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Abstract: Sdldgean differential operator D* plays an important role in the geometric function theory,
where many studies are using this operator to introduce new subclasses of analytic functions defined
in the open unit disk. Studies of Saldgean differential operator D* in connection with Stirling numbers
are relatively new. In this paper, the differential operator D* involving Stirling numbers is considered.
A new sufficient condition involving Stirling numbers for the series Y () written with the Pascal
distribution are discussed for the subclass T« (e,b). Also, we provide a sufficient condition for
the inclusion relation Z§ (R?(€,D)) C (e, b). Further, we consider the properties of an integral
operator related to Pascal distribution series. New special cases as a consequences of the main results
are also obtained.

Keywords: analytic functions; Hadamard product; Stirling numbers; Pascal distribution series

MSC: 30C45

1. Introduction

In recent years, several researchers used important distribution series, like the hy-
pergeometric distribution series [1,2], Poisson distribution [3], Pascal distribution [4,5],
Mittag—Leffler-type Poisson distribution [6,7], Miller—Ross-type Poisson distribution [8],
binomial distribution [9,10], generalized distribution [11], confluent hypergeometric distri-
bution [2], and hypergeometric-type probability distribution [12] to obtain some necessary
and sufficient conditions for these distributions to belong to certain classes of analytic
functions X, written as

h(s) =2+ Y acs, (1)
T=2
and defined in the open unit disk p = {5 € C: |»| < 1}.
For functions fi(>r) € X given by (1) and g(3¢) € X given by ([13,14])

Q(z) =+ Z crxt,
T=2
we define the Hadamard product (or convolution) of 7i(s) and g(») by

(hxg)(x) = %—i—liaTcT}fT = (gxh)(s).
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A variable X is said to be a Pascal distribution if it takes the values 0,1,2,3,...

with probabilities (1 0): 0s(1—0)° 0%s(s+1)(1—0)° 0%s(s+1)(s+2)(1—0)*
4 1! ’ bY ’ 31 ey

respectively, where 6 and s are called the parameters, and thus

v+s—1

P(X:v):( 61

Let Aj(5¢) be the following power series whose coefficients are probabilities of a Pascal
distribution [4]:

> 0°(1—6)°, v=0,1,2,3,---.

ad (T+5—2

A§() =+ ) 61 >9T_1(1—9)5%T, % € Q, ()
T=2

where s > 1,0 < 6§ < 1, and we note that, via the ratio test, the radius of convergence of the
above series is infinity.
Now, we consider the linear operator (see, [4])

Iih(x) : X = RN
defined by the Hadamard product

ad (T+5—2

Tgh(sc) = N§(5c) xh(sc) = sc+ ) 61 >9T1(1 —0)%arsx", wep. (3
=2

Differential operators play an important role in the geometric function theory such
as the Alexander integral operator [15], generalized Bernardi operator [16], Ruscheweyh
derivative operator [17], Carlson-Shaffer operator [18], Sdldgean differential operator [19],
Noor integral operator [20], Dziok-Srivastava operator [21], Al-Oboudi differential opera-
tor [22], and many others. Making use of these operators, many studies introduced new
subclasses of N of analytic functions defined in the disk p (see, for example, [23,24]).

For a function () in X, we define

D% (3) = h(s), (4)
D'fi(3) = »H' (), (5)

and, in general, we have
D*n(5) = »(D* 'h(>))’,  (x €N). (6)

The differential operator D* was introduced by Sildgean [19].

The Stirling number of the second kind [25] is the number of ways to partition a set of
k objects into j non-empty subsets and is denoted by Sy ;.

Studies of the Sdldgean operator ID* in connection with Stirling numbers are relatively
new, where in [26] (see [27]), Frasin noticed that operator D* can be written in terms of
Stirling numbers, as follows:

DFh(x) = (D h(x)),
S 5¢h (30) + S5 (3¢) + Sy 33 (32) + -+ + S W (50),  (7)

= ) SK,]-%jh(j)(%), (k eN),
j=1

where
SK,j = jSK—l,j + SK—l,j—lr and Sx,l = Sk = 1. (8)

For example,



Axioms 2024, 13, 620

30f12

(i) If k = 2, we have

D?h(3) =

where

(ii) If k = 3, we have

D3i(3) =

%(Dlh(%))’,
sl (5¢) + %27'1"(%),
So1 %h'(%) + 52,2%2)*1”(%),

52,1 = 52,2 =1.

