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Abstract: This paper examines the stability behavior of the nonlinear dynamical motion of a vibrating
cart with two degrees of freedom (DOFs). Lagrange’s equations are employed to establish the
mechanical regulating system of the examined motion. The proposed approximate solutions (ASs) of
this system are estimated through the use of the multiple-scales method (MSM). These solutions are
considered novel as the MSM is being applied to a new dynamical model. Secular terms have been
eliminated to meet the solvability criteria, and every instance of resonance that arises is categorized,
where two of them are examined concurrently. Therefore, the modulation equations are developed
based on the representations of the unknown complex function in polar form. The solutions for the
steady state are calculated using the corresponding fixed points. The achieved solutions are displayed
graphically to illustrate the impact of manipulating the system’s parameters and are compared to
the numerical solutions (NSs) of the system’s original equations. This comparison shows a great
deal of consistency with the numerical solution, which indicates the accuracy of the applied method.
The nonlinear stability criteria of Routh-Hurwitz are employed to assess the stability and instability
zones. The value of the proposed model is exhibited by its wide range of applications involving ship
motion, swaying architecture, transportation infrastructure, and rotor dynamics.

Keywords: nonlinear vibrations; perturbation methods; Lagrange’s equations; resonance; fixed
points; stability
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1. Introduction

Investigating the dynamical motion of vibrating systems is an important area of
nonlinear dynamics. These systems vary depending on the motion of blocks connected
by springs that move horizontally, vertically, or on inclined surfaces. We also have
such vibrations in the planar motion of various connected pendulums with small or
large masses (which in many cases may be represented by rigid bodies) with linear or
nonlinear oscillators.

In various research publications, including [1-5], the planar movement of a pendulum
was examined to describe its motion. The pivot point of a simple pendulum was restricted
in [1] to follow an elliptic route. Some instances were studied to illustrate the various
motions of this point. In [2—4], the chaotic behavior of a parametrically activated pendulum
was examined experimentally, analytically, and numerically. In [5], the authors investi-
gated the sinusoidal motion of the nonlinear oscillations of an energized auto-parametric
dynamical system. The system’s response was evaluated using the method of harmonic
balance [6]. In [7], this approach is employed to determine the analytical outcomes for the
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oscillatory movement of an auto-parametric system that is coupled with a nonlinear spring
pendulum (SP) near one of the emerging resonances. The authors validated their findings
by comparing the obtained results to the numerical solutions.

To derive the approximations of the regulating equations of motion (EOMs) of such
relevant dynamical systems, the MSM [6] is employed in a number of published papers,
including [8-16]. In [8-10], the oscillations of an SP are studied under the action of external
harmonic moments and forces when the suspension points move along various paths
with constant angles of rotation. For the stable motion, the probable fixed points and
the associated steady-state solutions were identified. In [11], the authors used a fixed
pivot point, focusing on the exploration of oscillatory motion in a rigid body acting as
a pendulum. The generalizations for the oscillatory movement of a damped rigid body
pendulum with linear and nonlinear stiffness were examined in [12,13], respectively, with
the motion of the pendulum’s supported point constrained to be on an elliptical path. The
resulting solutions are illustrated with potential resonance curves for various parameters
of the system. An additional extension was developed in [14], where the supported point’s
route resembles a Lissajous curve. The analytical and numerical outcomes were contrasted
to demonstrate their substantial degree of consistency and to confirm the high degree of
accuracy of the applied analytical technique. In [15], a 3DOF double pendulum moving
under the impact of two harmonic moments and forces was studied. The initial pendulum
was constrained to be rigid, where its first point is restricted to moving on an ellipse,
whereas its second end is connected by a damped SP. The achieved solutions were plotted
and compared to the numerical solutions. In [16], the resonance curves that correspond to
the stability regions and instability ones of a 2DOF mathematical model were studied. The
motion was restrained to be in a plane, influenced by harmonic forces applied at the SP’s
free end and a harmonic moment at the pivot point.

In [17], the authors explored how a damped SP moves when a resistance force is
present, in addition to a torque at a fixed point and a harmonic force at the pendulum’s free
end. In [18], the authors investigated how well the 2DOF spring-damper responds to the
drag and buoyancy forces and to an excitation force. All resonant instances are identified,
and the solutions at the steady state are verified under the solvability requirements. A
significant contribution to the field of nonlinear dynamics and mechanical systems by ad-
vancing the understanding of energy interactions in complex coupled systems is examined
in [19]. The outcomes have potential applications in various engineering and physical
systems where such quadratic couplings and resonances are presented.

