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Abstract: Good Boussinesq equations are considered in this work. First, we apply three combined
compact schemes to approximate spatial derivatives of good Boussinesq equations. Then, three fully
discrete schemes are developed based on a symplectic scheme in the time direction, which preserves
the symplectic structure. Meanwhile, the convergence and conservation of the fully discrete schemes
are analyzed. Finally, we present numerical experiments to confirm our theoretical analysis. Both our
analysis and numerical tests indicate that the fully discrete schemes are efficient in solving the spatial
derivative mixed equation.
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scheme; conservation
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1. Introduction

Boussinesq equations are important mathematical-physical models for characterizing
ocean mixing, atmospheric convection, and intra-Earth convection. They play a key role
in fields such as Earth sciences, meteorology, and oceanography. The study of Boussinesq
equations is of great value because it helps us to better understand hydrodynamic behavior,
especially in terms of thermal convection, ocean currents, and atmospheric phenomena. In
addition, the study of Boussinesq equations is essential for the development of numerical
models for weather forecasting, climate research, and oceanography. Such studies have
also helped to uncover the fundamental principles that govern fluid motion and heat
transfer, contributing to advances in fields such as engineering, environmental science,
and geophysics. The good Boussinesq (GB) equation and its various extensions have been
broadly analyzed in the existing literature, such as a closed-form solution for the two-soliton
interaction in [1], a highly complicated mechanism for the solitary wave interaction in [2],
and the nonlinear stability and convergence of some simple finite difference schemes in [3].
Among recent works concerning the numerical solution of PDEs, a significant number
address the Schrodinger equation; see [4-11]. In [5,6], the authors use the Cubic B-Spline
Galerkin Method. This method has also been studied for the MRLW equation in [12].
In [11], the authors use a combined compact difference method to solve the Schrédinger
equation, and this scheme preserves the structure. This method originated from [13], and
it can also be found in [14-17]. In addition, many works related to GB equations can be
found in [18-24]. Boussinesq equations have also been investigated in [25,26].

In solving PDEs numerically, high-order compact (HOC) schemes are often used to discretize
spatial derivatives. For example, HOC schemes have been applied to solve steady convection—
diffusion equations [15], nonlinear Schrodinger equations [11], Klein-Gordon-Schroédinger equa-
tions [27], and GB equations [20]. Compared with general finite difference schemes, HOC
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schemes have the advantages of smaller error rates and higher accuracy under the same
calculation amount. However, for PDEs with multiple-order spatial derivatives, such as
the good Boussinesq equation uy = —Uyyyx + Uxx + (uz)xx , the advantages of classical
HOC schemes are often offset. If multiple HOC schemes are used to discretize multiple
spatial derivatives simultaneously, it is necessary to perform multiple matrix inverse op-
erations, which will reduce the computational efficiency and affect the accuracy. In [11],
the combined high-order compact (CHOC) scheme is used to approximate PDEs with
multiple-order spatial derivatives and achieve some discrete conservation laws, and the
proposed CHOC scheme overcomes the above shortcomings of the compact scheme and is
worth popularizing. In this work, we study the CHOC schemes of GB equations with two
spatial derivatives.

In this work, three CHOC schemes for good Boussinesq equations are derived. Apply-
ing a Taylor analysis to an equality combining the solution u and its first derivative and
second derivative yields the first three-point CHOC scheme. This scheme has sixth-order
precision and extensive applications. Then, similarly, we propose the second three-point
eight-order scheme by using a combination of the first, second, and third derivatives of the
solution. Since the two schemes have a large number of matrix operations and complex
formulations, the third scheme is designed finally by combining the solution and its second
derivative and fourth derivative, which greatly simplifies the matrix operations and ensures
certain accuracy. In this scheme, through simpler computation, the relationship between
the solution and its fourth-order derivative, as well as the relationship between the solution
and its second-order derivative, can be directly obtained, which cannot be achieved with
the first two schemes described in this work. Finally, we use the three schemes to simulate a
motion invariant and a conservation law and summarize the structure-preserving property
of these schemes. At the same time, compared with a three-point compact scheme with
sixth-order accuracy derived by Chu and Fan in 1998 [13], our schemes are more accurate
for GB equations.

In this work, we consider fully discrete schemes for the linear good Boussinesq equation

0?u = 02u — otu, 1)

where 0 < x < L,t > 0, L is a constant. The following nonlinear good Boussinesq equation
is also numerically solved, as follows:

0?u = 0%u — 3tu + 9% (u?). 2)
We consider the initial conditions and periodic boundary conditions as follows:
u(t,0) =u(t,L), u(0,x) = f1(x),u:(0,x) = fo(x),0 < x < L. (3)

2. Establishment of the CHOC Scheme

In this work, we introduce three schemes for the discretization of spatial derivatives. To
detail the CHOC scheme, we introduce a uniform grid xp < x1--- < xy with x; = xo + jh

and h = *g™,j=1,2,-- -, N. First, we introduce the first scheme (4) and (5)

/ / / " " Ujr1 —Ujq
o1 (Mj+1 +1/l]-71) +uj+ﬁ1h(uj+1 _”j—l) +71% =0, (4)
M/- - u/'_ ” " " Uuj —2ui+uj_
+1 1 +1 1
%) ERLE S I / + u; + B2 (uj+1 + ujfl) 72 ! hZJ == 0, ®)

where a1, B1,7v1 and ap, B2, 72 are coefficients to be determined according to the accuracy of
the approximation. The three-point CHOC scheme for the combination of the first and second

/ " . . / " / "
o1 to their neighbors Uj—1,Uj_q Ui and Ujp1, Ujq, U

derivatives aims to relate u jr i1
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This scheme approximates the first-order derivative and second-order derivative of u
separately using the above combinations to numerically solve the Schrodinger equation
in [11].

