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Abstract: This paper is concerned with the following L?-subcritical Kirchhoff-type equation — (a +
b( g \Vu\zdx)s>Au + V(x)u = pu+ Blul?u, x € R?, with [, [u|?dx = 1. We give a detailed
analysis of the limit property of the L2-normalized solution when exponent s tends toward 0 from

the right (i.e., s ™\, 0). Our research extends previous works, in which the authors have displayed the
limit behavior of L2-normalized solutions when s = 1asa \,0or b \, 0.
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1. Introduction
In this paper, we study the following Kirchhoff-type equation with [, |u[?dx = 1:

—(a + b(/[;&2 |Vu|2dx)s)Au + V(x)u = pu + Blu*u, x € R?, (1)

where a,b > 0 are constants, exponent s > 0, parameter 8 > 0, and y denotes a Lagrange
multiplier. The above ( [go \Vu|2dx)sAu in (1) is called a variable nonlocal term, and B|u|*u
is an L2-subcritical term.

In recent decades, many different types of elliptic equations involved in (1) have been
studied extensively through variational methods and functional analysis techniques. For
instance, when s = 0 and > 0 in (1), Equation (1) comes from the well-known Bose-
Einstein condensates [1-3], which can be described by a Gross-Pitaevskii (G-P) energy
functional [4,5]. Especially for V(x) in ring-shaped, multi-well, sinusoidal, and periodic
forms, the authors in [6-9] presented the existence, non-existence, and limit properties of
L?-normalized solutions when f tends to a threshold value f*. Furthermore, if V(x) is a
logarithmic or homogeneous function [10,11], the local uniqueness was also analyzed as 8
approaches B*.

For s = 1, Equation (1) is regarded as a classic Kirchhoff-type equation. When
V(x) =0, Ye [12,13] gave a quantitative classification of existence and nonexistence for the
L?-normalized solution. Meng and Zeng [14] have displayed a detailed limit behavior of
the L2-normalized solution when V(x) is a periodic function. Somewhat similarly, there
are many works [15-18] involved in the existence, non-existence, and limit properties of
L?-normalized solutions when (1) possesses an L2-subcritical term. If V(x) is a polynomial
potential, Tang, Zhou, and their co-workers in [15,19] obtained some results on the refined
limit behavior of L2-normalized solutions as b \, 0 or as a \, 0.

Inspired by previous works, in the present paper, we shall study L2-normalized
solutions for the L2-subcritical Kirchhoff-type Equation (1) with a variable nonlocal term.
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A well-known result shows that the L2-normalized solution of (1) can be solved by dealing
with the following constrained minimization problem

e(s,B) = inf Es(u), 2)

where E; g(u) fulfills

b B
_ 2 2 5.\s+1 275. P 4
E,p(u) —a/RZ |Vu|*dx + s—l—l(/Rz |Vu|*dx) +/]RZ V(x)u*dx 5 ./]RZ lu|*dx.  (3)

The above K in (2) satisfies

IC::{uEH:/RzMZ:l} @)

and H such as

M= {u e H'(R?) : /Rz V(x)|uf2dx < oo}

-

with norm |ul|5 := (fR2 Vul2dx + fpo (1+ V(x)|u|2)dx) .,

Because many physicists are often interested in L?-normalized solutions, we study
minimization problem (1.2) with fR” |u\2 = 1. In terms of physics, if fRn |u|2 = ¢, the
constant ¢ denotes the number of particles, mass, density, etc. The readers are encouraged
to refer to the papers [12,13,20] for more details on physical aspects. Furthermore, we
mention that, for fRZ |u|2 = ¢, the techniques to deal with these problems are essentially
the same. Without loss of generality, we only consider [g, lul> = 1.

For convenience, the structure of our paper is arranged as follows. The main three
theorems of this paper are introduced in Section 2. In Section 3, we shall give a detailed
analysis of the limit properties of least energy e(s, f) and minimizer u g as s ~\, 0 when
0 < B < B*. In Section 4, for any B > B* and positive sequence {s;} with s; \, 0ask — oo,
we are devoted not only to establishing a refined energy estimation of e(s, §), but also
analyzing the concrete limit behavior of constraint minimizer u, g.

