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Abstract: In this study, we investigate some new properties of the sequence of bi-periodic Fibonacci
numbers with arbitrary initial conditions, through an approach that combines the matrix aspect and
the fundamental Fibonacci system. Indeed, by considering the properties of the eigenvalues of their
related 2 x 2 matrix, we provide a new approach to studying the analytic representations of these
numbers. Moreover, the similarity of the associated 2 X 2 matrix with a companion matrix, allows us
to formulate the bi-periodic Fibonacci numbers in terms of a homogeneous linear recursive sequence
of the Fibonacci type. Therefore, the combinatorial aspect and other analytic representations formulas
of the Binet type for the bi-periodic Fibonacci numbers are achieved. The case of bi-periodic Lucas
numbers is outlined, and special cases are exposed. Finally, some illustrative examples are given.

Keywords: bi-periodic Fibonacci numbers; matrix formulation; companion matrix; Fibonacci sequence;
fundamental Fibonacci system; analytic formulas; combinatorial expressions
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1. Introduction

The famous well-known sequence of Fibonacci numbers { F, },,>¢ is defined by a linear
recursive relation of order 2, F,, = F,,_1 + F,_5, forn > 2, with initial conditions Fy = 0
and F; = 1. Since its appearance in connection with the famous problem of the evolution of
the population of rabbits in the work of Fibonacci, this sequence has been widely studied
and has appeared as a powerful tool in various fields of mathematics and applied sciences.
In his interesting manuscript [1,2], Koshy gave several properties and applications of the
sequence of Fibonacci numbers and other known classical sequences of numbers, such
as Lucas and Pell numbers. In addition, the sequence of Fibonacci numbers has been the
subject of many generalizations, and it has been the source of several identities in additive
number theory [3].

Recently, some generalizations of the sequence of Fibonacci numbers {F, },>0 have
been provided in the literature by considering a connection with a periodicity condition
linked to a special parametrization (see, for example, [4-8]). Indeed, in [5], Edson and
Yayenie introduced a new generalization for the sequence of Fibonacci numbers, labeled
bi-periodic Fibonacci sequence, which is defined as follows. Let a2 and b be two non-zero real

numbers, and consider the sequence denoted by {I—}g”’b) }n>0 defined by

, if nis even

plab) _ Fy 2
n - P(a'b) . .
), if nis odd
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for n > 2, with initial conditions given by Fé”’b) =0 and Fl(a’b) = 1. We can easily observe
that Expression (1) covers some known sequences of numbers. Indeed, fora =b =1, we
obtain the classical sequence of Fibonacci numbers, and for a = b = 2, Expression (1) is
reduced to the sequence of Pell numbers. Moreover, if we consider a = b = k, for some
positive integer k, we obtain the sequence of k-Fibonacci numbers. In addition, given that
the Lucas numbers are defined by the same recurrence relation as the sequence of Fibonacci
numbers, another important generalization of Lucas numbers is the sequence of bi-periodic
Lucas numbers, introduced by Bilgici in [9]. The sequence of bi-periodic Lucas numbers,

denoted by {l,g”’b) }n>0, is defined recursively by

JICZON B +l,(,a,'bz), if nis even )
! bl )

(a,b) (

for n > 2, with initial conditions [, = 2, lla’b) = a. Fora = b = 1, we obtain the classical
sequence of Lucas numbers, and for a = b = k, with k being a positive integer, we obtain
the sequence of k-Lucas numbers. Furthermore, using an analogous definition, another
matrix method was considered in [6,8], where some properties of bi-periodic Fibonacci
sequences were established. Motivated by the work of Horadam [10], the author of [7]
obtained some basic properties of Horadam bi-periodic sequences that generalize the
results known for Fibonacci and Lucas bi-periodic sequences. Currently, for the Fibonacci-
Lucas bi-periodic sequences, it is worth noting that in the literature, the authors do not use
Expressions (1)—(2), but they study these expressions using the parity function ¢(n) = 0
when 7 is even and §(n) = 1 when 7 is odd, defined by &(n) = n — 2| % |, where |x] is the
integer part of x (see [4-7]).

Our goal in this paper is to study the sequence of bi-periodic Fibonacci numbers, with
arbitrary initial conditions Féa’b) and Fl(u'b). Our main tool is based on an equivalent matrix
formulation of Expression (1). First, with the aid of eigenvalues of a specific 2 x 2 matrix,
we manage to establish the analytic formula of the Binet type for the bi-periodic Fibonacci

)

numbers PZ(Z’b) and PZ(Z’L, with arbitrary initial conditions Fo(a’b) and Pl(”’b). Second, more
properties of this sequence are provided using the Fibonacci fundamental system. More
specifically, the similarity of 2 x 2 matrix defining the matrix formulation of the sequence
of bi-periodic Fibonacci numbers with a companion 2 x 2 matrix allows us to formulate

the numbers FZ(Z’b) and E*?) in terms of a recursive sequence of the Fibonacci type of

2n+1
order two. Therefore, the numbers Fz(Z’b) and Fz(Z-l;)l are written in terms of the fundamental
solution of the Fibonacci fundamental system, related to this sequence. Consequently,
the explicit combinatorial formula for the sequence of bi-periodic Fibonacci numbers is
provided. Moreover, when the roots of characteristic polynomial are simple, another
analytical formula for the bi-periodic Fibonacci numbers is given. In addition, the case
of bi-periodic Lucas numbers is outlined, and special cases are exposed. It should be
noted that our approach and methods are different from those in the current literature on
bi-periodic Fibonacci sequences.

