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Abstract: We investigate the properties of matrices that emerge from the application of Fourier series
to Jacobi matrices. Specifically, we focus on functions defined by the coefficients of a Fourier series
expressed in orthogonal polynomials. In the operational formulation of integro-differential problems,
these infinite matrices play a fundamental role. We have derived precise calculation formulas for
their elements, enabling exact computation of these operational matrices. Numerical results illustrate
the effectiveness of our approach.
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1. Introduction

This work presents a comprehensive investigation of matrices generated through the
application of Fourier series to Jacobi matrices, with a particular focus on functions defined
by Fourier series coefficients expressed in orthogonal polynomials. Precise formulas for
computing the elements of these matrices are derived, which are crucial for the operational
formulation of integro-differential problems. The fundamental properties of these matrices
are highlighted, emphasizing their algebraic representation within functional operators.
In numerical analysis, that representation gives rise to operational methods of which
spectral methods are among a wide range of numerical tools to approximate solutions to
integro-differential problems.

Let D : E — T be, at least approximately, a linear operator, with E and [F being
adequate function spaces, and let

Dy=f 1)

be the problem to be solved, where f € F is given and y € E is the sought solution, at least
approximately. Assuming that I, the space of all real polynomials, is dense in E, then y can
be represented by a Fourier series:

y=Pa=) aP,
i=0

where P = [P,]72, € P is an orthogonal polynomial sequence (OPS) and a = [ag, ay,...]T is
the coefficients vector. The orthogonality of P ensures the existence of an inner product
such that (P;, P;) = u;;j, ¢; is the Kronecker delta, and a; = i(l’i,w are the Fourier
coefficients of y [1]. In addition, if P is also dense in F, writing f = Pf, then the problem
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of finding y in (1), given D and f, can be reduced to building D = [d; ;] ;x;:O, the matrix

operator such that

1
di,]‘ = - <Pi, DP]> (2)
Hi

and solving the algebraic problem Da = f. Here, f corresponds, naturally, to the vector of
Fourier coefficients of function f.

Building D is often a challenging task, involving numerically unstable and computa-
tionally heavy operations. Many mathematical problems can be modeled using derivatives
and primitives, together with algebraic operations. For those cases, the matrix D can be
built from three building blocks: the matrix M, representing multiplication in P; the matrix
N, representing differentiation; and the matrix O, representing primitivation. Formally,

¥P = PM, %P:PNam,/P:PQ 3)

The linear integro-differential operator D can be cast in the form

with v,77 > 0, where the negative indices represent primitives and f; the coefficients. Then,
in matrix form,

where NF corresponds to O~ for negative powers. If f; = Z]?”:O fx,jPj are functions given
by its Fourier series, then

fi(M) = i}fk,ij(M)-
f

The paper is structured as follows: In Section 2 we derive properties of matrix poly-
nomials f(M); in Section 3 we explore the functions of the matrix multiplication matrix;
numerical results are provided to demonstrate the effectiveness of the proposed approach,
showcasing the practical applicability of the derived formulas in Section 4; and we conclude
in Section 5.

2. Polynomials of Jacobi Matrices

Using the well-known properties of orthogonal polynomials, we derive properties
of matrix polynomials. In this context, we consider matrix polynomials as matrices trans-
formed by polynomials with real scalar coefficients.

2.1. Orthogonal Polynomials

One characteristic property of orthogonal polynomials is the three-term recurrence
relation. Let P = [P}];-, be an OPS satisfying

{P_1:0/PO:1 (4)
xP; = ajPi1+ BiP;+viPi-1, j=0,1,...,
and let A = [a;],. , be a square n x n real or complex matrix. We call P; = P;(A),

j=0,1,..., the set of matrices defined by (4):

1

i .
mﬂzgm—mwrjwﬂdzayn, @)
] ]
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with P_; = 0 and Py = | the null and the identity n x n matrices, respectively. Of course,
since A and P; are commutative matrices (P; is a linear combination of powers of A), we
can equivalently consider

1 Yi .

From (5), the rows of P; 1 can be evaluated by

T 1= p Bir Vi T -
ei P]+1:* Zal’kekp]—fel Pj—fel Pj,l, ZZO,...,n—l,
& k=0 & &

and from (6), the columns of P are given by
1 n—1 ’B vi
P]-+1ek = DT] Z;‘) a,'/kPjei - W—;P]-ek - ;;Pj_lek, k= 0,...,n—1.
=

For our purpose, we are interested in the case A = M, defined by (2) and (3), that is,
M= [mi,j] ?C;ZO with m; ; = i(Pl-, xP;), and so, from (4),

Bo M
x P17
M= a1 P2 7)

(1%

is the Jacobi matrix associated with P.

