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Abstract: In periods of dramatic stock price volatility, the identification of change points in stock
price time series is important for analyzing the structural changes in financial market data, as well as
for risk prevention and control in the financial market. As their residuals follow a generalized error
distribution, the problem of estimating the change point parameters of the B-ARCH model is solved
by combining the Kalman filtering method and the Bayes method innovatively, and we give a method
for parameter estimation of the Bayes factors for the occurrences of change points, the expected
values of the change point positions, and the variance of the change points. By detecting the change
points of the price of eight stocks with a high number of limit up and limit down changes occurring
in the observation period, the following conclusions are obtained: (1) Change point detection using
the B-ARCH model based on the Bayes method is effective. (2) For different values of j, this research
study finds that based on the classical ARCH model (i.e., B = 1) of the change point parameter,
the results are relatively optimal. (3) The accuracy of change point detection can be improved by
correcting stock short-term effects by using the Kalman filtering method.

Keywords: change point detection; price limits; B-ARCH model; Bayes method; Kalman filtering
method

MSC: 91B84

1. Introduction

In recent years, due to the acceleration of financial deleveraging and other policies,
China’s stock markets have experienced many instances of volatility, which have brought
large losses to investors and triggered economic turmoil. In this context, scientifically
analyzing the structural changes in stock prices is crucial for investors’ investment decisions
and regulators’ risk prevention and control.

With the widespread application of statistical inference theories and methods in the
financial industry, more scholars have found that the study of change point problems has
good predictive effects for identifying major events such as financial crises. Change points
are actually qualitative changes in the data structure. It is very meaningful to accurately
judge or predict the occurrences or locations of change points based on existing, historical,
and all observable information [1].

When there is a significant fluctuation in the stock market, it is usually accompanied
by limit up and limit down changes in individual stock prices. The price limits of the
Chinese stock markets form a type of price stability mechanism, which is an institutional
tool used by exchanges to control abnormal market fluctuations. They externally control
trading prices within a certain range rather than as a natural result of price formation.
Therefore, most scholars are concerned about how they affect the pricing efficiency of
the market, i.e., whether there is a “cooling effect”, a “magnetic attraction effect”, or a
“volatility spillover” [2-4], and few scholars have focused on their impact on the statistical
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characteristics of securities market prices. From the perspective of statistical inference,
the impact of price limits on the market is short-term market friction formed by trading
mechanisms on stock prices, which should not cause structural changes in price time series
but may cause statistical bias. If this issue is ignored, there may be a certain degree of
deviation in the estimation of the change point.

The statistical biases due to price limits in stock markets may originate from price
latency problems. Price latency is the phenomenon of lagging price adjustments to traded
assets under market friction. Previous studies have shown that low stock liquidity can
lead to price delays, resulting in spurious auto-positive correlation in the index yield series
and spurious auto-negative correlation in the time series of bases, which lead to statistical
artifacts [3,5]. Harris pointed out that price limits can also lead to price latency problems [6].
In our preliminary work, we found that after correcting for the price distortion caused by
price limits on CSI 500 Index components, the autocorrelation of index returns disappeared.
Obviously, if the problem of statistical artifacts caused by price delays is ignored, the market
may be misinterpreted; thus, wrong conclusions may be drawn. Therefore, during periods
of significant market volatility, if the statistical biases caused by price limits can be corrected
to some extent, this is expected to improve the accuracy of change point detection.

The study of statistical inference for change point problems started with Page [7] and has
been a branch of research in statistics; it effectively integrates fixed sampling methods, suc-
cessive sampling methods, hypothesis testing, statistical controls, Bayes methods, and other
methods to solve the problems of change point occurrence and position estimation.

Based on their statistical methods, the existing studies can be divided into two cate-
gories. One category uses parameters and semi-parameters for change point testing and
estimation; the other category uses the nonparametric testing and estimation of change
points. For research on the change point problem in finance, due to the consensus in the
academic community that ARCH models are suitable for analyzing financial market data,
and the relatively low efficiency of nonparametric tests and their poor ability to detect
differences, the estimation of change point parameters based on ARCH models has been
widely adopted.

These studies achieve change point estimation based on the cumulative sums of
residuals, likelihood functions, distribution functions, and Bayes methods. Among them,
the studies presented by Kokoszka and Leipus [8,9] , Lee et al. [10-12] , Kim [13], and
Andreou and Ghysels et al. [14] mainly constructed the cumulative sum of the residuals
by the least squares method and used this statistic to estimate a solution to the change
point problem based on the ARCH term parameters, mean, variance, and cross-covariance
by using ARCH or GARCH models. In the study of estimating change points by using
likelihood functions, it is common to construct statistics based on likelihood functions
to identify the occurrence of change points. For example, Carsoule and Franses [15]
proposed a sequential testing approach based on a maximum likelihood estimation method
to solve the variance estimation problem and the ARCH model in the EUR exchange rate
market. Berkes et al. [16] used a quasi-likelihood method to construct scoring statistics
to solve the problem of change point estimation when using a GARCH model. Bardet
and Kengne [17] proposed a change point estimation method suitable for a cluster of
causal models (such as AR(c0), ARCH(o0), TARCH(c0), and ARMA-GARCH); the authors
discussed a quasi-likelihood estimation index. In a study using distribution functions,
Horvath and Kokoszka [18] derived the asymptotic distribution of a squared empirical
residual term and applied it to the variation point detection problem by using an ARCH
model. Na et al. [19] considered the problem of monitoring distribution change points for
independent random sequences by using GARCH and other models by implementing an
empirical distribution function model and empirical feature function type statistics. In the
study of the change point problem using classical Bayes methods, parameter estimation is
often carried out for models with relatively complex forms; e.g., Lai and Xing [20] studied
the Bayesian change point parameter estimation problem by using an ARX-GARCH model.
Wang et al. [21] proposed a quantile regression model with multiple random change
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points for a special panel to analyze the potential structural changes in the price capacity
relationship after short-term stock issuances on the Chinese growth enterprise market.
There are also some studies that focused on the detection of multivariate points in time-
series models. Most of these studies transform multivariate point detection into a single-
change point detection problem through binary segmentation. Representative studies
include Fryzlewic and Rao [22], Cho and Fryzlewicz [23], etc.