This paper is organized as follows. In Section 2, we study the matrix formulation
of the bi-periodic Fibonacci sequence (1), with arbitrary initial conditions Féa’b) and Fl(“'h).
Section 3 is devoted to the analytic formula of the Binet type for the sequence of bi-periodic
Fibonacci numbers. In addition, some special cases are studied. By considering the linear
recursive sequence related to the companion 2 x 2 matrix, we provide in Section 4 the
explicit formulas of bi-periodic Fibonacci numbers using three approaches: linear, analytic,
and combinatorial. For illustrative purposes, special cases and significant examples are
provided. Finally, some concluding remarks and perspectives are stated.

In this study, the two real numbers a and b are non-zero real numbers.
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2. Matrix Formulation of the Sequence of Bi-Periodic Fibonacci Numbers and Their
Analytic Formula

2.1. Matrix Formulation of the Bi-Periodic Fibonacci Sequence

Let a and b be two non-zero real numbers and consider the sequence of bi-periodic
Fibonacci numbers defined by Expression (1). Let us consider the following matrices

(a,b) (a,b)
u,b F}’l grb F a ]. b ].
e L%m " = [ﬁ'ﬁiﬂl Al 1) = {1 o] and Alb1 = {1 0}'
2n—1 2n

We can observe that Equations (1) are equivalent to the following two simultaneous
r(la_bl) and Z\"") = Alb, 1]Yy(la’b), which implies that we
have Zi(qﬂfb) = Alb, 1]1/15“'[’) = A[b,1])Ala, 1]27(111’171). Therefore, we derive that the bi-periodic

Fibonacci numbers can be studied using the following matrix formulation:

matrices equations Yo = Ala,1]Z

2" = Dla,0|2,"), ©)
. N ab+1 b
where D[a, b] = A[b,1]Ala, 1] is the matrix given by D[a,b] = A[b,1]A[a,1] = . 1l
The matrix D[a, b] will play a central role in this study. Indeed, several important
results of the sequence of bi-periodic Fibonacci numbers will be provided, with the aid of
some properties of the matrix Dla, b]. Equation (3) implies that we have

a,b)

Z(@h) _ o piny @) @) _ [B"
n’ = Dla,b]"Zy", where Z;"/ = ab) |- 4)

o

Formula (4) permits us to see that the computation of the entries of the powers D|a, b]"
is required for studying the sequence of bi-periodic Fibonacci numbers.

2.2. The Analytic Binet Formula of Bi-Periodic Fibonacci Numbers via the Canonical Jordan Form

A direct computation shows that the characteristic polynomial of the matrix D|[a, b] is
P(z) = det(D[a,b] — zlrx2) = z° — (ab+2)z + 1.

In this subsection, we present the analytic formula of the Binet type for the bi-periodic
Fibonacci numbers by considering two cases: the case when P(z) owns two distinct simple roots,
and the case when it owns only a unique root with multiplicity two. First, for a?b* + 4ab # 0,

ab +2 — v/a?b? + 4ab

the eigenvalues of the matrix D[a, b] are given by A = and Ay =

2
ab + 2 + v a2b? + 4ab

the diagonal form of this matrix as follows:

. Therefore, a long straightforward computation allows us to obtain

_|ab+1 bl (A& 0]
D[a,b}_[ : 1}_1{0 /\JP , ©)
where
_ a ab++/ab(ab+4)
P ab— L;lzl(ab+4) ab+ L;Z(ab+4) p-1— +/ab(ab+4) 2+/ab(ab+4) ©)
o 1 1 ’ o a —ab++/ab(ab+4) |
\/ah(ab+4) 2\/ab(ab+4)

The diagonal form (5) and (6) of the matrix D[a, b] makes it possible to calculate
explicitly the entries of the powers D|[a, b]" in terms of the two distinct eigenvalues A4

n
MO } P~1. Hence, with the

and A,. Indeed, for every n > 0, we have D[a,b]" = P{ 0 A
2
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aid of Equations (4), we can obtain Z,(f’b) in terms of the two distinct eigenvalues A1 and
i -

Ay. That is, for every n > 0, we have Z,(f’b) =P [)51 /\0” P*lz(()“'”, where Zéa’b) is as
2

in (4). Therefore, the preceding formula permits us to compute the analytic formula of
the Binet type for the bi-periodic Fibonacci numbers FZ(Z ) and F{*b) Indeed, a direct

2n+1
_ (a,b) (a,b)
computation implies that P~1Z, (h) _ (=P M1k _ | 7P F D+ mk” . For the
0 'B T2 F(u,b) ﬁF + F(u b)
reason of simplicity, we set
ay = ab—+/ab(ab+4) and o ab+\/ub(ab+4
- 2a
. a N ub+ ub(ab+4) and _ —ab++/ab(ab+4) (7)
p= wavra) VT oab(abrd) V2= T Tt
A0 (a,b) (— [SF +  E M)A
Therefore, we obtain { 1 n} p-lz%7) — ; ) ( b) . Hence, we
o A WE’+M% A3

(@b)\y\n

obtain fo'b ) = [“1 “2] (=B F D+ n lz b) M . Finally, a straightforward computation
1 1 (ﬁ F 1 + T2 F 0 )/\g

allows us to obtain the following result.