When considering the powers of such matrices, it is important to remember that they
are infinite matrices. However, since each row and column of M contains only a finite
number of non-zero elements, their products are well defined. Consequently, each power
M* with k € Ny is well defined and has only a finite number of non-zero elements in each
row and column.

In computational applications, to deal with M we have to truncate it to an My, square
matrix for some n € N. One consequence of such a truncation operation is that elements
outside the main block (1 — k) x (1 — k) of M¥ can differ from the corresponding ones in
(Myy5cn ). In practice, if we need to evaluate the main block 7 x 1 of MF we must evaluate
(M) x (k) )¥ and truncate the resulting square block.

In this work, we aim to evaluate P;(M), where P; is the polynomials defined by (4)
and M is its infinite Jacobi matrix defined by (7). As just explained, rather than performing
matrix multiplications, we operate with the finite number of non-zero elements in each row
and column of these matrices.

2.2. Linearization Coefficients

From now on, P; = I’j(M), j =0,1,... are the set of matrices defined by (5), with
A = M defined by (7). In that case, P; are matrices of linearization coefficients, in the
sense of:

Proposition 1. If P = [Pj];i
j=0,1,..., then

o 15 an OPS, M is its associated Jacobi matrix and P; = P;(M),

00 1
P = [pjik} oo’ Pik= E<Pi, P;Py).
Proof. Since, formally,
1
xP = PM, mije = ;<Pi, ka>,
1



Axioms 2024, 13, 581

4of 16

then x/P = PM/, j=20,1,... ,and by linearity

1
Pi(x)P = PP;(M), pjix = ;(Pi/ P;Py).

i
O

In the context of orthogonal polynomial theory, those values p;; are called linearization
coefficients [2—4] because they solve the linearization problem

PiPe = Y. pjiP: (8)

It has been proven [2,3] that when P is a classical OPS the coefficients satisfy a second-
order recurrence relation in the indices k. Furthermore, conditions have been established to
ensure that P; has only non-negative entries [4].

In search of specific cases, some authors have derived explicit formulas for these
coefficients. Notable examples include the Legendre polynomials [5,6], the Hermite poly-
nomials [7], and the Jacobi polynomials [8]. However, the formulas in some of these cases
involve hypergeometric functions, which are not practical for numerical purposes. The
linearization coefficients of the Chebyshev polynomials are particularly noteworthy due to
their simplicity. Using the standard notation for the first, second, third, and fourth order of
Chebyshev polynomials, we have found the following results [9,10] forj =1, 2,. ..,

1 1 jrk—i
TT=5 (T +Tjoy),  Uli=5 ¥ (1+ (=),
i=[j—k|
j+k S jtk
ViVi= Y (-1, WWe= Y W, )
i=|j—k| i=lj—k|

and, in the four cases, PoPy = Py. In Figure 1, we can see the sparse structure of P15 matrices
for those cases.

Tis(M) U, (M)

.
20 °. 20

.
.
25 . 25
.

.
.l
30 . 30

0 5 10 15 20 25 30 0 5 10 15 20 25 30
nz=47 nz = 304

V‘5(M) WIS(M)

20 20

25 25

30 30

0 5 10 15 20 25 30 0 5 10 15 20 25 30
nz = 584 nz = 584

Figure 1. Sparse structure of Py5, truncated to their 31 x 31 main block, for T, U, V, and W, the first-,
second-, third-, and fourth-kind Chebyshev polynomials, respectively.
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This band structure, characterized by zeros outside the +j diagonals and within
the triangular block, i = 0,...,|j — k| — 1, of matrices P]-, is not exclusive to Chebyshev
polynomials. In fact, it is a consequence of the general Formula (8), inherited from the
three-term recurrence relation (4).

Proposition 2. If P = [P]};o:
P] = P](M), ] = 0,1,. . then

0 is an OPS satisfying (8), M is its associated Jacobi matrix and

1, k=0
Pi= [pjik] o with pjx =40, i>j+k .
0, i<|j—Kk|

Proof. Considering k = 0 in Equation (8) results in P;P) = pjjoP;, and since Py = 1 we
obtain pjjo = 0. The proof ends considering that, for any k > 0, Equation (8) is equivalent to

o
PP =) pjiPi
i=0

fori > j+kandfori < |j—k|. O

One immediate consequence of those triangular null blocks is that they include square
main blocks inside.