In addition, since the Bayes method avoids the difficulty of finding a sampling dis-
tribution, it can also solve the problem of change point estimation through a general
programming process under the condition of an abnormal prior assumption. Therefore,
it has been widely applied in other fields. For example, Chen et al. [24] studied the iden-
tification of change points under the condition that climate change follows the Pareto
distribution. Monfared, Dehghan and Fazlollah [25] studied change point identification un-
der the assumption of a gamma distribution. Bianchi et al. [26] assumed that the volatility
of macroeconomic risk exposure factors follows a breakpoint latent process and estimated
the change point problem of risk factors. Jung, Song, and Chung [27] studied change point
estimation under the condition of dynamic level distribution. Cai et al. [28] constructed a
Bayes probability statistical inference model by using the Poisson distribution, the power-
law distribution, and the log-normal distribution as prior distributions to test the change
points of crude oil.

Through the above literature review, it is found that research on the estimation of
change point parameters can be further supplemented in the following aspects: (1) The
statistical bias caused by the price limits may be ignored. (2) Most existing studies only
give research results on standard ARCH or GARCH models, while there is relatively
little research on extended forms of ARCH models, such as the ~ARCH model. (3) The
characteristics of the sharp peaks and heavy tails of financial asset prices lead to the
fact that it is usually difficult to satisfy the assumption of normal distribution of model
residuals, and Bayes change point detection using the generalized error distribution as a
prior assumption is still rare.

Based on such a research status, this study is planned to be carried out along the
following lines: First, in Section 2, a general extension form for the ARCH model, the -
ARCH model assuming that the residual follows a generalized error distribution, uses
the classical Bayes methods to solve the parameter estimation problem of identifying
the occurrence of change points and determining the position of change points. Then,
in Section 3, by taking individual stocks with high frequency triggering the price limit in
the Chinese stock market as an example, we use the Kalman filtering method to correct
price distortions caused by price limits. Finally, in Section 4, the empirical test of change
point detection is given, and the corresponding conclusions are obtained for the method
proposed in this paper.

2. ARCH Model Change Point Detection
2.1. Introduction to the Model

In this paper, a nonlinear time-series model of the ARCH model is used to describe
the time series of stock returns (see Equation (1)).

Yi =g -y 1)
hy = wg +1X1|Yt,1|m/3 + - +“q’ytfq’mﬁ

wherem > 0,0< < 1,890 > 0,and a; > 0, withi =1,---,4. &, ¢ > 1 are independently
and identically distributed random variables (i.i.d.) and satisfy Ee; = OE|e;|" = 1. In addi-
tion, we assume that {¢;} is a “continuous density function that is positive everywhere”,
which is independent of {Ys,s < t}. When m = 2, the model is called f-ARCH(q) model, as
first proposed by Diebolt and Guégan [29]. When m = 2 and B = 1, the f-ARCH(q) model
reduces to the classical ARCH(q) model, as proposed by Engle [30]. When modeling an
ARCH model for a time series, it is usually assumed that the residual terms follow a normal
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a(y) |x|™ x| -1 X X
E|X|m:?am / i exXp —b(7) dx = 2a(y)o™ /U—mexp —b(y)= pdx.

distribution, a ¢-distribution, or a generalized error distribution (GED). Since the GED can
flexibly account for positive, negative, or zero excess kurtosis of the time series [31], this
paper adopts the residual term ¢;. The nonlinear time-series model of the ARCH model
obeying the GED inscribes the heavy-tail characteristics of the stock return time series.

Definition 1 (Generalized Error Distribution). If X obeys a certain GED, its probability density
function GED (u, 07,7, ) can be expressed as

flxpo7) = )\2(1+1/7)F(1/’y) UEXP{_Z Ao } 2)

1
Among them, A = [%} ’ andI(-) is the gamma function (F(oc) = 0+°° x”"le’xdx>.
7 it is known as the tail characteristic indicator: when y = 2, the generalized error distri-
bution is normal; when y = 1, the generalized error distribution is a Laplace distribution;
when 0 < ¢ < 2, the time series exhibits heavy-tail characteristics; when y > 2, the time

series presents thin-tail characteristics. We set a(y) = —— 21— and b(y) = 1A77;
)\2(1+1/7)1‘(1/7) 2

then, the X probability density function can be abbreviated as the following form:

R
Frino,m) = atn) sexp{ ~bim) E I ®)

Theorem 1. If the random variable X ~ GED(u,07,7v),E(X) = 0, with E|X|" = 1, then
N B 7b(7)<m+1)/7 m
X ~ GED(0,07,7), where 07 = (2a(7)l’((m+1)/'y) )

Proof of Theorem 1.
(1) Since E(X) = [*% xa(’)/)%exp{—b(’y) epl” }dx, we set t = x — y; then,

—o0 v

—0 O

E(X) =a(y) [72 5 exp{ —b(y) 4}
a(y) [T bexp{—b(m)i5 Yat+ a2 [ exp{-b(n) i Jat

Clearly, the first integral on the right-hand side of the equation above is zero, and the
second one is not.