Theorem 1. Let a and b be two non-zero real numbers, and consider the sequence of the bi-periodic

Fibonacci {P,E“’b) Yn>0 numbers defined by (1). Suppose that the eigenvalues of the matrix D[a, b]
are simple, namely, Ay = WH2—NVEVtdab o ) — abi24vabiidab

the Binet type of bi-periodic szonaccz numbers is given by

. Then, the analytic formula of

{éﬁa(M%A+MwVW()ﬁMM?wﬁ@WM ®
B = (n A+ 122 B = B — AR

where the scalars a1, ap, B, y1, v2 are given as in (7), and Féa’b) and Fl(a’b) are the arbitrary
initial conditions.

Expression (8) shows that the analytic formula of the Binet type for the bi-periodic
(a,b)

Fibonacci numbers Fz(z ") and FZ(n +)1 is given in terms of arbitrary initial conditions F;

and Fl(”’b). Generally, in the current literature, the usual initial conditions are Fé“’b) = 0and

Fl(a’b) = 1. Therefore, the result of Theorem 1, namely, (8), can be applied to the sequence of

bi-periodic Fibonacci numbers, with the usual initial conditions Féa’b) =0and Fl(a’h) =1
That is, a direct computation allows us to obtain the following corollary.

Corollary 1. Let {F,S”’b) }n>0 be the sequence of bi-periodic Fibonacci numbers, with the initial
conditions F(g”’b) = 0and Fl(ﬂ’b) = 1. Then, the analytic formula of the Binet type of FZ(Z’b) and

F(a b) is
2n+1
F(a,b) . a ab—/ab(ab+4) /\n ab+\/ab(ab+4)}\n
2n+1 — \/ab(ub+4)( 2a 2a 2) ©)
(ab) _ a n_an !
an o ab(ab+4) (Al )\2)
where Ay = ab+27\/2azb2+4ab and Ay = ab+2+\/2¢12b2+4ah.

Similarly, using the result of Theorem 1, we show that the analytic formula for the
bi-periodic Lucas numbers (2) is formulated as follows.
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Corollary 2. Consider {1 ,(zﬂ’h) }n>0 the sequence of bi-periodic Lucas numbers with initial conditions

léa’b ) = 2and li”’b) = a. Then, the analytic formula of the Binet type of léi’b) and léi’i)l is given by
{zg;:?l = 2( A} + M) — aB(ai A} — ar)f) 1)
I = 2N\ 1) —ap(a] - A3)

Ny 57
where Ay = @and Ay = w'

We illustrate the result of Corollary 1 by the following generic numerical example.

Example 1. Let {F,El’z) }n>0 be the sequence of bi-periodic Fibonacci numbers defined by
F012) _ S T ’ a1

ZFY(ll_’zl) + Fé&zz)/ if nis odd
for n > 2, with initial conditions given by Fél’z) = 0and Fl(l’z) = 1. The first values of{F,gl’z) };120

are given in Table 1 below. Equations (11) are equivalent to the following matrix equation ZE,LZ

(12)
D[1,2]z (12) here Z{?) = l?(%ﬂ and D[1,2] = A[2,1]A[1,1] = [i ﬂ The characteristic

n—1’

2n

polynomial of the matrix D|[1,2] is P(z) = det(D[1,2] — zlpx2) = 2% — 4z + 1. Thus, the eigenvalues
of the matrix D[1,2] are Ay = 2 — /3 and Ay = 2+ /3. By direct application of the preceding process,

we 702 _ p[@=V3)" 0 “15(12) _ [a=Vv3) (1+v3)

we derive Z, = P{ 0 2+ \/g)n P=Zy", where P = 1 1 ,
_V3 343
6 and Z(()l’2> = [F1(1’2),F(§1’2)]t = [1,0]". Therefore, a direct computation

V3 —32\/5

Pl =

6 6
allows us to obtain that the analytic formula of the Binet type of the sequence of bi-periodic Fibonacci
numbers (11) is given as follows

{Fém = 21 V32 V3~ 1+ VI +V3)")
V3
=% ((

(ab) _
kK, = 2-V3)" = (2+V3)")
(1,2)

Table 1. Some values for F,; .
n 0o 1 2 3 4 5 6 7 8 9 10 11
% o0 1 1 3 4 1 15 41 56 153 209 571
M 0 1 4 15 56 209 780 2911 10864 40545 151,316 564,719
M 1 3 11 41 153 571 2131 7953 29681 110771 413403 1542841

ab+2

For ab? + 4ab = 0, the matrix D|a, b] owns only one eigenvalue given by A =

A direct computation allows us to obtain the matrix canonical Jordan form of the matrix

Dla, b], given by Dla, b] = {ab_‘_l ﬂ = S[g /1\} S~1, where
1
S= [ b 0} and §71 = [g O]. (12)
—ab g a9

Then, the entries of the powers D[a, b]" can be calculated explicitly in terms of the
eigenvalue A, and the analytic formula of the Binet type for the bi-periodic Fibonacci
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(ab) . . . /\” nA 1
numbers F,; " is derived. That is, for every n > 0, we have D[a,b]" = S S~