2. Main Results

To obtain the detailed limit behavior of the L2-normalized solution, some results on
the existence and non-existence of constraint minimizers for (2) are necessary. For this
reason, the potential V(x) is restricted to satisfying

V(x) € L (R?*) and lim V(x) = +oo (V}).

|x|—o00
Next, we introduce a nonlinear scalar field equation [21],
—Au+u—ut=0, xeR? ueHl(Rz), (5)

where (5) admits a unique (up to translation) positive radially symmetric solution Q € H'(IR?).
At the same time, one can obtain from (5) that

1
IVQlz. = IRl = EHQH@- (6)
In view of [22] (Proposition 4.1), the Q(x) satisfies

[VQE)], Q(x]) = O(|x|~2e ™) as [x] = oo, )
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Furthermore, the following Gagliardo-Nirenberg (G-N) inequality [23] is necessary
[ luftdx < Lz/ Vultdx [ |ufdx, u e H(R2), ®)
JR2 1Qll7, Jr2 JR2

where Q(x) is given by (5).
Based on the assumption (V7), we recall from [20,24,25] that the following existence
and non-existence results of the constraint minimizer for e(s, ) hold.

Theorem 1. Assume that (Vy) holds and s = 0 in (1); then, there exists a critical value B* :=
(a +0)||QII?, such that e(0, B) has at least one minimizer if 0 < p < B*, and e(0, B) has no
minimizer for B > B*. Furthermore, for any s > 0 and p > 0, e(s, B) has at least one minimizer.

Notice that ¢(0, B) is a constrained minimization problem related to the classic G-P
functional, and the conclusion of Theorem 1 comes from [20] (Theorem 1). Also for s > 0,
e(s, B) is associated with a Kirchhoff-type equation, and the related results can be obtained
from [24] (Theorem 1.2) or [25] (Theorem 1). We, however, state the results of Theorem 1
here for the reader’s convenience, and the detailed proof process of Theorem 1 can be found
in [20,24,25].

The above Theorem 1 gives the fact that (0, ) has no minimizer for f > p*, but for
any s > 0 and B > 0, e(s, ) has at least one minimizer. An interesting question is what
happens on the constraint minimizer of e(s, ) when s tends to 0 from the right. In truth, a
priori analysis shows that the constant

B* = (a+0)]|Ql7 9)

is a critical threshold, which is the criterion used to judge the constraint minimizer of e(s, )
blowing up or converging as s ™\, 0. According to Theorem 1, we set u; g be a constraint
minimizer of e(s, 3) for any s > 0; then we always say that [u;g| is also a nonnegative
minimizer of e(s, ) by the fact that E(u,g) > E(|usg]).

Next, we firstly establish some results on the limit properties of the least energy e(s, )
and nonnegative minimizer us g as s \, 0 when 0 < g < p*.

Theorem 2. Assume that (V1) holds and that for any s > 0,0 < B < B*, let u g be a nonnegative
minimizer of e(s, B). Then, we have

lime(s, ) = e(0, ). (10)

Furthermore, for any s > 0, it admits a ug € H such that as s \, 0
us g — ug strongly in H, (11)
where u is a nonnegative minimizer of e(0, B).

Theorem 1 shows that for any s > 0 and § > B, e(s, *) has at least one minimizer.
However, for s = 0 and g > B*, e(s, B*) has no minimizer. We next are concerned with the
limit property of the minimizer as s \, 0 when > B*. For this goal, a more appropriate
assumption about the potential V(x) is given as follows:

V(x) € CE.(R*)NCY(R?), « € (0,1) and r%izn V(x) =0 (V).

Further, we denote the class of minima for V(x) by

Z={x;:V(x)=0,i=123-}. (12)
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Theorem 3. Suppose that (Vy) and (Va) hold. For any B > B* and positive sequence {sy } with
sk \(0as k — oo, set ug, g to be the nonnegative minimizer of e(sy, B), and then ug, g exists as a
unique local maximum point z, g € R? such that {s;} has a subsequence (still denoted by {s;})
satisfying, as k — oo,

kh_{?ozs"'ﬁ =x0 € Zand V(xg) =0 (13)
and
€sy pUsy,p (€5, pX + Zs,,8) — T|25||J|CL|2) strongly in H'(R?),
where Q is given by (5) and €, g := ( [g2 |Vus, g|*dx) -2, Moreover, the €5, g and e(sy, B) satisfy
k— oo i
e - PP E) (19
and b b R
e(sp, B) = *S::_ 1 [ ﬁ+£;(§*_ & )] k-, (15)
where the function f(s;) ~ g(sx) means klggo ggl’:g =1