Numerous investigations, including those in [20-26], have used numerical or analytical
analysis to study the resonances for the systems of a Duffing pendulum. In [20], the method
of harmonic balance is employed to examine the reactions of an auto-parametric system
that consists of a mass, a spring, and a damper. In [21], the analytical solutions of an
auto-parametric model that consisted of a coupled damped pendulum and a nonlinear
oscillating model close to the major area of resonance were investigated. In [22], the author
looked at the vibrations of a 2DOF dynamically autonomous system formed of coupled
oscillators with the nonlinearity of self-excitation of a Duffing type. In [23], the behavior
of an auto-parametric model under a harmonic external force was explored. To enhance
the system’s dynamics and regulate movements, the authors considered using a nonlinear
spring and a semi-active magnetic damper. The harmonic balance approach was used
in [24] to generate the analytical solutions for this system, which are then validated by
comparison with numerical outcomes. The analysis of the oscillation reduction and energy
harvesting for a similar system was studied [25], where the concepts of vibration absorber
and energy harvesting are extremely similar. In [26], numerical analysis was used to explore
a model of a dynamical pendulum that was subjected to a forced Duffing oscillator, and an
analysis of the pendulum’s bifurcation was carried out.

The study of nonlinear dynamics in structural mechanics has grown in importance as
a tool for studying the complex behaviors of composite structures and modern engineered
materials. The aspects of nonlinear resonance and dynamic responses have been explored in
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depth recently, revealing phenomena that were previously unknown or poorly understood.
Therefore, significant contributions from recent works in this field were highlighted.

In [27], the authors focused on the behavior of rotating graphene platelets reinforced
with metal foam plates in thermal settings by examining the nonlinear resonance and
chaotic dynamics of these materials. That work shed light on the complex interplay
between material composition, structural geometry, and environmental factors. In [28], the
nonlinear combined resonance of axially moving conical shells was examined, focusing on
the interaction between transverse and parametric modes. This work provided valuable
insights into the dynamic response of these structures under varying loading conditions.
In [29], the coupled resonance of cylindrical shells made of metal foam reinforced with
graphene platelets and spinning motion under nonlinear forced vibration was investigated.
This research advances our understanding of the dynamic behavior of composite cylindrical
shells under intricate loading conditions. In [30], the nonlinear low-velocity impact of
magneto-electro-elastic plates was examined while taking into account the impact of initial
geometric flaws. An examination of how these plates react to impact loading was developed,
with implications for aerospace applications.

In this study, the stability behavior of a 2DOF vibrating cart is investigated. The
mechanical governing equations are established using Lagrange’s equations of the second
kind and solved analytically using the MSM to the third approximation. To obtain the
conditions of solvability, secular terms are removed. All emerging cases of resonance are
categorized, and two of these are then simultaneously examined. As a result, the equations
of modulation are created with a focus on the polar form representations of the unknown
complex function. By using the associated fixed points, the steady-state solutions are
found. The obtained solutions are plotted to show their dependence on the system’s acting
parameters and are verified by comparison with the NS of the system’s original equations.
This comparison shows their consistency with the NS, which provides evidence of the
method’s high degree of accuracy. The nonlinear stability of Routh-Hurwitz criteria is used
to assess the stability and instability zones according to various plots for resonance curves.
The main difference between the current work and previous research lies in the wider range
of parameters, such as mass distribution, damping, and stiffness, under which the structural
characteristics and mode of oscillation are studied. While some systems may resonate
strongly at specific frequencies, others may exhibit a complex behavior, including chaotic
oscillations or multiple mode interactions. The studied model has a stationary behavior
during the time interval under study. The model’s numerous applications, including those
for ship motion, swaying structures, transportation infrastructure, and rotor dynamics,
highlight its importance. Moreover, this work presents contributions to both theoretical
understanding and practical applications of resonance phenomena in dynamic systems. Its
insights might pave the way for improved system design, control, and risk management
across various engineering disciplines.

