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Sălăgean Differential Operator in

Connection with Stirling Numbers.

Axioms 2024, 13, 620. https://

doi.org/10.3390/axioms13090620

Academic Editor: Silvestru Sever

Dragomir

Received: 22 July 2024

Revised: 27 August 2024

Accepted: 10 September 2024

Published: 12 September 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article
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Abstract: Sălăgean differential operator Dκ plays an important role in the geometric function theory,
where many studies are using this operator to introduce new subclasses of analytic functions defined
in the open unit disk. Studies of Sălăgean differential operator Dκ in connection with Stirling numbers
are relatively new. In this paper, the differential operator Dκ involving Stirling numbers is considered.
A new sufficient condition involving Stirling numbers for the series Υs

θ (κ) written with the Pascal
distribution are discussed for the subclass Tκ(ϵ, ♭). Also, we provide a sufficient condition for
the inclusion relation Is

θ (Rϖ(E,D)) ⊂ Tκ(ϵ, ♭). Further, we consider the properties of an integral
operator related to Pascal distribution series. New special cases as a consequences of the main results
are also obtained.
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1. Introduction

In recent years, several researchers used important distribution series, like the hy-
pergeometric distribution series [1,2], Poisson distribution [3], Pascal distribution [4,5],
Mittag–Leffler-type Poisson distribution [6,7], Miller–Ross-type Poisson distribution [8],
binomial distribution [9,10], generalized distribution [11], confluent hypergeometric distri-
bution [2], and hypergeometric-type probability distribution [12] to obtain some necessary
and sufficient conditions for these distributions to belong to certain classes of analytic
functions ℵ, written as

h̄(κ) = κ +
∞

∑
τ=2

aτκτ , (1)

and defined in the open unit disk ℘ = {κ ∈ C : |κ| < 1}.
For functions h̄(κ) ∈ ℵ given by (1) and g(κ) ∈ ℵ given by ([13,14])

g(z) = κ +
∞

∑
τ=2

cτκτ ,

we define the Hadamard product (or convolution) of h̄(κ) and g(κ) by

(h̄ ∗ g)(κ) = κ +
∞

∑
k=1

aτcτκτ = (g ∗ h̄)(κ) .
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A variable X is said to be a Pascal distribution if it takes the values 0, 1, 2, 3, . . .

with probabilities (1 − θ)s,
θs(1 − θ)s

1!
,

θ2s(s+ 1)(1 − θ)s

2!
,

θ3s(s+ 1)(s+ 2)(1 − θ)s

3!
, . . . ,

respectively, where θ and s are called the parameters, and thus

P(X = υ) =

(
υ + s− 1
s− 1

)
θυ(1 − θ)s, υ = 0, 1, 2, 3, · · · .

Let Λs
θ (κ) be the following power series whose coefficients are probabilities of a Pascal

distribution [4]:

Λs
θ (κ) = κ +

∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1(1 − θ)sκτ , κ ∈ ℘, (2)

where s ≥ 1; 0 ≤ θ ≤ 1, and we note that, via the ratio test, the radius of convergence of the
above series is infinity.

Now, we consider the linear operator (see, [4])

Is
θ h̄(κ) : ℵ → ℵ

defined by the Hadamard product

Is
θ h̄(κ) = Λs

θ (κ) ∗ h̄(κ) = κ +
∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1(1 − θ)saτκτ , κ ∈ ℘. (3)

Differential operators play an important role in the geometric function theory such
as the Alexander integral operator [15], generalized Bernardi operator [16], Ruscheweyh
derivative operator [17], Carlson–Shaffer operator [18], Sălăgean differential operator [19],
Noor integral operator [20], Dziok–Srivastava operator [21], Al–Oboudi differential opera-
tor [22], and many others. Making use of these operators, many studies introduced new
subclasses of ℵ of analytic functions defined in the disk ℘ (see, for example, [23,24]).