By applying Taylor expansion to Equations (4) and (5), we can obtain the following
Tables 1 and 2. Here, the last row denotes the summation of each corresponding column.
The tables related to Taylor expansion and discussed subsequently are similarly constructed.

Table 1. Taylor series of scheme (4).

-1 ' " "y (4);3 (5) 7,4 (6)15 ()16 (8) 17

Term u]h u; u].h u; h u; h u; h u; h u; h u; h
wi_y 0 ap of -3 ot -5 o -7
u} 0 1 0 0 0 0 0 0 0
181”]‘+1h 0 0 B1 B1 % % % %} %}
—Prttj_yh 0 0 A P1 —5& & -& b -&
Fua oomoom ¥ % <% ¥ % % -
¥ 0 Y11 0 Y12 0 Y13 0 Y14 0

Table 2. Taylor series of scheme (5).

=2 ' —1 " " (4)72 (5)1,3 (6) 74 ()15 (8)1.6

Term ujh ujh u; u; h u; h u; h u; h u; h u; h
iy 0 ) a5 5 7 5 o 7
LT T e
u] 0 0 1 0 0 0 0 0 0
ﬁQu}/H 0 0 B2 B2 /% % % % %
Pati 0 0 P —P2 o -5 & -& &
—2Bu; —27, 0 0 0 0 0 0 0 0
z 0 0 Y21 0 Y2 0 Y23 0 You

To obtain this scheme with sixth-order convergence, the above coefficients must satisfy
the following algebraic equations:

yin =2(a1 +71) +1=0,

y13:2(%+%+%> :0,
and

Yo =2(a2+B2) + 12 +1=0,
ym=%2+p+%B =0, ()
=%+ R+ B =0

The solutions of the above equations are

7 1 15

D‘l - EI,Bl - _E/ryl - _Er
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and 9 1
ap = g,ﬁz =-gmr=-3

Therefore, schemes (4) and (5) possess the specific forms

1 I ’ li h " " 15

E(7u]-+1 +16u]+7u]_1) — B(uj+1 — uj_l) = @(uj"rl _uj_l)/ (8)
9 i ’ 1 " n " 3

@(u]+1 — uj*l) — §<u]+1 _81/[/ +u]‘71> - ﬁ(u]'_;’_l —214] +u]‘_]). (9)

After conducting a thorough analysis, it is determined that this scheme has relatively
limited applicability. Its usage often necessitates complex matrix operations, and it is
insufficient for differential equations involving certain high-order derivatives. In the
good Boussinesq equation under study in this work, a fourth-order spatial derivative is
involved. To obtain the numerical solutions of good Boussinesq equations, we require the
discretization of dtu and d2u. Here, we adopt the combination of the function values of
u and its first-order derivative and second-order derivative to represent the fourth-order
spatial derivative

4 36 21 ! l 3 " "
]{ ) — _hj(ujﬂ —2uj+uj_q) + h—3<u]~+l + u]‘,l) - h—2<u]~+l + ”jq)- (10)

Under periodic boundary conditions, by combining (8) and (9), we have

AUy + AUy = AU, 1)
Ag Uy + Ap Uy = AxsU.
where
16 7 7 01 1 01 -1
R 11767 . B0 R 5|10
11 = — u' .. o. y 12 = —_—— u' o. -' ’ 13 = — 7
16 "7 16 7 16 10 l6h 10 1
7 7 16 1 10 1 “10
0 1 1 81 1 21 1
R 9 |10 1 . 1|18 R 121
21 = op SRR P22 =79 e, el T, 723 = 75
8h 10 1 8 1 -8 1 h 1 -2 1
1 10 1 1 -8 1 1 -2

By solving (11), we can obtain Uy = G- U, Uy, = H-U,G = A"!'B,H = A7'C, where
A = A11A» — ApAgi, B = ApnAgz — A1pAgz, C = A11Az — ApAgs. For (10), we have

Yy Uy y
) -2 1 1 w 0 1 -1 7 01 1 I
u 36| 121 uy 21|10 1 U 3|10 1 u
: 1 T : 3 <o : 2 s S
u® h 1 -2 1 uN-1 h 10 1 J h 1 01 J
N-1 1 1 -2 uN 1 -10 N-1 1 10 N-1
ke &
N
where
01 1
3|10 1
Bl = —h7 .
1 01
1 10

By substituting Uy = G- U,Uxy = H - U into this, the above expression can be
represented as follows:

12 56
iU = —?A23~u+ 3z G- U+BH- U (12)
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Let M = B; -H+ %Aﬂ -G — %Azg. We will use the following schemes for the
spatial derivatives:
U =M-U,
(13)
22U =H-U.

Next, we will obtain the second CHOC scheme with eighth-order accuracy with

the combination of the first, second, and third derivatives relating uj, u}, u;/, u;." to their
n n

-1 and Ujt1, u;H, u}lﬂ, Uiy The generalization of (4) and (5)
to the case of three derivatives similarly yields the following CHOC scheme:

. ! "
neighbors u;_1, Ui q,Uj g, U

/ / ’ " " o m " uj+] - M]'fl

15} (Mj+1 +1/l]'71) +uj+,31h(u]»+1 —u]‘71> +(Ull’l (qu +M]'71) +')’]7h = 0, (14)
ul'Jr] - u;‘fl " " " m m Ujr1 — 2u] +u i1

[1%)] g I —l—uj—i-,Bz (”j+l + ujfl) + woh (”j+1 — “]‘71) + 72 / i / =0, (15)
M;'+] + ”;'—1 " u;’,-‘rl — Ll;',_l " " uj+1 — 1/[]'_1

o3 T + u]' + ,BS # + w3 (u]‘+1 + uj—l) + ’)/3T = 0, (16)

where a1, 81, w1, y1 and ay, B2, wy, v2 and a3, B3, w3, v3 are coefficients to be determined ac-
cording to the accuracy of the approximation. Through the Taylor expansion of
Equations (14)—(16), we can obtain Tables 3-5.