0o —ul”
2 EIX|" :ffoo|x\ma(’y)%exp{—b(7)%}dx; then,
+o00

o’ o’

0

We set b(y) (’;—: = t; then, we have

N 1 T oang . 2a(p)e" [m41
E|X| :2a(7)0m7nl+1/t Loty — 7T
() T rb(y) N7
e

- _ /yb(/y)(erl)/'Y '
and E|X|" =1, 07 = <MWWIH1W
O

,Yb(,y)(nwrl)/y %
2a(y)I((m+1)/7)
Itis easy to show thatif e, ~ GED(0,07,), Y} is the conditional distribution of the residuals

It is useful to set the residuals of model (1) ¢; ~ GED(0, 07, y) and (



Axioms 2024, 13, 643

50f 17

0%
on F;_1 = (Yo,---,Y;_1), the conditional distribution obeys GED (0, (h}/ ma) , 'y), where
0 is a certain positive number. Its density function is given by the following:
ki

fyolFir) =a(v) 1/1m exp{‘b”)'yt} !
hy""o

(n/"o)”

2.2. Bayes Method for Estimating the Number and Location of Change Points

In this paper, the Bayes factor given by Kass and Raftery is used to determine the
presence or absence of a change point [32]. The form of the Bayes factor By is as follows:

f1(D[Hy)
fo(D|Hp)

where D represents the observed data and fi(D|H;) is the alternative hypothesis Hj;
the marginal probability density function under fy(D|Hp) is the original hypothesis Hy.
According to Jeffreys [33], we determine the change point recognition rule based on the
Bayes factor as follows:

(1) If Byg < 1, itis considered that there is no change point;

(2) If1 < By < 3, the difference is considered negligible when this dataset has no
change points;

(8) If 3 < Byp < 20, more certain support exists for the existence of a change point;

(4) If20 < Bjp < 150, then stronger support exists for the existence of a change point;

(5) If 150 < By, there is extremely strong support for the existence of a change point.

The Bayes statistical analysis of the ARCH model is given below as an example of
single-change point detection. Based on the ARCH model (1), the original hypothesis (Hy)
and alternative hypothesis (H;) are given by the following:

Ho: hy = ag +0€1|Yt,1|m‘5 + - +06q|Yt_q‘m‘B

H, hy — a6+a;|Yt,1|mﬁ+---+oc:1|Yt_q|mﬁ, 1<t<k
' wp+ i Y " Y™, k<t<n

where k is the location of the change point and 7 is the sample length of the time series.

2.2.1. Statistical Analyses under the Original Assumptions

Such that a = (ag, a1, - -+ , ), its prior distribution is & ~ N(jia, Za)Ic, (x), where
Ic, («) is an indicator function, which is used in «. When the constraints are satisfied,
Ic,(«) = 1; otherwise, I, («) = 0, denoted by my(a) = N(pa, Za)Ic, (). For simplicity
of expression, let { = ag + a3 \Yt,1|mﬁ 4+ 4 aq‘Yt_q‘mﬁ. From (4), it follows that for
(Y1, -+, ;) with respect to a given Fy, the prior joint probability density function is given
by the following formula:

1 — v
folyiya, - yulFo,w ) = a" (M) [ ] ! exp{ b(v)|yi| } 5

1 0" |ogt/m|”

The joint probability density function is given by the following;:
UO(]/LJ/ZI tee /]/1’!/ FO/“/ 7) = fO(]/l/]/Z/ e /]/n|~7:0, x, ’)’)7'[0(0()

UO(]/lzyZ/ e /yn/]:O/lX/’Y) = fO(]/lz]/Zz e ,]/n|]:0/06/')’)7fo(“)
L —b U (6)
= (x”(r)/) H g-gl/m exp{ (7)|yt| }N(,umztx)lcl (0()

=1 |ogt/m |7
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thus, the marginal probability density function is given by the formula

noq “b(y) |yl
Lo(yi, Y2, yn, Fo,v) = /atx”(v)l—[aél/m eXP{ ‘U(;B,'ny’tﬂl }N(P‘mzaﬂcl(“)d“ @)
=1

2.2.2. Statistical Analyses under Alternative Hypotheses
Under the alternative hypothesis, K is the location of the change point, denoted by

*

l
which are independent of each other. Given the prior distribution,

I ! ! /
o = ("‘0/ Qq, e ,aq) and a* = (oc(*;,oci‘,~ e ) It may be useful to set k, a;, and a7,