For a function h̄(κ) in ℵ, we define

D0h̄(κ) = h̄(κ), (4)

D1h̄(κ) = κh̄′(κ), (5)

and, in general, we have

Dκ h̄(κ) = κ(Dκ−1h̄(κ))′, (κ ∈ N). (6)

The differential operator Dκ was introduced by Sălăgean [19].
The Stirling number of the second kind [25] is the number of ways to partition a set of

κ objects into j non-empty subsets and is denoted by Sκ,j.
Studies of the Sălăgean operator Dκ in connection with Stirling numbers are relatively

new, where in [26] (see [27]), Frasin noticed that operator Dκ can be written in terms of
Stirling numbers, as follows:

Dκ h̄(κ) = κ(Dκ−1h̄(κ))′,
= Sκ,1κh̄′(κ) + Sκ,2κ2h̄′′(κ) + Sκ,3κ3h̄′′′(κ) + · · ·+ Sκ,κκκ h̄(κ)(κ), (7)

=
κ

∑
j=1

Sκ,jκ j h̄(j)(κ), (κ ∈ N),

where
Sκ,j = jSκ−1,j + Sκ−1,j−1, and Sκ,1 = Sκ,κ = 1. (8)

For example,
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(i) If κ = 2, we have

D2h̄(κ) = κ(D1h̄(κ))′,
= κh̄′(κ) +κ2h̄′′(κ),
= S2,1κh̄′(κ) + S2,2κ2h̄′′(κ),

where
S2,1 = S2,2 = 1.

(ii) If κ = 3, we have

D3h̄(κ) = κ(D2h̄(κ))′,
= κh̄′(κ) + 3κ2h̄′′(κ) +κ3h̄′′′(κ),
= S3,1κh̄′(κ) + S3,2κ2h̄′′(κ) + S3,3κ3h̄′′′(κ),

where

S3,2 = 2S2,2 + S2,1 = 3,

S3,1 = S3,3 = 1.

(iii) If κ = 4, we have

D4h̄(κ) = κ(D3h̄(κ))′,
= κh̄′(κ) + 7κ2h̄′′(κ) + 6κ3h̄′′′(κ) +κ4h̄(4)(κ),
= S4,1κh̄′(κ) + S4,2κ2h̄′′(κ) + S4,3κ3h̄′′′(κ) + S4,4κ4h̄(4)(κ),

where

S4,2 = 2S3,2 + S3,1 = 7,

S4,3 = 3S3,3 + S3,2 = 6,

S4,1 = S4,4 = 1.

(iii) If κ = 5, we have

D5h̄(κ) = κ(D4h̄(κ))′,
= κh̄′(κ) + 15κ2h̄′′(κ) + 25κ3h̄′′′(κ) + 10κ4h̄(4)(κ) +κ5h̄(5)(κ),
= S5,1κh̄′(κ) + S5,2κ2h̄′′(κ) + S5,3κ3h̄′′′(κ) + S5,4κ4h̄(4)(κ) + S5,5κ5h̄(5)(κ),

where

S5,2 = 2S4,2 + S4,1 = 15,

S5,3 = 3S4,3 + S4,2 = 25,

S5,4 = 4S4,4 + S4,3 = 10,

S5,1 = S5,5 = 1.

Table 1 below represents the coefficients Sκ,j of κκ h̄(κ)(κ); 1 ≤ κ ≤ 6.
For κ = 2, 3, 4, 5, we observe that

D2h̄(κ) = κ2h̄′′(κ) +κh̄′(κ),

κ +
∞

∑
τ=2

τ2aτκτ = κ +
∞

∑
τ=2

[τ(τ − 1) + τ]aτκτ , (9)
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D3h̄(κ) = κ3h̄′′′(κ) + 3κ2h̄′′(κ) +κh̄′(κ),

κ +
∞

∑
τ=2

τ3aτκτ = κ +
∞

∑
τ=2

[τ(τ − 1)(τ − 2) + 3τ(τ − 1) + τ]aτκτ , (10)

D4h̄(κ) = κ4h̄(4)(κ) + 6κ3h̄′′′(κ) + 7κ2h̄′′(κ) +κh̄′(κ),

κ +
∞

∑
τ=2

τ4aτκτ = κ +
∞

∑
τ=2

[τ(τ − 1)(τ − 2)(τ − 3) + 6τ(τ − 1)(τ − 2)

+7τ(τ − 1) + τ], (11)

and

D5h̄(κ) = κ5h̄(5)(κ) + 15κ4h̄(4)(κ) + 25κ3h̄′′′(κ) + 10κ2h̄′′(κ) +κh̄′(κ)

