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Abstract: We study certain Volterra integral equations that extend and recover first order ordinary
differential equations (ODEs). We formulate the former equations from the latter by replacing classical
derivatives with nonlocal integral operators with anti-symmetric kernels. Replacements of spatial
derivatives have seen success in fracture mechanics, diffusion, and image processing. In this paper,
we consider nonlocal replacements of time derivatives which contain future data. To account for the
nonlocal nature of the operators, we formulate initial “volume” problems (IVPs) for these integral
equations; the initial data is prescribed on a time interval rather than at a single point. As a nonlocality
parameter vanishes, we show that the solutions to these equations recover those of classical ODEs. We
demonstrate this convergence with exact solutions of some simple IVPs. However, we find that the
solutions of these nonlocal models exhibit several properties distinct from their classical counterparts.
For example, the solutions exhibit discontinuities at periodic intervals. In addition, for some IVPs,
a continuous initial profile develops a measure-valued singularity in finite time. At subsequent
periodic intervals, these solutions develop increasingly higher order distributional singularities.

Keywords: Nonlocal operator; integro-differential equations; Volterra integral equation; advance
ODE,; delay ODE; functional differential equation
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1. Introduction

Many physical problems are formulated in terms of differential equations. A common
example is the following ordinary differential equation (ODE) for function # : R — R:

u'(t) = F(t,u(t)), teR (1)

Although solutions of (1) describe a wide range of physical behaviors, they cannot do
so when the physical phenomenon at hand is singular. For example, the derivative 1’ is
undefined where u has a discontinuity, and Equation (1) no longer makes sense. Even if
only the “forcing term” F has a discontinuity, the analysis [1] and numerical solving [2] of
(1) are not straightforward, since u is still not differentiable.

A solution to this difficulty implemented for partial differential equations (PDEs) is
to replace the classical derivative d/dt in (1) with an integral operator, which we call a
“nonlocal derivative”. Following [3], we define the nonlocal derivative as follows:

o)

Dyeu(t) := —aexu(t) = /

—00

ae(s —tu(s)ds, teR, (2)
where € > 0 is a “nonlocality parameter”, and a. is an anti-symmetric integral kernel.
As € — 0, we require Dy — d/dt in some sense. This makes D, ¢ a “nonlocal extension”
of the classical derivative. We call the following integral equation for ue : R — R
Dycue(t) = F(tuc(t)), teR, 3)

a nonlocal extension of the ODE (1). As € — 0, we expect to recover the classical solution
via ue — u.
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Nonlocal extensions of classical models have garnered broad success in describing
nonclassical physical phenomena. Nonlocal operators, such as fractional derivatives, have
been known since the 1800s, but such nonlocal extensions have recently found successful
application in Silling’s [4] theory of peridynamic fractures. There are more applications of
these nonlocal operators to anomalous diffusion [5,6] and image processing [7].

The success of nonlocal operators stems from the ease with which they handle singular-
ities. Although classical models using differential equations such as (1) cannot well describe
discontinuous phenomena, such as those occurring in fracture dynamics, the integral op-
erators applied by Silling suffer no such difficulties. As opposed to the differentiability
required by d/dt, the integral operator D, ¢ only requires some form of integrability. Using
nonlocal operators in these classical models extends the types of physical processes that we
can model and the types of qualitative behavior that we can describe.

The extensivity property is also an important feature of these nonlocal models. In [3],
it is shown that such first order nonlocal operators converge strongly in L? to classical
partial derivatives as € — 0. Classical models are often physically correct descriptions. We
want to retain these successful classical results when considering more general models.
In addition to describing more phenomena, nonlocal extensions can correctly describe
classical behavior by passing to to the classical limit of € — 0.

The majority of the nonlocal literature has focused on so-called second order models.
These nonlocal models extend second order partial differential equations and bound-
ary value problems, such as the wave equation [8], Laplace’s equation [9], and the heat
equation [6] (see also the nonlocal counterpart to the fourth order biharmonic equation [10]).

Given the success of these nonlocal operators in extending second order models, we
are interested in their application to first order ODEs. These equations are very important in
practical arenas, but nonlocal extensions do not appear to have been explored. Du et al. [11]
studied a nonlocal extension of the nonlinear advection equation, a first order PDE. One
interesting result of theirs stipulates that nonlocal advection solutions do not blow up in
finite time, a stark contrast to classical solutions. There is also some literature available for
first order models using fractional derivatives (see [12] for a large set of examples).