2. Dynamical Modelling

This study examines a 2DOF dynamical system composed of two components. The
first component is a cart with an inclined surface and mass g attached to a nonlinear
spring with length I, stiffness coefficients k, and k4, and a damper with constant by, with
the inclined surface making an angle 6y with the horizontal surface. The second component
is a uniform disc of mass m that rolls on the cart’s inclined surface and maintains contact
with mg. The mass m is restricted by a damper with a coefficient b, and a nonlinear spring
with stiffness k1, k3 and length /1, whose other end is fixed to the cart. The constants k1, k»
and ks, k4 are considered to be linear and nonlinear stiffness coefficients, respectively. A
horizontal harmonic external force F(t) is applied to the center of the mass m; see Figure 1.
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Figure 1. The examined model’s structure.
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Mathematically, the system’s potential and kinetic energies are expressed by the
follwing;:
V= 3{kX2+kX?) + § (kXa* + kaX?),
.2 .2 ) L. (1)
T=1impX + ;m(x +X; + 2XX1c0590>.

where X depicts the cart’s horizontal position, X; is the corresponding oblique position at
time t, and the differentiation with respect to time is represented by a dot. The horizontal
force applied to the center of m is expressed by F(t) = Fcos(Qt), where ) and F are the
forcing frequency and amplitude of the force F(f), respectively. Using the Lagrangian
L =T —V, the EOMs are expressed by Lagrange’s equations.

B3 - () = o
H(3E) - () -

where X and X are the generalized coordinates, and the generalized forces Qx and Qx,
are expressed by, respectively:

Qx = F(t) — b X,

: (3)
QX1 = P(t)COSGO - b]Xl

Using (1)-(3), we obtain the dimensionless expressions of the EOMs in the forms
5&+‘31k1 +X+V1X3+C156 :flcos(pt>, (4)

X1+ Bax + wx + poxs® + ooxy = szOS(Pt>- (5)

where we used the following frequencies and variables

k k wy? Q kyty? 2k301?
2 _ 2 2_ ko 2 _wpt L Kafy _ 2kt
“r = m0+m'w2 15m’ w12'p wl'm ko 1 3mw;2
fi= F _ 2Fcosby o b o — 2by
1= (mo +m)w12€1' 2= 3mw12€1' = (mO +m)w1' 2 371’!601,
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mcosQO

2
= —costy.
, B2 costy

3

The system of Equations (4) and (5) are two nonhnear ordinary differential equations
(ODEs) in the variables x and x7.

X
Tzwlt,xzaﬂq Z LB =

3. Analytical Solution

In nonlinear dynamics, the MSM stands out as a powerful analytical tool for investi-
gating the behavior of complex systems. This approach is especially valuable for systems
with multiple time scales, where traditional perturbation techniques may not fully and
accurately capture the full range of dynamic behaviors. Additionally, the MSM have the
following properties:

(@) Accuracy and efficiency: One of the key advantages of this method is its ability to
provide accurate solutions for systems with nonlinearities while maintaining compu-
tational efficiency. By incorporating multiple time scales, this approach offers a more
comprehensive representation of the system’s dynamics than traditional perturbation
methods [6].

(b) Capture of higher-order effects: This method may capture higher-order effects, which
results in more precise predictions of system behavior. This is in contrast to linear
perturbation methods, which normally only take into account first-order approxima-
tions. This is particularly important for systems whose dynamics exhibit a significant
nonlinear behavior [31].

(c) Applicability to different systems: Due to its adaptability, the MSM can be used to
solve a variety of scientific and engineering problems [32].

(d) Deeper understanding of nonlinear processes: By using this method, researchers can
understand the underlying nonlinear processes that control the behavior of the system.
By breaking down the dynamics into various time scales, the method clarifies the
interactions and mechanisms behind the observed behavior [33].

(e) Validation and Verification: Despite the many advantages of the MSM, it is necessary
to verify its results by using numerical simulations. This guarantees the precision and
dependability of the AS obtained by this approach, especially for intricate systems,
where obtaining AS may present difficulties [34].

Overall, the solution of the MSM represents a significant milestone in the study
of nonlinear dynamics, offering a powerful framework for analyzing and understanding
complex systems across various disciplines. There are many other methods that can be used
to achieve the desired solutions, such as the Lindstedt-Poincaré method [6], the harmonic
balance method [35], the homotopy perturbation method and its modification [36-38], the
optimal auxiliary functions method [39], and others.