%(]1))2F1(%))’,
sl (32) 4 320" (5¢) + 530" (),
S3,19¢h (32) + S35 1" (3¢) + S3,35°H" (5¢),

where
S32 = 25,+5,1=3
S31 = S3z=1
(iii) If k = 4, we have
Di(se) = 2(D3h(x)),

= st (5¢) + 750" (52) + 650" (32) 4 540D (52),
= Sy1sl (36) 4 Syp5h" (5¢) + S4 350" (5¢) + Sy 4™ (52),

where

(iii) If k = 5, we have

Dh() = 3(D*(3)),

S4p = 2530+531=7,
S43 = 3533+ S32 =06,
S41 = Ssa=1

= 3l (5¢) + 15521 (3¢) + 2550 (32) 4 1050 @ (52) 4 3500 (50),
= Ssqach! (52) + S525 0" (50) + Ss5,35°H" (32) 4 545 0™ (30) + 555710 (50),

where

Ssp = 2842+ S41 =15,
Ss3 = 3543+ S4p =25,
Ss4 = 4544+ S43 =10,
Ss51 S55 = 1.

Table 1 below represents the coefficients Sk, of »* 1) (s);1<x<e6.
For x = 2,3,4,5, we observe that

o0
ety Tarnt =

D2f(s) = 20" (5¢) + sl (3),
»+ i [T(T—1) + T]ars", 9)
=2

=2
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D3(s) = 250" (3¢) + 3520 (5¢) + st/ (52),
%+ir3a77f = %+i (t=1)(t—2)+3t(t—1) + T]acs", (10)
T=2
D) = *h <4>( ) 4 651" (50) + 752H" (32) + s (52),
%+ir4aT%T = %—l—z T(t—1)(t—2)(t=3)+6T(T—1)(T—2)
T=2
+7T(T —1)+1], (11)

and

Dh(5) = 310 (5¢) 4+ 1551 ®) (3¢) + 25531 (5¢) 4 10521 (3¢) + 2 (52)

%+i75arxf = %Jrz (t—1)(t—2)(t—-3)(t—4) +10t(t - 1)(t - 2)(T - 3)
T=2
+25T(T —1)(t—2)+157(7 — 1) + T]acx". (12)

From (9)—(12), we conclude that

T = (t—-1)+1
= Spa(t—1)+ Sy,
? = (t1-1)(t-2)+3(r—-1)+1
= S33(T—1)(T—2) +S32(T—1) + S31,
©? o= (t-1)(r-2)(r-3)+6(t—1)(t—2)+7(t—1)+1
= S4a(t=1)(T=2)(T=3) + S43(T = 1)(T = 2) + Syp(T = 1) + S41,
and
™ = (t-1)(r-2)(t-3)(t1—4) +10(t —1)(t —2)(t —3) +25(t — 1)(7 — 2)
+15(1—1) +1

= Ss5(1—1)(T—2)(t—=3)(1—4)+Ssa(t—1)(T—2)(T—3) + S53(t—1)(T —2)
+S52(T—1) + S5,.

Table 1. First few possibilities for Stirling numbers of the second kind (see [28]).

il () 2W' () B (%) %4;,(4)(%) %5;1(5)(%) %6h(6)(%)

D' () 1 0 0 0 0 0
D?#( ) 1 1 0 0 0 0
D37 (5¢) 1 3 1 0 0 0
D4 () 1 7 6 1 0 0
D31(5¢) 1 15 25 10 1 0
D% () 1 31 90 65 15 1
1 :
D*h(52) 1 Sk Sx3 Sk Sk5 Sk6

In general, we have
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T = Sep11+ Ser12(T— 1) + Sepia(t—D)(T—2) + - -
+Si1pp1(T—1)(t=2)(t—=3)--- (T —x) (13)
S+ D Syt DT - =3) - (T = (= 1)), k=1,23,---.