κ +
∞

∑
τ=2

τ5aτκτ = κ +
∞

∑
τ=2

[τ(τ − 1)(τ − 2)(τ − 3)(τ − 4) + 10τ(τ − 1)(τ − 2)(τ − 3)

+25τ(τ − 1)(τ − 2) + 15τ(τ − 1) + τ]aτκτ . (12)

From (9)–(12), we conclude that

τ = (τ − 1) + 1

= S2,2(τ − 1) + S2,1,

τ2 = (τ − 1)(τ − 2) + 3(τ − 1) + 1

= S3,3(τ − 1)(τ − 2) + S3,2(τ − 1) + S3,1,

τ3 = (τ − 1)(τ − 2)(τ − 3) + 6(τ − 1)(τ − 2) + 7(τ − 1) + 1

= S4,4(τ − 1)(τ − 2)(τ − 3) + S4,3(τ − 1)(τ − 2) + S4,2(τ − 1) + S4,1,

and

τ4 = (τ − 1)(τ − 2)(τ − 3)(τ − 4) + 10(τ − 1)(τ − 2)(τ − 3) + 25(τ − 1)(τ − 2)

+15(τ − 1) + 1

= S5,5(τ − 1)(τ − 2)(τ − 3)(τ − 4) + S5,4(τ − 1)(τ − 2)(τ − 3) + S5,3(τ − 1)(τ − 2)

+S5,2(τ − 1) + S5,1.

Table 1. First few possibilities for Stirling numbers of the second kind (see [28]).

κh̄′(κ) κ2h̄′′(κ) κ3h̄′′′(κ) κ4h̄(4)(κ) κ5h̄(5)(κ) κ6h̄(6)(κ)

D1h̄(κ) 1 0 0 0 0 0

D2h̄(κ) 1 1 0 0 0 0

D3h̄(κ) 1 3 1 0 0 0

D4h̄(κ) 1 7 6 1 0 0

D5h̄(κ) 1 15 25 10 1 0

D6h̄(κ) 1 31 90 65 15 1

... 1
...

...
...

...
...

Dκ h̄(κ) 1 Sκ,2 Sκ,3 Sκ,4 Sκ,5 Sκ,6

In general, we have
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τκ = Sκ+1,1 + Sκ+1,2(τ − 1) + Sκ+1,3(τ − 1)(τ − 2) + · · ·
+Sκ+1,κ+1(τ − 1)(τ − 2)(τ − 3) · · · (τ − κ) (13)

= Sκ+1,1 + ∑κ+1
j=2 Sκ+1,j(τ − 1)(τ − 2)(τ − 3) · · · (τ − (j − 1)), κ = 1, 2, 3, · · · .

Using Sălăgean differential operator Dκ , we say that a function h̄(κ) belonging to ℵ is said
to be in the class Tκ(ϵ, ♭) if and only if

R

{
1 +

1
♭

[
(1 − ϵ)

Dκ h̄(κ)
κ + ϵ(Dκ h̄(κ))′ − 1

]}
> 0, (κ ∈ ℘), (14)

where ϵ ≥ 0; κ ∈ N0 = N∪{0} and ♭ ∈C\{0}.
Class Tκ(ϵ, ♭) was introduced and studied by Aouf [29], containing many well-known

and new classes of analytic univalent functions of a complex order. For example,

1. Tκ(0, ♭) = Gκ(♭) =
{

h̄ ∈ ℵ : R
{

1 + 1
♭

[
Dκ h̄(κ)

κ − 1
]}

> 0
}

;

2. Tκ(1, ♭) = Rκ(♭) =
{

h̄ ∈ ℵ : R
{
(Dκ h̄(κ))′ − 1

}
> 0

}
;

3. T0(ϵ, ♭) = G(ϵ, ♭) =
{

h̄ ∈ ℵ : R
{

1 + 1
♭

[
(1 − ϵ) h̄(κ)

κ + ϵh̄′(κ)− 1
]}

> 0
}

;

4. T0(0, ♭) = G(♭) =
{

h̄ ∈ ℵ : R
{

1 + 1
♭

[
h̄(κ)
κ − 1

]}
> 0

}
;

5. T0(1, ♭) = R(♭) =
{

h̄ ∈ ℵ : R
{

1 + 1
♭

[
h̄′(κ)− 1

]}
> 0

}
.