Table 3. Taylor series of scheme (14).

Term u]-h_1 u;. u;., h u;." h? u](4) K3 u](.s) K4 u](.6) Ko u](.7) Kt u}s) n
aytl} g 0 “om i i T 5t o 7
wi_y 0 0 ot -3 at —5 o —%

] 0 1 0 0 0 0 0 0 0
ﬁl”;‘lﬂh 0 0 P1 P1 ﬁzi} % % % %}
k00 —p A & - & -
wy u;-/;lhz 0 0 0 wq wq s o 4 4
w1 u;Llhz 0 0 0 w1 —w1 5t -3 e -4
Fu om om % % % % - % B

z 0 Y1 0 Y12 0 Y13 0 Y14 0

To obtain these schemes with the eighth order, they must satisfy the algebraic equations

yi1 =2(eq1+71)+1=0,

vp=a+2(f1+wi+%) =0,
y13=2(%+%+%+%):0'
ya=2(%+8+9+%) =0,

(17)

and
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yn =2(a2+ B2+ %) +1=0,
y22=2(”§%+%+w2+%) =0,

. 5 w (18)
ym=2(%+%+%+%) =0
y24=2(0%+% 7+%):0,
and
y31 = 2(az +73) =0,
yn=2(5%+p+ws+%)+1=0,
a3 | B3 | w3 | 73 (19)
y33=2(ﬂ+§+j+y) =0,
yu=2(9+E+9+%) =0
Table 4. Taylor series of scheme (15).
=2 4 " " (4)72 (5) 73 (6) 1.4 (7) 5 (8)76
Term uih u]-h u; u; h u; h u; h u; h u; h u; h
R 0 CINC I | 3 £l s & 7
a0 m o ow % % % % % %
u] 0 0 1 0 0 0 0 0 0
ﬁzu}/ﬂ 0 0 B2 B2 % % % % %
By 0 0 B —P2 & -& & -& &
wzu}”ﬂh 0 0 0 wy wy “ 5 & &
fwzu;-”_lh 0 0 0 —wy wo - 5 -% &
“22y, 2y, 0 0 0 0 0 0 0 0
U o om B % & —% i ~% #
x 0 0 Y21 0 Y2 0 Y23 0 You
Table 5. Taylor series of scheme (16).
,—3 rp—2 "y —1 i (4) (5) 4,2 (6);3 (7) 1,4 (8)4,5
Term ujh u’.h u.h u; u; h u; h u; h u; h u; h
B 0 a3 a3 i il 5t o 7
Pl 0 a3 a3 5 -5 Eil -5 i -7
uj 0 0 0 1 0 0 0 0 0
Buin 0 0 B B B B BB B
—Rui, 0 0 s B -G & & & -8
wgu}:_l 0 0 0 w3 w3 % % e =
w3u;£1 0 0 0 w3 w3 St -5 & -4
Bya -m w3 % -} B B % -¥
% 0 Y31 0 Y32 0 Y33 0 Y34 0
Their unique solutions are
19 1 1 35

X1 = ﬁ/ﬁl = _érwl = %/'Yl = _ﬁ
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and 29 5 1
= — = — — = — g —4
0 =10, P2 TR
and
o W05 15 3 5
3 = 16/ 3_8/ 3 = 16/’)/3_16
respectively. Therefore, schemes (14)—(16) have the following specific forms:
1 ! ! ! h " " hz n n 35
32 (19u]+1 + 3211] + ].911]71) - 8 (u]Jrl - u];l) + % (1/[]+1 + u];l) - @ (u]+1 - u]‘,l), (20)
(2914]-Jrl — 29uj71) - (5“]'+1 - 16uj +5u]«71) N h(uj+1 — ”j—l) _ 4(u]-+1 —2uj+ u]-_l) 1)
16h 16 48 h? ’
! ! " " " n n
(10514].+l + 105u]-_1) N (15u]-+1 - 15u]-_1) ) (3uj+1 —16u] + 3u]._1) 105 (41 — 1) o)
—16h2 8h 16 B —16h3

This three-point scheme possesses eighth-order accuracy and involves three deriva-
tives, so it is more applicable and allows for greater accuracy in comparison to (4) and (5).

Under periodic boundary conditions, by combining (20)—(22), we have
B11Uy + BioUyx + BigUsxx = Bigl,

BZ] ux + BZ2 Uxx + B23 uxxx = B24 U/
B31 Uy + B32Uxx + B33 Uyyy = B34U'

where
32
2 9 1
119 2 0 1 -1 01 1
19 19 h -10 1 W2 10 1
]311:?72 'B12:_§ ,313:% SR
12 10 1 1 01
19 I 1 10 1 10
1 1%
¥ 1
0 1 -1 0 1 -1
10 1 10 1 1 -¥1
35 29
B =0 B = 2 /By = — ,
10 1 ~10 1 1 _16
1 -1 0 1 -1 0 o
1 1 -1
0 1 -1 21 1 01 -1
10 1 1 21 10 1
h 4 105
By =15 By =13 ,B31 o ,
“10 1 1 -2 1 0 1
1 10 1 1 -2 1 “10

0 1 -1 3

1 1 0 1 1
16 B
-10 1 b=31 - !
g 10 3 ; 105| ' °
B32:8 1333:_1 ’B34:_16h3
10 1 1 -1 1 10 1
1 -10 16 1 -1
1 -3

(23)

Next, we adopt the combination of the function values of u and its first, second, and

third derivatives to represent the fourth-order spatial derivative
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4 72 183 / / 39 " " 3 " "
= — g (i1 =25+ ujo1) + g\ — “H) - m(um + “H) * @(“J‘H N ”H)' @)

