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Abstract: The Boltzmann equation with multiple-relaxation-time (MRT) collision operators has
been widely employed in kinetic theory to describe the behavior of gases and liquids at the macro-
level. Given the successful development of deep learning and the availability of data analytic tools,
it is a feasible idea to try to solve the Boltzmann-MRT equation using a neural network-based
method. Based on the canonical polyadic decomposition, a new physics-informed neural network
describing the Boltzmann-MRT equation, named the network for MRT collision (NMRT), is proposed
in this paper for solving the Boltzmann-MRT equation. The method of tensor decomposition in
the Boltzmann-MRT equation is utilized to combine the collision matrix with discrete distribution
functions within the moment space. Multiscale modeling is adopted to accelerate the convergence of
high frequencies for the equations. The micro–macro decomposition method is applied to improve
learning efficiency. The problem-dependent loss function is proposed to balance the weight of the
function for different conditions at different velocities. These strategies will greatly improve the
accuracy of the network. The numerical experiments are tested, including the advection–diffusion
problem and the wave propagation problem. The results of the numerical simulation show that the
network-based method can obtain a measure of accuracy at O

(
10−3).

Keywords: deep neural networks; Boltzmann equation; multiple-relaxation-time model; canonical
polyadic decomposition

MSC: 68T07

1. Introduction

Progressive artificial intelligence techniques provide an alternative route to solving
problems that have been challenged by difficulties in the past, such as computer vision [1]
and natural language processing [2]. Deep learning has offered an appropriate way for
scientists to interact with digital data in the industrial fields and established a foundation
for artificial general intelligence [3]. Deep learning is based on neural network algorithms
and can process unstructured data. A neural network has layers of nodes containing an
input layer, one or more hidden layers, and an output layer. An artificial neuron or node is
connected to another one. A neural network relies on training data to learn and improve its
predictions by selecting representative features. The effectiveness of deep learning depends
on the size of the training set. It is difficult to train an effective neural network using small
data sets [4]. In fluid dynamical and astronautical research, conducting experiments in the
test laboratory is costly [5]. The establishment of a full-scale database is widely challenged,
which influences the application of neural networks for problems in fluid dynamical and
astronautical research [6].
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Physical laws can be expressed in the form of partial differential equations (PDEs).
Physical nature is studied according to partial differential equations, along with initial
and boundary conditions. It is difficult to obtain analytic solutions to partial differential
equations, and they are usually approximated in various ways to obtain approximate
solutions. The physics informed neural network (PINN) is proposed [7]. It can solve
partial differential equations that are used to describe kinetic theory, such as the Burgers
equation [8] and the wave equation [9]. Physical laws are introduced into the network as
regularizers in PINNs. The constraints of physical laws enable PINNs to obtain good results
from small training datasets. The parareal physics-informed neural network (PPINN) is
introduced [10], which is developed from PINN. It decomposes a high-dimensional problem
into many parts. These parts consist of separate small-scale problems conducted by an
inexpensive or fast coarse-grained solver. Compared to the original PINN approach, which
directly processes the entire large dataset, PPINN can accelerate computations by utilizing
a small dataset and also improve efficiency by training in parallel. Theory-guided neural
networks (TgNNs) are proposed [11]. In the TgNNs, the neural network is trained using
available data guided by the theory of a related problem. It can make more accurate
predictions than the DNN because of the prior information provided such as physical laws,
engineering controls, and expert experience. Separable physics-informed neural networks
(SPINNs) are designed to overcome the limitation of the expensive computational costs
and heavy memory overhead [12]. The method operates on a per-axis basis to decrease
the number of network propagations in multi-dimensional PDEs instead of point-wise
processing in conventional PINNs.

The Boltzmann equation is one of the governing equations for dilute gases, ranging
from continuum to free-molecular conditions, and it can describe the behavior of particles
of matter in fluid dynamics [13]. This equation involves the general theory of statistics, and
it describes the motion of large numbers of particles in a statistical sense. The Boltzmann
equation can systematically describe macroscopic transport processes like diffusion, heat
flow, and conductivity from the underlying microscopic laws of nature [14]. It underlies
theories that describe the behavior of fluids, aerodynamics, and plasma dynamics in a
practical and technological way in mesoscopic kinetic theory. This equation builds a solid
foundation for the description of systems made up of equilibrium parts and the analysis
of transport processes in equilibrium [15]. There is a collision term in the equation, which
includes the probability density function of position and momentum. The Bhatnagar–Gross–
Krook (BGK) model approximates the collision term of the Boltzmann equation based on
a single relaxation process from a nonequilibrium state to an equilibrium state [16]. The
multiple-relaxation-time (MRT) model is more stable than the BGK model because of the
adjustable ratio between the kinematic and bulk viscosities and different relaxation times
that can be individually tuned [17].

There have been many numerical computational methods used to solve the Boltzmann
equation. The direct simulation Monte Carlo (DSMC) is proposed [18]. The DSMC method
can accurately solve the non-equilibrium gas flow problems and simulate the continuum
flows, where it reproduces the results from continuum computational fluid dynamics
(CFD). It simulates the collision process between gas molecules and with surfaces by
tracking virtual microscopic particles within the computational domain. It is limited by its
high computational cost and low efficiency when dealing with a small number of flowing
molecules. The discrete velocity method is introduced [19]. It can discretize the distribution
function of the Boltzmann equation in different discrete velocity directions. The Fourier
spectral method can make an outstanding contribution to accelerating the direct method.

