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Abstract: In this paper, we introduce several new types of partial fractional derivatives in the
continuous setting and the discrete setting. We analyze some classes of the abstract fractional
differential equations and the abstract fractional difference equations depending on several variables,
providing a great number of structural results, useful remarks and illustrative examples. Concerning
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differential inclusions with Riemann-Liouville and Caputo derivatives. We also establish the complex
characterization theorem for the multidimensional vector-valued Laplace transform and provide
certain applications.
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1. Introduction and Preliminaries

Fractional calculus is an important field of theoretical and applied mathematics which
generalizes the classical differential and integral calculus with the operations of integration
and differentiation of noninteger order. Fractional calculus and fractional differential
equations have earned considerable popularity and importance in the past few decades
in various fields of applied science; for further information in this direction, see [1-8]
and the references quoted therein. We will only mention here that fractional differential
equations are invaluable and important in modeling of various phenomena appearing in
mathematical physics, viscoelasticity, optics, acoustics, rheology, bioengineering, control
theory, electrical and mechanical engineering and so on.

Discrete fractional calculus is also a rapidly developing branch of mathematics. The
first serious study of discrete fractional differences can be attributed to F. Atici and
P. Eloe ([9], 2009); for more details about this topic, we refer the reader to the research
monograph [10] by C. Goodrich and A. C. Peterson, and the references quoted therein.
Fractional difference equations are extremely useful in modeling discrete phenomena in
different fields such as economics, physics, engineering and biology, and undoubtedly,
there is a vast literature on them; for example, T. Zhang and Y. Li [11] recently analyzed the
global exponential stability of discrete-time almost automorphic Caputo-Fabrizio BAM
fuzzy neural networks (it would be very difficult to summarize and quote here all relevant
references concerning discrete fractional calculus and its applications). The stability, bound-
edness, periodicity and asymptotic behavior of solutions for various classes of the fractional
difference equations are very well explored by now. Concerning the existence and unique-
ness of almost periodic solutions to the abstract fractional difference equations and the
abstract Volterra difference equations, we refer the reader to the research monograph [12]
and the list of references quoted therein.
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The partial fractional derivatives of functions have not attracted as much attention
of the authors working in the field of fractional calculus to date. With the exception of
the structural theory developed in Chapter 5 of the fundamental research monograph [7]
by S. G. Samko, A. A. Kilbas and O. I. Marichev and some structural results about the
partial fractional differential equations given in Chapter 7 in the fundamental research
monograph [4] by A. A. Kilbas, M. Srivastava and J. ]. Trujillo, we can freely say that almost
all established results about partial fractional derivatives of functions and partial fractional
differential equations given to date are rather fragmentary and concern some very special
kinds of functions and partial fractional differential equations. In this research study, we
tried to overcome the shortcomings of existing research by investigating many interesting
topics that have not attracted the attention of authors working in the field of fractional
calculus yet; for example, we initiated the study of the abstract partial fractional differential-
difference inclusions with multivalued linear operators here (the multidimensional Laplace
transform of functions with values in complex Banach spaces is also a very unexplored
chapter of the theory of integral transforms).

For example, H. M. Srivastava, R. C. Singh Chandel and P. K. Vishwakarma analyzed,
in [13], the partial fractional derivatives of certain generalized hypergeometric functions
of several variables (see also [14]); the partial fractional differential equations with Riesz
space fractional derivatives of positive real order (see [7] (Section 25, p. 357) for the notion
and more details) were analyzed by H. Jiang et al. in [15] (see also [16]). It is also worth
mentioning the recent research article [17] by V. Pilipauskaité and D. Surgailis, where the
authors analyzed certain fractional operators and fractionally integrated random fields
on Z". Further on, M. O. Mamchuev [18] and A. V. Pshku [19] considered the systems of
multidimensional fractional partial differential equations containing the terms of form
Dzju(xl, ..., Xp) with just one index j € N, and not the general forms of partial fractional
derivatives introduced in this paper. More precisely, A. V. Pshku considered, in [19], the
well-posedness of the following multidimensional fractional partial differential equation:

¥ o) + du(x) = £, x€ [0,00" 0
k=1 9%

where (9% / axzku) denotes the fractional partial derivative of order o} with respect to the
variable xj with origin x; = 0 (in the sense of the Riemann-Liouville, Caputo or Dzhrbashyan—
Nersesyan approach); here ay > 0for1 < k < n, A € Rand f(-) is a locally integrable
function. We also refer the reader to the works mentioned in [7] (pp. 623-624) and some
recent results about nonlinear fractional partial differential equations obtained in [20-25].

The structure and main ideas of this paper can be briefly summarized as follows.
First of all, we explain the notation and terminology used throughout the paper and
recall the basic facts about the generalized Hilfer fractional derivatives and differences
(cf. Section 1.1). Section 2 examines the multidimensional generalized Hilfer fractional
derivatives and differences. We first introduce the notion of a multidimensional generalized
Hilfer fractional derivative D‘;‘/bu for a class of locally integrable functions u : [0, 00)" — X;
here and hereafter, (X, || - ||) denotes a complex Banach space. After that, we introduce the
multidimensional generalized Hilfer fractional discrete derivative D7 , u, for any sequence
u : Ny — X. It seems that the notion introduced in this section is not considered elsewhere
in the existing literature, even for the Riemann-Liouville or Caputo fractional derivatives.

Section 3, which is broken down into two subsections, examines the multidimensional
generalized Weyl fractional derivatives and differences. The first subsection investigates
the generalized Weyl fractional derivatives and differences in the one-dimensional setting.
In Definition 3, we introduce the notion of a generalized Weyl fractional derivative Dj"u
of function u(-). After that, we examine the basic structural properties of the introduced
fractional derivatives. If 4 : Ny — C and f : Z — X are given sequences, then we define
the Weyl fractional difference operator Ay , ,, f. We show that the approach of R. Hilfer [3]
is meaningless for the definitions of Weyl fractional derivatives and differences.
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The second subsection investigates the generalized Weyl fractional derivatives and
differences in the multidimensional setting (concerning some predecessors of this work,
we would like to mention here the research articles [26] by V. B. L. Chaurasia and R. S.
Dubey, [27] by S. P. Goyal and Trilok Mathur, [28] by B. B. Jaimini and H. Nagar and [29] by
R. K. Raina; see also the lists of references quoted therein). We first introduce the notion
of a generalized Weyl (a, a)-fractional derivative D{; u; a very special case of the partial
fractional derivative D{;u is the generalized Weyl («, a)-fractional derivative D, u. After
that, if the sequences a; : Ng — Cand u : Z" — X are given and m; € N is a given integer
(1 <j < n), then we introduce the multidimensional Weyl fractional difference operator
Dw 2 mu. We investigate the law of exponents for generalized Weyl derivatives and integrals
and provide an interesting open problem about the generation of C-regularized solution
operator families by the Weyl fractional differential operators with constant coefficients.
Furthermore, we reconsider the well-known Clairaut’s theorem on equality of mixed
partial derivatives (sometimes also called Schwartz’s theorem or Young’s theorem) in
the fractional setting and prove that it is not valid for the Riemann-Liouville and Caputo
fractional derivatives (see [7], p. 342) for the first results established in this direction) as well
as that it is valid for the Weyl fractional derivatives under certain reasonable assumptions.

In Section 4, we introduce and analyze the partial fractional derivatives of functions
defined on some special regions in R" and the partial fractional differences of sequences
defined on some special subsets of Z" (we tried to furnish an illustrative example for
each partial fractional derivative introduced in this paper; unfortunately, in the present
situation, we cannot precisely explain the physical meaning for each partial fractional
derivative introduced here). Further on, the investigation of two-dimensional scalar-valued
Laplace transform starts probably with the works of D. L. Bernstein [30,31] and J. C.
Jaeger [32] (1939-1941); for more details about the multidimensional scalar-valued Laplace
transform and its applications to (fractional) partial integro-differential equations, we refer
the reader to the research articles [33-38] and the doctoral dissertations [39-41]. For the
purpose of our investigations of the partial fractional integro-differential inclusions, we
provide the basic details and results about the multidimensional vector-valued Laplace
transform in Section 5 (we will systematically analyze multidimensional vector-valued
Laplace transform elsewhere). Our main structural result established in this section is
Theorem 1, where we clarify the complex inversion theorem for the multidimensional
vector-valued Laplace transform.

The fractional partial differential inclusions with Riemann-Liouville and Caputo
derivatives are investigated in Section 6.1, whose main results are Theorems 2 and 3 (cf. also
Remarks 3 and 4); Section 6.2, whose main result is Theorem 4, investigates the abstract
multiterm fractional partial differential equations with Riemann-Liouville and Caputo
derivatives, while Section 6.3 investigates the fractional partial difference equations with
generalized Weyl derivatives. Many other types of fractional partial differential-difference
equations will be considered in [12].