Using Sdldgean differential operator ID*, we say that a function i(¢) belonging to N is said
to be in the class T« (€, b) if and only if

1 D*
9{{1+b I:(le)il{(%)+€(DKh(%))/1:|} >0, (x€yp), (14)
where € > 0;x € Ny = NU{0} and b €C\{0}.
Class T« (€,b) was introduced and studied by Aouf [29], containing many well-known
and new classes of analytic univalent functions of a complex order. For example,

1. %(0,b) = Ge(b) = {heN m{1+ [m( ) _ }} >o};

2. Te(Lb) = Relb) = {he N:S)%{(]D)"h(z))’—l} >o}

3. ‘Zo(e,b):G(e,b):{heN:%{l—i—% (1—e)"9 1 e (5¢) — 1” >o};
4 To(00) =G() = {nen:nf1+ L[H2 - 1”>0};

5. To(1,h) = R() = {neN:R{1+ L[ () - 1]} > 0}.

For the above classes and their special cases, one can refer to [29].

Furthermore, we have the following two subclasses:

T1(e,b) = M(e,b) = 9%{1 + % [ (5¢) + €l (5¢) — 1] } > 0;

and

/
T(e,b) = N(e,b) = Eﬁ{l + % [(1 —e) (W (50) + 5" () + e(%h/(%) + zzh”(%)) — 1] } > 0.
In [30], Dixit and Pal introduced the following subclass of analytic functions:

@ _ . h/(%>_1
R (6,@)-{?16&. ‘(@—@)w—@[ﬁ’(%)—l]‘ <1, xe€gp,

where @ € C\{0}and -1 <D < ¢ <1
In Section 2, we recall some lemmas and useful relations, which will be useful to prove
the main results. Section 3 is devoted to obtain a sufficient condition for Y§ () to be in the

class T (€,b). In Section 4, we provide a sufficient condition for Z3 (R (€, @)) C TK(G b).

Finally, in Section 5, we give conditions for the integral operator Gji() =
be in the class Ty (€, b) .

2. Lemmas and Useful Relations

With simple calculations, we derive the following relations:

o (T+s—2\ rq_ 1
L () =

=2
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:é(r1)(T2)(T3)(T4)(T-5|—i12>m_1 ) (2149_45;2,
Ti(r—n(f:i;z)ml ) (19_(9)1)+1

and, in general, fors =1,2,3,-- -, we have

5 (T—l)(T—Z)(T—3)-~(T—S)(T+5_2> gt — g o) (15)

T4l s—1 (1-0)""
To prove our main results, we need the following lemmas.

Lemma 1 ([29]). Let the function h(sc) be defined by (1). Then, hi(x) € T (€,b) if and only if
YT +elc—Dlac| < pf, (€ ) (16)
T=2

The result is sharp.

Lemma 2 ([30]). Ifh € R?(€&, D) is of the form (1), then

lae| < (@_@)@, @eN-{1}. (17)

The result is sharp.

Unless otherwise mentioned, we shall assume in this paper that0 <b <1,0<e <1
s>land 0 <0 < 1.

3. Sufficient Condition

First of all, with the help of Lemma 1, we obtain the following sufficient condition for
Y (5) to bein Ty (e, b).

Theorem 1. The series Y§ () € Tk(e,b), k € N, if

G(K + 1)|6K+1 (;tll()
' (1 . 9)K+1
K+1 , <5+J‘*2)
+ ) (€St + (1—€)Skt1,) ((]' - 1)!9]_15_1-_1> +(1-(1-6)%) (18
=2 1-0y

< |b].

Proof. In view of (16), we will show that P; < |b|, where

p = ir"[l +e(k—1)] (T :—5;2> 0T 1(1-6)".