Corollary 1. Let P; = P;(M), defined as in Proposition 2, and let (P;)nxn = {p]-ik} flk . be a
ik=
square main block. If j > 2n, then (P)nxn = 0 is a null matrix.

Proof. Proposition 2 implies that pj; = 0 for any pair i,k such that i + k < j, and this is
validifi, k <nandj>2n. 0O

Three additional consequences of Proposition 1 are as follows:

Pkij = Pjik
_ ki C

Pijk =y Pjik -, 1, k=0,1,....
_ Wi

Piki = uy Piik

The first one, meaning that each column j of a matrix Py equals the column k of Pj,
Pke]‘ = P]‘Ek, k,] = 0, 1, ooy

is a general property. The other two, relating each row j of P; with row i of P},

TP =LieTp, ij=0,1,...,
Hj

and P; with its transpose,
TPie; = ElelPiey, 1,7,k = 0,1
e Pie; #kei i€ 1], 01,...,

are both verified if the associated inner product satisfies the wide general property (P, P;Py) =
(P;, PiPy).

Next, we study the more general properties of the matrices P;, associated with generic
OPSs, not limited to the classical ones.
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2.3. General Properties of P; Matrices

First of all, we can verify that any re-normalization in the polynomial sequence leads
to similar matrices.
Proposition 3. Let P = [pf]?;o such that Pj = AjPj, with Ag = 1and A; #0, j =1,2,...;and
let M and N be the Jacobi matrices associated with P and P, respectively. Then, |5]. = Pj(|\7l) and
P; = P;(M) are related by A 1

with D = diag ( [)‘f]jzo)'
Proof. From (4) we obtain that
{ P ,=0P=1
xP]- = 5‘ij+1 + ﬁ]P] + ’?jpj—ll ji=01,...,

with

&= oy, By = pj and 40 = Ty = 0,1
I A i P P A 1

So, M = D~IMD. Furthermore, P_; = P_; =0, Py = Py = |, both satisfying (10), and

. 1, - A\ A ’?jA
Pir1 = @(M*ﬁj')Pj*&*ijfl
A A1
jtl -1 A j+17)
- D1(M—;1)DP; — S ip.
Ajtj P A
Then, by the induction hypothesis,
B = ApD | S (M- pl)P— Yp. i |D
i+ = Ajp 07]( — Bjl) R

= Aj1D7'Pj4qD.
O

Proposition 3 can be utilized to establish a connection between matrices P; associ-
ated with any generic OPS and matrices ﬁ>]. linked to their respective monic orthogonal
polynomial sequences, or to the corresponding orthonormal polynomial sequences.

Corollary 2. Let P = [Pj];.io be an OPS with leading coefficients c; = %(Pj, x1), and let
P = [Pj]]o,';o be the monic OPS 15]- = Cl]P], then

L1
Pj=—-D"'P,D,
6j

where D is the diagonal matrix D = {%}_5,-,]} o
i,j=

Corollary 3. Let P = [Pj];.io be an OPS with polynomial norms HP]~||2 = uj = (P;, P;), and let

P = [15]-];10 be the orthonormal polynomial sequence 15] = ﬁpf’ then

. 1
Pi=—D"'PD,
Hi
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with D = [\Fa L] .

As pointed out in [11], the Jacobi matrix M associated with any OPS is similar to the
symmetric matrix J associated with the corresponding orthonormal sequence. Indeed,
J = D~!MD is the symmetric matrix

Bo po
oo P11 o1 i
J= 1 P2 L i = P, (11)

02

associated with the orthonormal polynomials

{ P,=0P=1 12)

xp] = Pipj+1 + ﬁjpj +Pj_115]-_1, i=0,1,....
From (11) and (12), we obtain symmetric matrices.

A

Proposition 4. Let P = [15 ]] be an orthonormal OPS defined by (12) and let J be its associated

Jacobi matrix, then IAD Pi(J), j =0,1,... are symmetric matrices.