We introduce many new types of partial fractional derivatives in this paper. Before
fixing the notation and explaining some preliminaries, we would like to emphasize that it is
our duty to say that the motivation behind our innovations is still not sufficiently explained
as well as that future research studies should shed a light on these new concepts.
Notation and terminology. In the sequel, we will always assume that m, n € N, (X, || - ||)
is a complex Banach space, L(X) is the Banach space of all bounded linear operators on
Xand C € L(X); N, := {1,..,n}, Nj := {0,1,..,n} and [s] := inf{k € Z : s < k}
(n € N; s € R). If Ais a closed linear operator on X, then [D(A)] denotes the Banach
space D(A) equipped with the graph norm. The finite convolution product o of the
Lebesgue measurable functions a(-) and b(-) defined on [0, o) is given by (a % b)(t) :=
fot a(t —s)b(s)ds, t > 0; if the sequences (ay)ren, and (by)ken, are given, then we define
(axob)(-) by (axob)(k) := Z;'(:o ar—jbj, k € Np. If A and B are non-empty sets, then we
define B4 := {f|f : A — B}. By I'(-) we denote the Euler Gamma function; we set
gu(t) == t*71/T(a), t > 0 and go(t) := 4(t), the Dirac s-distribution. If « € (0, 7], then
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we define £, := {z € C\ {0} : |arg(z)| < a}; further on, if ® # QO C R" is a Lebesgue
measurable set, then L} .(Q) denotes the space of all locally integrable complex-valued
functions defined on (). For more details about the multivalued linear operators, we refer
the reader to [5]; we will use the same terminology as in this monograph.

IfuecLl ([0,00)"),j€N,and aj > 0, then we define

loc

o Xj
]tj/u(xh...,x]-,l,x]-,xjﬂ,...,xn) = /0 8 (xj = 8) (X1, s Xj—1,S, X1, oory X)) dS,
X = (xlr s Xj—1, Xj, Xjq1s e xn) € [O, OO)n.
If & > 0, then the Cesaro sequence (k*(v)),cn, is defined by

wrn . T(o+a)
kK (v) := Tl

It is well-known that for every & > 0 and B > 0, we have k* xo k? = k**P. Define
K0(0) := 1and k%(v) := 0, v € N; then k* xo kP = k**P forall w, B > 0.

If (1) is a one-dimensional sequence in X, then the Euler forward difference operator
A is defined by Auy := uy 1 — ug. The operator A™ is defined inductively; then, for every
integer m > 1, we have

Ay = f(&)m—f (m) e

j=0 J

If A and B are non-empty sets, then we define B4 := {f | f : A — B}.

Ifj = (j1,-ju) € Nj and k = (ky,...,.k,) € N, then we write j < k if and only if
jm < ky foralll < m < n.If the sequences (“k)keNg and (bk)keNg are given, then we define
(axD)(-) by

(axob)(k) := Z ak_]'b]‘, k € Njj;
jENTj<k
and it can be simply proved that the convolution product *( is commutative and associative.
If the sequences (ax)xeny and (by)xezn are given, then we define the Weyl convolution
product (a o b)(+) by

(aob)(v):= Y a(v—Db(), veZ"

lezm1<v

whenever the last series is absolutely convergent.
Finally, if a(-) is a given sequence in X which depends on the variables vy, ..., v,, then
we define

No,a (01, .y 0y ooy ) i= (01,0, 0 + 1,0, 0) — (01, .00, Vi, ooy On).

After that, we set A%ivja = Az,l.Avja and A%fvi” = Ay, Ay, a; the terms

A a and Al a
Uiy -+ Viy v?ln..‘vﬁ"

are defined recursively, as for the partial derivatives of functions («v; € No; |a| = a3 + ... +
ay). It is worth noting that for every permutation ¢ : N, — N;;, we have

1'...'0%” v ) a, (2)

Arﬂ =8,
1 o(1) ""vzr(n)
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as easily proved. Many other important results of mathematical analysis, like Green's for-
mula in the plane and the Gronwall inequality, have analogues for the difference operators;
see [42] (pp. 23-25, 43—44) for more details in this direction.

1.1. Generalized Hilfer Fractional Derivatives and Differences

If 5(t) denotes the Dirac delta distribution, then we accept the formal convention
fot d(t —s)f(s)ds = f(t). Suppose now that u : [0,00) — X is locally integrable, « > 0,
m = [a],a €L} ([0,0))ora(t)=5(t),and b € L} ([0,00)) or b(t) = &(t). Set

loc
va(t) == /Ota(t —s)u(s)ds, t>0.

The following extension of the usual Hilfer fractional derivative Df’ﬁ u(t), whena(t) =
8(1—p)(m—a) (t) and b(t) = gp(,y_y)(t) for some B € [0,1], was recently introduced in [43]
(for B = 0, resp. B = 1, we obtain the usual Riemann-Liouville fractional derivative D} u of
order a, resp., the Caputo fractional derivative D"éu of order «).

Definition 1. The generalized Hilfer (a, b, a)-fractional derivative of function u(-), denoted shortly
by D%, u, is defined for any locally integrable function u(-) such that the function v,(lm_l) (t) is
locally absolutely continuous for t > 0, by

Dy u(t) == (b *0 v,gm)) (t) = (b xo (a %0 u)(m)) (t), aet>0. (©)]

Suppose now thatu : Ny — X, &« > 0,m = [a],a: Ny - Cand b : Ny — C. The
following is a discrete version of the notion considered above (cf. [44] (Definition 3.1)).

Definition 2. The generalized Hilfer (a, b, &)-fractional derivative of sequence u(-), denoted shortly
by Dy ,u, is defined by

Dy yu(v) == (b g A" (a %g u)) (v), ©veNp.

If 0 < B < 1, then the usual Hilfer fractional derivative D*Pu of order a and type
B is defined as the generalized Hilfer (a,b, a)-fractional derivative of u(-), with a(v) =
k(A=P)(m=1) (1) and b(v) = kP12 (v).

In both cases, the continuous one and the discrete one, we define

Ds,b” 1= a*g b *g U

2. Multidimensional Generalized Hilfer Fractional Derivatives and Differences

Suppose that 0 < T; < +eoand I; = [0, T;), [; = [0, Tj] or I; = [0, +c0) for 1 < j < n.
Set:= 11 x I X ... x I,. Suppose that u : I — X is a locally integrable function, and for
every j € Ny, a; € L}OC(I]-) oraj(t) = 4(t),and b; € L}OC(Ij) or bj(t) = 6(t). Suppose further
that aj >0 for all j € N,,. Define a := (ay,...,a,) and

D

by (D{’;‘;b2 ( (Dg:’bnu(-, . )) ) )] (X1, 00es Xn), 4)

for a.e. (xq,..,x) € I, provided that the right-hand side of (4) is well-defined. Here,
we assume that the variables x1, x,...,x,_1 are fixed in the computation of the term
DZS,b,, u(x1, ..., Xn), ..., as well as that the variables x,, x3, ..., x, are fixed in the computation of
the final term on the right-hand side of (4). We call Dg,b” the multidimensional generalized
Hilfer (a, b, a)-fractional derivative of the function u(-). If for each j € N,,, we have

DZ;,bj = D?{j , resp., for each j € N;, we have DZ;,b/ = D?, then the corresponding partial

ID)‘;‘,bu(xl,..., Xp) 1=
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fractional derivative D"‘b is called the multidimensional Riemann-Liouville fractional
operator (cf. also [7] (pp. 340-342)), resp., the multidimensional Caputo fractional operator,
and it is denoted by D ) = D%, resp. D ) = D¢.

In the discrete setting, we assume that u : N — X,a;: Ng = Cand b; : Ng — C are
given sequences (1 < j < n). We define

Dy, (D;‘;bz ( (D;“:lhnu(-, -)) ) N (01, ., 0n), (5)

for any (vy,...,v,) € NJ; note that the right-hand side of (5) is always well-defined. We

call DY, u the multidimensional generalized Hilfer (a, b, a)-fractional derivative of the

sequence u(-); the multidimensional Riemann-Liouville fractional difference operator D%

and the multidimensional Caputo fractional difference operator D are defined similarly.
We continue by providing certain illustrative examples.

