculated
the equivalence between both expressions in Appendix A. In addition to this analytical
test, we have numerically checked the main results in Theorems 1 and 2, and the other
particular cases given in Section 4.1 with MATHEMATICA. This MATHEMATICA code is
available at https://shorturl.at/j5HCm (accessed on 23 August 2024).

Finally, in a future work, the authors would like to extend the analytical method
described in this paper to solve fractional differential equations arising in Physical Sciences,
usually solved using numerical methods ([18], Chapter 8).
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Appendix A. Proof of the Equivalence of Formulas

In order to prove the equivalence between (43) and (44), let us first prove the follow-
ing lemma.

Lemma A1. The following identity involving Mittag–Leffler functions holds true:

E 1
2 ,ν

(
−
√

x
)
= E1,ν(x)−

√
x E1, 1

2+ν(x). (A1)

Proof. According to the definition of the Mittag–Leffler function (10), and by splitting the
sum in odd and even terms, we have

E 1
2 ,ν

(
−
√

x
)

=
∞

∑
n=0

(−1)n xn/2

Γ
( n

2 + ν
) (A2)

=
∞

∑
n=0

xn

Γ(n + ν)
−

∞

∑
n=0

xn+1/2

Γ
(

n + 1
2 + ν

)
= E1,ν(x)−

√
x E1, 1

2+ν(x),

as we aim to prove.

Theorem A1. For ν = k + 1
2 and k = 0, 1, 2, . . . the following identity holds true:

Γ(ν + 1) zνezs Γ(−ν, z s) =
π√

z

(
−1

s

)k+1
E 1

2 ,−k

(
−
√

z s
)
. (A3)

Proof. First, consider the expansion given in [14] (Equation 46:6:2):

ex γ(a, x) =
xa

a

∞

∑
n=0

xn

(a + 1)n
(A4)

where γ(a, x) denotes the lower incomplete gamma function and (x)n = Γ(x + n)/Γ(x) de-
notes the Pochhammer symbol. Using the factorial property of the gamma function ([14],
Equation 43:5:3), Γ(x + 1) = x Γ(x), and the definition of the Mittag–Leffler function (10),
is easy to prove from (A4) that

γ(a, x) = e−xxa Γ(a) E1,1+a(x). (A5)

Therefore, using (A5), and the property ([14], Equation 45:1:2),

Γ(a) = γ(a, x) + Γ(a, x), (A6)

we write the left hand side (LHS) of (A3) as

LHS = Γ(ν + 1) zνezs Γ(−ν, z s) (A7)

= Γ(ν + 1) Γ(−ν)
[
zνezs − s−νE1, 1

2−k(zs)
]
.

Now, we apply the reflection formula ([14], Equation 43:5:1),

Γ(−ν) =
π csc(−πν)

Γ(1 + ν)
, (A8)

for ν = k + 1
2 with k = 0, 1, 2, . . . to obtain

Γ(ν + 1) Γ(−ν) = π (−1)k+1. (A9)
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Also, for k = 0, 1, 2, . . ., note that

E1,−k(x) =
∞

∑
n=0

xn

Γ(n − k)
=

∞

∑
n=k+1

xn

Γ(n − k)
(A10)

=
∞

∑
ℓ=0

xℓ+k+1

Γ(ℓ+ 1)
= xk+1ex.

Therefore, taking into account (A9) and (A10), rewrite (A7) as

LHS =
π√

z

(
−1

s

)k+1[
E1,−k(z s)−

√
z s E1, 1

2−k(z s)
]
. (A11)

Finally, apply (A1) to complete the proof.
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