By employing trigonometric functions to approximate the distribution function, the
enhanced fast spectral method not only accelerates computations but also alleviates the
memory constraints associated with the precomputation phase [20]. To address the need for
high scalability, a parallel algorithm is introduced for tackling the regularized lattice Boltz-
mann method (RLBM) with large eddy simulation (LES) [21]. It features three innovative
grid partitioning strategies and incorporates buffering technology to facilitate an efficient
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parallel data exchange strategy. A parallel algorithm designed for a CPU–GPU heteroge-
neous platform aims at resolving the immersed boundary lattice Boltzmann method [22].
The algorithm leverages the combined computational prowess of CPUs and GPUs to yield
enhanced results. The introduction of buffering techniques is pivotal in enhancing the
precision of solving the Boltzmann equation across grids of varying sizes [23]. By employ-
ing buffer grids, the method effectively eliminates the need for temporal interpolation
calculations while streamlining spatial interpolation processes.

The key to solving the Boltzmann equation using artificial intelligence is determining
how to approximate the collision term effectively. Researchers have explored several meth-
ods that combine the advantages of partial differential equations and machine learning to
solve the Boltzmann equation. These methods include solving the Boltzmann equation
using the Bhatnagar–Gross–Krook collision model (Boltzmann-BGK equation). A neural
network based on neural sparse representation for the Boltzmann equation is proposed [24].
A fully connected neural network is utilized to approximate the Boltzmann equation. The
integration of Gaussian functions into the neural network is introduced to offer significant
advantages in handling the high-dimensional Boltzmann-BGK equation [25]. Three sub-
networks are proposed to build the model describing the Boltzmann-BGK equation [26].
The first one is for the equilibrium distribution function. The second one is utilized for the
non-equilibrium distribution function. The third one describes the corresponding boundary
and initial conditions. The relaxation time used for the equilibrium distribution function at
each discrete velocity direction tested in these works is the same, which is unreasonable.
The BGK collision model is one special case of the multiple-relaxation-time (MRT) model.
The MRT model can be more stable than the BGK model by adjusting some free relaxation
parameters [27].

In this work, a new physics-informed neural network describing the Boltzmann
equation using multiple-relaxation-time (MRT) collision operators named the network for
MRT collision (NMRT) is proposed for the Boltzmann equation. NMRT is an improved
ansatz for the MRT collision model and can easily approximate the distribution function
based on several parameters. The neural network structure is designed to be consistent
with the characteristics of the Boltzmann equation with the MRT collision model. The
process of solving the Boltzmann equation is ignored. The input and output are underlined.
The setting of the initial conditions and the selection of the loss function determine the
approximation efficiency.

To validate the accuracy and effectiveness of the proposed network structure, numer-
ical experiments are conducted. Two one-dimensional problems are described. One is
the advection–diffusion problem with continuous initial conditions. Another is the wave
problem. To further study the applicability of the methods, the wave propagation problem
in the two-dimensional scenarios is tested.

The remainder of this paper is organized as follows. The Boltzmann equation with
the MRT collision model and its related properties are introduced in Section 2. The neural
network for the MRT collision is discussed in Section 3. The numerical experiments and
performances are set up in Section 4. Section 5 draws the conclusions.

2. Boltzmann Equation

The Boltzmann-BGK equation employs a single relaxation model. The relaxation
process is described by a single relaxation time. The relaxation rate is the same at every
moment of the process, which is not realistic. The multiple-relaxation-time (MRT) collision
model can adjust the relaxation rates at different stages of the process and solve the problem.
It has the following form [13]:

∂m(x, v, t)
∂t

+ v · ▽xm(x, v, t) = QMRT [m], t ∈ R+, x ∈ R3, v ∈ R3 (1)
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where m(x, v, t) is the distribution function, t is the time, x is the spatial space, and v is the
microscopic velocity of the particles. QMRT [m] is the MRT collision operator, which has the
following form:

QMRT [m] = −M−1S
(
m − meq

)
(2)

where m and meq are the conserved moment function and the equilibrium function, respec-
tively. M and S are the transformation matrix and the diagonal relaxation matrix, respectively.
m and meq can be converted to the distribution function f and the equilibrium distribution
function feq, respectively, via the transformation matrix, which has the following form:

m = M f , meq = M feq (3)

where feq can be expressed as the Maxwellian equation [28]:

feq =
ρ

√
2πT

3 exp

(
−|v − u|2

2T

)
(4)

where ρ is the density, u is the macroscopic velocity, and T is the temperature.
The discrete velocity model D1Q3 [29] is adopted in the one-dimensional case. The

corresponding transformation matrix M and the diagonal relaxation matrix S can be given by
the following:

M =

 1 1 1
−c 0 c
c2 −2c2 c2

, (5)

S = diag
(
s0, s1, s2

)
(6)

where c is the particle velocity. c = 1 is adopted in this work.
In the two-dimensional case, the adopted transformation matrix M and the diagonal

relaxation matrix S of the discrete velocity model D2Q9 [30] can be given by the following:

M =



1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1


, (7)

S = diag
(
s0, s1, s2, s3, s4, s5, s6, s7, s8

)
(8)

where si is the relaxation parameter, which is located in the range of (0, 2).
In the D1Q3 MRT, the first two relaxation times (s0, s1) are related to the mass and

momentum conservation. The kinematic shear and bulk viscosities are related to the s2
relaxation. In the D2Q9 MRT, the first three relaxation times (s0, s1, s2) are related to the
mass and momentum conservation. The shear viscosity and the bulk viscosity are related
to the relaxation parameters (s3, s4, s5). (s6, s7, s8) remain as free parameters.