D u (01, On) =

Example 1.
(i) Suppose that @ # D C [0, +00)" is a finite set, cg € C for all B = (B, ..., Bn) € D and

u(x1,xn) =Y cpgpy (x1) v 88, (Xn), %1 >0, .., Xy > 0.
BeD

Suppose further that aj > 0, aj(t) = g;(t) and bj(t) = g;,(t) for some non-negative num-
bers «v; > 0 and 6; > 0 such that v; + B; > m; (1 < j < n). Set fi(t) := g5j+,),j+/3j,mj(t),
t>0,ifyj+ Bj > mjand fi(t) :=0,t > 0,if v; + B; = m;. Then we have

D (X1, Xn) = Y cpfi(x1) <o fu(xu), %120, ., xy > 0.
peD

This formula enables one to clarify a great number of various partial fractional differential
equations which do have the function u(xy, ..., x,) as its solution; for example, we have

]D)i/bu(xl, s X))
51 +71— On+yn—m
Xn

ﬁezD /51"51+’[31+,),1 )'m..r(‘sn‘i‘ﬁ'n‘f'%z—mn)

(X1, Xn),

forany x; >0, ..., x, > 0, provided that 5]- +79; > m]-for 1<j<n.
(ii)  Suppose that @ # D C [0, +00)" is a finite set, cg € C for all B = (B1,...,Bn) € D and

u(vy, ..., vp) = Z cﬁkﬁ1 (v1) - ... kg, (vn), ©v1 €Ny, ..., v4 € Np.
peD

Suppose further that «; > 0, a;j(v) = k"I (v) and b;(v) = k% (v) for some non-negative
numbers v > 0 and (5j > 0 such that v+ ,B]' > m;j (1<j<n). Set
v+m;
fi(©) = KT HP M (o my) — Y KNP (04 my — DK% (1), 0 € Np.
I=v+1

We know that (see [45] (Example 3)):

AKP() =KP~%(- 4+ [a]), B>a>0.
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This simply implies

DSt (01, 0n) = Y, cpfi(v1) - oo fu(vn), v1 €N, ..., v4 € No.
BeD

Remark 1.

(i)  Instead of the generalized Hilfer fractional derivatives and differences, we can consider here
any other type of fractional derivatives of functions defined on the segment of the non-negative
real axis ([46]). In such a way, we can extend the notion considered in this section and obtain
much more general forms of the partial fractional derivatives.

(ii) It is well-known that the composition of the Riemann—Liouville (Caputo) fractional derivatives
of orders & > 0 and B > 0 is not the Riemann—Liouville (Caputo) fractional derivative of order
« + B; see [6] (Sections 2.3.5 and 2.3.6) for more details. We can further extend the notion
of fractional derivative DY u by replacing some terms DZ;,b/- in its definition by the finite

compositions D:}rbh DZ;:I% e DZ;:,b]vs of terms with respect to the variable x; (1 < j < n).
Let us recall that Clairaut’s theorem on equality of mixed partial derivatives states that

if a function u : () — R defined on a non-empty set (2 C R" is given, as well as that x € R"

is a point such that some neighborhood O(x) of it belongs to (), and u(-, -) has continuous

second partial derivatives on O(x), then we have

0%u (x) = 0’u
axiaxj N axjaxi

().

This equality cannot be so easily interpreted for the generalized Hilfer partial fractional
derivatives, because the equality

DZ‘f,bl (D::zz,bz”)] (x1,%2) = Dgzz,b(D?ll,bl“)] (x1,x2), (6)

is not true, in general (of course, it is true in the case that b = d,a = c and m; =
my, at least almost everywhere). The Formula (6) does not hold even for the Riemann—
Liouville fractional derivatives and the Caputo fractional derivatives, as the following
simple counterexample shows.

Example 2. Suppose that 0 < a1 < 1,0 < ap < 1and ay # ay. Let us consider the Caputo

approach, in which a1 (t) = ax(t) = 5(t), b1(t) = g1, (t), b2(t) = g1—a, (t) and my = my = 1.
Then a simple computation shows that the equality (6) is equivalent with

x d [x ou
/0 Q1-a, (X1 — r)E/o Q1—a (%2 — l)ﬁu(r,l) dldr
x d [x ou
= [N a5 [ 1w (o = ) Srutr ) di %
Take now u(x1, x3) := x1xp for x1 > 0 and xy > 0. Then (7) is equivalent with

82w, (¥1) - §2-y (xZ) =820, (¥1) - &2-0, (2),

which is wrong. In the discrete setting, we cannot expect the validity of nontrivial fractional
analogues of Equation (2).
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We continue with the observation that the formulae [1] (1.13, 1.21) can be straightfor-
wardly extended to the multidimensional setting. For example, if u € L}, ([0,00)") and
aj >0 forall j € N, then we have

X1 &2 Ay T (2%}
DD .- DY - [T u = u
and
a1 yA2 Ay T (5] —
D D& - DA - ]t2 lu=u,

with the meaning clear. The situation is a little bit complicated if we consider the second
formulae in Equations (1.13) and (1.21) from [1]; for example, in the two-dimensional
setting, we have

Ji2 )i DR DR2u(x1, x2)

—mlzl{/ e )[ l]’"l 49 Dt

lelak

- L

ok [];1212 2 %0 M] (x1,0) * Quytkt1—my (X2)
xz

S T PO
x1=0,xp=s

for any (x1,x2) € [0,00)?, provided that u € L} .([0,00)?), my = [a1], mp = [a2], for each
x; > 0 the function x; — DRu(x1,x2), x1 > 01is locally integrable and satisfies ]Zl 7% 4
Digu € Wit ([0,00) : X), and for each x; > 0 we have J}2 %2 o (9”271 /0x}? u €

loc

W21 ([0,00) : X), as well as

loc

my—1 k

JZT i DEDEu(x1, x2) = u(x1,%2) = Y | 7 4(x1,0) | - gxy1(x2)
=0 [ 9%

my

- le/o 8uy (X2 —3) l;;

1

D2u(xy, xz)] ds] - 8k+1(x1), 9)

x1=0,xp=5s

for any (x1,x,) € [0,00)?, provided that m; = [a1], my = [ay], u € L}, ([0,00)?), for
each x; > 0 the function x; + f(x;) := (9"™~1/0x]"")D2u(x1,x2), x; > 0 is con-
tinuous, gm,—a, *0 f € W’ 1(]0,00) : X), for each x; > 0 the function x, g(x) =

(821 /9xy2 M )u(x1, x2), x2 > 0 is continuous and g, —a, *0 g € W, ([0, 00) : X). Here,

W1 (0,00) : X) and W21 ([0,00) : X) denote the usual Sobolev spaces; cf. [1] for the

loc loc
notation used.
3. Multidimensional Generalized Weyl Fractional Derivatives and Differences

In this section, which consists of two separate subsections, we investigate the multidi-
mensional generalized Weyl fractional derivatives and differences.

3.1. Generalized Weyl Fractional Derivatives and Differences

If u : R — X is a locally integrable function, « > 0 and m = [a], then the Weyl
fractional derivative Djj;u of function u(-) of order a is well-defined if the mapping x —
[ §m—a(x — s)u(s) ds, x € Ris well-defined and m-times continuously differentiable, by

[ ul;\f”} (x) = A /xoogmw(x —s)u(s)ds, x€R;

dxm J_

cf. [47] for more details. Now we would like to propose the following notion.
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Definition 3. Suppose that a € L}, ([0,0)), u : R — X is a locally integrable function, & > 0
and m = [«]. The generalized Weyl fractional derivative Dyy'u of function u(-) is well-defined
if the mapping x — [*_a(x —s)u(s)ds, x € R is well-defined and m-times continuously
differentiable, by

Dyful(x) :== d—n:n ' a(x —s)u(s)ds, xeR.
dx™ J_co

We call the function x — Iy ,(x) := [*_a(x —s)u(s)ds, x € R, if it is well-defined,
the generalized Weyl a-integral of function u(-). If a(t) = g;(t) for some { € (0, 1), then the
class of functions for which the above integral absolutely converges and behaves nicely
was considered for the first time by M. J. Lighthill in [48], where it was called the class of
“good functions”. In the general case, we have

x +oo
Kma(x —s)u(s)ds = /0 a(s)u(x —s)ds, x€R

and the dominated convergence theorem implies

d
dx®

x +o0
/ a(x —s)u(s)ds = / a(s)u™(x—s)ds, xeR, neN,
—00 0

provided that there exists m € N such that f0+°° la(s)|(14s) ™ds < +o0, and the function
u(-) and all its derivatives are differentiable almost everywhere and for each n € N and
a € Ny there exists a finite real number M, , > 1 such that ||u(“>(x) | < Mpya(14 |x])7",

x € R; we call such functions “vector-valued good functions” and denote the corresponding
class by S(X). If (G) holds, where

(G) There exists an integer m € N such that f0+°° la(s)|(14+s)"™ds < +co and

S 1b(s)] (1 +5) " ds < +oo,
then we can repeat verbatim the argumentation from [47] (Section 3, pp. 239-240) in order
to see that the law of exponents for generalized Weyl integrals holds true:

IW,aIw,bu = IW,H*Obur uec S(X)/ (10)

Here, we we will only note that the Dirichlet integral formula given on [47] (p. 239,
1.-7-1.-4) in our new framework takes the form

/twa(x—t) [/wb(s x)f(s)ds] dx = /tw(a %o b)(s —t)f(s)ds,

which follows from an elementary change of variables in the double integral. Furthermore,
if (G) holds, then we can repeat verbatim the argumentation from [47] (Section 4, pp. 240-244)
in order to see that the law of exponents for generalized Weyl derivatives holds true:

DY DBy = Dt IRty e 5(x). (11)

In connection with the above issue, we would like to note that the approach of R.
Hilfer is insignificant for the definitions of Weyl fractional derivatives introduced above.
Without going into full detail, we will only note here that the following formula holds true:

x am s am x
/_oo b(x — S)ds7 /_ooa(s —r)u(r)drds = ¥ /_oo(a xob)(x —s)u(s)ds, x € R, (12)
provided that u € S(X) and (G) holds; furthermore, the assumption u € S(X) can be
slightly relaxed and all abovementioned statements can be slightly generalized keep-
ing in mind the concrete value of integer m € N satisfying (G); details can be left to
interested readers.
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Suppose now thata : Ny — Cand f : Z — X are given sequences. If the series
Y. i a(s)f(v —s) is absolutely convergent for all v € Z, then we define

(%

(Aw,af)(v) = Z a(v—s)f(s) = Jriza(s)f(v —s), vELZ. (13)

S=—00

Assume that the sequence Ay ,f : Z — X is well-defined and m € N. Then we put

(Bwamf) (@) == (A"Awaf ) (0), 0 €L

It is worth noting that if m = [«] and a = k"% for some a > 0, then the operator
Ag,m reduces to the Weyl fractional derivative Dy f of sequence f(-) of order «; cf. [49]
(Definition 2.3). Because of that, we will call the sequence Ay , ,, f the generalized Weyl
(a, m)-fractional derivative of sequence f(-).