In light of solving (23), we can obtain

o,U=G" U,
02U = H* - U, (25)
BU=1-1,

where G* = D™D, H* = D'D,,I = D~ 'Ds. For D, Dy, D, and D3, we have

D = B11B2B33 + B12B23B31 + B13By1B3y — B11B23B3y — B12B21B3s — B13B2oB3y,
D1 = B14B22B33 + B14B23B31 + B13B21B3s — B11B23Bss — B14B21B33 — B13BosBay,

(26)
D> = B11B22B34 + B12B24B31 + B14B21B3 — B13B4Bs1 — B14B21B33 — B11B23Bag,
D3 = B11B22B34 + B12B24B31 + B14B21B3y» — B11B24Bso — B12B21B3s — B14B2Bag.
Substituting Uy = G* - U, Uyy = H* - U, Uyxx = I- U into (24) gives
18 366 936 6
ot = —?B24 u-— hTBlzG* U+ hTBBH* ‘U= 35Bpl - U 27)

Let M* = 9;’—46B13H* — %B12G* — %BM - h%BuI. We will obtain the following dis-
crete schemes of the spatial derivative, as follows:

U =M"-U,
(28)
02U = H* - U.

For the above scheme, we find that the matrix operation becomes complicated. To
obtain the discrete form of 02u and 0iu according to (14)—(16), we require many matrix
operations, and the subsequent simulation of the numerical solution will be more difficult.
Thus, we consider constructing a direct combination of 92u, 9% and u to devise the third
CHOC scheme. This scheme will maintain sixth-order precision and can be used to easily
obtain the discrete forms of 92u and d%u, which will be more pertinent and accurate. This
scheme has the following formulation:

Wi T U Uiy tu Uiy —2uj+uj_
j+1 j—1 " 2 j+1 j—1 o j+1 ] j—1
1 72 + u]' + ‘31}1 72 =7 h2 , (29)
”}lﬂ - 2”}/ + ”}/71 (4) ”]('i)l + ”]('47)1 Ujro —4ujq +6u; —4uj g +ujp
@ +up + | | = i : (30)
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We apply Taylor expansion to (29) to obtain

n ) @
" Ui +u;_ Ui +ug
LHS:u]«—I—le(]Jrlz]l) +/31h2(]+12]1)

hA 2

_ () (6) 6 SO OMLANG 6

= 1 + o (u +§”] +Eu] +o(h ))—i—ﬁlh (uj +2| Uj +4' i +o(h ))
=(1+ay)u; +<2' + By >h2 @) 4 <4' +51> +o(h6>

21
Uirqg —2u; +uj_
RHS:’Yl< T 1)

u(4) u(é)
— " 24 4 6
=m|u+ 12h 360h +o(h )

To obtain the scheme with sixth-order accuracy, the coefficients must satisfy the
algebraic equations

14
14+a = % &1 = ¢,
_ 3

F+br=0 = (b=
_75

4%"”31 & 7 = 61

Similarly, for (30), we have

(6) 8) ©)2 88
_ 4 O T S R @ Y 4 6
LHS—u +0c2(u] 12 ——h"+ 3 h ) —i—,Bz(uj + T + i +o(h )

e (0 ) (5 ) o)

Uiir —4u; 1+ 6u; —4u;_ 1 +u;_
RHS:’)/z j+2 j+1 ] j—1 ] 2+O<I’Z6)

h4

25723 27723 29723
= ’Yz< 1 u](4) +— hzu](-ﬁ) + h4u](8)) + o(hé).

8!

To obtain the scheme with sixth-order accuracy, the coefficients must satisfy the
algebraic equations

5_n3
1+“2+ﬁ2:%721 =5,
+ ‘82 - - ,BZ = %/
3 18
360 + 7 132 = 2 =3r 72, T =T

Under periodic boundary conditions, for (29) and (30), we obtain

{ T] uxx + Afz uxxxx = Afg,u (31)

A>2kl u_x_x + A;quxxx - A;SU.
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where
e o T
01 1 21 1
141
7 S 101 1 -2 1
A*:Z A*:,% A*:ﬁ
11 61 . . 7 12 4:88 s e . 7 13 61]12 e e . 7
1 ¢ 1 1 01 1 -2 1
1 1 1 1 -2
61
L1 7
-6 —4 1 1 —4-
46 -4 1 1
- -
91 1 5 1 1 1 46 41
1 -2 1 g1
Ar — 6 A*—5 A*—18
21 7]’12 . .. 7 3292 14 e . 74323 7h4
1 -21 1 ¥
1 1 -2 ) L ERTTT
1 1 -4 6 —4
L4 1 1 —4 6 4

With (31), we can readily derive Uy, and Uyyxy via the expressions of U. This signifi-
cantly streamlines the matrix operations. By solving (31), we can obtain

02U =G - U,
(32)
otU =Hy - U.
where G| = Af1B1,H1 = AflC1. For Aq,Bq,Cq, we have
A1 = Aj1A5 — A Ay,
B) = ApAjs — ApAy, (33)

G = AT1A§3 - AélATB‘

Additionally, the following high-order compact (HOC) scheme is presented in the
existing literature [28]. For good Boussinesq equations, the above scheme has higher spatial
accuracy compared to the scheme given in [28].