3. Limit Properties of 0 < B < B*

As stated in Theorem 1, (s, B) has at least one minimizer for any 0 < < p* and
s > 0. In the following section, we shall give the proof of Theorem 2, which is related to the
limit properties of least energy e(s, ) and nonnegative minimizer u g as s \, 0. Before this,
we introduce a well-known compact embedding theorem [26] (Theorem 2.1) such that if
V(x) satisfies (V), then

H — L1(R?)(2 < q < o) is compact. (16)

Proof of Theorem 2. For 0 < B < B* and s > 0, we define the constrained minimization
problem without nonlinear terms such as

d(s) := inf Es(u) (17)
uek
and .
_.f 2 2 5.\5+1 2
Es(u) —a./RZ\VLd dx+s+1(./R2|Vu| dx) +./R2 V(x)u*dx. (18)

We first claim that (17) has at least one minimizer. In truth, it is easy to know from (18)
that for any s > 0, Es;(u) is bounded from below on K. Let {u, } be a minimizing sequence
of d(s); one can obtain from (17) and (18) that {u, } is bounded in H. Furthermore, the (16)
yields the fact that there exists a us; € K and {u, } has a subsequence (still denoted by {u, })
such that

uy, — us weakly in K, u, — us strongly in L7(2 < g < o0),

which together with
liminf | |V, |[2dx > / |V |dx
n—oo JR2 R2

gives
d(s) = li%rl)%r(}fEs(un) > Es(us) > d(s). (19)

Therefore, we conclude that u, is a minimizer of d(s) for any s > 0.
For any s > 0, set us; be a minimizer of d(s), then one can obtain from (17) that

d(s) = Es(us). (20)
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In fact, from a fixed function 77(x) € CJ°(R?) N K, we obtain from (18) and (20) that there
exists a constant M > 0 satisfying

<1 =1 <1 < M.
0< ll\r(r(l)d(s) 21\1"% Es(“s) > ll\r‘% ES(U) <M (21)

For 0 < B < B*, applying the definitions of d(s) and e(s, B), we then deduce from (20) and (21)
thatass \,0,
e(s,B) < Es,ﬁ(“S) < Es(us) =d(s) < Es(17) < M. (22)

In view of Theorem 1, set Usp be a nonnegative minimizer of e(s, B); then, we have

b 1
E(S, AB) - Es,ﬁ(us,ﬁ) =a /]RZ |vus,ﬁ|2dx + m(/Rz |Vu5,/3|2dx)s+

B (23)
2 4
+ /RZ V(x)us,ﬁdx ~3 /R2 |us,ﬁ| dx.
Next, we claim that there exists a constant D > 0 such that
lim | [Vugg|?dx < D. (24)

s\O0 JR2

If (24) is false, that is, [po |Viugg|?dx — coass \, 0. Since 0 < B < B*, applying the
G-N inequality (8), we then deduce from (9) and (23) that there exists an arbitrarily large
constant P > 0 satisfying

b 1
e(s,ﬁ) = Es,ﬁ(us,ﬁ) =a /I.QZ |Vus//5|2dx + m([llgz |Vus,/3|2dx)s+

b
+/]RZ V(x)uf,ﬁdx— ﬁ(aﬁj ) /]RZ |V p|2dx (25)
>(a+b)(ﬁ*ﬁ*‘3) /RZ |Vus,,g|2dx > P,

which is a contradiction with (22). Therefore, (24) holds, and then {us,ﬁ} is bounded in H.
Using again (16), it implies that there exists a g € K, and {u; g} has a subsequence
(still denoted by {ug}) such thatas s 0,

us g — ug weakly in K, us g — ug strongly in L(2 < g < o). (26)
Combining (23) and (26), one can obtain

l{% e(s,p) = llil% Esp(usp) > lirsn\iglf Esp(us,8) > Eop(uo) = (0, B). (27)

Additionally, by the definition of ¢(0, ) and (22), for any € > 0, there exists a ue € K
satisfying
Eop(ue) <e(0,B) +e < M+e. (28)

Similar to the proof of (24), we deduce from (28) that u. is bounded in #. By this fact,
we have

lim | b
sN\O s +1

which, together with (28) and (29), gives that as s \, 0,

2 s+1 2 —
(‘/]RZ |Viue|*dx) —b/R2 |Vie|*dx] =0, (29)

b +1
e(s,B) < Esplue) =Eopuc) + — ( /R | VuePx)’