For the above classes and their special cases, one can refer to [29].

Furthermore, we have the following two subclasses:

T1(ϵ, ♭) = M(ϵ, ♭) = R

{
1 +

1
♭

[
h̄′(κ) + ϵh̄′′(κ)− 1

]}
> 0;

and

T2(ϵ, ♭) = N(ϵ, ♭) = R

{
1 +

1
♭

[
(1 − ϵ)

(
h̄′(κ) +κh̄′′(κ)

)
+ ϵ
(
κh̄′(κ) +κ2h̄′′(κ)

)′
− 1
]}

> 0.

In [30], Dixit and Pal introduced the following subclass of analytic functions:

Rϖ(E,D) =

{
h̄ ∈ ℵ :

∣∣∣∣ h̄′(κ)− 1
(E−D)ϖ −D[h̄′(κ)− 1]

∣∣∣∣ < 1, κ ∈ ℘,

where ϖ ∈ C\{0} and −1 ≤ D < E ≤ 1.
In Section 2, we recall some lemmas and useful relations, which will be useful to prove

the main results. Section 3 is devoted to obtain a sufficient condition for Υs
θ (κ) to be in the

class Tκ(ϵ, ♭). In Section 4, we provide a sufficient condition for Is
θ (Rϖ(E,D)) ⊂ Tκ(ϵ, ♭).

Finally, in Section 5, we give conditions for the integral operator Gs
θ h̄(κ) =

∫ κ
0

Λs
θ (t)
t dt to

be in the class Tκ(ϵ, ♭) .

2. Lemmas and Useful Relations

With simple calculations, we derive the following relations:

∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1 =

1
(1 − θ)s

− 1,
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∞

∑
τ=5

(τ − 1)(τ − 2)(τ − 3)(τ − 4)
(

τ + s− 2
s− 1

)
θτ−1 =

24θ4(s+3
s−1)

(1 − θ)s+4 ,

∞

∑
τ=4

(τ − 1)(τ − 2)(τ − 3)
(

τ + s− 2
s− 1

)
θτ−1 =

6θ3(s+2
s−1)

(1 − θ)s+3 ,

∞

∑
τ=3

(τ − 1)(τ − 2)
(

τ + s− 2
s− 1

)
θτ−1 =

2θ2(s+1
s−1)

(1 − θ)s+2 ,

∞

∑
τ=2

(τ − 1)
(

τ + s− 2
s− 1

)
θτ−1 =

θ( s
s−1)

(1 − θ)s+1 ,

and, in general, for s = 1, 2, 3, · · · , we have

∞

∑
τ=s+1

(τ − 1)(τ − 2)(τ − 3) · · · (τ − s)
(

τ + s− 2
s− 1

)
θτ−1 = s!θs (s+s−1

s−1 )

(1 − θ)s+s . (15)

To prove our main results, we need the following lemmas.

Lemma 1 ([29]). Let the function h̄(κ) be defined by (1). Then, h̄(κ) ∈ Tκ(ϵ, ♭) if and only if

∞

∑
τ=2

τκ [1 + ϵ(κ − 1)]|aτ | ≤ |♭|, (κ ∈ ℘). (16)

The result is sharp.

Lemma 2 ([30]). If h̄ ∈ Rϖ(E,D) is of the form (1), then

|aτ | ≤ (E−D)
|ϖ|
τ

, ϖ ∈ N− {1}. (17)

The result is sharp.

Unless otherwise mentioned, we shall assume in this paper that 0 ≤ ♭ < 1, 0 ≤ ϵ < 1
s ≥ 1 and 0 ≤ θ < 1.

3. Sufficient Condition

First of all, with the help of Lemma 1, we obtain the following sufficient condition for
Υs

θ (κ) to be in Tκ(ϵ, ♭).

Theorem 1. The series Υs
θ (κ) ∈ Tκ(ϵ, ♭), κ ∈ N, if

ϵ(κ + 1)!θκ+1 (s+κ
s−1)

(1 − θ)κ+1

+
κ+1

∑
j=2

(
ϵSκ+2,j + (1 − ϵ)Sκ+1,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s) (18)

≤ |♭|.