In this work, S = diag
(
0, 0, 0, s, s, s, 1.9, 1.9, 1.54

)
is adopted in the two-dimensional

case, and S = diag
(
0, 0, s

)
is adopted in the one-dimensional case.

3. Network for Boltzmann-MRT Equation

In this section, the neural network NMRT is proposed to approximate the Boltzmann
equation with the MRT collision. A fully connected neural network is utilized to approximate
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the Boltzmann-MRT equation, and the general framework of the neural network is proposed.
The loss function to optimize the network parameters is designed. Several strategies of NMRT
are also presented to efficiently approximate the equilibrium distribution function and the
nonequilibrium function in the network.

3.1. Discrete Velocity Model

Considering that the distribution function depends on space, velocity space, and
time, it is very challenging for the neural network to approximate it. The discrete velocity
method [19] is widely utilized to discretize the Boltzmann equation in the microscopic
velocity space. The method is helpful to solve the Boltzmann-MRT equation using a neural
network. The key objective of discretization in the microscopic velocity space is to select
a finite number of definite points, which are taken from the velocity space. They can be
substituted into the Boltzmann equation to compute the distribution function at these
points as well as the equilibrium distribution function. The summation of this series of
points satisfies the conservation law.

The partition strategy is designed to divide the points in the microscopic velocity
space into different groups and assign the corresponding groups of weights. It can adjust
the training process and enhance the approximation efficiency of the network.

We assume three groups of discrete points in the microscopic velocity space as follows:

PIC = (v1, v2, · · · , vi),

PBC =
(
v1, v2, · · · , vj

)
,

PIN = (v1, v2, · · · , vk)

(9)

where vl(l = 1, 2, ..., max(i, j, k)) are the points in the velocity space, PIC are the discrete
points for the initial condition, PBC are the discrete points for the boundary condition, and
PIN are the interior discrete points for the Boltzmann equation.

The microscopic velocity spaces are made up of the three groups of points:

V ≜ [PIC, PBC, PIN ]
T . (10)

The discrete distribution functions are as follows:

m(x, v, t) ≜
[
m1(x, v1t), m2(x, v2, t), · · · , mi+j+k

(
x, vi+j+k, t

)]
. (11)

For improving the readability, ml(x, t) = m(x, vl , t) (l = 1, 2, ..., i + j + k) is defined.
For the MRT collision term, the discrete collision term is labeled as follows:

QMRT
l = Q

[
m1, m2, · · · , mi+j+k

]
(x, vl , t). (12)

The Boltzmann-MRT equation is simplified as follows:
∂m1(x,t)

∂t + v1 · ▽xm1(x, t) = QMRT
1

...
∂mi+j+k(x,t)

∂t + vi+j+k · ▽xmi+j+k(x, t) = QMRT
i+j+k

(13)

Let
QMRT [m] ≜

[
QMRT

1 , QMRT
2 , · · · , QMRT

i+j+k

]
. (14)

The Equation (1) is reduced as follows:

∂m(x, t)
∂t

+ v · ▽xm(x, t) = QMRT [m](x, t). (15)
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3.2. Framework of Neural Network

The general framework of the neural network is presented in this section. A fully
connected neural network is utilized to approximate the Boltzmann-MRT equation. It
consists of linear layers. Each node of the fully connected layer is fully interconnected with
the nodes of the previous layer. The nodes can integrate the features extracted from the
previous network and map these features to the sample labeling space. They will perform
a weighted summation of the output of the features from the previous layer and input
the result into the activation function to finalize the classification of the target [31]. The
propagation of the network has the following form:

a0 → z1 → a1 → · · · → zl → al (16)

where the l-th layer is as follows:

zl = al−1W l + bl , (17)

al = h
(

zl
)

. (18)

Substituting the specific form of Equation (18) into Equation (17), it will be rewritten
as follows:

al
j = h

(
zl

j

)
= h

(
m

∑
k=1

wl
jkal−1

k + bl
j

)
, j = 1, . . . , nl . (19)

The superscript l is the data of the l-th layer, and the subscript is the matrix or vector
index. nl is the dimension of the l-th layer, and h(z) is the activation function. Wl is the weight
matrix of the l-th layer, and bl is the network bias of the l-th layer. a0 is the input and al is the
output of the network.

The neuron activation function, which is the sine function, is utilized here:

h(z) = sin(z) (20)

The sine activation function is a periodic function. Due to the existence and stability
of the time periodic solution to the Boltzmann equation [32], it can capture the periodic
characteristics of the data more easily than softplus or tanh. It is nonlinear and can introduce
some nonlinear transformations to exhibit better neural representations [33], which is helpful
to fit the data distribution.

To solve the Boltzmann-MRT equation using a neural network, it is important to
determine the parameters of the network. a0 = (x, t) are the inputs. The moment function
m is the output.