Concerning the discrete counterpart of Formula (12), let us first define (0 < § < 1;
b:Ng— C)

AP f = AP AMAC=B)n=0) £ and A,y f := AATAf.

Then, under certain logical assumptions, we have the following (the multidimensional
analogues of these formulae can be also achieved):

APF =Dl f and Aypf = Dguof- (14)

Both formulae can be proved in the same manner, with the help of the discrete Fubini
theorem and the result established in [50] (Theorem 3.12(ii), (iii)). For the sake of brevity, we will
prove here the first formula in (14) only, extending thus the result established in [49] (Remark 2.4):

[4

[A";\']ﬁf} (z)) = Z kﬁ(m—tx) (Z) _ s) lAmA(l—ﬁ)(m—a)f‘| (s)

S=—00

= ¥ #0377 [P ]

1

=B (1) £ oo stpe ]

S=—00

= (1) eeig kP nsa)

§=—00 |=—

- i(_n’"*f (’”) T kot i—s)f(s) = Divf| (@), vew

! S=—00

3.2. Continuation: Multidimensional Generalized Weyl Fractional Calculus
Suppose now that a; € L},.([0,00)) forall j € Ny, u : R" — X is a locally integrable

function and aj >0 for all j € N,,. Define « := (ay, ...,a5) and

Dy <D”V‘§'”2 ( (D’;‘\}”a”u(~, . )) ) )] (%1, x0),  (15)

for a.e. (x1,...,x,) € R", provided that the right-hand side of (15) is well-defined. Here,
we assume that the variables x1, x,...,x,_1 are fixed in the computation of the term
D{'j\’;’”"u(xl, vy Xn), ..., as well as that the variables x, x3, ..., x, are fixed in the computa-
tion of the final term on the right-hand side of (15). We call D};*u the multidimensional
generalized Weyl (a, a)-fractional derivative of the function u(-). If a; = gm;—q;, Where

Dy (X1, . Xn) =
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mj = [a;j] forall j € N, then we call Df,u := Dj;"u the multidimensional generalized Weyl
a-fractional derivative of function u(-); cf. also [7] (p. 343) for the scalar-valued version of
this notion. We call the function

X1
x = Iy a(x / / / 1(x1 —s1)az(x2 —$2) - oo - @ (X0 — 5p)

X U(81,2, s Sn) dS1 sy - .- dsy, x = (x1,X2,...,%,) € R,

if it is well-defined, the generalized Weyl a-integral of function u(-).

Suppose now that u : Z" — X, a; : Ny — C are given sequences and m; € N are
given integers (1 < j < n). Then we introduce the following multidimensional fractional
difference operator

Dy ami (01, ..., Up)

= [Awlﬂ1,m1 (Awlﬂzlmz ( (Awﬂmmnu(', coey )) ) >‘| (Ul, ceey Un), (16)

for any (vy, ..., v,) € Z", provided that the right-hand side of (16) is well-defined. We call
Dy am the generalized multidimensional Weyl (a, m)-fractional derivative of u(-). If m; =
[aﬂ and a; = k™i~% for 1 < j < n, then we call Dy , mu the generalized multidimensional
Weyl a-fractional derivative of u(-), where & = (a1, ..., ay).

Remark 2. It is clear that in place of the generalized Weyl fractional derivatives and differences, we
can consider here any other type of fractional derivatives of functions defined on the whole real axis
(see, e.g., [7] (Chapter 5) and [46,51]).

The formulae [47] ((7.4), (7.6), (7.10), (7.12), (7.13)) can be simply formulated in the
multidimensional setting. For example, we have

o o &p A1 X1 +arXp+...+anxy __ &1 & Ay ,A1X1+a2Xo+...+anX,
Dy Dy ...Dyy et mn = qitay? - a2 n¥n (17)

provided thata; > 0 and a; > 0 for 1 < j < n, with the meaning clear.

If all partial derivatives of a function u : R"* — X are continuous almost everywhere
and for each m € N and a« € Njj there exists a finite real number My, > 1 such that
@ (x)|| < Mua(1+|x])™", x € R", then we say that u(-) is a vector-valued good
function of several variables; the corresponding class of vector-valued good functions
will be denoted by S, (X) henceforth. If u € S,,(X), then the function Ijy ,(-) is infinitely
differentiable and for each « € Njj and x € R" we have

0*u

(“)
Ly ey (Sy —s)ds.
( ) /[0 +oo)7 = (51)112 (52) ? (S ) axi‘l Cat axﬁ” (X S) s

Furthermore, if the following condition holds:

(G1) There exists an integer m € N such that f |a] s)[(1+5)™™ds < 400 and
" 1b(s)[(1+5) " ds < +oo forall j € Ny,

then we can apply the Fubini theorem and (10) in order to see that the law of exponents for
generalized multidimensional Weyl integrals holds true:

IW,aIw,bu = IW,a*gbur uc SH(X>/ (18)

where a xg b := (a1 %0 by, ..., an %0 bp). If (G1) is valid, then the following multidimensional
analogue of (11) holds:

DYADEPy = DlETFIFlab, oy e s, (x), (19)
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where [a] + [B] := ([a1] + [B1], -, [an] + [Bn]); in particular, we can clarify Clairaut’s
theorem on equality of mixed partial Weyl fractional derivatives of type (6).

The generation of C-regularized solution operator families in L?(R") by the Weyl
fractional differential operators of the form

A=Y cDijyu,
a€eD

where D is a non-empty subset of Njj and c, € C for all « € D, is a rather nontrivial
problem. We will consider this issue elsewhere.

4. Multidimensional Fractional Calculus on Some Special Regions of R”

Keeping in mind the notion introduced in the previous two sections, we have an open
door to consider the partial fractional derivatives of functions defined on the subsets I C R”
which have the form I = I} x I x ... x I, where I; = [O,Tj), I = [0, T]}, I; = [0, +00) or
I]- = Rfor1 < j < n; for example, in the two-dimensional setting, we can consider functions
defined on the half-space I = [0,0) x R or the closed rectangle [0, T] x R, where T > 0.

Suppose that f : I — X and I has the above form. Suppose, further, that a; > 0 for all
j€Nyand a = (ay, ..., &, ). We define

D <Daz ( <D< .)> ))] () QO

for a.e. (x1,..,x,) € I, provided that the right-hand side of (20) is well-defined, where
D% = D:;,bj for some a; € L (Ij) oraj(t) = 4(t),and b; € L (Ij) or bj(t) = 4(t), provided

D*u(x1, 0r Xn) =

loc loc

that I; = [0,T}), I; = [0, Tj] or I; = [0, +c0), and D% = D} with some a; € L}, ([0,0)), if
I; = R. We will not consider here the partial fractional derivatives of functions defined
on some other regions of R"; for example, it could be interesting to consider the partial
fractional derivatives of functions defined on convex polyhedrals in R".

In the discrete setting, we will only consider the sets I C Z" which have the form
I =1 xIpx..xI,wherel; = Ngor [; = Z for1 < j < n.If [ has such a form and
u : I — X, then we define the partial fractional derivative D*u(vy, ..., v,) similar to the
continuous setting; for example, in the two-dimensional setting, we can consider sequences
defined on the set I = Ny x Z or [ = Z x Np.

We continue by providing the following illustrative example.

Example 3. Suppose that n > 2, D # D C [0,+c0)" is a finite set, cp € C for all B =
(181/"'/,871) S D/ ﬁn > Oﬂf’ld

u(x1, .y Xp) = Z cpgp, (*1) - - 8B, 4 (xn_l)eﬁ”"”, x1 >0, .., X,—1 >0, x;, €R.
geD
Suppose further that aj > 0, a;j(t) = g, (t) and bj(t) = g,;}.(t)for some non-negative numbers
vj > 0and §; > Osuch that y;+ B; > m;j(1 < j<n—1). Let D"u = DZ;b_uforl <j<n-1,
.

and let D**u = DY If we define the functions f;(-), for 1 < j < n —1, as in Example 1(i), then
we have

ID)"‘u(xl,..., xn) = 2 Cﬁﬂznfl (Xl) C ‘fn,1 (Xn,1>8‘6”x",

geD

forany x; >0, ..., x,—1 > 0and x, € R; cf. also (17).