As a first step, we propose a nonlocal extension for the classical initial value problem.
We call this extension an initial volume problem (IVP). Using exact solutions of some simple
IVPs, we demonstrate both the convergence of the solutions to their classical counterparts
as well as some interesting features that nonlocality brings to the table. We also show
how our equations are connected with other types of models including Volterra integral
equations and functional differential equations.

The contributions of this paper are as follows:

*  Nonlocal extensions of ODEs: We propose the initial volume problem as a nonlocal
extension of the classical initial value problem of an ODE. In the classical limit of
€ — 0, an IVP recovers an initial value problem. Unlike fractional time derivatives,
the nonlocal operators considered here contain future data.

e Exact solutions: We present exact solutions obtained using Laplace transforms to
several simple IVPs. The solutions visibly recover their classical counterparts as € — 0.

¢ New qualitative features: The exact solutions demonstrate some unique features
not seen in classical solutions of linear, ordinary differential equations with smooth
coefficients. Solutions exhibit periodic discontinuities. Some solutions that are initially
smooth develop measure-valued singularities. The order of the singularity increases
at further periodic intervals in time. Thus, not only does finite time blowup occur
for linear equations, but the singularity can be interpreted as a distribution, and the
solution can be extended beyond the singular times.

In Section 2, we give an overview of the nonlocal derivative D, and show how
it is connected to the classical derivative d/dt. Section 3 details IVPs. We present the
formulation in Section 3.1 and exact solutions of some simple problems in Section 3.2. We
discuss connections between our problem formulation and Volterra integral equations and
functional differential equations in Section 3.3 and Section 3.4, respectively.
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2. Nonlocal Derivative
We present the nonlocal gradient operator D, ¢ developed in [3]:
Dyeu(t) := —ae xu(t) = / ae(s —tu(s)ds, teR. 4)
R

We consider kernels ¢ : R — R with nonlocality parameter € > 0 that satisfy the
following conditions:

-1
we(s) = oea(y/e), o= ez/Rszx(s)ds} , 5)
/]R |sa(s)|ds < oo, (6)
a(s) = sgn(s)e(ls)T(_1,1)(s)- @)

The last condition stipulates that & be anti-symmetric and have compact support.
These conditions characterize D, ¢ as a nonlocal extension of d/dt. For differentiable
functions u, pointwise convergence as € — 0 is quick to show:

€

Dyeu(t) = /_Ee ae(s)u(t+s)ds = /_e ae(s)[u(t) + su'(t) +o(e)]ds ®

=u'(t)+0(1) > u'(t), €—0,

where we used that u(t) [€_ac(s)ds = 0 by the anti-symmetry condition (7) and that
[ sae(s)ds = oee? fil sa(s)ds = 1.

Figure 1 demonstrates that this convergence also occurs for functions that are not
continuous everywhere. In this computation, we used the kernel a(s) = s1(_1)(s) and
applied it to the function u(t) = In |¢|.

Dy euft)
10
5
—e=0
— e =02
‘ ' T ' B e e =S
- -0.5 0.3 1.0 € =i
- —_— =1
5
10

Figure 1. Dy cu(t) for u(t) = In|t| and a(s) = sL(_q1(s)-

We note that the anti-symmetry condition (7) is critical for interpreting D, as an
extension of the classical derivative d/dt, or as a “first order” operator, as evident from
its role in (8). Symmetric kernels ae would instead give something similar to a “second
order” operator like d2/dt?; indeed, convergence to such for a similar integral operator was
proven in [13].
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For simplicity, we consider integrable kernels (for non-integrable kernels used in
related contexts, see [14]):

Il = [, lats)lds < o ©)

3. Initial Volume Problems

We now formulate non-local initial value problems. Because the operator G in (4) acts
nonlocally, we must formulate initial data for such a problem on an interval rather than on
a point. We are thus led to the notion of an initial volume problem, for which we specify u on
a time interval of nonzero measure (volume). This type of problem can be thought of as
a one-sided volume-constrained problem [3] analogously to the relationship between initial
value problems and boundary-value problems.

We consider a formulation for an initial value problem that, in general, fails to have
function-valued solutions. In general, the solutions are distributions with support at
isolated (and e-periodic) points. On the other hand, the non-singular parts of the solutions
can be C*. We demonstrate using some exact solutions that, in fact, these smooth parts of
the solutions converge to the classical solution as € — 0.