Using (14) and (15), we have
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P = :iz[er'fﬂ +(1-e)1"] (T jf;z) o71(1— 9)°
= i[(€+€SK+Z,K+2(T—l)(T—Z)"'(T—(K—i—l)))
=2
x+1
#L, Seaay (T 1)(T=2) (1 (1)
L
K+1 _
+<1—e><1+]§sx+l,j <r—1><r—z>~~<r—<j—1>>> ("I taor
R o T+s—2\
- (-0 [er_zm(r—l)(r—2><r—3>~~~<r—<x+1>>( e
x+1 00 _
Y (€S + (=€) Llr - D=2 (= G- (T T2 F)or
= =
o (TH5—2)\
+T2=2( el >6 1]
x+1 (i}f)
= e(xk+1)0 m
K+1 _ - (5@';2)
+ ]; (€Skr2; + (1 —€)Ss1,j) ((] -1 (1_59)]_1>
+(1—-(1-6)%).

Therefore, we see that the last expression is bounded above by |b| if (19) is satisfied. [

By putting x = 1 in Theorem 1, we obtain the following corollary.

Corollary 1. The series Y§ () € M(e,b), if

+(2€+1)(95> +(1-(1-0)%) <. (19)

s(s+1)
eb? =)

(1-06)*

By putting x = 2 in Theorem 1, we obtain the following corollary.

Corollary 2. The series Y§(>) € N(e,b), if

63s(s S 625(s Os
€ ((;L_l););r 2) + (5e+1)(1(_;r)? + (4e + 3) i-0

+(1—=(1-06)%) <pb|. (20)

By putting € = 0 in Theorem 1, we obtain the following corollary.

Corollary 3. The series Y§(») € Gx(b), if

] R )
Y (Ses1) ((; ~ DT 9)j1> +(1-(1-0)) <Pl (21)
]:

By putting € = 1 in Theorem 1, we obtain the following corollary.
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Corollary 4. The series Y§ () € Ri(b), if

(i + 1)!9”1&
(1 _ 9)K+1
e G .
< bl

4. Inclusion Properties

Making use of Lemma 2, we will study the inclusion relation R? (&, ©) C G(e,b) .

Theorem 2. Let it € R?(€,D). Then, Zjh(x) € Tk(e,b), k > 2, if

s+x—1
(¢ —D)|@||ex!d" ((1:_—2)3(
K ) (5+j;2)
+ g(esx+l,j + (1 —¢€)S) ((j - 1)!9’1(1_59)]»1> +A-Q1=-0))]<pl. (23
]:

Proof. From (16), it suffices to show that P, < |b|, where

P, = iTK[1+€(K—1)](T:iIZ>9T1(1—9)5|ar|. (24)

=2

Applying (17) of Lemma 2, we find from Equations (14) and (15) that

P, < (¢€—9)a| i(e*{ +( )r“‘l) (T:fIZ)GT—lu—e)ﬁ]
< (G—S)le(l—9)5[i[eﬂLeSKH,KH(T—l)(T—Z)---(T—K)
+efzzsx+l,j<r1><rz>m<r<f1>>
=
+(1—e)(l—l—]ésm(r—l)(r—Z)---(T—(j—1))>] (ijf)ef—l
< <e—@>|w|<1—9>5[er_élu—l)(r—z)---<r—x>(Tj5}2)6T1
+i(es,<+1] + (1 —€)Sy)) i(r—l)(T—Z)---(T— (j—1))<T?:I2>9T—1
j=2 T=j
+i<’t’+5 >6T11
< (e-D)|o]|ex!o" (35)
= T (1-0)f
: . GO0
+]§(esk+1] + (1 —€)Sy)) ((]—1)!91 (1_9)1_1>
+(1—(1-0)%)).

However, this last expression is bounded by |b|, if (23) holds. [
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By putting x = 2 in Theorem 2, we obtain the following corollary.

Axioms 2024, 13, 620
Corollary 5. Let i € R(€,D). Then, Zih(x) € M(e,b) if
(€ —D)jo||et?SEFY | (2e +1)9—
(1—6)* (1-9)
+(1=(1-0)%)] (25)

< bl

By putting € = 0 in Theorem 2, we obtain the following corollary.