Proof. In view of (16), we will show that P1 ≤ |♭|, where

P1 =
∞

∑
τ=2

τκ [1 + ϵ(κ − 1)]
(

τ + s− 2
s− 1

)
θτ−1(1 − θ)s.

Using (14) and (15), we have
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P1 =
∞

∑
τ=2

[ϵτκ+1 + (1 − ϵ)τκ ]

(
τ + s− 2
s− 1

)
θτ−1(1 − θ)s

=
∞

∑
τ=2

[(ϵ + ϵSκ+2,κ+2 (τ − 1)(τ − 2) · · · (τ − (κ + 1)))

+ϵ
κ+1

∑
j=2

Sκ+2,j (τ − 1)(τ − 2) · · · (τ − (j − 1))

+(1 − ϵ)

(
1 +

κ+1

∑
j=2

Sκ+1,j (τ − 1)(τ − 2) · · · (τ − (j − 1))

)](
τ + s− 2
s− 1

)
θτ−1(1 − θ)s

= (1 − θ)s
[

ϵ
∞

∑
τ=κ+2

(τ − 1)(τ − 2)(τ − 3) · · · (τ − (κ + 1))
(

τ + s− 2
s− 1

)
θτ−1

+
κ+1

∑
j=2

(
ϵSκ+2,j + (1 − ϵ)Sκ+1,j

) ∞

∑
τ=j

(τ − 1)(τ − 2) · · · (τ − (j − 1))
(

τ + s− 2
s− 1

)
θτ−1

+
∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1

]

= ϵ(κ + 1)!θκ+1 (s+κ
s−1)

(1 − θ)κ+1

+
κ+1

∑
j=2

(
ϵSκ+2,j + (1 − ϵ)Sκ+1,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+(1 − (1 − θ)s).

Therefore, we see that the last expression is bounded above by |♭| if (19) is satisfied.

By putting κ = 1 in Theorem 1, we obtain the following corollary.

Corollary 1. The series Υs
θ (κ) ∈ M(ϵ, ♭), if

ϵθ2 s(s+ 1)

(1 − θ)2 + (2ϵ + 1)
(

θ
s

(1 − θ)

)
+ (1 − (1 − θ)s) ≤ |♭|. (19)

By putting κ = 2 in Theorem 1, we obtain the following corollary.

Corollary 2. The series Υs
θ (κ) ∈ N(ϵ, ♭), if

ϵ
θ3s(s + 1)(s + 2)

(1 − θ)3 + (5ϵ + 1)
θ2s(s + 1)

(1 − θ)2 + (4ϵ + 3)
θs

(1 − θ)
+ (1 − (1 − θ)s) ≤ |♭|. (20)

By putting ϵ = 0 in Theorem 1, we obtain the following corollary.

Corollary 3. The series Υs
θ (κ) ∈ Gκ(♭), if

κ+1

∑
j=2

(
Sκ+1,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s) ≤ |♭|. (21)

By putting ϵ = 1 in Theorem 1, we obtain the following corollary.
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Corollary 4. The series Υs
θ (κ) ∈ Rκ(♭), if

(κ + 1)!θκ+1 (s+κ
s−1)

(1 − θ)κ+1

+
κ+1

∑
j=2

(
Sκ+2,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s) (22)

≤ |♭|.

4. Inclusion Properties

Making use of Lemma 2, we will study the inclusion relation Rϖ(E,D) ⊂ Gκ(ϵ, ♭) .

Theorem 2. Let h̄ ∈ Rϖ(E,D). Then, Is
θ h̄(κ) ∈ Tκ(ϵ, ♭), κ ≥ 2, if

(E−D)|ϖ|
[

ϵκ!θκ (
s+κ−1
s−1 )

(1 − θ)κ

+
κ

∑
j=2

(
ϵSκ+1,j + (1 − ϵ)Sκ,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s)] ≤ |♭|. (23)

Proof. From (16), it suffices to show that P2 ≤ |♭|, where

P2 =
∞

∑
τ=2

τκ [1 + ϵ(κ − 1)]
(

τ + s− 2
s− 1

)
θτ−1(1 − θ)s|aτ |. (24)