The primary goal of the present section is to apply the MSM and derive the AS of
the dimensionless form of the EOMs (4) and (5). Additionally, we deal with resonance,
obtain solvability criteria, and arrive at the equations of modulation. Since all oscillations
are expected to have small amplitudes, we can model them with using a small parameter
0<ex,ie,

x(1) =¢€l(T;€),x1(T) = ex(T; €). 6)

This parameter serves as a measure of how “small” the perturbation is compared to
the main quantities or parameters of the system.

In the context of the MSM, the desired analytic solutions ¢ and x are expanded as
follows [6]

3
I= Y & 8% (n,m,n) +0(),
k=1
- %
X = k;] Skfl)(k(”[g, Tl,Tz) + 0(83).
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where 7, = ¢'t(n =0,1,2) are different time scales [19]. In terms of these scales, the
derivatives will have the following form

d _ 9 J 2 d 3
E—E"’EE"FE E—FO(E ),

8)
) 92 2 3 (
az — TT§+2£BTOBT1 +e < +261'08T2> +O(£ )

In (8), terms with an O(¢®) or higher can be ignored. The following parameters of
the generalized forces” amplitudes, damping coefficients, and others are assumed to be
minimal, i.e.,

fi=2fpei=ecipi=eppj=(12) ©

where f, E]», and B; are considered quantities of order 1.

Making use of (6)—(9), substituting into (4) and (5), and subsequently equating the
coefficients of the equal powers of ¢, we obtain the following groups of partial differential
equations (PDEs).

Of order (¢):

M -0 ay
Of order (&?):
e i hER &

Of order (&%)

%53 + 3= f1C05(pT0) S R Y S WA

E ot} 90Ty 97997y (14)
P Xz 2
- Cl a'['(] 2181 aToaTl ﬁl - ylgl 4
a Xs + b (p10) — Px 2 C s 2 %X
(U X3 fZCOS pTO ﬁ aToaTz aTOa'L’l (15)
M _op 2
—cp o~ 2Pramen aroarl /52* — HaX1”-

The preceding six PDEs will be solved later. Equations (10) and (11) are homogeneous;
so, we may formulate their general solutions as follows:

&1 = A0+ Age'0, (16)

X1 = Azei“’TO +Zz€_iWTO. 17)

where Aj(11,72) and Aj(11, 72) are complex functions of 71 and 1, and their complex
conjugate. Secular terms are produced by the substitution of (16) and (17) into (12) and (13).
Eliminating the secular terms requires that

24,

9n = 0, (18)

d0A;
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Consequently, we may express the second-order solutions as:
&= B2 oy, (20)
EZAl iTO
== CC. 21
2= raont + (21)

where CC is the complex conjugate of the preceding terms. Based on the previous simula-
tions, secular terms are produced by applying (16), (17), (20), and (21) to the third-order
Equations (14) and (15). The following equations are needed to drop these secular terms

BB, A - A~

5)1252_11) A A} -2l A =0, (22)

3.8 WA — )\ Lo~
13(1152602)2 — 3]/12A2A% — leTT; —iwcyAy = 0. (23)

Therefore, the third-order solutions become
~ | . ‘

= e+ AN 4 CC, (24)
_ e 1 a3 25
AT L v Lo LS )

The complex conjugates of the preceding terms are represented by CC. The undeter-
mined functions A; (j = 1,2) may be obtained using Equations (18), (19), (22) and (23), and
the following initial conditions.

¢(0) = Ao1,6(0) = Agz,

x(0) = Agz, x(0) = Aga.

where Ay (s = 1,2,3,4) are constant quantities.

4. Resonance Analysis

In this section, we categorize the resonance cases, obtain the modulation equations,
and examine two cases. It is known that resonance occurs when a system is subjected to a
periodic force at a frequency that matches the system’s natural frequency. This causes the
system to oscillate with a significantly larger amplitude than it would at other frequencies.
The resonance cases can be identified by the vanishing of the denominators of the obtained
solutions [40], and they can be classified as major external resonance, which occur primarily
at p = 1 or p = w, and internal one, when w = 1. It should be noted that the system
will exhibit a complicated behavior if one of these resonance conditions is satisfied. If the
system’s oscillations do not approach resonance, the above asymptotic solutions will be
valid. Therefore, it is necessary to regulate the utilized method if any of these cases are
satisfied. Here, we explore both major external resonances. Thus, we consider the cases
p =~ land p ~ w. To accomplish this, the following detuning parameters ¢;(j = 1,2) are
introduced [41].
p=1+o, p=w+o0. (26)