Axioms 2024, 13, 623

13 of 27

As in Example 1(i), we can construct a great number of various partial fractional differential
equations having the function u(xy, ..., xn) as their solution; for example, we have

Dﬁ,bu(xl,..., Xp)

O1+y1—my On-1+Yn-1—1Mpn-1
X1 Yu-1

W 3y 1),
ﬁg} BPn r (51 +:Bl +71 - ) r(5n71 —+ ,anl + Yno1— mnfl) ( 1 n)

forany xq1 >0, ..., x,—1 > 0and x, € R, provided that (5]- +7; > m]-for 1<j<n-1

5. Multidimensional Vector-Valued Laplace Transform

The multidimensional vector-valued Laplace transform has not attracted as much
attention of the authors to date. Suppose that f : [0, +00)" — X is a locally integrable
function. Then the multidimensional vector-valued Laplace transform of f(-), denoted by
F(-) = f = Lf, is defined through

+o0
F(Ay, A / / e Mt £ (1) dy o d, 1)

if it is well-defined. We say that f(-) is Laplace transformable if and only if there exist
real constants wy; € R, .., w, € R such that F(Aq,..., A,) is well-defined for RA; >
w1, -, ®Ay > wy. This is always the case if there exist finite real constants M > 1 and
w1 €R, ..., w, € Rsuchthat ||f(t1, ..., tn)|| < Mexp(wit; + ... + wnty) forae. t; >0, ...,
t, > 0, when we say that f(-) is exponentially bounded; then F(A4, ..., A;) is well-defined
for RA1 > wy, ..., ®A,y > wy, and F(-) is analytic in this region of C" (see L. Hormander [52]
for the basic introduction to the theory of analytic functions of several complex variables).
The uniqueness theorem for Laplace transform holds in the multidimensional framework.

The numerical inversion of a multidimensional vector-valued Laplace transform has
been considered in many research articles to date (these papers can be easily located online
and we will not quote them here). On the other hand, it seems that the complex inversion
theorem for the multidimensional Laplace transform in both the scalar-valued setting and
the vector-valued setting has not been properly formulated by now. Concerning this issue,
we will state and prove the following extension of [53] (Theorem 2.5.1):

Theorem 1. Suppose that M > 0, w; >0, ..., wy, > 0,€1 >0, ..., €, > 0and F: {A € C:
RA > w1} x ... x {A € C: RA > w, } — X is an analytic function such that

HF(Al,...,An) ’ < MA T AT, RA > w0 (1< < ). (22)

Then there exist a real number My > 0 and a continuous function f : [0, +00)" — X such
that

f(t1, s tn) || < My [t]1e10 -t e forall ¢ > 0, ..., £y >0 (23)
and F(A1, .., An) = (Lf) (A1, o An) for RA; > w; (1 <j < n).

Proof. We present the main details of the proof only. Let a4; > w; be pairwisely distinct
numbers (1 < j < n),and let

1 ay+ico ap+ico i A

[t etn) = 5 / / Mttt p (A Ay) dAy odDy,  (24)
(271'1)” a—ico ay—ioco

forany t; > 0, .., t;, > 0; it can be easily shown that the integral appearing in (24) is

absolutely convergent so that f(-) is well-defined. The dominated convergence theorem

implies that f(-) is continuous; moreover, we can use the Fubini theorem, the growth rate
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of F(-) and the computation carried out in the proof of the last mentioned theorem in order
to see that there exists a constant M; > 0, independent of 4y, ..., a,, such that

(f(ts o tn) || < Myt]te™ - - tre™in] forall g > 0, ..., ty > 0.

On the other hand, an elementary contour argument shows that the definition of
function f(-) does not depend on the choice of numbers a; > wy, ...,y > wy. In actual
fact, we can fix the numbers a; > wy, ...,4,_1 > wy_1 and prove first that the definition
of function f(-) does not depend on the choice of number a, > wy; after that, we can
repeat this procedure (n — 1) times. Using this fact and letting a; — w;+ for1 < j <mn,
we obtain (23). It remains to be proved that F(A1, ..., An) = (Lf) (A1, ..., An) for RA; > w;
(1 <j < n). Let the numbers Ay, ..., A, enjoy the above properties and let w; < a; < RA; for
1 <j < n. Then the Fubini theorem and an elementary argumentation shows that

(ﬁf)(/\l,...,/\n) = le ...dZn.

1 /”1+i°° /ﬂn+i°° F(z1,..rZn)
a .

(27‘[i)” ) ay—ico (/\1 — Zl) LI (/\n — Zn)

e
Using the residue theorem and deforming the line [a,, — i, a,, + ioo] into the union
of the segment [a, — iR, a, + iR]| and the semi-circle a, + {Re® : —m/2 < 0 < 7/2},
we obtain
o
(27i)n—1
/ﬂ1+iw /~ﬂn—1+i°° F(Zl,..-, Zn-1, )\n)

X

a Ay, _1—i00 ()\1 — Zl) Cet (/\n,1 — anl)

(LA, Ap) =

dzy...dz,_q.

1 —i00
Repeating this argument, we simply obtain the required equality. [

6. Some Classes of Fractional Partial Differential-Difference Inclusions

In this section, we investigate some classes of the fractional partial differential-difference
inclusions. We will divide the material of this section into three separate subsections.

6.1. Fractional Partial Differential Inclusions with Riemann—Liouville and Caputo Derivatives

Suppose thatay € [0,2), ap € [0,2), my = [a1], mp = [ay] and Ais a closed MLO in X
(the precise assumptions about A will be clarified a little bit later). In this subsection, we will
provide certain results about the well-posedness of the following abstract two-dimensional
Cauchy inclusions:

DR DRu(x1,x2) € Au(x1,x2) + f(x1,x2), x1 >0, x>0, (25)

subjected to the initial conditions of the form

o _
Fys []ZIZ 2 %0 u] (x1,0) = fy(x1), 0<k<mp—1; (26)
2
*2 ak my)—u %)
/0 Sy (¥2 — ) oF Ji' " %o DRu| (x1,x2) ds = hy(x2), (27)
xl X1:0,X2:S

for0 <k <m;—1,and

D DEu(x, %) € Au(xy, %) + f(x1,%2), x1 >0, x2 >0, (28)
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subjected to the initial conditions of the form
ok
—ku(xl,o) :fk(xl), nggmz—l,‘ (29)
dxy
X ak N
/ Su, (X2 —5) ﬁDCZu(xl,xz) ds =hi(x2), 0<k<m—1.  (30)
0 xq

x1=0,xp=s

Our basic assumption will be that f(, -) is a Laplace transformable function.
Let us consider first the problem (28) equipped with the initial conditions (29)—(30).
Assuming that f € L} ([0,00)? : X), all conditions for applying the Formula (9) are

satisfied and using the fact that for every locally integrable function u € L} ([0,0)? : X),
the assumption

Ji T u(x,x2) =0, x>0, x>0
implies # = 0, we obtain that the problem [(28)—(30)] is equivalent with
MQ—l 111171

u(xq,x2) — Sk41(x2) - fie(x1) — 81 (x1) - hi (x2)
k=0 k=0

X2 X1
€ «4/0 Qay (X2 —7) /0 Qay (x1 —s)u(s,r)dsdr
+ /0"2 8wy (X2 —7) /:1 Sy (X1 —5)f(s,r)dsdr, x>0, x, >0, (31)

since A is closed. Similarly, if f € L}, ([0,00)? : X) and all conditions for applying the
Formula (8) are satisfied, the problem [(25)—(27)] is equivalent with

m271 ml—l
M(Xl,xz) - Z Say+k+1—m, (xz) 'fk(xl) - Z Say+k+1-my (xl) < hy (xz)
k=0 k=0

X X1
€ A/o Say (X2 —7) /0 S, (x1 —s)u(s,r)dsdr
X2 X1
+ /0 8y (¥2 = 7) /0 g (x1=8)f(s,r)dsdr, x120,22>0. (32
We will use the following notion (cf. also [5] (Definition 3.1.1(i))).

Definition 4. It is said that a locally integrable function u : [0,00)%> — X is
(i) A solution of [(28)—(30)] if and only if

X X1
/0 Sa, (X2 —7) /0 Say (x1 —s)u(s,r)dsdr € D(A)
and (32) holds for a.e. x; > 0and x, > 0.

(ii) A strong solution of [(28)—(30)] if and only if there exists a locally integrable function u 4 4, a, *
[0,00)% — X such that

X2 X1
/0 S, (X2 —7) /0 Qay (X1 — 8) U 0y 0y (5,7) ds dr

X X
S A/ Zgl,62 (x2—7) / 1g,x1 (x1 —s)u(s,r)dsdr fora.e. x; > 0and x; >0,
0 0
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and

mp—1 my—1
Z Qi1 (x2) - fr(x1) Z Qi1 (x1) - g (x2)
0 =

_/ 8wy (X2 — / Qay (X1 — S)U g0y 0, (5,7) ds dr

pe
+ / Qa, (X2 —7) /0 1g‘,¢1 (x1—s)f(s,r)dsdr fora.e. x; > 0and x, > 0.