(30)
- b/RZ |Vue|2dx < e(0,B) +e.
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Combining with (27)—(30), we have

e(0, ) < Eop(uo) < li{r(l)ff(sfﬁ) <e(0,p) +e. (31)
S
Letting € — 0, we then conclude from (31) that ug is a minimizer of e(0, ) and Usp — U

strongly in H as s ~\, 0. We thereby complete the proof of Theorem 2. [J

4. Limit Behavior Analysis of § > B*

In this section, we are concerned with the limit property of minimizer as s \, 0 when
B > B*. Before this, we define a constrained minimization problem without potential such as

e(s, B) := inf Egg(u), (32)

ues

where E, g(u) and S satisfy

_ " b +1 ﬁ
_ 2 v 2 S P 4
Esrlg(u) —a/2 |Vl dx+s 1(/2 [Vl dx) /2|u| dx,

S:={uecH(R?): /RZ |uf2dx =1},

In order to attain our goal, the following existence result of constrained minimizer
for (32) is established for any s > 0 when § > B*. Note from [24] (Theorem 1.1) that for
s = 0, a similar result can also be found.

Lemma 1. Foranys > 0and > B*, é(s, B) has at least one nonnegative minimizer.
Proof. We firstly claim that for any s > 0 and g > 8%,
é(s,p) <O0. (33)

In truth, we choose a test function such as

_ 6Q(0x)
1Qll 2

It is derived from (6), (34) that uy € S and

ug(x) (6 > 0) and Q(x) is given by (8). (34)

Viug|2dx = 62, / Vo 2d S+l:92(s+l),é/ 49y — B 2. (35
Joa el =% [, 196 2 "0 = o,

Hence, it follows from (9) and (35) that

Es,ﬁ(ug) = Llez + b 92(s+1) - 'B 92

s+1 2
b o o
Y 2(s+1) _ 4 2
ad” + Py 19 2 6.
For s > 0and B > pB*, choosing 6 = (%) % and putting it into (36), we have
_ = _ g1 p—p" sb B\ st1
£(s,6) < Esplu) = —a(5)} (P55 - 2100 <0 @7)

Therefore, (33) holds.
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By applying (8), one obtains

Euplu) 2 a [ [VuPdx+ ([ 19ufan) - ”*bfg/ Vuldx  (39)

which yields that for any fixed s > 0, E;g(u) is bounded from below on S. According
to (33) and (38), and choosing {ii,} as a minimizing sequence of é(s, B), it then follows
from (33) and (38) that {i,} is bounded in H!(R?). Recall from [27] (Appendix A.III)
and [24] (Lemma 2.3), we see that there exists a nonnegative and non-increasing sequence
{@;} € SN H(R?) such that {#}} is also a minimizing sequence of &(s, B). At the same
time, {1}, } is bounded in H} (R?). Applying [28] (Proposition 1.7.1), there exists a subse-
quence of {ii};} (still denoted by {#}) and a function 71y € H} (R?) satisfying

i}, — iig weakly in H} (R?), @}, — iy strongly in L9(R?) (2 < q < o). (39)

In the following, we prove that [, |ilg|?dx = 1. Firstly, one can derive from (39) that
Jre |i1o|?dx # 0. If not, we have, as n — oo,

—x |4
/R , ity [*dx — 0,
which, together with (32) and (33), yields that

0> &(s,p) = lim [a / Vs P+ / Vi 2x) ] > 0. (40)

n—o0

However, this is a contradiction, and hence, fRZ | |2dx # 0. Using the fact, we obtain from
(33) and (39) that
0> é(s,B) = lim Egp(i1y) > Es (i) (41)

n—oo

Denote | := [ |ilg|*dx; then the above results show that I € (0,1]. Setting if;(x) :=
ao(l%x) € S, we obtain from (32) and (41) that

&(s, B) < Esp(im)
= / |Vu0|2dx+ _1;1( |V120‘2dx)s+1 _% |a0|4dx
S (42)
:H / \Vuo\zder—(/ |Vitg[2dx)**! ﬁ/ |u0|4dx}
< 1Eop() < 72(5,6),

this yields from (33) that | > 1, that is, . |ilo|*dx > 1. Since | = [p, |io|*dx € (0,1], one
has fR2 |i1g|?dx = 1, which, together with (41) and (42), implies that i is a minimizer of
é(s, B). By the definition of é(s, B), we see that |ily| is a minimizer, too. Therefore, we always
say that é(s, B) has at least one nonnegative minimizer. []