™ (0‘/) = N(po, Zar)Ic, (0‘,)
T (DC*) = N(,utx*/ Ly )IC3 (0‘*>

Among them, the definitions of Ic,(#’) and Ic, (a*) are the same as I¢, («). Then, the
joint probability density function with known prior information is as follows:

fl (ylry2/ s /yn|-7:0/ Dl,l)é,,lx*, k/ r)/)

k n
1 —b(7)ly:|” 1 —b(7)lye|” 8)
:an(,),)n v exp Y T/ ex ]
t=10¢, " ’U@ " t=k+1 0Cy " ‘aé‘* m‘

Among them, & = ay + ;Y™ + - + zx;!Yt_”mﬁ, and &, = aj + 2|V, " +

e tag Yi—g |m/3 . By combining (8) and the prior distributions of the parameters, the joint
probability density function can be obtained as follows:

U (v, 92, yn, Fo o ok, )
1

= EN(F(XU ZL‘K/)ICZ (“/)N(V‘X*’ZIX*)IC3(1’C*)[X}1(’)/)

k 0% n Y
1 —b(7)lyel 1 —b(7) |yl

[T —i7mexp L[ 17m P V|

=1 0¢, ‘(f@, ‘ t=k+1 0Cx ‘05* ‘

This leads to the marginal probability density function:
' -1 * *

Ll(}/l; e /yl’lr fO/ Y, k) = # . ZZZZ U] (ylfyZI o Yny ]:O/ IX/,IX /k/ ’Y)dlx,dl" (10)
o'

Furthermore, the posterior distribution of the parameters can be obtained:

Ur(y1, Y2, yn, Fo, &, 07, k, )
Ll(yll T /yn/f0/7/k>

Us| (“,/a*/k|F0/ r)//yl/yZI e IyVl) = (11)
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2.2.3. Bayes Factors and Bayes Estimation

The Bayes factor can be calculated from posterior marginal probability density func-
tions (7) and (10) as follows:

Ll(yll o /yn/]:O/'Y/k)

B =
10 Lo(y1, Y2, Yn, Fo,7)
. 22;21 Ui (y1,y2, - yn, Fo, &, a*, k, y)da’ da* (12)
—b Y
[ e ()T, m:ll/m exp{ ‘agiji/w }N(,M,x, o), (a)du

The formula contains Fy, 7, m, and g, four unknown parameters. It can be determined
in the empirical analysis based on previous financial data that F, <y, m, and B are chosen to
be more flexible; for example, when m = ¢ = 2 and § = 1, the ARCH model is simplified
to the classical ARCH model. At the same time, the distribution of {e;} is also transformed
from a generalized error distribution to a normal distribution.

On the basis of (11), the marginal distribution of the change point position K can
be obtained:

i (ky1,y2, -+ yn) = //W* ﬂl(ﬂél,a*,kh, Fo)ducldoc* (13)

From this result, the mean and variance of the change point position K can be given:

E(Ky1ya, - yn) = Y goa ki (Klyn, v, ym) (14)

Var(Ky,ya, - yn) = Y oy (k= E(Kyn o, yn) oKy va, - oyn)  (15)

3. Kalman Filtering Algorithm and Its Parameter Estimation Methods

The Kalman filtering algorithm is a method of sequential data assimilation and is an
efficient recursive filter based on the minimum mean square error estimation criterion,
with optimal applicability for dynamic observation systems. Its basic idea is to obtain the
optimal estimation of the current state variable of the dynamic system by utilizing the
estimated state values from the previous moment and the observed values from the current
moment. In recent years, the Kalman filtering method has been widely used for stock price
forecasting. In this paper, Harvey’s method [34] has been drawn on, and a model based on
the ARMA model and the Kalman filtering model to correct the short-term distortion of
stock prices caused by upward and downward stops has been employed, i.e., the time series
of stock prices satisfying ARMA have been discussed. In this paper, we adopt the Kalman
filtering model based on Harvey’s method to correct the short-term distortion of stock
prices by transforming the stock price time series that satisfies the model into a state-space
model and then re-estimating the stock prices distorted by the upward and downward
stops by adopting the Kalman recursive algorithm and inserting the re-estimated prices
into the original time series to complete the correction of stock prices.

3.1. Introduction to Kalman Filtering Algorithm

Kalman filtering is based on the following state and measurement equations:
Xy = P X1 + PrWi (16)

Zr = Hi X + Vi (17)

where X = (Xyg, - -+ ,ka)T is the m dimensional state vector, Z = (Zy,- - -, an)T is
the n dimensional observation vector, ®; and Z; are the coefficient matrices of m x m
and n X m, respectively. Bj represents the matrices of m x m. Wy and Vj are mutually
independent noise sequences, with the distributions of Wy ~ N(0, 1) and Vi ~ N(0, Ry),
where 7 and Ry represent the covariance. Given the initial values X,y and %)y, where
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the initial state obeys N (Xl\Or 21|0> (X)0 and X|q are given), the recursive algorithm for
Kalman filtering is as follows [35]:

le = Zk — HiXgk—1,

Ly = HiZe_1H{ + Ry,
Ky = ®k2k|k_1HkTLk’l,
O = & — KeHy,
X1k = PeXik-1 + Kilis
Stk = PeZhp1Of + BrQipi k=1, T.