We similarly define the notion of a (strong) solution of problem [(25)—(27)].

It is clear that any strong solution of [(28)—(30)] ([(25)—(27)]) is likewise a solution of
the same problem and that the converse statement is not true, in general.

Let us now take a closer look at the abstract Cauchy inclusions (31) and (32). Apply-
ing the two-dimensional Laplace transform and the Fubini theorem, we obtain that the

problem (31) is equivalent with

+oo p+oo my—1 +oo
/ / eflef’\”u(xl,xz) dxyda; — ) )fl*k/ e fi(x1) dxq
o Jo 0

k=0

mq— 1
— Z z 1 k/ e*“th(xz) dx,
—0q ) —p oo e —2zx1—AXp
cA|lz M\ e u(xq,x7) dxq dxy
0 0

+o00 +o0
Lz TR / / gile*/\fo(xl, xz) dxq1dxy, (33)
0 0

for all z € C with Rz > w; for some wy; > 0and A € C with RA > w; for some w;y > 0,
under certain logical assumptions, as well as that the problem (32) is equivalent with

400 my— 1 ()
/ / e 1 M2y (xq, %) daxy dxy — 2 Ama—1—k= "‘2/ e P fi(xq) dxy
0

mq— 1 00
- Z Zm 1=k "‘1/0 e M2y (xp) dxo

0 —+o00
cA lz_“l)\_“z / / e_le_}“‘Zu(xl,xz) dxq dle
Jo Jo

LM /+Oo /+oo e_le_/\XZf(xl, x2) dxqidxsy, (34)
JO 0

for all z € C with Rz > w; for some w7 > 0 and A € C with RA > w» for some wy > 0,
under certain logical assumptions. After setting

“+o00 “+o0
i(z,\) = /0 /0 e 1My (xq, x7) daxy dxy,

we obtain that the problem (33) is equivalent with

mel 00
(z“lA“Z — A) u(z,A) > ), z"‘l/\"‘z_l_k/o e fie(x1) dxy

k=0

mp—1 +o0 ~
-y 2“1*1*")\“2/0 e M2y (x2) dxa + f(z, M), (35)

k=0
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for all z € C with Rz > w; and A € C with A > wy, while the problem (34) is equivalent
with

mz 1
(Z“l)\aszo ( Z 201 \ 2= 1- k‘/0 lefk(xl) dx;

k=0
mq— 1 rd
B Z SMi—1- kAaz/ e_Mzhk(m) dxz + f(z,A), (36)
k=0 0

for all z € C with Rz > w; and A € C with RA > w,. In the case that there exists an
injective operator C € L(X) which commutes with A and condition (C1) clarified below
holds, then the inclusion (35), resp., (36), is equivalent with:

m271 “+00
ﬁ(Z,)\) — (Za1Aa2 _ A) C Z thl)\azflfk/ Eilefk (xl) dxq
k=0 0
-1 mp—1 —+oo -1 -
— (M —A) €y e / ey (xp) dxy + (1A% — A) Cf(zA),  (67)
=0 0
forall z € C with Rz > wq and A € C with RA > w», resp.,

— my— 1
i(z,A) = (z"‘l)\“z 7A> C Z ZM A= k/o e fi(x1) dxyg

" : -1
- (z“w\“z fA) C Z Zm—1-k a2 /0 e M2y (x3) dxy + (z“w\“z fA) Cf(zA), (39
k=0

for all z € C with ®z > w; and A € C with RA > w».
Now we will formalize all this and state the following result by assuming some special
conditions on the multivalued linear operator A.

Theorem 2. Suppose that C € L(X) is injective and commutes with A, f(-;-) is Laplace trans-
formable and the following condition holds:

(C1) There exist real numbers wy > 0 and wy > 0 such that z1A*2 € pc(A) for all z € C with
Rz > wy and A € C with RA > wy.

Denote by Dy the set of all indexes k € N%_l such that fi(-) is not identically equal to the zero

nction and by Dy the set of all indexes k € NO _ such that hy(-) is not identically equal to the
Y my—1 yeq
zero function. If the following conditions hold:

(i)  For every k € Dy, there exists a Laplace transformable function u (-;-) such that

up(z,A) = A% 1k (z"‘l/\"‘2 C/ e fi(x1) dxq,
resp.
u}(z, A) = zf =1k (2“1/\“2 C/ e fie(x1) dxy,

for Rz > wy and RA > w».
(ii)  For every k € D,, there exists a Laplace transformable function u2(-; -) such that

uf(z,A) = zM -1k (z”‘l/\"‘2 C/ e M2y (x7) dxa,

resp.

1:1%(2, A) = zMm— 1k (2“1/\“2 - C / e M2y (xp) dxa,

for Rz > wy and RA > w».
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(iii) There exists a Laplace transformable function uz(-; ) such that

0 (z,\) = (z“l)x”‘z - A) Cf(z M),

for Rz > wy and RA > wy.

Then there exists a unique solution of problem u(xq, x2) of [(28)—~(30)], resp., [(25)-(27)], which is
given by

u(xy,x) = Y up(x,x) + Y ud(x1,x2) +ug(x1,x2) forae xy >0, x2>0. (39
keDy keD,

Furthermore, suppose that (i)—(iii) and the following conditions hold:
(is) For every k € Dy, there exists a Laplace transformable function u (-; ) such that

J,{(z,)x) = Z20 )\ 2001k (z"‘l/\"‘2 C/ e fie(x1) dxy
+00
_ Zocl/\txzflfk/ eflefk (xl) dxy,
0
resp.
1 201 y ap+mp—1—k [ aq yap -1 teo —zXq
u(z,A) =z"1A (z A —A) C/o e 1 fi(x1) dxq
—+o00
_ Zal)\mz—l—k/ e—lefk (xl) dxy,
0

for Rz > wy and RA > ws.
(iis) For every k € D,, there exists a Laplace transformable function uZ(-; -) such that

J,%(z,)x) = g~ 1-k) 2 (2“1/\”‘2 C/ /\’Qhk (x2) dxy
—za-1-kjm e /0+oo e~ M2, (x2) dxy,
resp.
J%(z,x\) = ghtm—l-k) 28 (z"‘lx\”‘z C/ e M2y (xp) dxo
— zm-l-k e /O+oo e~ Mapy, (x2) dxs,

for Rz > wy and RA > w».
(iiis) There exists a Laplace transformable function uZ(-; ) such that

— -1 - -
T (z, ) = 2970 (Z“IA“Z - A) Cf(z,A) — Cf(z,A),

for Rz > wy and RA > w».

Then there exists a unique solution of problem u(xq, x2) of [(28)—(30)], resp., [(25)-(27)], which is
given by

u(xy,xp) = Z ui(xl,xz) + Z u%(xl,xz) +uf(x1,x2)for ae. x1 >0, xp>0. (40)
keDq keDy

Then the function u(x1, x3), given by (40), is a strong solution of problem u(x1, x2) of [(28)—(30)],
resp., [(25)-(27)].
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Proof. Since we assume the conditions (i)-(iii), we simply infer that the function u(x1, x2),
given by (40), satisfies (37), resp., (38). Arguing reversely, we obtain that (35), resp., (36),
holds true. Applying the inverse double Laplace transform, we obtain that (33), resp., (34),
holds true, which simply completes the proof of the first part of theorem. The second part
of theorem follows similarly since, in this case, there exists a locally integrable function
Uy, () such that u g, 4, (5;-) € Au(-;-) ae. on [0,400)2, which can be proved by
performing the double Laplace transform and (is)—(iiis); see also [5] (Theorem 1.2.4(i)). O

The subsequent result follows immediately from Theorems 1 and 2 (we can similarly
clarify the corresponding conditions ensuring the existence of a unique strong solution of
problems under our consideration; we use the symbol - to denote both the one-dimensional
and the two-dimensional Laplace transform here, which will not cause any confusion).

Theorem 3. Suppose that f(-;-) is Laplace transformable and the following condition holds:
(C1s)(C1) holds and there exist real numbers M > 0 and B € (0,1] such that

Suppose, further, that the following conditions hold:

M

<—— Rz >wp, RA> ws. 41
S A s 27 er Tz @)

(z"‘l A% A) e

(i) For every k € Dy, there exist real numbers My, > 0, 611‘1 > 0and 611‘2 > 0 such that

k k
zl T A T2, Re > wr, RA > ws.

’

o Dlz—l—k Hﬁ((Z)H <
|z[*1[A] (1+ |z[u|A[a2)B =M

(i) For every k € Dy, there exist real numbers My, > 0, 615,1 > 0and 615,2 > 0 such that

k
1 z|717€2/1|)\|_1_€]2(/2, Rz > w1, RA > wy.