/\Yl
Therefore, using the matrix Equation (4), the vector Z,(la’h) is stated as follows:
b A pAn1] b
z{) = s{ Y ]s 1740, (13)

for every n > 0, where A = %25 S~1 are as in (12) and Zéa’b) = [Fl(a'b),Féa’b)]t. Asa
result, the matrix Equation (13) permits us to obtain the analytic formula of the Binet type
for the bi-periodic Fibonacci numbers. Indeed, for every n > 1, we have

A AT e _ [ mAn T o] [RY
0 - Pé”'h)

0 Al 0 AT -3 1
_ % ( ))\n + n( Fl(arb) + Fé”rb))/\n—l .
(2E 0 " yan

Finally, a direct calculation gives

Z(a,b) _ A pAnl S‘lz(“’b) _ nbA”_lFé”’b)+(An abn/\n 1) glab)
' 0 A ° (A" — Sy An=1y () _ @by yn— 1F1( b

for every n > 1. In summary, this former expression provides the following result.

Theorem 2. Let a and b be two non-zero real numbers, and consider {F,Sa’b) Yn>0 the bi-periodic
Fibonacci sequence (1). Suppose that the characteristic polynomial of the matrix D|a, b] owns double
roots, namely, A = Ay = Ay = ”bT*z Then, the analytic formula of the Binet type for bi-periodic
Fibonacci numbers is given by

2n+1

F(“b) (An_%n/\nfl)ljo(ﬂrb)_% An— 1F1( b)

{F(“b) _nb)\nflljo(“/b)_,’_(/\n ab nAn— l) (ab)
2n

By applying the result of Theorem 2 to the bi-periodic Fibonacci numbers with the
usual initial conditions of the literature, Féa’b) =0and Fl(u'b) =1, and also to the bi-periodic

Lucas numbers with the usual initial conditions l(()a'b) =2and liu’b) = g, we come to have
the following corollary.

Corollary 3. Let {F,Sa’h)}po be the sequence of bi-periodic Fibonacci numbers (1) with initial

conditions Féa’b) = 0and F} @h) — 1. Then, the analytic formula of the Binet type for F (Z’b) and
(ab)
Byl is

(ab) _ (abt2 b, (abr2)" !
F2n+1—<a2+) +“zn(”z+)
(ab) _ b (abt2)" !

F2n __ﬂTn<ﬂ;_>

Regarding the sequence {1, @ b)}n>0 of the bi-periodic Lucas numbers (2), where the initial

conditions are l(()a'b) = 2 and l(" b = = a, then the analytic formula of the Binet type for I, (@) nd

léi’i)l is given by

b n—1 n n—1
lgl—i—)l _znb<ab;-2) +a(<ab;_2) +L127bn<ab;-2) )
1
n 2

i = 2((#2) - gn(52)" ) -
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The next numerical example illustrates the result of Corollary 3.
Example 2. Consider the sequence of bi-periodic Fibonacci numbers {F,Sl’%) tn>0 given by

(1,-4) | p(1,-4) . .
F1—4) :{ E,” " +FE,”,"7, if nis even (14)

—41—“,517’;4) —i—Fr(li;L), if nis odd ’

for n > 2, with initial conditions F0(1’74) = 0and F1(1’74) = 1. The first values of {F,Sl’%) Yn>o are

given in Table 2 below. Equations (14) are equivalent to the following matrix equation Z,(ql’%) =
(1,-4)
1,-4 1,-4 E -3 —4
D[1, 42" 7Y, where {1 = [FZ(*;,H@ and D[1,—4] = A[—4,1)A[1,1] = [ D }.Its
2n

characteristic polynomial is P(z) = z? + 2z + 1. Thus, the eigenvalue of the matrix D[1, —4] is

_1\n _1\n—1
A = —1. Hence, Expression (13) shows that Z,(,1’74) =385 {( 01 ) n(( _11))n } S_1Z(()1’74), where

— _1

S = [ 24 ﬂ, Sl = [ 4 ﬂ and Z(()l’z) = [Fl(l’74),l-"(§l’74)]t. Therefore, a straightforward
2

computation implies that the analytic Binet expression of the bi-periodic Fibonacci sequence (14) is

given as follows:

1:(1/—4) _ (—1)”+1n

{pg;;;” = (~=1)" —2(-1)"1n
2n

1,-4

Table 2. Some values for F,S ),

n 0 1 2 3 4 5 6 7 8 9 10 11
F ) 0 1 1 -3 -2 5 3 -7 -4 9 5 —11
F%(;"“ 0 1 -2 3 —4 5 -6 7 -8 9 ~10 1
= 1 -3 5 -7 9 —11 13 ~15 17 ~19 21 —23

2n+1

2.3. Another Compact Analytic Formula of the Binet Type for the Special Initial Conditions

For the special initial conditions Féﬂ’b) = 0 and Fl(a’b) = 1, the sequence of the bi-
periodic Fibonacci numbers was described using a parity function ¢(n) = n —2| % | (see [9]).