3.1. Formulation

Suppose that a, satisfies conditions (5)—(7) and (9), such that it is supported in (—e¢, €).
Given a fixed horizon parameter €, we consider compact intervals I'_ = [ty — 2¢, ty],
Q = [ty tn], and T4 = [tN, tn + €] with ty = fo + Ne for some integer N > 0. (The integer
is taken for convenience without loss of generality, since, if we did not have an integral
domain, then we could solve our equation on a larger integral domain and restrict our
solution to the original domain.) We call I' = I'_ UT'y the “collar” and () the “body”.
In peridynamics, for example, the latter is where the physical process takes place, while
the former provides necessary information needed by the nonlocal interactions in the body.
In this setting, we regard I'_ as an interval of time that initial data is defined on and I'; as
an auxiliary “cut-off” set of time on which no data or equation is prescribed. Observe that
the width of the collar vanishes as € — 0, since I' — {f, }.

We say that u is a solution to the initial volume problem if:

t+e
Dactte(t) := /ti a(s — Due(s)ds = F(t,uc(t)), t€ [t1,tn], (10)
ue(t) = fe(t), teltot], feeC™(I-), (11)

where F is a C* function of its arguments, &, is a C* kernel, and, in general, we allow f, to
depend (continuously) on e.

Remark 1. We essentially require that Dy cue = F in both the body () and the upper portion of the
lower collar T _.

Remark 2. Letting € — 0 in (10)—(11) recovers the initial value problem u'(t) = F(t, u(t))
subject to u(ty) = lime_o fe(fp).

We assume that f. satisfies the following compatibility condition:

sz,efeafl) = F(Ll/fE(Ll))- (12)

This condition is just (10) evaluated at t = t_;. If this condition is not satisfied, then
(10)—(11) has no classical solution (i.e., measurable function) .

We observe that there is some redundancy in Equation (10), since, for t € [t_1, fp], we
have ue(t) = fe(t) and F(t,ue) = F(t, fe) by (11). This redundancy represents the nonlocal
connectedness of each domain, and leads us to employ the “method of steps” (see [15]
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for its use in delay differential equations and [16] for its application to delay Volterra
integral equations).

To employ the method of steps, we partition the collar-body domain [t_, tn41] =
[to —2¢,t9 + (N 4+ 1)e] into N + 3 intervals (steps) I, = [t,_1, tn], where t, =ty +ne, =2 <
n < N+ 1. We define ue(t) = un(t) if t € I, as well as u,,)(t) = un(t) if t € Iy for
—1 <'m < n, so that the problem (10)—(11) splits into:

t+e
[ als = D (s)ds =
ty

Fltug(®) ~ [

t—e

(13)
a(s — t)u(n)(s)ds, tel,, 0<n<N,

where Uy = fe by (11).

We qualitatively describe how to understand solutions of this system. Because
u()(x) = fe(x) is a known quantity, we interpret (13) for n = 0 as a stand-alone equation
to be solved for u7(x). In the solving of this equation, we claim that this equation is “decou-
pled” from the others in (13) and may be solved independently. So, once we find u; from
this equation, we can set n = 1 in (13) and solve for u, given that u(;) is now a known
function. Proceeding in this way until n = N, we can find up; in terms of the known
function u (). Observe how this “iterative” procedure is similar to the finite difference
numerical solution of an initial value problem.

The solutions of this system can be found using Laplace transforms. This can be veri-
fied symbolically on computer algebra systems, such as Mathematica or Maple, provided
the kernel a(t) and source term F(t, u) are specified.

3.2. Exact Solutions

We illustrate some general features of the initial volume problem (10)-(11) by solving
some simple problems exactly, emphasizing similarities and differences between these
solutions and their classical counterparts. We highlight that each nonlocal solution is
singular at e-periodic intervals and that these solutions converge to the classical solutions
ase — 0.

3.2.1. The Equation u'(t) = 1 with u(0) =0
Let us consider the classical initial value problem u’(t) = 1 subject to u(0) = 0.
Obviously, the solution to this problem is u(t) = t. We investigate a nonlocal extension of
this problem:
Dyeue(t) =1, —e<t,

14
ue(t) = (1+2e)t+1, —2e<t<0. 14

We choose ac(s) = 3s/(2€3 )1 (_¢,e)(s) as our kernel, since it is both simple for compu-

tations as well as C* on its support. We solve for ue on [t_p, tn11] = [—2€,1+€].
We chose the initial condition f.(t) = (1 + 2¢)t + t? so that Equation (13) holds at
t =t_1 = —e for n = 0. If our function f, did not satisfy this condition, then our problem