’

dl—l—k \%) ||I:Z\I/<(A)|| <
N A Ay | <M

(iii) There exist real numbers M' > 0, €1 > 0 and €, > 0 such that

(14 [z ]A]%2)

Hf(Z,/\)H ; H < M/|Z|717€1|A|*17€2, Rz > w1, RA > wo.

Then there exists a unique continuous solution u(x1, x3) of problem [(28)—(30)], resp., [(25)—(27)],
and we have

1" €1,1..€1,2 wyx1+wrXy
Hu(xl,xz)H <M [Z xy ", e
keD,

€; €
+ Z x12,1x22,26w1x1+w2x2 + xi1xgzew1x1+w2x2 , X 2 0, X2 Z 0.
keD,

If 0 ¢ Dy U D5, then the requirements of Theorem 3 are satisfied in many important real
situations, even for the degenerate Poisson heat operator A - m(x) —1. of. [5] and references
cited therein for further information in this direction.

Remark 3. Suppose that ay + ap < 2. Then it is clear that the estimate (41) holds if ¥y, 4 uy) /2 ©
pc(A) and there exists B € (0,1] such that

H (A~ A)_ch = ( - A € Zay ag) /2

1+ [ADP!
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Unfortunately, we cannot prove that (41) holds if there exists a positive real number a > 0 such
that a + %y, yay)/2 € pc(A) and

-] <.

M
TEapp e T Rt

The main problem lies in the fact that for every real number wy > 0, we have
. . | . o
xgrgoodzst({re’al :r >0}, (wy +ix) 1) =0.

Remark 4. Suppose that ay + ay > 2. Then we can apply Theorem 3, with C # 1, to a class of
two-dimensional partial fractional differential equations involving the single-valued linear operators
A = A whose C-resolvent is bounded by (1+ | - |)~1 on the set of form C \ K, where K is compact;
see [5] for the corresponding examples. In particular, if &y = ap = 1, then we can analyze the
well-posedness of the problem

82

mu(m, XZ) = Au(xl,xz) +f(x1/x2)/ x>0, x>0,

subjected to the initial conditions u(x1,0) = fo(x1), x1 > 0and u(0,x2) = u(0,0) + ho(x2),
Xo > 0.

Using the multidimensional generalizations of the Formulae (8) and (9), we can
similarly analyze the well-posedness of the abstract fractional Cauchy inclusions

DRDZ - ...- DR'u(x) € Au(x) + f(x), x= (x1,%x2,...,x,) € [0, +00)"
and
DEDZ - ... DFu(x) € Au(x) + f(x), x= (x1,x2,...,xu) € [0, +00)",

subjected to certain initial conditions (for the scalar-valued case, see also [54] (Section 3)).
Details can be left to interested readers.

6.2. The Abstract Multiterm Fractional Partial Differential Equations with Riemann—Liouville and
Caputo Derivatives

In this subsection, we investigate the following operator extensions of the partial
fractional differential Equation (1):

n
) Ale(zo""’“"""’O)u(xb..., Xy Xn) = f (X1, x0), %1 >0, .., X4 >0, (42)
k=1

subjected to the initial conditions

o/ _
g]::" “"u(xl,..., Xn) = fx, (1, eeey X1, Xkt1s oor X ), (43)
Xk=0

for1<k<mn 0<j<mg—1,and

n
2 AkD(CO""’“"""’O)u(xl,..., XppoorXn) = f (X1, Xn), %120, ., x4 >0, (44)
k=1
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subjected to the initial conditions
o/
ﬁu(xll"‘/ x'rl) = fk,j (xll‘--r Xe—17s Xk41s s x'rl)/ (45)
axk xk:0

for1 <k <n, 0 <j < m—1, where Ay is a closed linear operator and «;, > 0 for
1 <k < n. In order to do that, we essentially apply the multidimensional vector-valued
Laplace transform.

We will use the following notion.

Definition 5.

(i) By a mild LT-solution u(x, ..., X) of [(42) and (43)], resp. [(44) and (45)], we mean any Laplace

0)

transformable function u(x, ..., X ) such that the terms DI(QO""’ak""’ U(X1, eeey Xiy oey X1 ), TESP.

D(CO""’“k""’O)u(xl, vy Xfey oo X1, are well-defined and Laplace tmnsfqrmable forl1 <k<mn
as well as that the terms (af/ax{() Z:k_“ku(xl, vy X)), TESP. (Bf/axfc)u(xl, weor Xp ), ave well-

defined and continuous with respect to the variable X; for1 <k<mn0<j<m-—1,

n
Y Ay (ﬁD%O""'“k""’O)u(xl,..., o~ xn)> (M, An) = F(A1 o An),  (46)
k=1

for ®A; > wj (1 < j < n) and some non-negative real numbers wy > 0, ..., wy >
0, resp. (46) holds with the term Déo""’“k"“’o)u(xl,..., Xk, -y Xn) replaced with the term

Déo """ e O)u(xl, weoy Xiy ooy Xy ) therein, and (43), resp. (45), holds.
(i) By a strong LT-solution u(xy, ..., xn) of [(42) and (43)], resp. [(44) and (45)], we mean
any mild LT-solution u(xy, ..., x, ) of this problem which additionally satisfies that the terms

Ale({O""’“k""’O)u(xl, vees Xky ey X1 ), TESD. AkD(CO"“’“k"“’O)u(xl, cees Xiey oeny Xy ), are well-defined

and Laplace transformable for 1 < k < n.

The uniqueness theorem for Laplace transform and the closedness of operators Ay for
1 < k < n show that any strong LT-solution of [(42) and (43)], resp. [(44) and (45)], satisfies
that (42), resp. (44), holds fora.e. x; >0, ..., x;, > 0.

Our main result concerning the well-posedness of Equations (42)-(45) reads as follows

Theorem 4. Suppose that C € L(X) is injective, Ay is a closed linear operator commuting
with C and ay > 0 for 1 < k < n. Suppose, further, that there exist non-negative real numbers
wy >0, ..., wy > 0such that the operator Y}, )\Z"Ak is injective and (}}}_, )\Z"Ak)’lC € L(X)
for ®A1 > wy, ..., RAy > wy. Let the following conditions also hold:

(i) There exists a locally integrable, exponentially bounded function h(x1, ..., xn) for x1 > 0, ...,

Xy > 0 satisfying that DI(QO""’“"""’mh(xl, ves Xy wey Xy ), TESP. D(CO""’“"""’O)h(xL U SN o
is well-defined, locally integrable and exponentially bounded (1 < k < n), the terms

(af/ax;()]tr:"_“kh(xl, vy Xp1), TESP. (af/ax{()h(xl, ey X ), are well-defined and continuous

with respect to the variable x]-for 1<k<n0<j<m—1,and

-1
~ n ~
h(/\l,...,/\n) = (2 /\Zq(Ak> Cfo()\l,...,)tn), §R/\1 > W1, ey §R/\n > wy, (47)
k=1

where f = Cfy.
(i) Ifl1 <k <nand0 < j < my — 1, then there exists a locally integrable, exponentially bounded
function hy;(x1, ., Xk—1, Xk g1, Xn) for x1 > 0,0, Xg1 > 0, X341 > 0,000 > 0

satisfying that the terms D%O""'a”""’o)hk,j(xl,..., Xk_1, Xk41, s Xn), TESP. D((:O""'a”""’o)hk,j

(X1, ooy Xg_1, Xg 1.+, Xn ), arve well-defined, locally integrable and exponentially bounded for
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1< 0 < n, the terms (3 /xh) ™Iy j (X1, e Xk—1, X1, s X ), rESp. (3 /b )
(X1, ees X1, X4 1, s Xn ) arve well-defined and continuous with respect to the variable x, for
1<v<mn,and

n

-1
ﬁ;,j(/\l/ml )\k—l//\k-‘rl/'"/ )\n) = (Z )\ZkAk> CAkf/‘\,]TO ()\1’-"/ )Lk—lr/\k—l—l/"'r/\n)/ (48)
k=1

provided that RAy > w1, ..., RAx 1 > wi_1, RA 1 > wiyr, - RAR > wn, where fi; =

Clrjo-

Then there exists a unique mild LT-solution u(xy, ..., xn) of [(42) and (43)], resp. [(44) and
(45)], and we have

n mkfl
u(xt, . xn) =Y, Y, e (X1, oer Xn) + 1 (X1, %), X120, .y Xy > 0. (49)
k=1 j=0

Furthermore, if the following conditions hold:

(is) If1 < v < n, then the terms Ayh(x1, ..., Xo, ..., Xn) and D%O""’“”""’O)Avh(xl,..., Xpy oo Xn1),

resp.D(CO""’“”""’O)Az,h(x1, wees X0, ooy X ), ave well-defined, locally integrable and exponentially

bounded;
(iis) If1<v<n1<k<nand0 <j<my—1,then the terms Avhk,j(xl,..., X1, Xkt 1y s Xn1)

and Dg""’“”""'o)Avhk,j (X1, vy Xk 1, Xf 1) ovos X)), TESP. D(CO""'“”""’O) Avhy,j (X1, vy X1, Xf i 10es X)),
are well-defined, locally integrable and exponentially bounded,

then the function u(xy, ..., X ), given by (49), is a strong LT-solution of [(42) and (43)], resp. [(44)
and (45)].