That is, for Féa’b) =0and Fl(u’b) =1, it was established in [Theorem 2, [5]] that the analytic

formula of the Binet type for the bi-periodic Fibonacci numbers is Fr(la’b) = ”175(;) %,
(ah)LZJ h—01

where §; = 2b=va b +dab W and 6, = 2btvabotdab V“;sz“b are the roots of the characteristic equation
x? — abx — ab = 0. Similarly, following the same method as in [5], it was established in
[Theorem 2, [9]] that the analytic formula of the Binet type for the bi-periodic Lucas numbers

o) . @b) [ aim 0L oon
=a,isgivenby "’ = ((ab)ti?J > (67 +605).

with initial conditions l(()a’h) =2and l§

The parity function (n) = n — 2|5 |, where |%] is the greatest integer smaller
than 7, can be also considered for expressing the analytic formula of the Binet type for
the bi-periodic Fibonacci numbers (9) and the bi-periodic Lucas numbers (10). That is,
Expression (9) of the bi-periodic Fibonacci numbers can be formulated with the aid of the
parity function as follows:

B = —pafALL) 4 e,

where the scalars a1, ap and § are as in (7) and Féa'b), Fl(u’b) are the arbitrary initial conditions.

Since Ay = 61 + 1 and Ay, = 6, + 1, the former formula can be written under the form

F = —pad™ (0, + 1) 15 4 gat™ (6, + 113,
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where §; = 2b=Vva b>+dab ”’ibzﬂuh and 9, = 2b=va b +dab W are the roots of the equation x%Z —abx —ab = 0.

Similarly, the analytic formula of the Binet type for bi-periodic Lucas numbers (10)
can be rewritten in terms of the parity function and using the fact that A; = a« + 1 and
Ay = B+ 1. More precisely, we have

n n

B = 260" 7 (624 DL 405201+ 1) 1) — ap(af ™ 02+ 1) 12 o (01 + 1) 121,

/222 27,2
where 91 _ ab uzb +4ub, 92 — ab+\/u2b +4ab

are the roots of the characteristic equation

xZ — abx — ab = 0, the scalars a1, ay, B, Y1, 72 are given as in (7), and lé”’b) =2, l%”'b) =a.

Observe that, in the previous discussion, the results of the literature consider the
analytic formula of the Binet type for the bi-periodic Fibonacci numbers and the bi-periodic
Lucas numbers only when a?b?* + 4ab # 0 and with specific initial conditions. However, we
show that Theorem 2 and Corollary 3 extend the result of the literature to the case where
a%b? + 4ab = 0 and for arbitrary initial conditions.

In the next section, we study the linear and combinatorial formulas for the bi-periodic
Fibonacci numbers. More precisely, through the similarity of the matrix D[a, b] matrix with
a companion matrix, we establish the linear form, as well as the combinatorial form of
the bi-periodic Fibonacci numbers. In addition, another process can help us to furnish the
analytic formula of the Binet type for the bi-periodic Fibonacci numbers.

3. Linear and Combinatorial Expressions of the Bi-Periodic Fibonacci Numbers and the
Fibonacci Fundamental System

3.1. Linear Expression of the Bi-Periodic Fibonacci Numbers

In general, matrices having a companion form play a central role in the study of
sequences defined by a linear recurrence relation and vice versa. The matrix D[a, b] is also
similar to a matrix having a companion form. For every two non-zero real numbers a and
b, a straightforward computation allows us to have

Dla,b) = {“bjl ﬂ = QA[(ab +2),-1]Q7%, (15)
where
Al (ap 2 11— [@+2 =1 5 _ 0 b IR U 16

The companion similarities (15) and (16) of the matrix D[a, b] make it possible to
calculate explicitly the entries of the powers DJa, b]", in terms of the related fundamental
Fibonacci system of order 2 x 2. Indeed, let {v,},>0 be the sequence defined by the
recursive relation of order two:

vy41 = (ab+2)v, — v, 1, forn >1, (17)

with the initial condition vg = &g, v; = 1. Let {v,(qo) Fn>o, {v,(ll) }n>0 be the two sequences
defined by

3§ n=1s ) (18)

v}(f)l = (ab +2)Z)§15) —0'% forn >1
Sf =dsuforn=0,1

where J; , means the Kronecker symbol. The set V = {{01(10) Fnz0; {Uﬁll) }nzo} is called the

fundamental Fibonacci sequence. The sequence {v,(qo) }n>0 is described in terms of the sequence

{01(11) }n>0, as follows.
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Lemmal. LetV = {{USIO) tn>0; {v,(ql) }nzo} be the Fibonacci fundamental system of the sequence
(17). Then, for n > 1, we have

v,(qo) = _01(11_)1' (19)
Proof. Let {wy, },>0 be the sequence defined by w, = —211(11_)1. For n = 1, 2 we have
w, = v((]l) =0, w, = —vgl) = —1and vél) = —1. Hence, we obtain w; = v((]l) =0and
Wy = —vgl) = vél) = —1. Moreover, w1 = v,(ql) = (ab+ 2)01(1121 — 01(1122 = (ab+2)w, —wy,_1.
In other terms, the sequence {w;, },>1 satisfies the recurrence relation (17). Therefore, we
obtain w,, = v,(})) = _07(11_)1’ forn>1. O

It is well known that the matrix formulation of the sequence (17) is given in terms of
ab+2

the companion matrix A[(ab +2), —1] = [ 1

_01} under the form

Vi1 = Al(ab+2), 1]V, forn > 1,

Un

where V,, = L} }, which implies that V, ;1 = A[(ab + 2), —1]"Vy, for n > 1. On the
n—1

other side, it was established in [11], (see also [12]) that the powers A[(ab + 2), —1]", can be

expressed in terms of the fundamental system V = {{v,(f’) >0 {v,(f) }n>0}. More precisely,