Proof. Since Py = 0 and P; = | are both symmetric matrices, the proof results from
A 1 A Pj—1 4
Piy1=—{U—-Bil)Pj ——P;1
=5 (0= - Pt

by the induction hypothesis in j and by the symmetry of J. O

Another general property of P; matrices is invariance under the orthogonality support
of P, in the sense of the following proposition:

Proposition 5. Let P = [P be the OPS defined by (4) and P* = [P}|:- ) be the OPS
defined by
{ P*, =0, P =1

xP* = vc;“P]*H + ﬁ;-kP]-* + fy]’-kP]-ﬂl, ji=01,...,

with oc;f = /\, ,B* = and V= n L for some A,6 € R, A # 0. If M and M* are the Jacobi
matrices assoczated wzth P and P*, respectively, then

PH(M*) =P;(M), j=0,1,... .

Proof. From M* = %(M — 1), we have

1 Vi
7+l = IXT( _:8]) MfP]fl
j j
Al Bj — Y
— E(X(M—JI)— / |)P]’f—le; i
1 i
= —(M—=BhPr—-Lp: ., j=0,1
0C]< ,B]) ch j 1/] 0/ ’ 7

and P;-‘H = Pjy1,since P’ =P_jand Pj =Py. O
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If [a,b], b > ais the domain of orthogonality of P and [c,d], d > c is the domain of
orthogonality of P*, then the conditions of Proposition 5 hold, with A = =" and 6 = bc ”d,
and we obtain P; = P; for all j.

2.4. Recurrence Relations

Returning to recursive Formulas (5) and (6), taking A = M, we obtain

1 Vi
e/ Pis1 = 1.1 3 P]+ (Bi — Bj)e; Py + %ﬂ el j_;],eiTijl
j &j &j j
r)/k Yi
Pirier = P jek—1+ — (,Bk — Bj)Pjex + P ekl — *P] 1€k/ (13)

recursive formulas relating the rows and columns of P; 1 with those of P; and P;_;. From
their element-wise versions, we obtain a recursivity in P i elements,

1
Piik1 = o [ai—lpj,ifl,k + (Bi — Bu)Pjik T Yit1Pjit1k — 'Ykpj,i,kfl} , (14)

fori,j,k=0,1,..., where pijk =0 whenever at least one index is negative.

From (13) we can take values for a matrix sequence Pj, j=12,... . Recurrence
relations (14) are useful in case only a single matrix P; is needed. For the latter case, we
need the first two columns for the initial values.

Proposmon 6. Let P = [P;]:Z, be an OPS and M its associated Jacobi matrix. If P; = P;(M) and
Pjik =€ P]ek, then fori,j =0,1,...
(@ pjio = dij;
vi . .
a—é, i=j—1
1 . .
—_ . — , 1 =
W) py =4 PP =)
e i=j+1
0 lj—il >1

Proof. The proof of (a) is immediate from Proposition 2. (b) results from (a) and (14). O

Keeping in mind that P; is a band matrix, from (14) we obtain explicit formulas for the
sub-diagonals j and j — 1.

Proposition 7. Let P = [P]Z be an OPS, ¢; = <P /) and c- H%‘<Pf’ 1Y its leading
coefficients, and P, = P]-( ), then for j,k=0,1,... ,
CjCk

@ pjjkk =~/
MR ek

T A
i iy Sk it
®) Pjjrk-1k= ( + - )

j+k-1\ ¢  Ck  Cjtk
Proof. For the proof, we need the well-known relations [9]

/ /

. c’ c.
o — S B; = o Tt
] A ] A L7
Cj+1 G G+l
and, since cp = 1, ¢, = 0, we have
n C/

[To= o Lp =2

1’ = Cn+1
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From (14) and Proposition 2,

Xjtk—1

P j+k—1k-1

Pjj+kk =
i a1

This is a recurrence relation that, with the initial value p; ;o = 1 given in Proposition 6,
results in

k=1 k-1
Hy:j Xy . H]

k—1 - :
l_[r:O Xr Hr 0 1% Hr 0 &r

Pjj+kk =

So (a) is proved.
Again, from (14) and Proposition 2,

i f— 1
j+k—2
Pij+k—1k = Pijrk—2k-1+ ——(Bjrk—1— Br—1)Pjjrk-1k1
jij wq P a P jj
or CjC C C
kCjtk—2 k
Pijth—1k = = Pjjtk-2k-1F 7 (5/+k 1= Pr-1),
Ck—1Cj+k—1

with initial value p; ;1 = txio(,[%] Bo) = c1(Bj — o), results in

cic j+k—1 C]Ck j+k—1 -1 k-1
Pjj+k—1k = Z Br — ZIB Z Pr— Zﬁr_zﬁr ’
=0 r=0
and in (b). O
Similar results can be obtained for the first two non-null P; anti-diagonals.