Proof. Let u(xy, ..., x,) be given by (49), and let ®A; > wy, ..., RA, > wy. Our assumptions
imply that the term DI(QO"“’“"""’O)u(xl,..., Xk, ey Xn), TESP. D(CO"“’“""“’O)u(xl,..., Xy ey X1 ), 18
well-defined as well as that we have the following (see also Equations (1.22)—(1.23) [1]

and Equation (16) [55]):

DI(QO""’“"""’O)u(xl, ooy Xfey ooy Xpy) = /\zkﬁ (A1) An)

mkfl .
me—1—
- [Etl,‘..,tkl,tk+1 ..... tnfk,j] (M ooy A1, At e An)ALE 7, (50)
j=0
resp.
D(CO"""X"""’O)u(xl, vy Xpey ooy Xpy) = /\z"ﬁ (A, oo An)
mkfl 1—i
t—1—
- Z l£t1/~~~rtk1/tk+l ,,,,, tnfk,j] (Alr s )\k—lr /\k-‘rll s /\n>)\kk ]1 (51)
j=0
where Lt t.4,..t, denotes the multidimensional Laplace transform with respect to the

variables t1, ..., tx_1, ty41, ..., tn. Furthermore, our assumptions simply imply that

n n -1 m—1
A(A1, e An) = ) (Z Az’?l“k) CAr ). [Etl,...,tkl,tm ..... tnfk,j,()]
k=1 1

k= j=0

-1
n ~
(A’ll"‘/A’kfll AkJrl,.../ )\n) + (2 /\]D:kAk> Cfo ()\1,..., )Ln)
k=1
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This simply implies

n n
[Z AF AR T (A1, An) = Y Ag
k=1 k=1

mk—l

<)

j=0

—1—7 ~
Lty 1 bes 1ot fk,]-] (A1) coor Mt At e A) AL = f(Ag, e An),

resp.

n
A1, M) — Y A
k=1

n
Y A A
k=1

my—1
x )
j=0

_1—i ~
£t1/---rtk—1/tk+]r---/tnfk,]"| (/\l/'-'//\kfli)t]ﬁk]/"-/ )\Tl)/\zk / = f(/\l///\i’l)

Keeping in mind Equations (50) and (51), it readily follows that Equation (46) and its
analogue with Caputo fractional derivatives hold good. Therefore, the function u(x, ..., x;)
is a mild LT-solution of problem [(42) and (43)], resp. [(44) and (45)]. The uniqueness
of mild LT-solutions of this problem follows from a simple argumentation involving the
injectiveness of the operator )}, Azk Ay for A1 > wy, ..., RA, > wy and the uniqueness

theorem for the Laplace transform. Finally, if the conditions (is) and (iis) hold, then we can

simply prove that the function AUDI(QO""’“”""’O)u(xL ...Xn) is Laplace transformable and

L AUDI(QO""’“”""’O)u(xl,...xn)} = A, [Eu(xl,...xn)},

which simply completes the proof. []

Keeping in mind Theorem 1, we can apply Theorem 4 in many concrete situations,
even if ay > 2 for some indexes k € Nj; cf. [5,55] for more details. Let us finally observe
that we can similarly analyze some generalizations of the problems [(42)—(45)] with various
types of generalized Laplace fractional derivatives, especially with the generalized Hilfer
(a,b, a)-fractional derivatives [43].

6.3. Fractional Partial Difference Equations with Generalized Weyl Derivatives

In our recent research article [56], we investigated various classes of the abstract non-
scalar Volterra difference equations of several variables. In order to do that, we introduced
and analyzed the notion of a discrete (k, C, B, (A;)1<i<n, (Vi)1<i<n)-existence family (cf. [56]
(Definition 2.1)); the generation of discrete (k, C, B, (A;)1<i<n, (Vi)1<i<n)-€Xistence families
was analyzed in [56] (Theorem 2.1) under certain very mild assumptions.

In [56], (Theorem 2.2(i)), we proved the following result:

Lemma 1. Suppose that vi € Nj, ..., v € Ng, (S(v))yeny € L(X) is a discrete (k,C, B,
(Ai)1<i<m, (Vi)1<i<m)-existence family, Yven: IIS(v)]| < oo and the following holds:

(a) f:Z" — Xisabounded sequence, k € I'(N : C) and Yvenn [ai(V)| < +oofor1 <i<m,

or

(b) felIYZ":X),k:Nj — Cisabounded sequence and a; : Z"" — C is a bounded sequence
forl <i<m.

Define

u(v):= Y. Sv-0f(), vez" (52)

leZ1<v
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and
g(v ( Y Z) a1 %9 S)(v4+vy =) f(I) + ...
I<v+vy Iy
( Y Z) (am*0S)(Vv+vm—1)f(l), veZ" (53)
I<v+4vy, I<v
Then u(+) is bounded if (a) holds, u € I'(Z" : X) if (b) holds, and we have

BM(V) = A1 Z Hl(V+V1—Z)M(l)+...
leZ;1<v+vq
+ Am Y. a(vHve—Du(l)+g(v), veZ"

1eZm]1<v+vy,

For some concrete applications of Lemma 1 to the fractional partial difference equations
with generalized Weyl derivatives, we will particularly consider the situation in which the
sequences 4;(-) have the following form:

a; (01, ..., Un) = al (v1) - oo al, (vn), (v1,.,00) €N§ (1 <i<m). (54)

Suppose now that vi € Njj, ..., v, € N, (S(V))veNg C L(X) is a discrete
(k,C, B, (Ai)1<i<m, (Vi)1<i<m)-existence family, ¥ yenn [|S(v) || < +o0, (54) and the follow-
ing conditions hold:

(al) f : Z" — X is a bounded sequence, k € I}(N : C) and ¥/ |a( )| < +oo for
1<j<mnand1<i<m,or ‘

(b1) f € IY(Z" : X), k : N} — C is a bounded sequence and a;- : Z — Cis a bounded
sequenceforl1 <j<mnand1l <i<m.

Let m = (my, ..., my,) € N" be fixed, and let the sequences u(-) and g(-) be defined by
(52) and (53), respectively. Then u(-) is bounded if (al) holds, u € I'(Z" : X) if (b1) holds,
and a simple computation shows that we have

my+...+my
(ot )
= A <Aw,a1,mu> (V4Vi) + o+ Ap (Awrﬂm,mu) (V+vm), vez" (55)
Further on, if &y = (al,...,al) € [0,+00)" ..., ay = (&, ..., ") € [0, +00)", m; = Mﬂ for
1<j<mnand1<i §m,aj(vj) =k /7“1'(01») for1<j<mn,1<i<m and
mj:nﬂ:...:m’.1 1<j<m,

then we have

(A”f,}jﬂj,’j,j;m) (v) = Ay (A1) (v i) + o+ A (Al ) (v Vi), v L' (56)

U

We can also analyze some other relatives of (55) and (56) as well as the existence and
uniqueness of almost periodic-type solutions to (55) and (56); cf. [56] for more details.

7. Conclusions

In this paper, we introduced and analyzed several new types of partial fractional
derivatives in the continuous setting and the discrete setting. We investigated the well-
posedness of some classes of the abstract fractional differential equations and the abstract
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fractional difference equations depending on several variables, providing also many il-
lustrative examples and useful remarks. We also provided some new applications of the
multidimensional vector-valued Laplace transform.

We can also consider several new types of partial fractional derivatives using the
multidimensional convolution products

X1 Xn
(axob)(x) ::/O '/0 a(x1 =51, .., X — Su) b (51, .., ) ds1...dSy,

for x = (x1,...,x4) € [0,400)", wherea, b € L} ([0, +c0)"), and

loc
X1 Xn
(aob)(x) := / et / a(x1 =1, .., Xn — Sn)b (51, ..., ) dsy...dsy, (57)

for x = (x1,..,x4) € R", where a € L} ([0,+)") and b € L} (R"). It is clear that
Equation (57) presents an extension of the generalized Weyl a-integral; if a € L], ([0, +00)"),

uc L}OC(R”), aj>0forl<j<nanda= (a1, ..., 0y ), then we also define

am

m(ao u)(x), x=(xy,..,x) €R",

D%a’lu =

where m; = Mj] forl1 < j < nand m = my + ... + my. It is worth noting that the
Formulae (18) and (19) continue to hold in this framework.

In the discrete framework, several new types of fractional partial difference operators
can be introduced and analyzed using the multidimensional convolution products *, o
and the sequences a : Nj — C which do not have the form (54). We will consider such
operators elsewhere.

Let us finally note that the multidimensional fractional calculus is still a very unex-
plored field of mathematics. It is our strong belief that the partial fractional differential-
difference equations will receive the considerable attention of authors in the near future.
Without any doubt, this will reinforce the significance of our research and greatly enhance
the impact of this paper.
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