(10)—=(11) would be ill-posed in the space of measurable functions, and we would instead
need to consider distribution solutions. Observe that u.(0) = 0, so that this initial condition
agrees with its classical counterpart u(0) = 0. In general, we could choose it to agree only

at O(e).
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Using Laplace transforms to solve the system (13), we find that the exact solution to
(14) is given by the following piecewise sequence:

up(t) = (1+2e)t + 12, —2e <t <0,
2
ui(t) = uo(t) — %et/e, 0<t<e,
up(t) = up(t), € <t< 2
4e t/e=2 (15
uz(t) = uqg(t) + 3¢ (2t —3€), 2e <t < 3e
uy(£) = us(t), 3e <t <de,

In Figure 2, we plot uc(t) in (15) on [0,1] next to u(t) = t for different values of €.
There are several things to observe. First, each function u, has a noticeable discontinuity
at each tp, = 2ne for n > 0. Because our nonlocal initial value problem (10)—(11) does not
involve classical derivatives, this lack of differentiability is unsurprising. In addition, as we
take € — 0, we see that the functions u, visibly converge to the classical solution u. Their
convergence is only in the maximum norm or L* sense, since the periodic discontinuities
persist for even the smallest € values.

e (1)

06}
—€=0
04} — €=0.166667
e=02
Ll €=025
| — €=0333333
il

Figure 2. Solution (15) for various choices of €. € = 0 corresponds to u(t) = t.

3.2.2. The Equation u/(t) = u(t) with u(0) =1

Let us now consider the classical initial value problem u'(t) = u(t) subject to u(0) = 1.
The classical solution to this problem is u(f) = exp(t). We investigate a nonlocal extension
of this problem:

Dyeue(t) = ue(t), —e<t,

16
ue(t) =t+e+1, —-2e<t<0, (16)

We again choose ae(s) = 3s/ (263)]1(, ¢,c)(s) as our kernel and f so that (13) is satisfied
att = —eforn =0.



Axioms 2024, 13, 567 7 of 12

Using Laplace transforms, we find that the exact solution u, to (16) is given by the
following piecewise sequence of distributions:

up(t) =1+t+e, t e [—2¢,0],

ui(t) = up(t) + z—gzet/e, te[0,€)

up(t) = ug(t) + 4%Zet/e_l(t +e€)+ ngisée(t/e), t € (e,2¢) (17)
w3 (6) = ta(F) + o + 264(525(13/6) el (1/e), 1 e (2¢,30),

where the ellipses denote non-singular functions.

We plot u, in Figure 3 for e = 1/4. In contrast to the solution (15), we see that (17)
develops a distribution-valued singularity at ¢ = €. This shows that the initially well-posed
problem (16) no longer has a function-valued solution once we reach this time. In other
words, ue “blows up” at t = €. In fact, the order of the distribution’s singularity increases
with time (e.g., 14 contains a d4.(t/€) term). Finite-time blowup is a typically nonlinear
phenomenon, but we see that the linear problem (16) exhibits this as well.

ue(?)
3.5
3.0
2.5

2.0

1.5

.l | .- t

€ 2e 3e

Figure 3. Solution (17) for € = 1/4. Vertical lines indicate locations of singularities.

Another interesting feature is that the functions u,, are each C* on the open intervals
(tn—1,tn). The high degree of regularity is due to that of fc and F(t, u), but the fact remains
that the distributional singularities are confined to the points t,;, = em for m > 1.

Finally, we observe that each Jy term in (17) has a coefficient of high degree in €. This
shows that each distributional singularity in u. vanishes as € — 0 (in the weak sense).
Moreover, from Figure 4, we see that the C* parts of the solution 1. converge to the classical
solution u(t) = e'. Thus, although the nonlocal solution i, being distribution-valued,
differs greatly from its classical counterpart, it still recovers the latter in the classical limit.
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1 (1)
4.0}
351 — €=05
— €=0.333333
3.0t
— =025
251 — =02
2.0 — €=0.1
— = ()
ey
—]
]
I ; ; t

0.2 04 0.6 0.8 1.0

Figure 4. Solution (17) for various choices of €; € = 0 corresponds to u(t) = ¢'.

3.3. Connections with Volterra Integral Equations

Many of the mathematical features seen for the exact solutions (15) and (17) of the
initial volume problems (14) and (16) can be explained by recasting the system (13) as a
set of linear Volterra integral equations of the first kind. Such an integral equation has the
following form:

/ax K(x—y)o(y)dy =g(x), a<x<b, (18)

where v is the function to be solved for on [a,b], and K : [0, b — a] — R is the kernel.