(1) (0)

[ [4

for every n > 0, we have A[(ab +2), —1]" = ”(‘51 ”(6“)1 . Therefore, the n-th power
vn Uﬂ
o O
of the matrix D[a, b] is D[a, b]" = (—-1)"Q "(T)l ”(3)1 Q !, where Q, Q! are as in (16).
Un Un

Using Equation (19), we derive that D|[a, b]" can be furnished only in terms of the sequence
{v,gl) }n>0 under the form

NORENN(IS BN
Dla,b)" = (-1"Q| "t~ QL (20)
Un —Un1

for every n > 0, where Q, Q! are as in (16). The sequence {0511) }n>o is called the funda-
mental sequence. Combining the matrix Expressions (4) and (20), we show that the vector

Z,(la’b) can be formulated in terms of the fundamental sequence {v,(ll) }n>0 as follows:

- _ @
Zy = (-1)"Q lv"(# o ]Q‘lzé“'“, @1)
Un “Un-1

)

for every n > 0, where Q, Q1areasin (16), and Z(()u’h is the vector column given by

a,b) F(a,b)
n+17 ~2n
in terms of the fundamental sequence {v,(ql) }n>0. More precisely, we have Q‘lzé”’b) =

l(ubJrl) 1] [Ffu,b)] - |:(ab+1b)Fl(“/h) N Féa,h)
= )

(4). Expression (21) permits us to write the bi-periodic Fibonacci numbers FZ(

S|

, which implies that we have

i b (ab
5 O [K™ h

b

(ab) (ab) (1)
o) _ [((abJrlb)Fl +Féu,b))v(l) /"o

n+1
, (@b) (1) |
@+D)E  (ab)y (1) E"ol)
( b 1 FO )vn _ 1 > n—1
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for every n > 1. Therefore, we obtain

a ( b) (a v
(ab) _ Fz(Zﬂ — (~1)" [ab—i— 1 1} (& +F( )) SHZ _ FlTn
' B = ? (w”( Dyl _ B0

Finally, we derive

{(—1) ab) — (ab+1)A(a,0)0")), + (F")ol) — Q(a,b)0'),

(—1)"E{"?) = aA(a, b)o gjl—an(a,b)v,ﬁl) ’

(a,b)
where Q(a,b) = Flb and A(a,b) = + E (@) Thus, another computational
process allows us to obtain the formula of the b1—per10d1c Fibonacci numbers F,;,11 and Fpy,
under the form

(ab—H)

(1)

a ab+1 v<1) v a
(-1 = [t o [ 1] e

a a a av<1) a
(*1)"132(1{ ) = {avﬁl}l'b( My { Liﬂ)v(l) - "] Flab)

n+1 b 1

In summary, we have the following result.

Theorem 3. Let a and b be two non-zero real numbers, and consider {F,S”’b) }n>o0, the bi-periodic

Fibonacci sequence (1). Let {v,(ql) }n>0 be the fundamental sequence defined by (18). Then, the linear
formula of the bi-periodic Fibonacci numbers is given by

{( D"Eyh = |on v,ﬁlﬁv“)]{é V) o B

(=1)" F( b _ v,&ﬁlF( )+E a<plv7(i21—avsll)]l-“l(”’b) ’

(22)

where 91 = ab + 1 and Féa’b), Fl(”’b) are the arbitrary initial conditions.

(ab) _

For the usual initial conditions F;"’ = 0 and F, (ab) _ 1, we have the following corollary.

Corollary 4. Consider the sequence of bi-periodic Fibonacci numbers defined by Expression (1),

with initial conditions Féa’b) 0 and F; (@) — 1. Let {vn }n>0 be the fundamental sequence
defined by (18). Then, the linear formulas of By, and Fy, 11 are given by

(-1Ed = 3 ol -0}l
= }la(ab+1)v ) —av,(ql)}

Similarly, for the bi-periodic Lucas numbers, we arrive at the result.

Corollary 5. Consider the sequence of bi-periodic Lucas numbers defined by Expression (2), with
initial conditions l(()a’b) = 2and lia’b) a. Let {vnl }n>o be the fundamental sequence defined
by (18). Then, the linear formulas l,(f" ) and léa +)1 = a are given by

{( 1)1t = 2[(ab+ )0y + ol ] + £ [(ab+ 1ol — o, |

(—1)”Z§flb) = 2av ,(121 + £ [ (ab—l—l)v;(izl av,(f)}

We illustrate Corollary 4 by the following numerical example.
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Example 3. Let us consider the bi-periodic Fibonacci sequence {F,(,z’g) tn>0 defined by
(23) _ 2F152_’?i) —|—F( 2 , if n is even
F; & 3) ( (23)
3F 1 72, if nis odd
or n > 2, with initial conditions F(2’3) = 0 and F(2,3) = 1. A direct computation im-
0 1 P

o

—111Z
plies that D[2,3] = {(1) 37} [;3 01} {{’ 1]. Thus, the related fundamental Fibonacci system
- 3

V= {{v;go)}nzo; {v,&”}nzo} is as follows:

+

vi(f)l = 8‘0,(;) — v,(le, forn>1, (24)
vgf) =0y forn=0,1, ’

Thus, by a direct application of Expression (21), we show that, for every n > 1, Z,(Ia’h) =

0o 31[M, -]z 1N
(—-1)" [ } i (1) {% } { ] holds. Finally, a straightforward computation im-
1 =7 oD @ |1 o]0

plies that the linear expression of the sequence of bi-periodic Fibonacci numbers (23), is given by

FL4) _ () 0

2n+1 711 nlfl .
EL4) _ 70'), —500%) 47011
2n - 3

The combinatorial and analytical Binet formulas of the fundamental sequence {v,(ql) >0
combined with Expression (22) will permit us to elaborate the combinatorial and analytical
Binet formulas of the bi-periodic Fibonacci numbers, which are given in the next two
subsections. Moreover, the assertions of Corollaries 4 and 5 allow us to obtain the combina-
torial and analytical Binet formulas for the bi-periodic Fibonacci and Lucas numbers with
the usual initial conditions.

3.2. Combinatorial Expression for the Bi-Periodic Fibonacci Numbers

Let {v,(f) }n>0 be the fundamental sequence and {w,, },>0 be the sequence defined by

ko+ki)! ko K
{w" =P+ 1,2) =Ty 2h,=n-1 (l?o!kll) ag'ay’,

wg=0,w =1

where ayg = —(ab+2) and 2y = 1. It was established in [13] that the sequence {wy, },,>¢ satis-
fies the linear recursive relation wy, 1 = (ab + 2)w, — w,_1. In addition, the two sequences
(1) (1)

{v,(ql)}nzo and {wy },>0 own the same initial conditions v, ’ = wg = 0and v;’ = wy = 1.
Therefore, we obtain

1 ko +k
o —w,=p(n+1,2)= ¥ %aé" b forn > 1, (25)
ko+2ky=n—1 "0
where a9 = —(ab + 2a) and a; = 1. Combining Equation (22) and Equation (25), the

combinatorial formula of the bi-periodic Fibonacci numbers is formulated in the follow-
ing theorem.
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Theorem 4. Let {F,S”’h) }n>0 e the sequence of the bi-periodic Fibonacci numbers defined by (1).
b)

Then, the combinatorial formulas of F,, @b and Fz(“ '\ are given by

7

(~1)"Eg?) = [gr1p(n+2,2) +p(n + L2 + Hgrp(n +1,2) — p(n,2)]F{*"
(~1)"E”) = ap(n +2,2) R\ + Llagrp(n +2,2) — ap(n +1,2)|F{"")

(26)

kUM(ub +2a)%, forn > 1.

with gy = ab+1,and p(n +1,2) = Y (-1 PR
o'kt

k0+2k1 =n-—1

For the usual initial conditions Féu’b) = 0and Fl(a’b) = 1 Theorem 4 allows us to obtain
the following corollary.

Corollary 6. Let {F,S”’b) }n>0 be the sequence of bi-periodic Fibonacci numbers defined by (1), with
initial conditions F(ga’b) = 0and Pl(a’h) = 1. Then, the combinatorial formulas of F,, (@) and FZ(n +)1

are given under the form

{(—nﬂpézﬁ Lgip(n+1,2) — p(n,2)]
1
b

(~1)"E" = Hagip(n +2,2) — ap(n+1,2)]
. ko +k
with gy =ab+1land p(n+1,2) = Y (- 1)"0%( b+ 2a)k0, forn > 1.
k0+2k1:1’171 :

For the bi-periodic Lucas numbers, Theorem 4 permits us to formulate the following corollary.

Corollary 7. Let {l,(f’b) Yn>0 be the sequence of bi-periodic Lucas numbers defined by (2), with
initial conditions l(()”’b) = 2and lia’h) = a. Then, the combinatorial formulas of lgi ) and l( )1 are

given as follows:

(~1)") = 2[gip(n +2,2) + p(n +1,2)] + Lgrp(n +1,2) - p(n,2)]
(=118 = 2ap(n+2,2) + &agip(n +2,2) — ap(n +1,2)]F\*")

1)ko (ko +kq)!

PR (ab+2a)*0, forn > 1.
0'k1!

with gy =ab+1land p(n+1,2) = Y (-
ko+2k1=n—1

3.3. Another Approach for the Analytical Formula for the Bi-Periodic Fibonacci Numbers

When the roots Ay = @H2=Veblidab ), _ abi2ivalbiidab of the characteristic polyno-

mial P(z) = det(D][a, b] — ZIZXz) =2z - (ab + 2)Z +1 are simple, Equations (22) and (26)
allow us to obtain another analytic formula of the Binet type for the bi-periodic Fibonacci
numbers. In order to succeed in such an analytic Binet formula, we need to recall the
following general result established in [12].