3.2. Parameter Estimation

In order to estimate the matrices of each parameter in the state and measurement
equations, it is assumed that the stock price observations Z; obey a certain time-series
model ARMA (p, q); the parameters of its corresponding state and measurement equations
are estimated by transforming this ARMA model into the form of a state-space model
and estimating the parameters of its corresponding state and measurement equations.
In this study, a time-invariant system algorithm is used, i.e., the parameters involved in the
state and measurement equations are constant and do not change with time ¢. The idea is
as follows:

Such that m = max(p, g + 1), the stock price observation Z; obeys the general expres-
sion of ARMA(p, q). The general expression of the model can be expressed as follows:

m m—1
Ze =Y GiZii+ni— ) O (18)
i=1 =1

where ¢; = 0(i > p) and 6; = 0(j > q). In particular, 6, = 0(m > q). According to Harvey,
model (18) can be transformed into a state-space model of the following form [34]:

X1 = PXi + Bye, 1 ~ N(O, 7) (19)

Z; = HX; (20)

where the coefficient matrix does not vary with time and H = (1,0,---,0);,,,,- X is an
m dimensional state vector, the first element of vector X;; which is the true value of the
stock at t (the true value of the stock at the moment of time), satisfying X1; = Z;; the other
elements of vector X; can be obtained by recursive computation. The state transfer matrix
has the following form:

¢ 1 0 0 - 07

¢ 0 1 o --- 0 1

¢ 0 O 1 0 —04
pwt 00 0 - 1 By
¢ 00 0 - 0]

If the equations of state and measurement are (19) and (20), respectively, the recursive
algorithm for Kalman filtering can be rewritten in the following form:

lt - Zt - Htht—l/

Ly = Hz‘t|t—1HTr



Axioms 2024, 13, 643 9o0f17

Kp =%y HL; Y,
Oy =d —KiH,
Xip1)r = PXyp1 + Kilt,
Tpap = Py 1Of +prpl =1, T. (22)

From the above results, it is easy to see that if recursive algorithm (22) is used to predict
the stock price, the parameters ¢ and  can be obtained by fitting the observed data to the
ARMA model obtained, and it is also necessary to grasp that the unknown parameters
have initial values of Xy, X9 and variance 7. The study first employs the approximate
diffusion initialization method proposed by Durbin and Koopman to determine the initial
values Xy |g and ¥y [36]. Next, the noise variance is estimated by using the great likelihood
estimation method 7. The number of 7 is estimated as follows:

Lemma 1. Assuming the condition that T is known, the distribution of Zy ~ N (H X1, HYyp1H T)

isZyt =1,--- T Letly = Zy — Xy;_q, its distribution is Iy ~ N(O,H}:t‘t,lHT). Where Zy;_4
satisfies the way defined in Kalman filtering, X, _y includes T.

Proof of Lemma 1. 7 is given. It is known that E(X;) = Xjjo, Var(X1) = Z)p, and
H=(10,---,0) It is easy to know the condition of Z;. The distribution

1xm:*

E(Z|Fi-1) = E(HX)|Fi—1) = HX}4_q,

2
Var(Z)\Fi_1) = E(Zy — E(Z)|Fi_1)? = E(Zt - Hxﬂt,lm,l) .

We set lt =7y — HXt\t—l and Zt|t—1 = E(Ztlftfl) = E(HXt‘.thl) = HXt|t—1'
Then,

E(ly) = E[E(l4F;_1)] = E [E (Zt - HXt‘t,1|}'t_1)}
=E [E (Zt - Zt\t—1|}-t71>} = E<Zt\t—1 - Zt|t—1) =0
Var(Z{Fi—1) = Var(ly|Fi—1) = Var(Zt - HXt‘t,1|}"t,1)

_ Var(HXt - th‘t,lm_]) = Hx, ,H'

Therefore, I; ~ N(o, HZHHHT), and Z; ~ N(HXt‘t,l, HZHHHT), with Ty,
satisfying the way defined in Kalman filtering and %,;_; containing the values of . [

Theorem 2. Given the assumption that 1 ~ N(0, T), parameter T is a log-likelihood function for
maximum likelihood estimation based on the Kalman filtering algorithm, as follows:

2

The estimation of parameter T satisfies the conclusion a( ) —o.

Proof of Theorem 2. First, under #; obeying the assumption of a normal distribution, there
is a likelihood function

T
P(Zy,-- -, Z1lt) = P(Zi|v)P(Zo| F1, T) - - - P(Z1|Fr 1, T) = P(Z|0)] [ (Zel Fias T
=2
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From the conclusion of Lemma 1, a formula is given as follows:

2
P(Zi, -, Zeft) =[] x ( 1)

exp
1 \ /2 HE,, HT 2HYy; HT

Then, the log-likelihood function is as follows:

2
(¥) = nP(Zy, -, Z1f) = In([ ] ! “(z x|,
T) =InP(Z, - ,Z7|t) =1ln exp
t=1 \ \/27HYy;  HT 2HZy, (HT
2
(Zt - HXt|t—1>