Ujyy — Zuj +uj . Ujr1 — 21/{]' +ujig

" " "
0(114]-_1 + uj + D‘luj-&-l = b1 4]12 1 hz ’ (34)
(4) (4) 4) . 3= +16u;—%u; 1+u; 3
06211]-,1 + u]. + “2”j+1 = by-L ] 6h4] j j 5)

Ujro—4ujq+6u;—4u; 1+u; o
2 WA ’

for (34) and (35), according to [28], we have a; = %, ny = %, a = %, a = %,
by=3, b= 11—3 Therefore, we can also express this HOC scheme in the same way as in

the three aforementioned schemes, where we denote

Hu=5,-U,

(36)
22U =S; - U.
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3. Establishment of the Fully Discrete Scheme

Let T be a temporal step size and t, = nt,n =0,1,2,--- , M, where M = T /7. Denote
the approximation of u(x, t,) by u". Define the following operators:

n+1 _ .n n n+1
L
T ! 2

NI

Let v = u4, and the considered good Boussinesq equation can be written as
00 = u — du + 32 (u?).
Applying the CHOC scheme (13) to the spatial derivatives of the above equation gives
vp=-M-u+H-u+H - u>=N-u+H-u?

where N = H — M. By applying a symplectic midpoint scheme with second-order accuracy
to the above equation, we obtain the following fully discrete scheme:

un+l ="+ %(ZJ” +Z)”+l), (37)
+1
. %N-u”+1 4ot = %N o+ %H {(uz)" + (uz)" } (38)

Similarly, using CHOC scheme (28) for the spatial derivatives yields
op=—-M*"u+H" - u+H  -u?>=N"" u+H"u?

where N* = H* — M*. We obtain the corresponding fully discrete scheme
_I * o+l n+1iz * oM n E * 2\" 2n+1
2N u 4o —2N u 4o +2H {(u) +(u) . (39)
Applying the CHOC scheme (31) for the spatial derivatives gives

vt:—H1-u+G1~u+G1-u2:N1-u+G1~u2,

where N1 = Gy — Hj. We similarly obtain the following fully discrete scheme:
_I L+l n+1_z oy n I . 2\" ZTH»1

2N1 uw ' +o szl u" +v +2G1 {(u) +(u) ) (40)
Applying the HOC scheme (34) and (35) for the spatial derivatives gives

Z)t:—52-M+51'1/l+51'u2253'M+51'M2,

where S3 = 51 — S. We also similarly obtain the following fully discrete scheme:
T omtl  ontl _ T owmon, Lo 2\" 2\ 1
253 u 4o —253 u" + v +251 {(u) +(u) . 41)

By combining (38)—(41) with (37), respectively, we always obtain the algebraic equation
as follows:
A- Tr’l-‘rl —B.T" + F(Tn+1,Tn),

where A and B are some invertible tridiagonal matrices depending on the corresponding
scheme, T" = [u" ,v"]T, and F is the corresponding nonlinear term.

For simplicity, we will denote the schemes corresponding to (38)—(41) by CHOC-A,
CHOC-B, CHOC-C, and HOC, respectively.
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4. Conservation Laws of CHOC Schemes

Under periodic boundary condition (3) with L = 1, some good Boussinesq equations
have certain conservation laws. Below, we consider periodic domain [0, 1].

Theorem 1. Let ||-|| denote the standard L2-norm for 1-periodic functions. Then, along with
0?u = —dtu, the quadratic functional

e[ + |2 (42)
is invariant. Thus, it is an integral of motion.

Proof. According to (3), after multiplying both sides of 3?u = —d%u by u; and integrating
it by parts, we have

1 1
/ U - Updx = — / Uy * UpyprdX. (43)
0 Jo

For (43), we take integration with respect to t to obtain

topl
//ut-uttdxdt //uxxutxxdxdt

= / u?(x,t) dx+/ xxxt)dx—/ u?(x,0) dx+/ uz,(x,0) dx.
0
Therefore, we have (42). [

Theorem 2. For nonlinear Boussinesq Equation (2), the following conservation law is satisfied:

1 d ') d
/0 u(x,t) x:/o v°(x) dx. (44)

If f01 o0(x) dx = 0, then we obtain the conservation law as follows:

1 1
/0 u(x,t)dx:/o u(x)dx. (45)

Proof. For t € [0, T, integrating with respect to x on both sides of (2), we obtain

1 1
/0 updx :/0 (ttxx — 031 + (U2) 2 )dx.

According to (3), the integration on the right side of the above equation is 0, i.e.,

1
/ uttdx =0.
0

Taking integration with respect to t yields fo u(x, t)dx = fo x)dx, which is (44). If
Ol o(x)dx = 0, then fo us(x,t)dx = 0, which gives (45) by 1ntegrat10n with respect to .

First, we are interested in the discrete versions of Theorems 1 and 2 under numerical

analysis for CHOC schemes. To this end, we list some important properties of circulant

matrices [11]. A matrix written in the form

€0 1 C2 T CN-1
CN-1 C0 €1 ce CN-2
Circ(cg,¢1,62+ - - CN—1) =
Co c3 c1

1 €2 - CN-1 co
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is said to be a circulant matrix.

All of the matrices Ai]-(i,j =1,2), Bl-]-(i,j =1,2,3), Af]-(i,j = 1,2.) are circulant. There
are a number of favorable characteristics of this type of matrix.

We list some of them in the following; these are useful in analyzing our schemes. []

Proposition 1 ([11,27]). If A, B are circulant matrices with the same number of rows and columns,
then we have the following.

(i) A+ B, A — B, AB are circulant matrices.

(ii) If A=V is well defined, then A~ is also a circulant matrix.

(iii)) A, B are commutators, AB = BA.

(iv) If A, B are symmetric and positive definite matrices, then AB = BA is a symmetric and positive
definite matrix.

(v)  The eigenvalue of the circulant matrix above is A; = ZII(\]:_Ol cxe”

6j with the corresponding

. . o T
eigenvector w; = 3 [1,6 i ... ¢~i(N 1)9]} _

With Proposition 1, we can obtain the following proposition.

Proposition 2. For the matrices in the CHOC solvers (13), (28), (31), and the HOC solver (36),

we have the following:

(i) An, Ax, —As, Ba, Bs3, A}y, A3y, As are symmetric and positive definite.