3.2.1. Multiscale Modeling

According to the frequency principle [34], deep neural networks can accelerate the
convergence of low frequencies and capture low frequencies first in computational prob-
lems. Low frequencies converge faster than high frequencies. When solving high-frequency
partial differential equations, it is challenging to accelerate the convergence of high fre-
quencies for the equations. Due to the high dimensionality of the Boltzmann equation,
multiscale modeling is adopted to integrate multiscale, multiphysics data [35]. It can obtain
the learning process of data with low frequencies through the conversion of data with high
frequencies, which can improve the convergence speed of networks [36].

A series of constants is utilized to adjust the learning of data by multiplying the inputs
of the network. The straightforward approach can produce a multiscale structure to achieve
the goal of speeding up the convergence to the solution across a wide range of frequencies
with a uniform accuracy. It has the following form:
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a0
scale =


1
2
...
n

a0 =


1
2
...
n

(x, t). (21)

The series of constants ranges from 1 to a large number, which is problem-dependent.
It is a hyperparameter in the network that can convert the neural network to the network
at multiple topological scales. The network is able to achieve a faster convergence when
approximating the PDE model. It is not explicitly clear which constant functions well,
making it challenging to select them in a proper way.

Based on the discrete wavelet transform in wavelet theory [37], the constants are
chosen as (1, 4, 16), which are powers of 2.

3.2.2. Micro–Macro Decomposition

The Chapman–Enskog expansion is an analytical tool in kinetic theory that is also
used in the Boltzmann equation. It can derive macroscopic balance laws from collision
models in the Boltzmann equation. The micro–macro decomposition method [38] is carried
out, corresponding to a first-order Chapman–Enskog expansion. It can split the distribution
function into an equilibrium part and a non-equilibrium part [39]. The moment function
has the following form:

m(x, t) = Meq(x, t) + CMneq(x, t) (22)

where C is a constant. It is related to the construction of the coupled system.
Substituting Equation (22) into Equation (15), we obtain the following:

∂Meq(x, t)
∂t

+ v · ▽xMeq(x, t)

+ C
(

∂Mneq(x, t)
∂t

+ v · ▽xMneq(x, t)
)

= QMRT [Meq(x, t) + CMneq]

(23)

with
QMRT [Meq(x, t) + CMneq(x, t)]

= −M−1S(Meq(x, t) + CMneq − Meq(x, t))

= −CM−1SMneq.

(24)

The equilibrium part in Equation (22) has the following form:

Meq(x, t) = Mfeq(x, t) (25)

where

feq(x, t) =
æ(x, t)√

2πT(x, t)
3 exp

(
−|v − u(x, t)|2

2T(x, t)

)
. (26)

The non-equilibrium function has the following form:

Mneq(x, t) = θ(x, t). (27)

Two neural networks (NNeq and NNneq) are proposed to approximate the equilibrium
Meq and the non-equilibrium Mneq, respectively:

NNeq ⇒ ρ, u, T,

NNneq ⇒ θ.
(28)
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For NNeq, only ρ, u, T are focused on and substituted into Equation (26) to obtain
the equilibrium part. They are utilized to generate the distribution function instead of
outputting the equilibrium part by training the neural network directly, which can improve
the adaptability of the neural network to approximate the Boltzmann equation.

For NNneq, the output is θ.Different from NNeq, the number of the output channels in
NNneq is problem-dependent. The output channel is the prediction or decision made by a
machine learning model based on input data [40]. The number of output channels directly
affects the ability of the model to react to various data and identify the features that are best-
suited for the model. Due to the complexity of the non-equilibrium Mneq, the rank for different
output channels is set. The rank depends on the complexity of the initial condition problem.

3.2.3. Approximation of MRT Collision Term

When using a neural network to approximate the MRT collision term, the key point
is to combine the collision matrix with discrete distribution functions within the moment
space. The Boltzmann equation with the MRT collision model is a high-dimensional PDE.
The high-order tensor obtained after discretization can be represented using a variety of
lower-order tensors via tensor decomposition [41]. Tensor decomposition is exploited for
the discrete distribution function. The decomposed lower-order tensors can be multiplied
by the collision matrix directly. Tensor decomposition can also reduce the number of
parameters in the last layer of the network, which decreases the computational cost and
increases the approximation efficiency [42].

The singular value decomposition (SVD) of a matrix is a factorization of that ma-
trix into three matrices [43]. For the high-order tensor in the Boltzmann-MRT equation,
the canonical polyadic decomposition (CPD) [44] is utilized, which is a straightforward
extension of SVD in higher-dimensional space.

Assuming three groups of discrete points are selected, as shown in Equation (10), the
moment function in Equation (11) is a third-order tensor with the following form:

m(x, t) ∈ Ri×j×k (29)

where i, j, and k are the same as those in Equation (10).
It can be approximated using CPD as follows:

m(x, t) ≃
R

∑
r=1

ar ◦ br ◦ cr,

mijk(x, t) ≃
R

∑
r=1

airbjrckr

(30)

where a ∈ Ri, b ∈ Rj, c ∈ Rk, and R is the tensor rank.
For the equilibrium Meq, it has the low-rank form below:

Meq = PiOjRk (31)

where

Pi =
ρ

1
3

√
2πT

3 exp

(
−|vi − u|2

2T

)
,

Oj =
ρ

1
3

√
2πT

3 exp

(
−
∣∣vj − u

∣∣2
2T

)
,

Rk =
ρ

1
3

√
2πT

3 exp

(
−|vk − u|2

2T

)
.