Lemma 2. For any fixed p > B, set ils g as a nonnegative minimizer of &(s, B); then, &(s, )
satisfies, as s \ 0,

_ sb bB+a(B—B*) =1
ots,p) ~ — o (PR, )
where f(s) ~ g(s) means h L; = 1. As s \( 0, the minimizer ils g behaves like
__6Q(6x) bp+a(p—F); 3
i and = |[——— 2%, 44
#= 0l ™ )

where Q satisfies Equation (5).
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Proof. Choosing the same test function as (34), similar to the estimations (35) and (36), we have

] b By
2 2(s+1)
Es,/g(ug) af” + s 1 0 (Ll + b) ﬁ* (45)

For any fixed § > B*, we choose 6% = [W] s — ooass \, 0. Taking 6 into (45), it
then yields thatas s \, 0

FoP) = Baplie) = ‘sibﬂb“é([ﬁﬂ_ﬁ*)]ﬂ (46)

We next give the lower energy estimation of é(s, §) when p > p* as s \, 0. In view
of Lemma 1, we assume that #Z; g € S is a nonnegative minimizer of é(s, ). Applying the
G-N inequality (8) and (9), it is deduced that

b
els.p)=a [, |wsﬁ| ax+ ([ v, |2dx)s+1—é/ 1, gl

) (47)
Z[a—(u+b / |Vusﬁ|2dx+ / Vit g 2dx) "

Defining a function f(t) := [a — (a + b)%]t + et and t = [p, |Vitggl?dx €
(0, +00), a simple calculation shows that f(t) attains its unique minimum at

b=t = [bﬁ+i([i_ﬁ*)]§- (48)

It then follows from (47) thatas s ™\, 0

f(5,B) = £ 2 f(1) 2 - [EEAE By )

Moreover, the procedures of (46) and (49) yield that é(s, B) attains its minimum at s p =

0Q(6x) _ rbB+a(B—p) 1%
1ol ass N\, 0, where 6 = | o5 1*. O

To obtain more detailed information about the minimizer and e(s, ) as s N\, 0, we
always assume that u, g is a nonnegative minimizer of e(s, B). It then follows that u;g
satisfies the elliptic equation

— (a + b( /RZ |Vu5,/5|2dx)s)Aus,/3 + V(x)uslﬁ = Us pllsp + [3|us/ﬁ]2us,ﬁ, x € R?, (50)

where y; 5 € R denotes a Lagrange multiplier. Furthermore, we set

1
€op = (/R2 |Viug |2dx) "7 >0, (51)

Lemma 3. For B > B*, the €, e(s, B) and potential energy satisfy s \, 0

€,p — 0, e(s,B) —ée(s,p) — 0 (52)
and
2
/RZ V(x)ug gdx — 0. (53)
Moreover, as s 0,
6_25 b:B + a(lB ‘B ) (54)

5,B b'B*
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Proof. If ;5 + 0, then {4} is bounded in H. Applying (16), there admits a # € K and
{us,p} exists as a subsequence (still denoted by {us g}) satisfying, as s \, 0,

usp — il weakly in C, ug g — il strongly in L9(2 < g < o). (55)
Similar to (27) and (31), it is deduced that

e(0,B) < Eo(i) < lime(s, ) < e(0,p), (56)

which yields that I is a minimizer of ¢(0, 8). But this is impossible because Theorem 1
shows that ¢(0, B) has no minimizer for § > B*. Hence, we have €; 5 — 0 ass \, 0.
On the one hand, by the definitions of e(s, ) and &(s, ), one directly derives that

e(s,B) — #(s. ) = 0. 7)
On the other hand, we turn to estimate an upper bound of e(s, ) — &(s, B) as s \, 0. Toward
this goal, we choose a cut-off function ¢(x) € C§°(R?) suchas 0 < ¢(x) < 1,and ¢(x) =1
for |x| <1, ¢(x) = 0 for |x| > 2, |Ve(x)| < 2 for x € R%. Define

il p = Aslﬁ(p(x — xo)as,ﬁ(x —X0), (58)

where xj satisfies V(xg) = 0 and 7 is given by (44). The above A; g is chosen so that
Jre 11,8 |?dx = 1. Applying (7), one can calculate from (58) that