1 1
= —~In(27) | — =InHY,; (H' —
t;( 5 In( ”)> 2SI 2Hy,, (HT

O

4. Empirical Analysis

The empirical research study conducted mainly examined two issues: (1) Is the change
point parameter estimation method of the f-ARCH model based on the Bayes method
proposed in this paper effective? This research study used the closing price data of stocks,
estimated the Bayes factor Byg according to Equation (12), and then based on the change
point recognition rule proposed by Jeffreys [33], identified the occurrence of the change
point. On this basis, we calculated the mean and variance of the change point position k
according to Equations (14) and (15). Based on the estimation of change point occurrence
and the estimation of the position of the change points, we investigated whether the
adjacent periods were accompanied by important financial events that have been observed
to test the effectiveness of the method. (2) Does the Kalman filtering method based on
the ARMA model improve the effectiveness of change point detection by correcting stock
prices with the price limit? Assuming the closing price data of the trading days when the
stock has a price limit and that the following four days were missing values, we used the
Kalman filtering method based on the ARMA model to predict the closing prices of these
five trading days as corrected prices to replace the original closing prices. By comparing
the results of the change point detection of stock price data before and after correction,
the effectiveness of using the Kalman filtering method to correct the influence of the price
limit was verified. In order to clearly list the research results, only the estimated results of

the ARCH(1) model are presented, i.e., « = (ag,a1), a* = (ocg, zxi‘), and a’ = (zxa, zx’l).

4.1. Selection and Processing of Data

To verify the applicability of the proposed method to individual stocks with multiple
price limits during the observation period, this paper focused on the period with high
volatility in the market before COVID-19, from 6 July 2017, to 25 December 2018, a total
of 362 trading days. From Figure 1, it can be seen that during the sample period, the CSI
500 Index showed a significant downward trend compared with the SSE Composite Index,
with greater volatility (the breakpoint in the figure indicates that the day is not a trading
day). Therefore, this paper targeted the constituent stocks of the CSI 500 Index and selected
the price of ten stocks with a high number of limit up and limit down changes during
the sample period as the research objects. Among them, stocks 600158.SH and 002273.5Z
experienced multiple consecutive trading suspensions or equity distributions during the
sample period. In order to avoid the possible impact of such events on the observation
results, this paper removed them from the samples and observed the application effect of
the change point detection method on the other eight stocks. The data employed in this
paper were collected from the Wind database.
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Figure 1. Time series of the CSI 500 Index and the SSE Composite Index.

Table 1 shows the statistical data of the number of price limits that occurred in the
closing of the sample stocks. During the research period, these eight sample stocks experi-
enced 7 to 18 closing price limits. Existing studies have shown that the impact of the price
limit on stock prices may have a volatility spillover effect [37,38], which suggests that its
impact on prices will not only stay on the day when the price limit occurs but may extend
several trading days later. In order to more effectively correct the impact of price limits on
the time series of stock prices, this study investigated the correction of stock closing prices
after five trading days from the day when the price limit occurred.

Table 1. Sample stocks and the number of their price limits.

Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
11 11 12 7 7 10 12 18
(5,6) (7,4) (5,7) (1,6) (4,3) (64) 9,3) (12,6)

The first number in parentheses represents the number of times when the sample stock experienced a limit up

Counts

change, while the second number represents the number of times when the sample stock experienced a limit
down. The numbers outside the parentheses represent the total number of price limits.

This paper adopted the Kalman filtering method by calculating the state vector X;;
in Equation (19) to obtain the predicted stock price (where the first element in vector X,
is the predicted stock price), and the predicted price was replaced by the original price as a
corrected price to correct the stock price time series under the influence of the price limit.

The corrected results are shown in Figure 2. For a more intuitive observation, Figure 2
reports the time-series comparison of stock price returns before and after correction. When
Returns = £0.1, tindicates that the stock has a price limit, the red line represents the return
series of the original stock price, and the blue line represents the corrected return series
of the stock price. From the comparison results, it is found that the impact of price limits
on the market was not simply the suppression of volatility but also a magnetic attraction
effect. This is because some stocks after the correction of the daily limit up or limit down
changes were significantly higher than before the correction, and some stock prices after
the correction of the daily price limit did not touch the daily price limit. At the same
time, it is found that when the volatility reversal of the trading day after the price limit
occurred, the reversal effect of the corrected stock price return was more severe than that
of the pre-corrected stock price. This indirectly supports the view that the suppression
effect of the price limit on volatility does exist, and the reduction in volatility that occurs
after the limit up or limit down changes are not entirely determined by the reversal effect.
The results in this paper only roughly imply this conclusion, and further research is needed
to confirm this issue.
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Figure 2. Comparison of sample stock returns before and after Kalman filtering correction.

4.2. Change Point Detection

In order to test the effectiveness of the change point test method proposed in this
paper, the study first conducted a single-change point test for sample stocks. By using the
Bayes estimation method proposed above, the Bayes factor Bjy was estimated according
to Equation (12), the existence of the change point was judged according to the judgment
rule of the Bayes factor Bjy proposed by Jeffreys [33], and the change point position K was
determined according to Equations (14) and (15). In the detection step, four unknown
parameters, o, v, m, and B, were involved. F was determined by historical data, while
the selection of vy, m, and  was determined according to the dynamic characteristics of the
time series. This paper mainly presents the results of the f-ARCH model, so in subsequent
empirical research, m = 2 can be obtained. The following first shows the detection results
of the classic ARCH model when g = 1. And the residuals <y in the two cases follow a
normal distribution (¢ = 2) and a Laplace distribution (y = 1). The test results are detailed
in Tables 2 and 3.