Corollary 6. Let i € R?(€,D). Then, Zjh(x) € Ge(b), k > 2,if
x ] (5+j;2)
(€—2)@||)_(S)) <(j—1)!(9]_1 £ ]._1> +(1—-(1-0)%)| < bl (26)
=2 (1-0)
By putting € = 1 in Theorem 2, we obtain the following corollary.
Corollary 7. Let h € R?(€&,D). Then, Zjh(x) € Re(b), k > 2, if
(5+K11)
¢-—2 19" ==
O
(27)

+j-2
(5511 )

((i —1)0! (1—0)

+ 3 (Sx41,)

j=2

) +(1=(1-6)%)] < p|.

(28)

5. An Integral Operator
In this section, we consider the integral operator G; defined by
Aj(t)

Gan(x) = /0% 2,
(5+j—2)

Theorem 3. The integral operator G3h(¢) defined by (28) is in the class Ty (e,b), k > 2, if
€)Sej) | (-1t —==L
) K,]) ((] ) (1 . 6)]71

)

K

(5+K—1)
+ Z(GSK—H,]' +(1

s—1

(29)

ex!e* d—o) L
+(1-(1-6)°)

< Ppl.
Proof. From the definitions (2) and (28), we get

o (T+s5—2 5"
-

) 07 1(1-10)

Gh(s) :%+§2 e 1

By virtue of Lemma 1, we need only to show that P3 < |b|, where
) 91’—1 (1 _ 9)5,

ad 1/t+s—2
_ K _ _
P3_§2r [1+e(x 1)]><T( e 1
or, equivalently,
- T+s—2 -1 _n\s
(2 7)o

Py=) (er" +(1- G)TK_l)

=2
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The sufficient condition (29) can be proved on the same lines of Theorem 2. Hence, the
theorem is proved. [

By putting x = 2 in Theorem 3, we obtain the following corollary.
Corollary 8. The integral operator G3h() defined by (28) is in the class M(e,b), if

€6?s(s +1)
(1-0)?

+(2¢+1) +(1—(1-0)) < bl. (30)

6
(1-6)
By putting € = 0 in Theorem 2, we obtain the following corollary.

Corollary 9. The integral operator G3h(¢) defined by (28) is in the class Gx(b), x > 2, if

+j-2
(5511 )

(1-0)"

K

(Sxj) ((j—1)!91'1 1) +(1—(1-6)°) <p|. (31)

j=2

By putting € = 1 in Theorem 2, we obtain the following corollary.

Corollary 10. The integral operator G5h(s<) defined by (28) is in the class Ry (b), x > 2, if

(5+K—1) x

' s+j—2
meKﬁ + ;(SKHJ) ((j - 1)!911(1(_591)1‘)1) +(1-(1-0)°) <. (32
=

Remark 1. Taking different choices of x € N, one can obtain new sufficient conditions and
inclusion relations for Pascal distribution series to be in the class Ty (€, b).

6. Conclusions

Differential operators play an important role in the geometric function theory (GFT).
In 1983, the Sédldgean operator introduced differential D*, which bear its name [19]. This
operator inspired many mathematicians to obtain new and interesting results by introduc-
ing many classes of analytic and univalent functions defined in the open unit disk (see, for
example, [31,32]). Recently, several new operators were written, involving the Salagean
operator [22,33]. Some mathematicians have used the Saldgean differential in different
topics of the GFT, such as differential subordination [34], fractional integral operators [35],
and g-calculus [36]. Furthermore, this operator was also recently used to obtain results
related to the Fekete-Szeg6 inequality [37]. Very recently, Frasin [26] found a connection
between the Saldgean differential operator and Stirling numbers. In the present paper, we
obtained new conditions for Pascal distribution series to be in the class T (€, b) of analytic
functions defined by the operator D¥, including Stirling numbers. In addition, we proved
new conditions for the operator G to be in the class T (€,b). Some special cases of our main
results were also obtained. This study could inspire researchers to find new conditions
and inclusion relations for Pascal distribution series to be in other classes defined by the
operator D*.
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