(i1) A12, A13, Aer B12/ Bl4, 321, Bz3, 334 are skew—symmetric.

(iii) B11, B13, Boa, B31, B3p, Al Als, A3y, St are symmetric.

(iv) A, A7, D, Ay, Cyare symmetric and positive definite; D1, D3 are skew-symmetric; and Dy,
By are symmetric.

(v) M?*, Hy, Sy are symmetric and positive definite; G, G*, I, are skew-symmetric; and H, M, H*,
G1,N,N*, Ny, 51 are symmetric.

(vi) All of these are circulant.

Proof. The conclusions (i)—(iv) and (vi) can be observed or be verified from Proposition 1.
The result (v) can be derived from the last conclusion in Proposition 1 by finding their
eigenvalues. [

Theorem 3. Define
w" = (", ")+ (u",R-u"),

where (u,v) is the standard unitary inner product at the discrete level for finite-dimensional
sequence vectors, v" = [vf, 08, -+, 0 |, u" = [ul,ul,- -+ ,ulx| . Ris the matrix coefficient
when approximating the fourth-order spatial derivative expressed by M (13), M* (28), Hy (31),
Sy (36). Then, for CHOC solvers (13), (28), (31), and HOC solver (36) to solve a%u = —aiu, the
numerical solutions satisfy that

n+l _ w'. (46)

Moreover, for M* (28), Hy (31) and Sy (36), there exists C such that CT - C = R; therefore,

w

w" = (0", ")+ (C-u",C-u").

Proof. Since v = u;, we have v; = —uyyyy, and its discrete scheme is
vn+1 —_ o RunJrl + Ru™
T 2 '

17un o Un+1+vn
- 2

By multiplying 't = on both sides of the above formula, we have

(Un+1 + vn)T(vn—H o vn) B (vn-‘rl + ZJ”)T Run+1 + Ru"
27 - 2 2 ’
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Therefore, we obtain that
(v”+l)T<vn+1> . (ZJ”)T(Z)”) _ _(un+1)TR_ (unJrl) _ (u”)TR~ (u™),
(v”“)T(v”H) n (u”“)T(R _ un+1> = (0")T(0") + (") T(R - u"),

which is w1 = w". Taking into account the symmetric positivity of M* (28), H; (31), and
S»(36), there exists C such that CT - C = R, which yields

(u",R-u") = (C-u™")T(C-u").

Therefore, we obtain
w" = (0", ")+ (C-u",C-u").

O

Theorem 4. For the nonlinear good Boussinesq Equation (2) with periodic boundary conditions, the
schemes CHOC-A, CHOC-B, CHOC-C, and HOC satisfy the following discrete conservation law:

ut=h) uf =ul (47)

provided that v° = 0.

Proof. Firstly, we consider scheme CHOC-A to solve nonlinear system (2) and have the
following formula:

n n+1 2
"t =y T(W) Jo =t 4 %N(u”+1 + u”) + ;H{(”n)z + (M"H) } (48)

2

By calculation, we obtain that

2 -1 2
o = o g (E - T4N> {TNU” +2Nu" + H[(u”)z + () ] } (49)

We construct the following iterative algorithm:
4 T 2\ 2 11)2
n _.n -~ n n n n
Ulr1) = © —|—2(E—4N> {TNU +2Nu —i—H{(u) —i—(u(k))]},

" 4 ot
+1 (k+1)
M?k+1) =u"+T (2 , (50)

wherek = 0,1, ... and u’@l = u". Then, we find that

n+1
(k)

— unJrl,kli_E?o vi(,l];;l —_ vl’H*l' (51)

lim u
k—o0

Considering v° = 0 and the symmetry of N, H, we can obtain v’&:jrll) =" =0, u?kill) =u.
The limit (51) yields v**t1 = 0,u"*t! = u". The conservation identity (47) for schemes
CHOC-B, CHOC-C, and HOC can be derived similarly.

For the linear good Boussinesq Equation (1), we have the following equivalent Hamil-

tonian system:
ur =0,
{ * (52)

Ot = Uxx — Uxxxx,
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with the Hamiltonian function H = —% [ (v* +u2 + u3, + V*(u))dx. Thus, we obtain the
symplectic conservation law as follows:

w(t) = /du Advdx = w(0). (53)

Symplectic schemes for Hamiltonian systems are proven to be more efficient than non-
symplectic schemes for long-time numerical computations and are widely applied to
practical problems arising in many fields of science and engineering. These include ce-
lestial mechanics, quantum physics, statistics, and so on (see [16,29-31]). Next, we will
demonstrate that the considered schemes are symplectic. [

Theorem 5. For linear GB Equation (1), the schemes CHOC-A, CHOC-B, CHOC-C, and HOC
are symplectic with the following conservation law:

NX
w'=nh z%du;l A dv;l =u. (54)
]:

Proof. For (38), scheme CHOC — A has the formula as follows:

E —%E
Therefore, through extensive calculation, scheme CHOC-A is shown to be symplectic.
Similarly, the schemes CHOC-B, CHOC-C, and HOC are also symplectic. O

un+1 un

Vn+1 v

E IE

_[;N E

5. Numerical Experiments

In this section, we present some numerical results to illustrate the above theoretical
analysis of the CHOC and HOC schemes, mainly focusing on the convergence and discrete
conservation laws for numerical solutions of the GB equation. Our numerical results were
obtained via MATLAB 2022a.