Proposition 8. In the conditions of Proposition 7, for j = 0,1,...,

HiCkCi—k
———— fork=0,.
s  Jor oy

!
WickCjk41 [ Cioks1  p  Ci .
) pijkirp= - e L T ) fork =1,
Hj—k+16 \ Cj—k+1  Ck  Cjy1

(a) Pjj—kk =

Proof. Since p;; k- 1k-1, p]] kk—1,and p; i i, belong to the null triangular block of P;,
from (14) we have, fork =0,...,j,

j
. YVj—k+1 p Ih ik »
ji—kk = ———Pjj-k+1k-1 = ———7—Pjj0-
i g DI = i

The proof of (a) results from [9]

from which we have

We arrive at (b) from

Vi—k+2
Pij—kt1k = o~ (13; k1 — Pe—1)Pjj—k+1k— 1+7k T Pii—k2k-1:
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Using (a) and iterating in k, we obtain
wici ki [ =
Pjj—k+1k = C( Y, B Y B
Hi—k+16 \r=j"k+1 r=0
and (b). O

Using property (b) of Proposition 7, we confirm that for any values of p; ;14 =0,

c/. c’. /
j and k satisfy % =14 % The next proposition presents a sufficient condition for the

matrix P; to have null intercalated diagonals.
Proposition 9. Let P = [P;]°, be an OPS satisfying (4) with constant p; = B, i = 0,1,..., then
Pj,j+k—1—2r,k = 0, r = 0,1,..., L(]—Fk— 1)/2J, k= 0,1,... .

Proof. Using (14), with B; = By,

1
Pjik = rk ) Xi—1Pji—1k—1 T Vi+1Pji+1,k—-1 — Vk-1Pjik-2|-

The hypothesis implies that % = —npB, n=0,1,..., and so, using Proposition 7, we
obtain p; i1k 14 = 0, k =0,1,.... Admitting by the induction hypothesis that, for some
r<(j+k—1)/2wehave p;i 1, =0forn=0,...,r then

p Xjik—a-2r p
jj+k—3=2rk — j,j+k—4—2rk—1
1] X1 iz
j+k—4—2r
o Hn:jflfr &n p
- k—1 Jj=1=rr+2
Hn:r+2 &n

/ / /
WiCkCj—1—1Cj—rCry2 [ Ci1—r n Cran _ SG#1) _ 0
Hj—1-rCjCitk—3-2rCr+3 \ Cj—1—r  Cr+2  Cjt1

O

Proposition 9 includes symmetric OPSs, generalizing the one in [12], Pj(—x) = (—1)/P;(x),
forwhich §; =0,i=0,1,... .

3. Functions of the Matrix M

So far, we have found recursive formulas to evaluate P}, from P;_; and P; ,, or from
its first two columns or from its first two non-null diagonals. With P = Pj(M), j=0,1,...
already evaluated, we build matrices

F=Y fP;. (15)
j=0

In the case where f =}, f;P; is a Fourier series, then F = f (M) is the operational
matrix representing the multiplication by f in P. Taking into account that for the P; matrices
we know exactly each element, defined as a finite sum, implies that the entries of matrix F
are also evaluated explicitly as finite sums. This is explained next.

Having found, in Section 2.2, a particular sparse structure of matrices P}, with well-
located non-null entries, this is the core result to prove that each entry of F is evaluated as a
finite sum.
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Proposition 10. Let F be defined by (15), fy = el Fey, and Pjik = eiTPjek, then fori,k =0,1,...
’ i+k
fik="Y. fipjix- (16)
j=li—k|
Proof. From Proposition 2 we obtain that pj = 0if j <i—k,orifj>i+k orifj <k —i,
and the result follows from

fik =) fipjix-
=0
O

The values for the first two columns of F, as particular cases of (16), arise from
Propositions 6 and 10.

Corollary 4. In the conditions of Proposition 10:

(@) fio=fi
0 fir = @i fior + (Bi — Bo)fi + vivafir1)-

Another corollary of Proposition 10 is that each block of F depends only on a finite
number of f coefficients.