Lemma 2. (Rachidi et al.)  Suppose that the roots A1,..., A, of characteristic polynomial

P(z) =z —az "' — ... —a,_2z — a, (a,_1 # 0) are simple, namely, \; # Aj for i # j. Then,
we have
oA r /\nfl
(n,r) Z A 1_21 =) forevery n >r, (27)
N B k #i
where P'(z) = fl—lzj(z) and p(n,r) = Y %a’{lagz. .ak, with p(r,r) =1

ky+2ko+--+rky=n—r+1
and p(n,r) = 0 for n < r — 1, where k; is a natural number forall 0 <i <r—1.
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Formula (27) shows that the analytic formula of the Binet type of the fundamental

sequence { oV }n>0 is given by

2 A M M M-M

1 _ _ _
o —p(n—i—l,r)—lgp, (M) A=A A=A A Ay

(28)

for all n > 0. Therefore, combining Expression (28) with Formulas (22) and (26), we obtain
another Binet-type analytical formula for the bi-periodic Fibonacci numbers.

Theorem 5. Let {P,S“'l’)}nzo be the sequence of bi-periodic Fibonacci numbers (1). Then, the

Binet-type analytical formulas for FéZ’h) and Féﬁﬂ are given by

np@b) _ [ @A -AT A -AD) | (k) | 1 [ @A AT (AT -AS ) | (ah)
(=1D)"Fy = Y L prE 13\

ap(ab) ALY by q [ag (AP AR —a(A7-AY) | L(ab) !
(-1)"'Ry," =a"y=2—FK" +5 PR F

with 91 = ab+1and Ay = @, Ay = @ are the roots of the polynomial
P(z) = det(D[a,b] — zlyx2) = 2> — (ab+2)z + 1.

When the usual initial conditions Féu’b) =0and Fl(”’b) = 1 are considered, Theorem 5
allows us to arrive at the following corollary.

Corollary 8. Let {Fy(,a’b) }n>0 be the sequence of bi-periodic Fibonacci numbers, with initial conditions

Féa’b) = 0and Fl(a’b) = 1. Then, the Binet-type analytical formulas for Fz(z’b) and Féﬁ)l are

2ﬂ+1 b )‘1_/\2

(—1)n @) — 1 ¢1<A¥“A3“>(A*fw;1)}

1 [ apr (AT AT —a(A7=AR) ’
A—As

where g1 = ab+ 1 and Ay = L2V 4dab ) ) — abi2+VaTb?+dab
mial P(z) = det(Dla,b] — zlyxp) = 2% — (ab+2)z + 1.

are the roots of the polyno-

For the bi-periodic Lucas numbers, Theorem 5 permits us to formulate the following corollary.

Corollary 9. Let {F,gﬂ’b) }n>0 be the sequence of bi-periodic Lucas numbers, with initial conditions

léu’b) = 2and liu’b) = a. Then, the Binet-type analytical formulas for léZ’b) and lé‘;’i)l are

(—1)"E™) — 2 ot AT AN -AS) | e | AT - A
2n+1 — AM—Ay b A=Ay

pplab) o ATLAmL o Tagy (AL Am ) —a(an -2y ’
(-1)"E,," =2a nhn  To =72

where g1 = ab + 1and Ay = ab+2—\/2112b2+4ab, Ay = ab+2+v2{12b2+4ab
mial P(z) = det(D[a,b] — zlpx) = 2> — (ab +2)z + 1.

are the roots of the polyno-

The next numerical example illustrates Corollary 8.
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Example 4. Consider the numerical case studied in Example 1 namely, the bi-periodic Fibonacci
(12)

numbers {F,Sl’z)}nzo, with initial conditions Fy ™’ = 0 and Pl(l’z) = 1. The related fundamental
Fibonacci system V = {{v,ﬁo)}nzo; {U,(/ll)}nzo} is

o) — _40515) + UE,sll’ forn>1
o) = Ssnforn =0, 1

Therefore, the combinatorial formula of the general term v,(f) is given by vsll) =p(n+1,2) =

(ko + kq)!
ko-+2k;=n—1 kolky!
owns two simple roots Ay = —2 + /3 and Ay = —2 — /3. Then, the analytic Binet formula for
the bi-periodic Fibonacci numbers {Fr(,l’z) Yn>o is as follows

(—4)ko, for every n > 1. The characteristic polynomial P(z) = 2% + 4z + 1

(—1)rE0?) Z 1 3<A¥*1—A§+1>—<A?1—A21>}

2n+1 — 2 AM—Az
1yp(2) 13T -ATT) (A -Ap)
(7 ) 2n -2 A—Ap

4. Concluding Remarks and Perspectives

In this study, some new properties of the sequence of the bi-periodic Fibonacci num-
bers, with arbitrary initial conditions, were established, through their matrix formulation.
Indeed, results concerning the combinatorial formulas and analytic representations of this
sequence of numbers were furnished using an approach combining the matrix theory and
the Fibonacci fundamental system. In addition, our results were applied for the usual initial
conditions, providing new results for the sequence of bi-periodic Fibonacci numbers and
the sequence of bi-periodic Lucas numbers. More precisely, it was shown that our theorems
are general, and we applied their results to the bi-periodic Fibonacci-Lucas sequences from
the literature, where the usual initial conditions are Fél’z) = (0 and Fl(l’z) = 1. Furthermore,
some illustrative numerical examples were provided, where we showed the efficiency of
our results, which work for arbitrary initial conditions.

To the best of our knowledge, it seems to us that our approach and results, as well as
our matrix method, are not common in the literature under this form.

This article is innovative in elaborating a matrix approach for the sequences of bi-
periodic Fibonacci numbers. Finally, the matrix approach presented here can be extended
to other sequences of bi-periodic numbers of type (1).
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