(32)
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Define m ≜ ⟨(a, b, c)⟩ , it holds that

(m(t))′ ≜ (⟨(a(t), b(t), c(t))⟩)′ ≜
〈(

â, b̂, ĉ
)〉

(33)

where â = [a′(t), a(t), a(t)], b̂ = [b(t), b′(t), b(t)], ĉ = [c(t), c(t), c′(t)].
The process of decomposing the third-order tensors will be completed automatically in

the learning process of the neural network. The total structure of the neural network for MRT
collision (NMRT) is shown in Figure 1. It is designed to approximate the collision term QMRT

effectively. The collision term QMRT is a part of the Boltzmann equation:

QMRT = Λ(m − meq) (34)

where Λ = −M−1S. m and meq are given in Equation (22) and Equation (25), respectively.

Figure 1. Network architecture. x is spatial space and t is time, which all are the inputs of the network.
The Monte Carlo method is used to create a dataset. Multiscale modeling and canonical polyadic
decomposition are adopted in the neural network.

3.3. Loss Function

The loss function designed to optimize the network parameters is discussed in this
section. To inform the neural network of prior knowledge about the equation, the loss
function usually consists of four parts [45]: the data matching loss (DM loss), the residual
loss for partial differentiable structure (PDE loss), the boundary condition loss (BC loss),
and the initial condition loss (IC loss). It has the following form:

L = LDM + LPDE + LBC + LIC. (35)

For the NMRT, the dataset is generated via Monte Carlo sampling, which consists of
uniformly distributed random points. It is not a representation of real-world data. There is no
data matching term for the training data matched with the true value. The loss function of the
NMRT has the following form:

LMRT = LPDE + LBC + LIC. (36)
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Assuming the residual points for the partial differentiable structure, boundary, and ini-
tial conditions are Γ f , Γb, and Γi, respectively, the loss functions can be rewritten as follows:

LPDE =
1∣∣Γ f
∣∣ ∑

x∈Γ f

∥r(x, t)∥2
2,

LBC =
1∣∣Γb
∣∣ ∑

x∈Γb

∥∥∥m(x, t)− mb(x, t)
∥∥∥2

2
,

LIC =
1∣∣Γi
∣∣ ∑

x∈Γi

∥∥∥m(x, 0)− mi(x, 0)
∥∥∥2

2

(37)

where mb(x, t) and mi(x, 0) are the boundary and initial conditions for the Boltzmann-MRT
equation. The function r(x, t) is the residual of the network. By moving a term from one
side of the equation to the other, it has the following form:

r(x, t) =
∂m(x, t)

∂t
+ v · ▽xm(x, t)− QMRT [m](x, t). (38)

The neural network is designed to approximate the Boltzmann equation. All differen-
tial terms in the residual of the network can be considered as parts of the equation. They
are obtained automatically during the learning process of the neural network.

Gram–Schmidt orthogonalization is utilized to transform the matrix. L2-norm is
selected as the distance function. However, all the discrete points have the same weight.
The discrete distribution function for different points in the microscopic velocity space does
not affect the result of the Boltzmann-MRT equation. The revised loss function is chosen
and will be introduced below.

Problem-Dependent Weight Loss

When the distance function is the L2-norm distance, the distribution function with points
for different initial and boundary conditions will play different roles for different outcomes. It
is important to balance the weight of the distance for functions with different conditions at
different velocities.

Three groups of weights corresponding to Equation (9) are set as follows:

WIC = (w1, w2, · · · , wi),

WBC =
(
w1, w2, · · · , wj

)
,

WIN = (w1, w2, · · · , wk).

(39)

Define
W ≜ [WIC, WBC, WIN ]

T . (40)

A lower bound-constrained uncertainty weighting method [31] is utilized to revise
the loss function in Equation (37). It can be rewritten as follows:

LPDE =
1∣∣Γ f
∣∣ ∑

x∈Γ f
∑

i∈Υ f

1

2
(

ε2 + (wIN)
2
i

) r2(x, t) + log
(

ε2 + (wIN)
2
i

)
,

LBC =
1∣∣Γb
∣∣ ∑

x∈Γb
∑

i∈Υb

1

2
(

ε2 + (wBC)
2
i

)(m(x, t)− mb(x, t)
)2

+ log
(

ε2 + (wBC)
2
i

)
,

LIC =
1∣∣Γi
∣∣ ∑

x∈Γi
∑

j∈Υi

1

2
(

ε2 + (wIC)
2
j

)(m(x, 0)− mi(x, 0)
)2

+ log
(

ε2 + (wIC)
2
j

)
(41)

where Υ f , Υb and Υi are the weights corresponding to Γ f , Γb and Γi. The lower bound of
the loss term is constrained by ε2 when w is decreased to 0, which can prevent division by
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zero. The w values are problem-dependent and adaptive in the neural network, which are
set as parameters. The compositions of the loss function are shown in Figure 2.

Figure 2. Compositions of the loss function. x is spatial space and t is time, which are inputs to
the network. The Monte Carlo method is used to create a dataset. The loss function is made up of
three parts: IC loss, BC loss, and PDE loss. The problem-dependent weights for the three loss parts
are adopted.

4. Numerical Experiment

In this section, several comprehensive experimental validations are presented using
classical CFD cases, which are applied to the NMRT method proposed in this work.