In a forced oscillator, the detuning parameters measure the differences between the
natural frequencies of the oscillator and the frequencies of the external driving force.
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It quantifies the distance between the oscillatory motion and the stringent resonance
condition [42]. The following is the expression of those parameters using the parameter ¢

oj=e0j; (j=1,2). 27)

Substituting (26) and (27) into the set of PDEs in Equations (12)—(15), and then elimi-
nating the secular terms, one arrives at the following solvability conditions:
e Regarding the approximation of second-order
0A; 0A

Tﬁ = 0, aT1 =0. (28)

e  Regarding the approximation of third-order

A 0A4
(@fz 11) —3u A A% - 2178 o ic1A1 + fl (1T = 0, (29)
ElEZw4A2 2 . 0Ap . f2 o _
1—?) BurArA; — 2iw o iwcyAy + > e =0. (30)

We can see from the last conditions that the model’s secular conditions consist of a
system of four nonlinear PDEs in the function A;. These functions are dependent only on
Ty and can expressed in the polar form as

=2

(72) iy, Py
Aj= 712 e¥im2;  hy=ehi(j=1,2) 31)
where 9; and h; are the real phase and amplitude functions for the solutions ¢ and y,
respectively.

Clearly, A; is independent of 7y and 71. Hence, we may write the first-order derivatives

as follows:
dAj  ,04; -
T o ¢2)
Using (32), the PDEs (29) and (30) become ODEs. The adjusted phases can then be

expressed as follows:
0;(t1, ©2) = 10 — ¥j(T2). (33)

Substituting (31)—(33) into (29) and (30), and separating the real and imaginary compo-
nents, we obtain the following system.

h1 dT =ho + (5]2‘8 N hiy — *“l/lll’l?) h COSGl,
& = ——clhl +4 ~sinby,
BB (34)
hz dT = hyop + 20— ! 2) hy — ‘uzh% + ﬁcosez,
‘Zhrz = iwczhz + j%sin@z.

The above system consists of four first-order ODEs in the amplitudes /1; and modified
phases 0;. The above system (34) can be solved numerically as an initial value problem.
One can predict that h; and 6; will decay before reaching a stable behavior. Their plots as a
function of T are drawn in Figures 2 and 3 for selected values of wj, where we used

o1 = —0.965, 0, = —1.255, f1 = 0.3334, f, = 0.8776,

B = 0.1755, By = 0.5851, 11 = 0.3125, j15 = 0.625.



xioms

9 of 20

(©) —— @,= 3.46 — @= 3.65 — @, = 3.83

20

40 60

80

100

(a)
0.04 — =277
— wl = 283
0.03 — ;= 2.86
h,
0.02
0.01
20 40 60 80 100
T
0.041§ (©) — @,= 3.46
— @,= 3.65 1.0
0.03 —@,=3.83
h, 0.5
0.02
0.01
20 40 60 80 100 -—0.5F
75

0,

LS} () — @, = 3.46 — @3 = 3.65 — @, = 3.83

Figure 2. The behavior of hi(7) and 61(7): (ab) at w; = (2.77,2.83,2.86) and (c,d) at
wy = (3.46,3.65,3.83).

T
80 100
6.
@
Sm— 0)2 = 3.46
— @,= 365
—@,= 383
T
20 40 60 80 100

Figure 3. The graphical representations of /1;(7) and 6,(7): (a,b) at wy = (2.77,2.83,2.86) and (c,d) at
wy = (3.46,3.65,3.83).
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In these figures, one can see the time variations in h; and 0; for various values of w;
and the above values of the other parameters. The curves in Figure 2 exhibit decay over the
analyzed time interval, with the decay becoming faster when w; increases.

The variations in the functions i, (7) and 6, () are shown in Figure 3. In Figure 3a—d,
these waves are shown for wy = (2.77,2.83,2.86) and w;, = (3.46,3.65,3.83). The chosen
values for wj, w, are calculated according to the dimensionless parameters in view of
selected values of their related parameters, such as the masses m and mg and the stiffness
coefficient k».