1< A2, <14Ce*ass\,0. (59)

Based on this fact, we then have

/R . Vil g|*dx < /R . Vit g|*dx + Ce % as s \, 0, (60)
/RZ |ﬁslﬁ|4dx > /]RZ |ﬁs,/3\4dx —Ce P ass \,0 (61)

and
/Rz V(x)|g g 2dx = V(xg) + (1) = o(1), (62)

where 0(1) — 0 as s \, 0. Equations (60)—(62) together with (57) yield that
0 < e(s,B) — &(s, B) <Eqp(flsp) — Exp(fisp) + /]R V(x),pl2x
<Ce 2% + 0(1) = 0ass \,0

which then completes the proof of (52). Furthermore, we obtain from the definitions of
e(s,B) and é(s, B) that

/R2 V(x)u?lﬁdx = Esp(usp) — Es pluisp) < e(s,B) —e(s,B) — 0ass \,0,

and hence (53) holds. Furthermore, the estimation of (54) is deduced directly from Lemma 2
and (52) and (53). O

Lemma 4. For B > B* and any positive sequence {sy} with s "\, 0 as k — oo, the nonnegative
minimizer us, g has at least one local maximum point zs g. Define an L2-normalized function

Wy p(X) = €, plhs, p(€s, pX + 25, ), €s (63)
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as given by (51); then, there exists a finite ball By(0) and a constant 5 > 0 such that
2
/BZ(O) wg, g(x)dx =1 > 0. (64)

Furthermore, zs, g admits a convergent subsequence (still denoted by zg, ) such that
Zs,p — 20 ask — oo,
where z satisfies V (zg) = 0, that is, where z is a global minimum point of V (x).

Proof. Since u;, g is a nonnegative minimizer of e(s, B), it satisfies (50). Using the results
of Lemma 2 and (52), we have, as k — oo,

_sb [bﬁ+“(/3 ﬁ*)f"ﬂ
s+ 1 bp*

e(sk, B) ~

which then yields from (54) that, as k — oo,

Skb
sp+1

2
&5 e(si, B) ~

(65)

Define an L2-normalized function

W, p(x) = €5, plhs, p(€s,,6X), €, p 15 given by (51). (66)
One then obtains from (53) and (65) that, as k — oo,

p €25k

2(sk+1) . 25k P
e(Sk,‘B) ae +1 2 sk,ﬂ R2

€
sk,

|wsk"5|4dx =0

which derives from (54) that

- 2(a+b
/]R2 ‘wsk,ﬁ|4dx — (ﬁ*) as k — oo. (67)

Because ug, g satisfies (50), by the definition of e(sk, B), it follows that Hs, p fulfills

skb [ 2, s+l P 4
e p = (s B) + Sk+1(/R2 Vg ) B [ gl

which, together with (54), (65) and (67), yields that as k — oo,

2(s+1) _ 2(sp+1) sgb
.usk,ﬁesk,ﬁ =€, B E(Sk,ﬁ) + st 1

.B ZSk
2 s

bB(a+b) (68)

bp+a(p—p*)

Based on (V7), (V) and (68), one can use the method of [29] (Lemma 3.5) to acquire that
us, g has at least one local maximum point by applying the standard regularity theory and
comparison principle to elliptic Equation (50). Set z, g as the local maximum point and define
the L2-normalized function wg, p such as (63); then, it follows from (50), (54) and (67) that

\wsk,ﬁ|4dx — —

/ s, pl*dx — (”“’) > 0ask — oo (69)
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and wy, g satisfies
2(sp+1
o Awskrﬁ + Iqskesk(,sé<+ )V(esk,ﬁx + ZSk,ﬁ)wSk,ﬁ

2(sp+1)

(70)
2
= Aslls s p s+ AsPelsw? g, x € R?

_ bp+a(B—p")

where kh—{?o As =75 B(a D) > 0. Thus, for s small enough, we have

—Awg, g — c(x)ws, 5 < 0in R?,

where c(x) = A, ﬁe?:,kﬁwgk,ﬁ' Applying the De Giorgi-Nash-Moser theory [30] (Theorem 4.1),

one obtains that

1
maxwg, g < C / ws gl?dx)2, 71
ity et = CUgy g [P 7y
where C > 0is a constant dependent on the upper bound of [ws, sl 145, (0))-

In fact, we see that 0 is a local maximum point of wg, p due to zs g, which is a local
maximum point of ug_g. We next argue that there exists a constant 7 > 0 satisfying

ws, p(0) > 1 > 0ask — co. (72)

If (72) is not true, then for any R > 0, one obtain

sup |wsk,/3|2dx — 0ask — o
yER? Br(y

which, together with the vanishing lemma [31] (Lemma 1.1), yields that [, [ws, g [*dx — 0
as k — co. However, this is a contradiction with (69). Hence, (72) holds, and then (64)
follows from (71) and (72).