In order to ensure applicability, the one-dimensional advection–diffusion problem
and the wave problem, as well as the wave problem within the two-dimensional scenario,
are tested. The Adam optimizer is an optimization algorithm that is different from the
classical stochastic gradient descent procedure. It integrates the concepts of momentum and
adaptive learning rates, offering fast convergence and the ability to automatically adjust.
It can adaptively and iteratively update network weights. It is widely utilized in solving
PDEs using a neural network [26]. Cosine annealing is a type of learning rate schedule that
starts with a large learning rate. The basic idea is to start with a higher learning rate and
then reduce it according to the cosine function over multiple epochs. The learning rate will be
relatively rapidly decreased to a minimum value before being increased rapidly again [46]. It
is commonly used in the training of neural networks to fine-tune the learning rate for better
performance and convergence. The t-th step of the learning rate has the following form:

αt = η · cos
(

π · t
T

)
(42)

where αt is the learning rate of the t-th iteration, η is the initial learning rate, and T denotes the
total number of iterations. In the process of cosine annealing, the learning rate will gradually
decrease from the initial value to the minimum value, which can make the training process
more stable and effective.

All the experiments are conducted using PyTorch 2.1. The computational resources em-
ployed in this paper include NVIDIA RTX Titan (sourced from Shanghai Ocean University’s
GPU server, Shanghai, China) based on the Turing architecture.

4.1. Advection Diffusion

Advection diffusion is a mechanism of material dispersion within a fluid, driven by
variations in density and temperature that induce convective movements of the fluid’s con-
stituents [47]. This process involves the movement of particles along paths of minimal
resistance due to the fluid’s motion, leading to diffusion. Advection diffusion encompasses
both eddy diffusion and molecular diffusion occurring at the interface between the turbulent
flow and the boundary layer. It is a concept of significant relevance in various domains,
including fluid dynamics, environmental engineering, and chemical engineering.
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Advection–diffusion problems are often difficult to solve analytically, making numer-
ical simulation an important tool for studying such issues. Techniques such as CFD are
widely used to simulate convective diffusion phenomena [48].

The initial condition has the following form:

ρ(x) =
1√

0.5π
e−8x2

,

u(x) = 0,

T(x) = cos(πx) + 1.

(43)

The computational domain x is from −0.5 to 0.5. The simulation time is considered as
0.1 s, which is enough to demonstrate the ability of the network.

In the simulation for the advection–diffusion problem using the NMRT, Meq and m
are two fully connected networks of five layers. There are 80 neurons in each layer. The
numbers for three groups of points in Equation (10) are chosen as NIC = 100, NBC = 100,
and NIN = 700. A total of 100 points are sampled in the computational space at the initial
moment. A total of 100 points are sampled at the origin for the whole process of the
simulation time. A total of 700 points are sampled in x × t ∈ [−0.5, 0.5]× [0, 0.1] for the
Boltzmann-MRT equation. The generated mesh for the microscopic velocity is considered as
[−10, 10]3. The grid size in the generated mesh in each direction of the microscopic velocity
space is 24. The diagonal element s of the relaxation matrix S is the relaxation parameter,
considered as 0.01, 0.1, and 1.0. The iteration step epoch is 10,000. The parameters of the
NMRT method for the advection–diffusion problem are shown in Table 1.

Table 1. Parameters of the NMRT method for the advection–diffusion problem.

Neural Network
Layer number 5

Neurons 80
Steps 10,000

Sampling Points
NIC 100
NBC 100
NIN 700

Computational Parameters

Time t ∈ [0, 0.1]
Relaxation parameter s 0.01, 0.1, 1.0

Microscopic velocity space [−10, 10]3

Grid numbers 72

Optimizer

Method Adam
Max learning rate 0.001
Min learning rate 0.00005
Decay algorithm Cosine annealing

The numerical results of the advection–diffusion problem using NMRT for s = 0.01, 0.1,
and 1.0 are plotted in Figure 3. Three macroscopic variables, including ρ, u, and T, are
studied, and their results at t = 0 and t = 0.1 are shown. The fast spectral method
(FSM) [49] is adopted as the reference to validate the accuracy of the numerical results.
There is a small error between the numerical results and the reference result. Compared
to the results at t = 0, the numerical results show no difference from the reference one
at t = 0.1 for the three relaxation parameters. The solution gradually becomes smoother
over time, with a corresponding decrease in error, which is a departure from traditional
numerical methods.
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To further validate the effectiveness of the NMRT method, the relative errors for the
three macroscopic variables, including ρ, u, and T, between the numerical results and the
reference result are defined.They have the following form:

errorρ =
∥ρNMRT − ρFSM∥2

∥ρNMRT∥2
,

erroru =
∥uNMRT − uFSM∥2
0.01 + ∥uNMRT∥2

,

errorT =
∥TNMRT − TFSM∥2

∥TNMRT∥2

(44)

where it is necessary to avoid the denominator u = 0 to prevent division by zero. The
relative errors for ρ, u, and T with different relaxation parameters at t = 0 and t = 0.1 are
shown in Table 2.

Table 2. Relative error of the advection–diffusion problem for ρ, u, and T between NMRT and FSM
with s = 0.01, 0.1, and 1.0 at t = 0 and t = 0.1.

s = 0.01 s = 0.1 s = 1.0

t ρ u T ρ u T ρ u T

0.0 1.30 × 10−3 3.49 × 10−2 1.07 × 10−2 4.35 × 10−3 3.35 × 10−2 1.47 × 10−2 3.45 × 10−3 3.26 × 10−2 1.20 × 10−2

0.1 3.10 × 10−3 2.41 × 10−2 8.43 × 10−3 1.85 × 10−3 1.59 × 10−2 4.69 × 10−3 2.54 × 10−3 4.55 × 10−2 1.05 × 10−2

The errors at t = 0 for T can all reach the magnitude O
(
10−2). The error does not

monotonically increase over time because the function becomes smoother in the neural
network [50].