Figure 3a shows that, for the selected values of wj, the curves oscillate in the first
quarter of the examined time interval, and then decay with the increase in 7. The oscillations
rapidly diminished with the curves becoming stationary after the sconed quarter. The
amplitudes of the plotted waves decrease with the increase in wy. This holds for different
values of wy, as shown in Figure 3c. On the other hand, Figure 3b,d illustrate the similarity
between the behavior of 6, for different values of wj and wy. This similarity is to be
expected from examining Equation (34). At all times, the behavior of the modified phase 60,
and amplitude hj is stable and free of chaos.

The stable behavior of the waves drawn in the previous figures can be verified by
drawing the corresponding phase plane diagrams. This can be achieved by dropping time
from these plots, obtaining phase curves in the 0;k; plane (j = 1,2), shown in Figures 4-7.
The curves in Figures 4 and 5 use the same values of w; and wjy, respectively, used in
Figures 2 and 3. These curves have the form of spiral paths, directed towards a single point,
indicating that these trajectories exhibit a stable behavior. In Figures 6 and 7, the curves
in the 6,h; phase plane are drawn for the same values of w; and w,. Each of these curves
spirals to one point, indicating stability in this case also.

— @=277 — @ = 2.83 — @, = 2.86

0.3

10.2

0.1

Figure 4. The trajectories in the phase plane h16; when w1 = (2.77,2.83,2.86).

The time behavior of the AS is shown graphically in Figures 8 and 9, where the same
values of w1, wy as above were used. The included waves in these figures initially have
fast vibrations, and then they have periodic behaviors. From Figure 8a, we can see that
the amplitudes of these waves increase with higher values of w;, while the number of
oscillations decreases to some extent. On the other hand, an increase in w; produces
fast vibrations at the beginning of the studied time interval, after which the curves have
the form of periodic oscillations, as seen in Figure 8b. Furthermore, the oscillation’s
amplitude decreases with the rise in w, and their number increases slightly. Standing
periodic waves are observed for the curves in Figure 9 for different values of w;. The
waves’ amplitudes increase and decrease when wy increases, as seen in Figures 9a and %b,
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respectively. Moreover, these waves have the same wavelength and number of oscillations.
The NS of the original EOMs were calculated using the Runge-Kutta method and compared
to the achieved AS when w = 2.77, as shown in Figure 10. A detailed examination of the

figure reveals a strong agreement between AS and NS, indicating a high level of consistency
between them.

—@y= 3.46 —— @y= 3.65 — @, = 3.83

2.0 05 00 05 10 L5
91

Figure 5. The trajectories in the phase plane h161 when wy = (3.46,3.65,3.83).

— =277 — @ = 283 — @; = 2.86
h, 0.045

0.010}

Figure 6. The amplitude’s modulation 4, as a function of 6, when wq = (2.77,2.83,2.86).
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Figure 9. The time histories of solutions X and X; when w, = (3.46,3.65,3.83).
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Figure 10. The comparison between NS and AS at wy = 2.77.

5. Solutions at the Steady-State Situation

The major aim of this section is to examine the oscillations of the model at the steady
state. Studying the solutions for the steady state of a vibrating dynamical system is highly
useful for several reasons:

The steady-state response represents the long-term behavior of the system after any
transients have died out. This is important for predicting how the system will behave
over time in a real-world situation. Engineers and designers can use the solutions in this
case to design systems that meet specific performance criteria, ensuring that the system
operates safely and efficiently under steady-state conditions. Additionally, the analysis of
the steady-state solution can help in identifying resonant frequencies where the system’s
response can become excessively large, potentially leading to failure. Such analysis also
aids in assessing the stability of the system under continuous operation. By understanding
the behavior of the steady state, one can optimize the system for energy efficiency. For
example, reducing unwanted vibrations can lead to less wear and tear and lower energy
consumption. In many applications, the performance of the system is evaluated based on
its steady-state response.

The adjusted amplitudes and phases at the steady state can be obtained by setting the
derivatives of the left-hand sides of (34) to zero, i.e., % = % =0(j=1,2) [43].

Doing so will provide us with the following algebraic system in 1; and 6;(j = 1,2)
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hioq + 2(5;12/3721) Suphd + 00591 =0,
1 Aeinn —

—35c1hy + 5sinty =0,
s 11 + 7 sinby (35)
h20'2 21— a)z) ]’12 — 7‘1/[2]13 C0592 =0,

wczhz +3 L 2sinf = 0.
Removing the modified phases 8 and 6, from (35) produces the two related algebraic
equations below with the amplitudes and frequencies and the detuning parameter o;.