Applying (17) of Lemma 2, we find from Equations (14) and (15) that

P2 ≤ (E−D)|ϖ|
[

∞

∑
τ=2

(
ϵτκ + (1 − ϵ)τκ−1

)(τ + s− 2
s− 1

)
θτ−1(1 − θ)s

]

≤ (E−D)|ϖ|(1 − θ)s
[

∞

∑
τ=2

[ϵ + ϵSκ+1,κ+1(τ − 1)(τ − 2) · · · (τ − κ)

+ϵ
κ

∑
j=2

Sκ+1,j (τ − 1)(τ − 2) · · · (τ − (j − 1))

+(1 − ϵ)

(
1 +

κ

∑
j=2

Sκ,j(τ − 1)(τ − 2) · · · (τ − (j − 1))

)]](
τ + s− 2
s− 1

)
θτ−1

≤ (E−D)|ϖ|(1 − θ)s
[

ϵ
∞

∑
τ=κ+1

(τ − 1)(τ − 2) · · · (τ − κ)

(
τ + s− 2
s− 1

)
θτ−1

+
κ

∑
j=2

(
ϵSκ+1,j + (1 − ϵ)Sκ,j

) ∞

∑
τ=j

(τ − 1)(τ − 2) · · · (τ − (j − 1))
(

τ + s− 2
s− 1

)
θτ−1

+
∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1

]

≤ (E−D)|ϖ|
[

ϵκ!θκ (
s+κ−1
s−1 )

(1 − θ)κ

+
κ

∑
j=2

(
ϵSκ+1,j + (1 − ϵ)Sκ,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+(1 − (1 − θ)s)].

However, this last expression is bounded by |♭|, if (23) holds.
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By putting κ = 2 in Theorem 2, we obtain the following corollary.

Corollary 5. Let h̄ ∈ Rϖ(E,D). Then, Is
θ h̄(κ) ∈ M(ϵ, ♭) if

(E−D)|ϖ|
[

ϵθ2 s(s + 1)

(1 − θ)2 + (2ϵ + 1)θ
s

(1 − θ)

+(1 − (1 − θ)s)] (25)

≤ |♭|.

By putting ϵ = 0 in Theorem 2, we obtain the following corollary.

Corollary 6. Let h̄ ∈ Rϖ(E,D). Then, Is
θ h̄(κ) ∈ Gκ(♭), κ ≥ 2, if

(E−D)|ϖ|
[

κ

∑
j=2

(
Sκ,j
)(

(j − 1)!θ j−1 (s+j−2
s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s)

]
≤ |♭|. (26)

By putting ϵ = 1 in Theorem 2, we obtain the following corollary.

Corollary 7. Let h̄ ∈ Rϖ(E,D). Then, Is
θ h̄(κ) ∈ Rκ(♭), κ ≥ 2, if

(E−D)|ϖ|[κ!θκ (
s+κ−1
s−1 )

(1 − θ)κ

+
κ

∑
j=2

(
Sκ+1,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s)] ≤ |♭|. (27)

5. An Integral Operator

In this section, we consider the integral operator Gs
θ defined by

Gs
θ h̄(κ) =

∫ κ

0

Λs
θ (t)
t

dt. (28)

Theorem 3. The integral operator Gs
θ h̄(κ) defined by (28) is in the class Tκ(ϵ, ♭), κ ≥ 2, if

ϵκ!θκ (
s+κ−1
s−1 )

(1 − θ)κ +
κ

∑
j=2

(
ϵSκ+1,j + (1 − ϵ)Sκ,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+(1 − (1 − θ)s)

≤ |♭|. (29)

Proof. From the definitions (2) and (28), we get

Gs
θ h̄(κ) = κ +

∞

∑
τ=2

(
τ + s− 2
s− 1

)
θτ−1(1 − θ)s

κτ

τ
.

By virtue of Lemma 1, we need only to show that P3 ≤ |♭|, where

P3 =
∞

∑
τ=2

τκ [1 + ϵ(κ − 1)]× 1
τ

(
τ + s− 2
s− 1

)
θτ−1(1 − θ)s,

or, equivalently,

P3 =
∞

∑
τ=2

(
ϵτκ + (1 − ϵ)τκ−1

)(τ + s− 2
s− 1

)
θτ−1(1 − θ)s.
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The sufficient condition (29) can be proved on the same lines of Theorem 2. Hence, the
theorem is proved.