Next, we need to prove that z, g is bounded uniformly as k — oo. If this is false, then
there exists a subsequence {s;} (still denoted by {si}) with s ™\, 0 as k — oo such that
zs,,p — 0; one then obtains from (63) and (64) that

/RZ V(x)ugk/ﬁdx = /RZ V(eg, px + zo p) [ws, | dx

(73)
> / V(esk,ﬁx + zsk/ﬂ)\wsk,mzdx > Dy
B(0)

where D is an arbitrarily large constant. However, this contradicts (53). Hence, {Zsk,ﬁ} isa
bounded sequence in R?.
Passing to a subsequence if necessary, there is a zg € R? such that Zs,p — Zo- In truth,

we can prove that V(zg) = 0. If not, one denotes K := V(z() > 0; then, (64), together with
Fatou’s Lemma, gives

.. 2
h{iglf - V(e pX + 25,p)|ws, gl dx

(74)
> liminf V (e, px + zskrﬁ)|wsk1ﬁ|2dx > V(zo)y =Ky >0

 By(0) koo
which is a contradiction with (53). We thereby complete the proof of Lemma 4. [

In the final part, we shall give the proof of Theorem 3.
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Proof of Theorem 3. Let ug, g be a nonnegative minimizer of e(sg, B) and zg, p be is its local
maximum point. Define a function the same as (63), then, for any positive sequence {s }
with s N\, 0 as k — oo. Using the definitions of (51) and (63), it follows that

/]RZ |ws, 6|* = 1and /RZ Vs, g* = 1. (75)

It then shows that {w;, 4} is a bounded sequence in H 1(R?). Passing to a subsequence if
necessary (still denoted by {ws, 4}), there exists a wy € H' (R?) satisfying, as k — oo,

ws, p — Wwo weakly in HY(R?). (76)

Since wy, p satisfies the elliptic equation (70), passing to the weak limit, it is deduced
from (9), (54), (68) and (76) that wy satisfies (in the weak sense)

—Awg + wo = [|Q||%,wg, x € R2. (77)

In fact, since (72) holds, we always say that wy > 0 applyies the strong maximum principle
to (77). Moreover, because (5) has a unique (up to translation) positive radially symmetric
solution Q(x), it is restricted to the fact that there exists a yo € R? such that wy fulfills

Q(]x —yol) 78
10l 79

wo =

which, together with (6), gives

/]RZ |ZU0‘2 = 1, ,/]RZ ‘VZUO|2 =1

The above results show that w;, g — wo strongly in L*(R?) as k — co. By applying the
Hoélder and Sobolev inequalities, one further derives that [|ul| 4 (g2) < C|lu |7 12(R?) ||u|| = RZ)

for any u € H'(R?) with 4 € (0,1). This indicates that ws, p — wo strongly in L*(R?) as
k — o0. One then obtains from (75)—(77) that

. ' 24 2
,};n;o o |Vws, gl dx = /R2 |Vwp|“dx,
that is,

ws, g — wo strongly in H' (R?) as k — co. (79)

Under the assumption of (V;), using the technique of proving Theorem 1.2 in [7], one
infers from (70) that w;, g € Clzoffl (R?), a1 € (0,1). Hence, we have wy € C? (R?) and

wg, p — Wo in C2 (R?) ask — oo. (80)

Since the origin is a unique critical point (up to translation) of Q(x), one then concludes
from (78) that the origin is the unique critical point of w. Therefore, one obtains

wo(x) = (81)

o= Q)

At last, set yj as the local maximum point of w;, g; then, the (72) shows that ws, g(yx) >
n > 0. Taking 7y small enough, one infers from [32] (Lemma 4.2) that the origin is the unique
local maximum point of wg, g as k — oo. It then yields that z,, g is the unique maximum
point of ug, 5. The proof of Theorem 3 is thereby completed. [
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