First, for the linear GB equation, we take the initial value f(x) = sin(x) and exact

solution u(x,t) = sin(x) cos (\/Et) Here, we focus on issues within a limited space—time

domain [0, 27] x [0, T]. The L, and Lo norms of the errors between the numerical solution
and exact solution are defined, respectively, as

7

2
e ()l =y [ (U =), e () oo = max| iy —

where U]’-1 =u (x]-, tn) is the exact solution and "' is the numerical solution. The convergence
order in the space and time directions is defined as orderl and order2, respectively,

In(lle(hy, O/ lle(r2, D) o0y — Iletr, )1/ ]le(r w)])
In(h1/hy) ’ In(71/7) '

First, we test the convergence order of CHOC — A, CHOC — B, CHOC — C, HOC and
take different step sizes in the direction to be considered, while taking a very small step
size in the other direction.

Table 6 lists the errors of the numerical solution and exact solution under the L, and
Lo norms, as well as the spatial convergence order calculated with orderl for the four
schemes while taking different spatial step sizes. In order to render the error in the time
direction relatively negligible, we take the time step size T = 107,

orderl =
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Next, Table 7 shows the ratio of the numerical errors in Table 6, calculated with

Numerical error by CHOC — B or CHOC —C
Numerical error by CHOA scheme '

Table 8 shows the ratio of the numerical errors in Table 6 calculated with

Numerical error by CHOC — B or CHOC —C
Numerical error by HOC scheme '

Table 9 lists the errors of the numerical solution and exact solution under the L, and
L norms, as well as the time convergence order calculated with order2 when the four
schemes take different time step sizes. In order to render the error in the spatial direction
relatively negligible, we take the spatial step size h = %—g.

This indicates that the two additional CHOC schemes derived from CHOC-A are more
accurate than the CHOC-A and HOC schemes.

Secondly, for the linear principal part of the GB equation, we simulate the discrete
conservation law (46) in time interval [0, 15], which is measured with the following approx-
imate motion-invariant error: w" — «".

Thirdly, we consider the nonlinear GB equation (2) with an exact solitary wave solution
as follows:

u(x,t) = —Asech? Ki) (& — e;o)}, E=x—ct, (xt)€[-50,50] x[0,1],

where 0 < P <1, A = 37132, Go = (1 — PZ)l/Z. Below, we take a moderate amplitude
A =05, ¢y = 0and take step sizes h = 0.5, T = 0.01. We simulate the discrete conservation
law (47) in time interval [0, 15], which is measured with the following approximate motion-
invariant error: 1" — u0. We also test three CHOC schemes for the interaction of two solitary
waves governed by the nonlinear GB equation. In this work, we set different amplitudes A
of 1 and 0.25, with corresponding initial phases ¢ of —60 and —80, respectively. We also
take step sizes h = 0.5, T = 0.01. The experimental results indicate that all three CHOC
schemes effectively simulate the interaction of the two solitary waves, and the results
are similar. Therefore, we only present the simulation results for the CHOC-C scheme at
different time instances.

Table 6. Numerical errors of u;? with T = 1074,

h Scheme |2 Order le™ || o Order
CHOC - A 7629 x 1073 — 41841 x 1073 —

27 CHOC—B  74229x107* - 39829 x 107  —

5 CHOC-C 94958 x 10~¢ — 50952 x 107 —
HOC 87936 x 107% — 6.1928 x 107% —
CHOC — A 4203 x107%  4.1816 23058 x 1074 4.1816

2 CHOC — B 9.4353 x 10°®  6.2978 5.0628 x 10°¢  6.2977

10 CHOC -C 1.348 x 10>  6.1384 72331 x 107¢  6.1384
HOC 24481 x 107°  5.1667 1.3136 x 1075 5.5590
CHOC - A 8.0998 x 10>  4.0609 45682 x 107> 3.9927

2 CHOC—B 79367 x1077 6.1054 44533 x 1077 5.9952

15 CHOC - C 1.1673 x 107  6.0338 6.5498 x 107 5.9236

HOC 21169 x 107¢  6.0374 1.1878 x 107  5.9272
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Table 6. Cont.

h Scheme le™ |2 Order lle™ || oo Order
CHOC — A 25403 x 107> 4.0307 1.4288 x 107°  4.0402
2 CHOC - B 13599 x 1077 6.1321 7.6726 x 1078 6.1129
20 CHOC —-C 2.0994 x 10~7  5.9636 1.1844 x 1077  5.9448
HOC 3.7792 x 10~7  5.9893 21322 x 1077 5.9702
CHOC - A 1.0361 x 107> 4.0190 5.8447 x 1076 4.0059
2 CHOC—B  32376x10°% 64316 1.823x 1078 6.4406
25 CHOC -C 5.7932 x 1078  5.7701 3262 x 1078  5.7784
HOC 1.0185 x 10~7  5.8760 5.7347 x 10~8  5.8850

Table 7. The ratio of the numerical errors among different CHOC schemes of u;l with T = 1074,

CHOC — B CHOC —-C
h

Rate e} Rate e¥ Rate e} Rate e,
ZT” 0.097 0.095 0.124 0.122
e 0.022 0.022 0.032 0.031
%T 0.0098 0.0097 0.0144 0.0143
22—75 0.0053 0.0054 0.0083 0.0083
s 0.0031 0.0031 0.0056 0.0056

Table 8. The ratio of the numerical errors among different schemes of u]" with T =107*%.

CHOC — B CHOC — C
h
Rate e} Rate e¥ Rate e} Rate e¥,
i 0.8441 0.6432 1.8 0.8228
n 0.3854 0.3854 0.5506 0.5506
P 0.3749 0.3749 0.5514 0.5514
’% 0.3598 0.3598 0.5555 0.5555
s 0.3179 0.3179 0.5688 0.5688
Table 9. Verification of temporal convergence rate with 1 = %—g.
T Scheme le™ |2 Order lle™ || oo Order
CHOC - A 55718 x 1076  — 1.1056 x 107>  —
1 CHOC—-B  5574x107° — 1106 x 107> —
40 CHOC - C 5574%x107% — 1.106 x 107> —
HOC 5574 x 1076  — 1106 x 107>  —
CHOC - A 1.4094 x 10~¢  1.9831 2.8058 x 1076 1.9783
& CHOC — B 1.4116 x 10~® 19814 28101 x 1076 1.9764
CHOC - C 14116 x 107°  1.9814 28101 x 1076 1.9764
HOC 1.4116 x 10~¢  1.9814 28101 x 1076 1.9764
CHOC - A 3.5297 x 10~7  1.9975 7.0373 x 10~7  1.9953
B CHOC—B  35515x 1077 1.9908 7.0808 x 1077 1.9886
160 CHOC -C 35514 x 10~7  1.9909 7.0806 x 10~7  1.9887
HOC 35514 x 10~7  1.9909 7.0807 x 10~7  1.9887
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Table 9. Cont.