Table 2. The residuals follow the change point test results of the Laplace distribution.

Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
B1o 21.28 21.044 21.21 19.68 28.42 21.79 20.31 21.47

Original sequence K 178.69 180.58 179.68 180.78 167.04 180.31 179.86 180.36
Std. 78.98 79.7 79.41 80.39 78.44 79.05 79.83 78.41
B1o 24.72 26.76 25.39 23.75 28.95 25.63 25.2 26.86

Modified sequence K 178.28 178.59 177.55 178.19 173.28 177.33 180.59 180.56

Std. 80.15 78.19 80.75 78.15 70.11 85.3 75.11 79.55
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Table 3. The residuals follow the normal distribution of change point detection results.

Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
B1o 19517  1287.16  189.75 221.14 519.14 301.45 42735  1350.88

Original Sequence K 157.24 152.08 170.51 169.09 155.33 141.34 223.96 278.10
Std. 72.51 72.97 69.54 80.26 55.74 69.22 75.97 72.26
B1o 227.63 611.61 357.78 23738 5002.07 73517 141278  198.70

Modified Sequence K 155.40 144.12 208.25 191.18 136.63 89.19 226.93 175.67
Std 78.87 63.97 72.56 69.56 28.39 80.93 50.23 76.79

From the test results in Table 2, which assume that the residual follows the Laplace
distribution, the change points of both the original data and the revised data basically
occur around K = 180. The events that occurred near during this period that had a
significant impact on the Chinese stock market included the following: (1) On 22 March,
the Federal Reserve announced a rate hike (corresponding to the Chinese stock market on
23 March, K = 175), and the international stock market plunged, with the SSE Composite
Index decreasing by 3.39% and the SZI Composite Index decreasing by 4.02%. (2) On the
evening of 29 March, the CSRC issued a CNY 100 million fine to two large retail investors
(corresponding to the Chinese stock market on 30 March, K = 181). This result shows that
the location of the change point was basically in the middle of the two events, which is just
in line with the information transmission effect of the stock market. The first event was
triggered by economic policies in the United States, and there was a certain time delay in its
transmission to the Chinese stock market, resulting in the measured change point position
lagging behind the event time; the second event was triggered by the regulatory behavior of
the CSRC, and there was relevant information transmission in the market before the event
occurred, so that the change point position was earlier than the event. This result indicates
that the change point detection method proposed in this paper has a good practical effect.
From the comparison of the detection results before and after correction, it can be seen
that six of eight stocks had a change point position closer to the time of the event (1) and
earlier than the event (2). This shows that the position of the change points detected for
the corrected data was better than the data before the correction. For the other two stocks,
300253.5Z and 600536.5H, the change point position difference before and after correction
was less than 1, but the Bayes factor Byg of the stock price after correction was increased,
indicating that the revised data were more inclined to support the conclusion of the change
point. The above results indicate that the position of a change point is better when the stock
price is modified by the Kalman filter under the influence of the trading system.

In order to observe the effect of change point detection under the assumption that
the residuals follow a normal distribution, a second test was conducted by setting m = 2,
B =1, and 7y =2 (see Table 3). The results show that compared with the Laplace distribution,
the variability of the change point positions of the eight stocks increased, and they all
deviated significantly from the time of event occurrence. This indicates that asset prices
do have fat-tail characteristics, and the application of the generalized error distribution
assumption is reasonable.

In order to further observe the performance of the f-ARCH model, this study has
compiled the change point detection results under different values of 8, as shown in
Tables 4-6. As the value of B gradually decreases, the time dispersion between the detected
change point position and the occurrence of the financial core event increases, and the
distance between the change point position before and after correction also increases
accordingly. This implies that the classical ARCH model under the Laplace distribution
assumption is more suitable for the test samples selected in this study.
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Table 4. The residuals follow the change point test results of the Laplace distribution when p = %.

Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
By 119.02 225.81 145.63 87.63 146.29 150.88 128.76 226.85
Original sequence K 166.27 174.60 164.35 163.03 175.52 167.28 189.47 185.57
Std. 80.78 78.39 80.00 78.80 79.06 78.98 80.09 80.84
B 130.39 258.87 166.92 94.93 157.02 173.58 144.67 279.20
Modified sequence K 164.85 170.06 158.86 164.27 175.52 162.16 188.18 187.26
Std 78.98 78.32 80.82 7745 79.52 78.86 79.90 78.13
Table 5. The residuals follow the change point test results of the Laplace distribution when p = %
Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
Bio 68.77 106.11 78.66 555.64 79.14 80.69 72.58 106.51
Original sequence K 170.63 176.33 169.38 168.39 176.93 171.28 186.44 183.79
Std. 80.77 79.09 80.26 79.48 79.55 79.55 80.23 80.72
Bio 72.73 115.75 85.71 58.41 83.13 88.33 78.48 120.27
Modified sequence K 169.89 173.54 166.01 169.20 176.89 167.85 185.39 184.43
Std. 79.69 79.01 80.89 78.68 79.85 79.61 80.16 79.24
Table 6. The residuals follow the change point test results of the Laplace distribution when = %.
Stock Code 600198 002405 002642 600651 600171 000762 300253 600536
By 68.77 106.11 78.66 555.64 79.14 80.69 72.58 106.51
Original sequence K 170.63 176.33 169.38 168.39 176.93 171.28 186.44 183.79
Std. 80.77 79.09 80.26 79.48 79.55 79.55 80.23 80.72
B 72.73 115.75 85.71 58.41 83.13 88.33 78.48 120.27
Modified sequence K 169.89 173.54 166.01 16920  176.89 167.85 185.39 184.43
Std. 79.69 79.01 80.89 78.68 79.85 79.61 80.16 79.24