Corollary 5. Let F be defined by (15), F*) = Z;'(:o fiP;j a truncated series, and Fyxn = [fir]}_g
a square main block, then

(a)  Fuxn dependson fo, ..., fon;
®) Fon=(FO) k>2n
nxn

Two Fourier series sharing the first coefficients do have identical blocks in their
respective matrices, as stated in the next corollary.

Corollary 6. Let f = Y2 fiP; and f=7rf+ L2 on11 €jPj be two Fourier series, and let
F = f(M)and F = f(M) be the respective matrix functions, then

Fn><n = ann-

These results are relevant because they allow working with approximate series when
only the first coefficients are known.

Benzi and Golub [13] showed that the entries of a matrix function f(A), when f is
analytic and A is any symmetric band matrix, are bounded in an exponentially decay-
ing manner away from the main diagonal. This result also applies to our work since
whenever M is not symmetric it can be reduced by similarity to a symmetric matrix J.
As proved in Corollary 3, instead of P j, we can work with matrices P i associated with
monic polynomials.

Proposition 11. Let f =} f;P;, F = f(M). If

~

j

>

F=f0)= (J)

—

Ipe

then

(o]
F=DFD!, withD = [1 (51-,]1
Hj

i,j=0

Proof. The proof follows from f] = ﬁ (f,P;) = /#jfj and Corollary 3. [
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Andso, f(M) = D! f(J)D and, when f is analytic, f(J) is bounded in an exponentially
decaying manner away from the main diagonal.

In the next section, we illustrate the effectiveness of the previous formulas in the
evaluation of the entries of matrix F.

4. Applications

We conclude with applications to functions whose Fourier coefficients are given by
closed-form expressions. We present two illustrative examples. The first, using Legendre
polynomials, a particular case of Jacobi polynomials, where the linearization coefficients
are explicitly known. The second example, based on Laguerre polynomials, for which the
linearization coefficients are not available, makes use of the recurrence relations presented
in Section 2.4. Valuable references on linearization coefficients for Jacobi and Laguerre
polynomials can be found in [14,15], along with additional relevant sources cited within
these works.

4.1. The Sign Function with Legendre Polynomials

Considering Legendre polynomials P;(x), for which the Legendre-Fourier coefficients
of a function f : [-1,1] — Rare

2j+1 1 .
fi= ]T[lf(x)Pj(x)dx, j=0,1,...,
if f is the sign function

-1, -1<x<0
1, 0<x<1

f(x) = sign(x) = {

then

fi= 21;1(/01 —Py(x)dx + /01 P]-(x)dx>.

Using the parity property Pj(—x) = (—1)/P;(x) [9], and the primitives formula
J B = 57 (Pj1 — Piq) [16], then

— 17(71)](

fj = =5 (Ppa(1) = Pa (1) + Pi1(0) = P11 (0)),

j

and so, fo; = 0. Finally, since P;j(1) = 1 and P5;(0) = (=)

i (%)j, it is a straightforward

exercise to prove that

_ (=D/(4j+3) (1
fajrr = 2(j+1)! (z)]'

With (x);, x € R, j € Ny, we represent the rising factorial (x)g = 1 and (x); =
x(x+1)---(x+j—1), j >0, also known by Pochhammer’s symbol.
We proceed to evaluate

e
F=1Y fjPy(M).
j=0
where M is the Jacobi matrix associated with Legendre polynomials. To the reader interested
in matrix sign functions, we recommend [17,18]. Making use of Corollary 5, we consider
the first Legendre-Fourier coefficients fy, ..., f2, to evaluate the main block F; «, of F.
The linearization coefficients of Legendre polynomials products are explicitly known [5]:

min{j,k}
PiPe= Y pjirk—2riPirk—2rs
r=0
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with )
y . 2] +2k+1—4r 4)r¢jfr¢k—r
p],]+k—2r,k = 2]- +2k+1—2r ¢j+k7r )

1
where g =1, ¢ = % = ZkT’lgbk,l, k>1.