T Scheme le™ |2 Order lle™ || oo Order
CHOC — A 8.689 x 1078 2.0223 1.7336 x 10~7  2.0213
1 CHOC—-B  8907x10% 19954 17772 x 1077 1.9943
320 CHOC -C 8.9065 x 1078 1.9955 1.777 x 1077 1.9944
HOC 8.9069 x 10~8  1.9954 1.7771 x 1077 1.9944
CHOC - A 2.0124 x 10~8  2.1103 40162 x 1078 2.1099
B CHOC—B  22307x10°8 19974 44534 x 1078 1.9966
640 CHOC -C 22301 x 10°8  1.9978 44511 x 1078 1.9972
HOC 2.2305 % 1078 1.9976 4452 x 1078 1.9970

Finally, we give three-dimensional waveform diagrams of the exact solution and
numerical solution of the three schemes. We also give a comparison between the numerical
solution and the exact solution.

6. Conclusions

In this work, for a GB equation, we construct three combined high-order compact
symplectic schemes, which are CHOC — A, CHOC — B, and CHOC — C. The schemes
satisfy the discrete conservation laws corresponding to the structure-preserving property of
the GB equation. Equations (46), (47) and (54) indicate the types of stability of the schemes.
CHOC schemes improve the efficiency of the traditional HOC method in simulating such
differential equations with multiple-order spatial derivatives, such as GB equations. CHOC
schemes make full use of the information of all of the involved derivative values, which
leads to fewer nodes and higher-accuracy schemes. Therefore, it mitigates the difficulties
of boundary treatment. Finally, the CHOC scheme is more accurate than the HOC scheme
with the same order.

In the numerical experiments, we first test the convergence order of CHOC — A, CHOC — B,
CHOC — C, and HOC by taking different step sizes in the direction to be considered and
taking very small step sizes in the other direction. In Table 6, we list the spatial convergence
order of CHOC — A,CHOC — B,CHOC — C, and HOC. We can observe that scheme
CHOC — A is of fourth-order accuracy in space. Schemes CHOC — B, CHOC — C, and
HOC are of sixth-order accuracy in space. In line with Tables 7 and 8, we can conclude
that CHOC — B and CHOC — C are more accurate for the GB equation than CHOC — A
and HOC, and CHOC — B is also superior to CHOC — C. In Table 9, we list the time
convergence order of CHOC — A, CHOC — B, CHOC — C, and HOC. We can observe
that the schemes are of two orders in time. Also, from Figure 1, we can observe that the
CHOC — C scheme effectively simulate the interaction of the two solitary waves with the
nonlinear GB Equation (2).

Second, from the approximate motion-invariant error simulation depicted in
Figures 2-5, we can see that the three CHOC schemes and the HOC scheme satisfy the
discrete conservation law (46) for linear GB equations.

Next, we observe Figures 6-9. We find that the errors are small enough; in other
words, the three CHOC schemes and the HOC scheme satisfy the conservation law (47) for
nonlinear GB Equation (2).

Finally, we use the three CHOC schemes to numerically simulate the solitary wave
solutions with the nonlinear good Boussinesq Equation (2). From Figures 10-13, we can
observe that the numerical solutions fit the waveforms of the exact solutions well.

When the equation contains multiple spatial derivatives or there are higher-order
derivatives, it may be difficult to accurately solve the discrete formulas for these spatial
derivatives. In this case, we can use some software, such as Maple, or perform a simulation
through numerical methods. In the future, we will also construct combined compact
difference schemes to solve more general Boussinesq equations and other PDEs.
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Figure 1. The interaction of two solitary waves in CHOC — C, when h = 0.5, 7 = 0.01.
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Figure 2. Approximate motion—invariant error diagram for CHOC — A when h = %—g, T = 0.001.
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Figure 3. Approximate motion—invariant error diagram for CHOC — B when h = %—g, T = 0.001.
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Figure 4. Approximate motion—invariant error diagram for CHOC — C when h = %—g, T = 0.001.
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Figure 5. Approximate motion—invariant error diagram for HOC when h = 28—’5, T = 0.001.
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Figure 7. u” error diagram for CHOC — B when h = 0.5, 7 = 0.01.
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Figure 9. u” error diagram for HOC when h = 0.5, 7 = 0.01.
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0.01, the three-dimensional waveform diagrams of the CHOC — A,

CHOC — B, and CHOC — C schemes and the three-dimensional waveform diagram of the exact

solution are shown.
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Figure 11. The case of i = 0.5, at time T = 1. The exact solution vs. the numerical solution of
CHOC — A.
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Figure 12. The case of h = 0.5, at time T = 1. The exact solution vs. the numerical solution of

CHOC - B.
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Exact vs Numerical solution

Exact solution
* Numerical solution

u(x)
o o
w i
a a
T T

1

o

H

(3}
T

_0-5 1 1 1 1 y 1 1 1 1 1

-50 -40 -30 -20 -10 0 10 20 30 40 50
X

Figure 13. The case of 1 = 0.5, at time T = 1. The exact solution vs. the numerical solution of
CHOC —C.
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