A% =4l + %hl — gk + (ze1m)?},
f* = 4w {0y + (1Bﬁz)h2 — & wh3)? + (weahy)?}.

A great deal of importance is placed on stability evaluation, which is considered one
of the most important aspects of oscillations at the steady state. The system’s behavior can
be examined near the locations of the fixed points. To accomplish this, we consider small
perturbations of the /; and 6; expressed as

(36)

hy = hyg + h1, hy = hyo + hy1,

(37)
61 = 010 + 011, 0y = 0y + 01.

where hy, hyg, 610, and 6,9 denote the solutions at the steady state, while k11, h21, 611,
and 0y represent small perturbations.

The process of confirming the accuracy of steady-state solutions usually combines
numerical simulation and theoretical study. The following are some typical steps:

Theoretical Analysis: This consist of constructing equations characterizing the behav-
ior of the system by mathematical modeling and theoretical analysis.

Numerical Simulation: Numerical simulations can still play a crucial role in verify-
ing steady-state solutions. Simulations can help to validate whether the system behavior
matches the expected steady-state response under various conditions. This involves run-
ning simulations with different parameters and initial conditions to confirm that the system
indeed settles into the expected steady state.

We may derive the linearized equations by substituting of (37) into (34) to obtain

h .
ho du = hyjop + B1Bal1 %thlh%o - %9115171910,

2(w?-1)
ds’% = —7c1h11 + %911@5910, (38)
hzod 2 — hyyos + (1'3(52)1721 o Hahathy — 21%92151'71920,
dg’% = fwczhn + 5 2 2 0x1c0802.

Note that small perturbations /11, h131,611, and 6,7 are unknown perturbed functions.
Therefore, we can think of each solution as a linear combination of terms of the form de*™
Here, ds(s = 1,2,3,4) are constants, while A is the related eigenvalue, which can easily be
obtained. For the solutions h1, kg, 010, and 6y to be asymptotically stable, the roots of the
following characteristic equation should have a negative real value.

My + DA+ A+ T =0 (39)

where Is(s = 1,2,3,4) are functions of hy, hy, 010, 620, f1, and f, expressed by
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I =
I =

%(C1 T wer + Si”(}fll(()))fl + Si"(:zzg)fz),

m[aﬂfl (0.2(w? — 1)sin(010)sin(00) fo + hao(w? — 1)sin(619)c1 + 0.2w(w? — 1)
xsin(f10)ca + cos(610) (0.3B1B2 — 0.5(w? — 1) (07 — 1.2h311)))) + h10(0.2w(w? — 1)1 (sin(62) f2
tweahap) + f2(0.2w3 (w? — 1)sin(Bag)ca + cos(620) (0.3w*B1 B2 — 0.5(w? — 1) (wop — 1.2h312))))],
m{fl (@ (w? = 1)%c2(0.1(w? — 1)sin(610)sin(620) f2 + cos(610)h20(0.181 82 — 0.2

x(w? —1) (o — 1.5h%0y1))) + fo(w?*(w? — 1)3(0.1wzcos[920]sin(910)) + 0.1cos(619)sin(620))B1B2
—0.2w?(w? — 1)*cos(819)sin (69 ) o1 — 0.3wcos(8x9)sin(010)0n + w3cos(0y9)sin(619)oz — 1.50°

xc0s(60)sin(819) o2 + w’cos(39)sin(619) o2 — 0.3’ cos (629 )sin (1) + 0.3w>cos (610 )sin(620)

xh3yu1 — L1w4cos(019)sin(020)h3yu1 + 1.7cw8cos(619)sin(020)h3yp1 — 1.1wBcos(619)sin(620) 311

(40)

+0.3w!0cos(610)sin (620 ) h3op1 + 0.28c0s(029)sin (010 h3gpa — 1.1w?cos (60 )sin(619)h3gp2 + 1.700*
X c0s(60)sin(619)h3gma — 1.1wbcos(029)sin(619)h3ya + 0.3wBcos(029)sin(619)h3y12)) + c1(0.1w?
x (w? = 1)*sin(610) f1(sin(620) f2 + weahag) + fah1o(0.1w? (w? — 1)*sin(620)ca + cos(60) (0.1w*
x (w? = 1)2B1B2 + (w? — 1)*(—0.2w0y 4 0.3h3,112)))) },