(a) (b)

(c) (d)

Figure 3. Cont.
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(e) (f)

Figure 3. Numerical solution of advection–diffusion problem using NMRT for s = 0.01, 0.1, 1.0 at
t = 0.0 and 0.1. The numerical solution of NMRT is the solid line, and the reference solution is the
dashed line. (a) s = 0.01, t = 0; (b) s = 0.01, t = 0.1; (c) s = 0.1, t = 0; (d) s = 0.1, t = 0.1; (e) s = 1.0, t = 0;
(f) s = 1.0, t = 0.1.

4.2. Wave Propagation

Wave analysis plays an important role in many fields such as electromagnetics and
acoustics. In fluid dynamics, the fluid field and wave source can determine wave propaga-
tion. With changes in fluid attributes, wave propagation is also affected in many different
ways. To further understand flow behavior and potential mechanisms like heat transfer
and turbulence, it is important to analyze the fluid wave phenomenon. The wave equation
is used here to describe the wave propagation.

The initial condition of the wave equation has the following form:

ρ(x) =
sin(2πx)

2
+ 1,

u(x) = 0,

T(x) =
sin(2πx + 0.2)

2
+ 1.

(45)

The computational domain x is from −0.5 to 0.5. The simulation time is considered as
0.1 s, which is sufficient to demonstrate the ability of the network. The periodic boundary
condition is imposed. The cycle is equal to 1. In the simulation of the wave propagation
problem using the NMRT, the numbers for three groups of points in Equation (10) are
chosen as NIC = 100, NBC = 100, and NIN = 700. The grid size in the generated mesh in each
direction of the microscopic velocity space is 24. The iteration step epoch is 10,000. The
parameters of the NMRT method for the wave propagation problem are shown in Table 3.

Table 3. Parameters of the NMRT method for the wave propagation problem.

Neural Network
Layer number 5

Neurons 80
Steps 10,000

Sampling Points
NIC 100
NBC 100
NIN 700

Computational Parameters

Time t ∈ [0, 0.1]
Relaxation parameter s 0.01, 0.1, 1.0

Microscopic velocity space [−10, 10]3

Grid numbers 24
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Table 3. Cont.

Optimizer

Method Adam
Max learning rate 0.001
Min learning rate 0.00005
Decay algorithm Cosine annealing

The numerical results of the wave propagation problem using NMRT for s = 0.01, 0.1
and 1.0 are plotted in Figure 4. Three macroscopic variables, including ρ, u, and T, are
studied, and their results at t = 0 and t = 0.1 are shown. The FSM is adopted as the
reference to validate the accuracy of the numerical results. There is little discrepancy in the
numerical results between the network-based solution and the reference solution. They
agree well with each other.

(a) (b)

(c) (d)

(e) (f)

Figure 4. Numerical solution of wave propagation problem using NMRT for s = 0.01, 0.1, 1.0 at
t = 0.0 and 0.1. The numerical solution of NMRT is the solid line, and the reference solution is the
dashed line. (a) s = 0.01, t = 0; (b) s = 0.01, t = 0.1; (c) s = 0.1, t = 0; (d) s = 0.1, t = 0.1; (e) s = 1.0, t = 0;
(f) s = 1.0, t = 0.1.

Table 4 shows the relative errors for ρ, u, and T with different relaxation parameters at
t = 0 and t = 0.1.
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Table 4. Relative error of wave propagation problem for ρ, u, and T between NMRT and FSM with
s = 0.01, 0.1, and 1.0 at t = 0 and t = 0.1.

s = 0.01 s = 0.1 s = 1.0

t ρ u T ρ u T ρ u T

0.0 1.68 × 10−3 5.42 × 10−3 1.74 × 10−3 1.88 × 10−3 3.09 × 10−3 5.32 × 10−3 2.22 × 10−3 5.57 × 10−3 7.21 × 10−3

0.1 1.36 × 10−3 4.21 × 10−3 1.65 × 10−3 1.71 × 10−3 1.01 × 10−2 1.95 × 10−3 1.29 × 10−3 1.64 × 10−2 4.37 × 10−3

This validates the high accuracy of the approximating functions of the neural network.
The errors at t = 0 and t = 1 for ρ and T can all reach the magnitude O

(
10−3).

4.3. Wave Propagation in Two-Dimensional Scenarios

The wave propagation problem in the one-dimensional case describes how the wave
propagates positively along the x-axis. It needs to take more into account for wave propa-
gation in two-dimensional scenarios.

The initial condition of the two-dimensional problem has the following form:

ρ(x, y) =
sin(2πx) sin(2πy)

2
+ 1

u(x, y) = 0

T(x, y) = 1

(46)

The computational space x×y is [−0.5, 0.5]× [−0.5, 0.5]. The simulation time is considered
as 0.1 s, which is sufficient to demonstrate the ability of the network. The adopted boundary
condition is periodic, which can make the macroscopic variables evolve periodically.