By putting κ = 2 in Theorem 3, we obtain the following corollary.

Corollary 8. The integral operator Gs
θ h̄(κ) defined by (28) is in the class M(ϵ, ♭), if

ϵθ2s(s + 1)

(1 − θ)2 + (2ϵ + 1)
θs

(1 − θ)
+ (1 − (1 − θ)s) ≤ |♭|. (30)

By putting ϵ = 0 in Theorem 2, we obtain the following corollary.

Corollary 9. The integral operator Gs
θ h̄(κ) defined by (28) is in the class Gκ(♭), κ ≥ 2, if

κ

∑
j=2

(
Sκ,j
)(

(j − 1)!θ j−1 (s+j−2
s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s) ≤ |♭|. (31)

By putting ϵ = 1 in Theorem 2, we obtain the following corollary.

Corollary 10. The integral operator Gs
θ h̄(κ) defined by (28) is in the class Rκ(♭), κ ≥ 2, if

κ!θκ (
s+κ−1
s−1 )

(1 − θ)κ +
κ

∑
j=2

(
Sκ+1,j

)(
(j − 1)!θ j−1 (s+j−2

s−1 )

(1 − θ)j−1

)
+ (1 − (1 − θ)s) ≤ |♭|. (32)

Remark 1. Taking different choices of κ ∈ N, one can obtain new sufficient conditions and
inclusion relations for Pascal distribution series to be in the class Tκ(ϵ, ♭).

6. Conclusions

Differential operators play an important role in the geometric function theory (GFT).
In 1983, the Sălăgean operator introduced differential Dκ , which bear its name [19]. This
operator inspired many mathematicians to obtain new and interesting results by introduc-
ing many classes of analytic and univalent functions defined in the open unit disk (see, for
example, [31,32]). Recently, several new operators were written, involving the Sălăgean
operator [22,33]. Some mathematicians have used the Sălăgean differential in different
topics of the GFT, such as differential subordination [34], fractional integral operators [35],
and q-calculus [36]. Furthermore, this operator was also recently used to obtain results
related to the Fekete–Szegö inequality [37]. Very recently, Frasin [26] found a connection
between the Sălăgean differential operator and Stirling numbers. In the present paper, we
obtained new conditions for Pascal distribution series to be in the class Tκ(ϵ, ♭) of analytic
functions defined by the operator Dκ , including Stirling numbers. In addition, we proved
new conditions for the operator Gs

θ to be in the class Tκ(ϵ, ♭). Some special cases of our main
results were also obtained. This study could inspire researchers to find new conditions
and inclusion relations for Pascal distribution series to be in other classes defined by the
operator Dκ .

Author Contributions: Conceptualization, B.A.F. and L.-I.C.; methodology, B.A.F.; software, L.-I.C.;
validation, B.A.F. and L.-I.C.; formal analysis, B.A.F.; investigation, L.-I.C.; writing—original draft
preparation, B.A.F. and L.-I.C.; funding acquisition, L.-I.C. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.



Axioms 2024, 13, 620 11 of 12

References
1. Cho, N.E.; Woo, S.Y.; Owa, S. Uniform convexity properties for hypergeometric functions. Fract. Cal. Appl. Anal. 2002, 5, 303–313.
2. Porwal, S. Confluent hypergeometric distribution and its applications on certain classes of univalent functions of conic regions.

Kyungpook Math. J. 2018, 58, 495–505.
3. Altunhan, A.; Sümer Eker, S. On certain subclasses of univalent functions of complex order associated with Poisson distribution

series. Bol. Soc. Mat. Mex. 2020, 26, 1023–1034. [CrossRef]
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ăgean operator. Afr. Mat. 2020, 31, 483–492. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/math9192487
http://dx.doi.org/10.3390/sym13091553
http://dx.doi.org/10.1186/s13660-018-1888-3
http://dx.doi.org/10.1007/s13370-019-00737-5

	Introduction
	Lemmas and Useful Relations
	Sufficient Condition
	Inclusion Properties
	An Integral Operator
	Conclusions
	References