-1
w?(w?=1)4h1ohao

+(1

[f1f2(sin(619)c1(0.062w3 (1 — w?)*sin(6x0)ca + cos(B29) (0.0625w* (w? — 1)3B1 B2
— w?)(—0.12w0540.14h3 15 + cos(610) (w3sin(620)c2 (0.0625(w?* — 1)2B1 B2 + (1 — w?)*(—0.1207

+0.14h2,141)) + cos(629) (w*(0.0625 — 0.1250w2+0.0625w*) B2 B3 + B1B2(—0.12w* (w? — 1)307 — 0.12w
x (w? —1)30p — 0.14w*h2 1 + +0.42w0h3 )y — 042008 h2 11 + 0.14w %2 iy + 0.14h3 o + 0.42w?H3 o
—0.42w*h3 1y + 0.14wh3 ) 12) + (1 — w?)* (01 (0.24woy — 0.28h3 1z + h3 11 (—0.28wer+0.31h3,112))))))]-

By Routh-Hurwitz conditions, the necessary and sufficient conditions for stability are

I > 0,I3(I0h I — I3) — ILI;% > 0,

(41)
I, — 15 >0,I > 0.

In Figures 11 and 12, the amplitudes h;(j = 1,2) are graphed against the parameter
01 to display the frequency response curves at distinct values of w; when ¢, = 0. The
drawn curves hold the arising possible fixed points. In each graph, the stable region is
shown in solid and the unstable region in dashed rendering. These regions vary with the
natural frequencies w;. More specifically, a closer look at Figure 11 reveals that the stability
ranges and instability ones of the red curves, corresponding to wy; = 2.77, are o7 < 0.7
and 0.7 < oy, respectively. On the other hand, when w; = 2.83, the blue curves represent
the stability and instability ranges, in which they are located in the domains ¢; < 0.4 and
0.4 < 0y, respectively. Finally, the black curves point to the areas of stability and instability
when wy = 2.86, which can be seen in the domains o7 < 0.2 and 0.2 < 07y, respectively.
Figure 12 delineates the distinct stability domains, with the red regions denoting stability
areas based on the range oq; < 0.3, while the instability areas correspond to the range
0.3 < 01. At wp = 3.65, the blue curves show the stability and instability areas that are
founded, respectively, in the ranges o7 < 0.2 and 0.2 < 07, while the black ones explore
the regions of stability and instability at w, = 3.83 in the ranges 07 < 0.1 and 0.1 < 07,
respectively. The separated fixed point between any two areas of stability is known as
the critical fixed point, while any peak fixed point may be located in one of stability and
instability areas. In other words, each critical fixed point may be considered a peak point,
while the reverse is not always true.
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(51

Figure 11. The modulation amplitudes /; and hy (a,b) changing with the detuning parameter
o1; 07 = 0 when wy = (2.77,2.83,2.86).

0.544
h,
D e —————
0.542
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Figure 12. The variation in the modulation amplitudes /; and h, (a,b) with the detuning parameter
01,00 = 0 when w; = (3.46,3.65,3.83).
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6. Conclusions

The second type of Lagrange’s equations was used to derive the EOMs of a 2DOF
vibrating cart, and its stability characteristics were derived. The analytical AS of these
equations was obtained using MSM up to a higher approximation. These solutions were
verified through comparison with the NS of the original EOMs, demonstrating the high
accuracy of the employed method. The solvability conditions were obtained by the removal
of secular terms. Subsequently, all occurrences of resonance were identified and catego-
rized, with a specific focus on two cases for examination. Consequently, the equations
of modulation were constructed and utilized to numerically investigate the behavior of
the adjusted phases and amplitudes. The results at the steady state were examined for
consistency with the fixed points. The nonlinear stability criteria of Routh-Hurwitz were
applied to evaluate both the stable and unstable regions of the examined system. These
criteria were employed to analyze and characterize the behavior of this system in light of
the frequency response curves. The importance of this study is demonstrated by its many
applications, which include those for swaying structures, ship motion, rotor dynamics, and
transportation infrastructure.
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