4.3. Parameter Estimation of B-ARCH Model after Change Point Detection

To further confirm the effectiveness of change point detection, based on the previous
research conclusions, parameter estimation was conducted on the segmented time series
formed after single-change point detection under the conditionsof m =2, § =1, and y = 2.
The specific results are detailed in Table 7, where zxé and a; are the ARCH model constant
term parameters of the two time series before and after the change point, zx;) and ag are
the ARCH model lag first-order term parameters of the two time series before and after
the change point, and the numbers in brackets are the t values of the parameter statistics.
From the estimation results of the original data, it can be seen that the constant terms of
the estimation model before and after the change point were mostly significant but the
values were small. The parameter «; of the lag first-order term of the ARCH model had a
significant difference in only three stocks, 600198.SH, 002642.5Z, and 600651.SH. However,
in the data corrected by Kalman filtering, seven out of eight stocks showed significant
changes in the ARCH model parameters before and after the change point. This indicates
that it is easier to detect the change point in the market after the Kalman filter is used to
correct the stock price of the stock that has limit up and limit down changes during the
observation period.
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Table 7. Comparison of parameter estimation of ARCH model before and after correction.
Original Sequence Modified Sequence
Stock Code . . . .
a, oy og oy o oy og o)
600198 91x10°* 0.39 7.8 x107* 0.09 6.9 x 10~* 1.00 72x107* 0.13
(3.63) (2.22) (6.62) (1.26) (3.49) (3.52) (6.84) (1.48)
000405 6.1 x107% 0.20 7.8 x107* 0.02 1.4 x 1073 1.00 6.4 x 107 0.48
(6.23) (1.19) (5.64) (0.28) (2.23) (2.00) (5.34) (2.54)
002642 22x1073 0.37 6.9 x 107* 0.27 1.7 x 1073 1.00 58 x 10 0.58
(1.04) (0.78) (4.90) (2.27) (1.31) (1.32) (4.88) (3.24)
600651 52x107* 0.08 7.0x 107% 0.20 52x 1074 0.073 1.7 x 1073 0.80
(6.38) (0.97) (5.08) (2.00) (6.46) (0.93) (2.84) (2.41)
p— 1.0x 1073 0.02 8.6 x 1074 0.06 94 %107 0.14 52 %107 0.20
(5.63) (0.16) (5.71) (0.84) (5.91) (1.99) (7.79) (2.41)
000762 1.0 x 1073 0.22 52 %1074 0.07 73 x10°% 0.61 39x1073 0.39
(3.71) (1.10) (5.30) (0.94) (3.39) (2.06) (16.79) (0.95)
300253 1.4 x 1073 0.25 1.4 x 1073 0.05 91x10°* 0.79 1.9 x 1073 0.62
(1.14) (0.70) (4.37) (0.41) (1.78) (1.36) (1.83) (1.43)
600536 6.4 x 107% 0.29 1.7 x 1073 0.22 54 %1074 0.59 9.8 x 1074 1.00
(2.75) (1.14) (4.00) (1.36) (3.43) (2.15) (5.09) (5.07)

5. Conclusions

This paper proposes an effective change point detection method for China’s stock
market, which is in a period of significant volatility. The study first used the Bayes method
to derive a change point detection method for the ARCH models, which is based on the
Bayes factor By to judge whether the change point exists, and the estimation method for the
expected value and the standard deviation of the change point position parameter K were
given. According to the Bayes factor based change point identification rule determined
by Jeffreys, we notice that By is not suitable for general change point detection problems
and is only applicable to stocks with large fluctuations in limit up and limit down changes.
On this basis, in view of the short-term distortion of stock price output caused by the
trading system of price limits, the Kalman filter method is proposed to correct the influence
of short-term distortion of stock prices on the detection of change point position.

The study employed the observation period from 6 July 2017 to 25 December 2018
(when the market was in a period of significant volatility), as the research observation
period and selected the price of eight stocks with a high number of limit up and limit down
changes in the constituent stocks of the CSI 500 Index to test the effectiveness of the method
proposed in the paper. The conclusions are as follows: (1) The change point detection
method proposed in this paper can determine that there exists a large-scale economic event
in the market that may change the market trend near the change point location. The change
point detection of the B-ARCH model based on the Bayes method proposed in this paper
is reliable. (2) During periods of significant market volatility, the volatility of stock prices
has leptokurtic characteristics. Using the assumption of a generalized error distribution
to estimate the parameters of change point detection makes the results more reliable.
(3) The short-term distortion caused by the price limit can lead to errors in the long-term
observations of stock prices. After using the Kalman filtering method to correct short-term
stock price distortions, the effectiveness of the proposed change point detection method is
further improved. (4) The indirect results of the study suggest that the price limit trading
system has both a magnetic effect and a fluctuation inhibitory effect on the market. This
conclusion needs to be further confirmed in follow-up studies.
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