Those coefficients and (16) result in
i . .
(Zi + 1) Z . fk‘+_172r : Qbkfr?l’lfrfpr’ i< k
ook ti—r+ Prri—r1
2i+1

2k 1l

ik =

To compare these formulas with the ability of matrix Frixn = si g1 (My ) to mimic
the effect of F,x, = (sign(M)),xn, we use the function § = |x|, x € [-1,1]. Since
g = x sign(x), the Legendre-Fourier coefficients of ¢ can be obtained from those of f,

N o P with o = (D411

and, since x = Py, for Legendre polynomials, those g coefficients must lie in column Fe;.
In Figure 2, we present the error |x| — g(x) with coefficients g; obtained in our matrix Fy

and in matrix F,x, = si ¢n(My, ), with selected values of matrix dimensions n. Matrix
F,. xn is obtained with Newton—Schultz iteration [18].

n=15 n=50 10 n=500

—FM),
0.05 - M)

IxI-9(x)
IxI-9(x)

05 0 05 1 1 05 0 05 1
x x x

Figure 2. Error |x| — g(x) with coefficients g; obtained in F,xne; and in sign(Mysxn)er, with
n =15, n = 50, and n = 500.

In Figure 3, we present in log scale the error |g; — F; 1|, with coefficients g; obtained
with (17) and Fj,l/ the values Fj,x,e1, and in matrix sign(My,«,)e1, with selected values of
matrix dimensions #.

***********************

b

102 102 102
0 5 10 15 0 10 20 30 40 50 0 100 200 300 400 500
i i i

Figure 3. Error |x| — g(x) with coefficients g; obtained in F,xne; and in sign(Myxn)er, with
n =15, n = 50, and n = 500.

A similar test can be made using the fact that Py = 1, and so, Fep = f; we can verify if
F~1f = ¢g. In Figure 4, we plot the norms ||[F~!f — ¢g||, illustrating the fact that while F}

nxn
behaves like F~1, sign(M),!  does not. We remark that F,,, is regular for even  only.
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n
Figure 4. Norm |[F~f — ¢|| for even n = 2,4,...,500.

4.2. Trigonometric Functions with Laguerre Polynomials

From the generating function of Laguerre polynomials [9],

—ax 1 - a ]L
¢ T 1ia Z(l—l—a) i)

j=0

we obtain

3

(=1)
= 22j+1

cos(x) = (Lgj(x) + Lyji1(x) + %L4j+2(x))-

The recurrence relation of Laguerre polynomials,

{ L4=0Lo=1,
JCL] = —(]+1)L]+1 + (2]+1)L] _ij—lr ] =0,1,...,

results in the particular case of recurrence relation (14):

Piio = dij,
—(143(=1)i7), [j—i <1,

pj'ill - 2 . . 4
0, lj—i >1

1 .. .
i1 [ipji—1x +2(k—i)pjix
Piikt1 = +(E+D)pjizix —kpjik—l, [J—il <k+1

0 li—il >k+1

Mlustrating an application of these formulas, we build square matrices,

cos(M) = i (2;1)1] (Lgj(M) + Lyj 1 (M) + %L4j+2('\/|))

truncated to the respective n x n main blocks, where M is the Jacobi matrix of Laguerre
polynomials for several values of n. Given a, the coefficients vector of a Fourier series
y = Lain Laguerre polynomials, then cos(M)a is the coefficients vector of cos(x)y in the
same polynomial basis. In order to illustrate the effectiveness of this procedure, we choose
y = x™, for several given m, whose Fourier-Laguerre coefficients are given by
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References

X" = i (m) L;i(x).

=0 \J

In Figure 5, we present in log scale the error |x™ cos(x) — y,(x)|, for m =4 and m =5,
where v, results from cos(M)a truncated to dimension 7.

y=x*cos(x) y=x®*cos(x)

y-y,|
Iy-,|

Figure 5. Absolute error |y(x) — y,(x)], for x € [0,57], with y = x™ cos(x) for m = 4,5; and y,, is the
truncated Laguerre series evaluated by truncated matrices cos(M)a.

5. Conclusions

In this work, we reveal fundamental properties of matrices resulting from the image
of Jacobi matrices transformed by generalized Fourier series. These are useful matrices
in the context of algebraic representation of functional operators. Among the properties
associated with matrix polynomials, we highlight the relationship between linearization
coefficients and operational matrices. Additionally, we explore symmetry properties,
invariance over domain linear displacements, and certain recurrence relations. We conclude
that the properties exhibited by matrices transformed through polynomials are inherited
by matrices transformed using Fourier series with orthogonal polynomials.

In addition to efficiently addressing the challenge of operating with infinite matrices,
this work offers effective calculation formulas applicable to any finite block of these ma-
trices. The examples illustrate the successful and efficient performance of the presented
calculation formulas.
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