In the simulation for the wave propagation problem in two-dimensional scenarios
using the NMRT, the numbers for three groups of points in Equation (10) are chosen as
NIC = 500, NBC = 500, and NIN = 2000. Due to its two-dimensionality, the points in x × y at
t = 0 selected are all increased. The grid numbers in the generated mesh in each direction
of the microscopic velocity space are 24. The iteration step epoch is increased to 12,000. The
parameters of the NMRT method for the wave propagation problem in two-dimensional
scenarios are shown in Table 5.

Table 5. Parameters of the NMRT method for the two-dimensional wave propagation problem.

Neural Network
Layer number 5

Neurons 80
Steps 12,000

Sampling Points
NIC 500
NBC 500
NIN 2000

Computational Parameters

Time t ∈ [0, 0.1]
Relaxation parameter s 0.01, 0.1, 1.0

Microscopic velocity space [−10, 10]3

Grid numbers 24

Optimizer

Method Adam
Max learning rate 0.002
Min learning rate 0.00005
Decay algorithm Cosine annealing

The numerical results of the wave propagation problem using NMRT in two-dimensional
scenarios for s = 0.01, 0.1, and 1.0 at t = 0.1 are plotted. Three macroscopic variables,
including ρ, u, and T for s = 0.01 at t = 0.1 are shown in Figure 5. All of them are consistent
with the reference. The FSM with the spatial mesh is adopted as the reference to validate
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the accuracy of the numerical results. Three macroscopic variables, including ρ, u, and
T for s = 0.1 and 1.0 at t = 0.1, are shown in Figures 6 and 7. There is little discrepancy
in the numerical results between the network-based solution and the reference solution.
Whether the reference solution is accurate enough depends on the maximum memory of
the parameter setting.

(a) (b) (c)

Figure 5. Numerical solution of the wave propagation problem in two-dimensional scenarios using
NMRT for s = 0.01 at t = 0.1. The first row corresponds to the density ρ, the second column
corresponds to the macroscopic velocity u, and the last column corresponds to the temperature
T. The numerical solution of NMRT is the solid line, and the result of FSM is the dashed line.
(a) s = 0.01, t = 0.1; (b) s = 0.01, t = 0.1; (c) s = 0.01, t = 0.1.

(a) (b) (c)

Figure 6. Numerical solution of wave propagation problem in two-dimensional scenarios using
NMRT for s = 0.1 at t = 0.1. The first row corresponds to the density ρ, the second column
corresponds to the macroscopic velocity u, and the last column corresponds to the temperature
T. The numerical solution of NMRT is the solid line, and the result of FSM is the dashed line.
(a) s = 0.1, t = 0.1; (b) s = 0.1, t = 0.1; (c) s = 0.1, t = 0.1.

(a) (b) (c)

Figure 7. Numerical solution of the wave propagation problem in two-dimensional scenarios using
NMRT for s = 1.0 at t = 0.1. The first row corresponds to the density ρ, the second column
corresponds to the macroscopic velocity u, and the last column corresponds to the temperature
T. The numerical solution of NMRT is the solid line, and the result of FSM is the dashed line.
(a) s = 1.0, t = 0.1; (b) s = 1.0, t = 0.1; (c) s = 1.0, t = 0.1.

The relative errors for ρ, u, and T with different relaxation parameters at t = 0 and
t = 0.1 are shown in Table 6.
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Table 6. Relative error of wave propagation problem in two-dimensional scenarios for ρ, u, and T
between NMRT and FSM with s = 0.01, 0.1, and 1.0 at t = 0 and t = 0.1.

s = 0.01 s = 0.1 s = 1.0

t ρ u T ρ u T ρ u T

0.0 2.73 × 10−1 2.72 × 10−4 9.63 × 10−4 2.73 × 10−1 3.90 × 10−4 7.32 × 10−4 2.73 × 10−1 2.86 × 10−4 1.28 × 10−3

0.1 3.23 × 10−3 2.50 × 10−3 1.70 × 10−3 3.62 × 10−3 2.98 × 10−3 4.32 × 10−3 3.74 × 10−3 3.47 × 10−3 4.33 × 10−3

This demonstrates that there is little error for the initial data at t = 0, mostly reaching
the magnitude O

(
10−4). The errors at t = 1 for ρ and T are all increased to the same order,

reaching the magnitude O
(
10−3).

5. Conclusions

Neural networks provide a new route for developing scientific modeling and simulations.
A new physics-informed neural network describing the Boltzmann equation using multiple-
relaxation-time (MRT) collision operators, named the network for MRT collision (NMRT), is
proposed for the Boltzmann equation. This neural network is an improved ansatz for the MRT
collision model and can easily approximate the distribution function using several parameters.
Multiscale modeling is adopted to accelerate the convergence of high frequencies for the
equations. The method of tensor decomposition in the Boltzmann-MRT equation is proposed
to combine the collision matrix with discrete distribution functions within the moment space.
The problem-dependent weight loss function is designed to balance the weight of the distance
for the function at different conditions at different velocities and improve the efficiency of the
NMRT, which is composed of PDE loss, BC loss, and IC loss.

Numerical experiments using classical CFD cases are applied to the NMRT method to
validate the accuracy and efficiency of the method. The one-dimensional advection–diffusion
problem and wave problem are tested. The results show that the network can approximate
the function well. The L2-norm error can reach the magnitude O

(
10−3). The wave problem

in two-dimensional scenarios is tested to validate the applicability of the method. The
potential of the NMRT in fluid mechanics can be further developed, and more work will be
done in the future.
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