We can put each equation of the system (13) into the form of (18) as follows. For
0<n<N,seta =x,1,b=ux,,K>z) = —-a(z—¢€),0 <z<ev(x)=u,1(x+e¢),
and g(x) equal to the right hand side of (13).

Ultimately, the singularities we have seen for the solutions of (13) stem from the
wellposedness properties of (18). The problem (18) does not always admit a function-
valued solution. If g in (18) is continuous on [4, b], then letting x — a in (18) shows that
either g(a) is zero, or there is no integrable function v that solves (18). However, as shown
in [17], even if g(a) # 0, we can still find generalized solutions (i.e., distributions) to (18).
Essentially, including these distributional singularities in v “compensates” for g(a) # 0 by
adding an extra contribution to the integral in (18).

We can now show why the initial volume problem (16) admits only generalized
solutions and why the problem (14) admits classical ones. Let us find the conditions
analogous to g(a) = 0in (18) necessary for (13) to admit classical solutions. For some n > 0,
wesett =t,_q1in (13):

tn
0= F(tnflr”(n)(tnfl)) - /t D‘(S - tnfl)u(n) (S)ds'
n—2
We can refine this expression by considering (13) for n — 1 and setting t = t,,_1:
tn tp—1
[ (s = tu)ua(s)ds = F(tao 1y (ta1)) = [ als = ta- )ity (5)d

] tn—2

Subtracting these two expressions gives the compatibility conditions necessary for
classical solutions of (13) (assuming that (12) is satisfied):

F(tnflr unfl(trkl)) = F(tnflrun(tnfl))/ 0<n<N. (19)
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For problem (14), we have F = 1, so it is clear that condition (19) is satisfied. This
shows why the solution (15) is classical. On the other hand, for problem (16), we have
F(t,u) = u, so condition (19) becomes u,, _1(t, 1) = un(t,—1), 0 < n < N. In essence,
this condition requires the continuity of u over the entire domain [t_, tN1], rather than
simply on each interval (t,_1,t,). From Figure 4, we see that this is not the case. Even
at t = 0, where the solution is classical, the solution jumps up from its initial condition
1up(0) = 1+ € touy(0) = 1+ € + 2€2/3. The failure of condition (19) at t = 0 gives rise to
the singularity at t = €.

We now connect the failure of (19) to the classical situation (i.e., € = 0). Differentiating
(13) and setting n = 0:

t+e
ae(e)uy(t+e) — / o' (s — t)uy(s)ds = F + fL(t)Fy — ac(€) fe(t — €)

€

0
. al(s —t)fe(s)ds.

[We have converted the first kind Volterra Equation (18) into a second kind Volterra
equation, see, e.g., [18]]. Setting t = —e in this expression:

ac(e)ur(0) = Fi(—e, fe(—€)) + fi(—€)Fu(—€, fe(—€)) — ac(e) fe(—2¢) + /_026 a(s +€)fe(s)ds.

u1(0) — fe(0) =

Integrating the last term by parts and rearranging, we obtain a condition on the first
“jump” of ue:

0
e [P fetee) + fORe =€) = [ wels+e)fets)as), (20)
ae(€) —2¢
where we assumed that ac(€) # 0 without loss of generality (since we could differentiate
again and instead consider a.(¢)).

Since we have 1/ac(e) = €2 fil sa(s)ds/a(1) by (5), we conclude that the jump
discontinuity of u, is of (’)(62). Therefore, in the classical limit, the jump discontinuities in
ue vanish, which means that the compatibility condition (19) is satisfied in this limit. This
shows that the distribution singularities that “compensate” for the failure of (19) actually
disappear in the classical limit. Of course, we expected this, since the classical solutions to
u'(t) = u(t) are all smooth.

3.4. Connections with Functional Differential Equations

We show that (10) is closely related to so-called “advance/delay ODEs”. Consider
ae(s) = Cs, where C = 3/(2€?), and, for simplicity, let F(,u) = u. Differentiating (10) gives:

t+e

Ce(ue(t+e€) —ue(t—e))—C ue(s)ds = ul(t).
Jt—e
Differentiating this again:
Ce(ulL(t+e€) — Cul(t —€)) — (ue(t+e€) —uc(t —e)) = ul(t). (21)

This is an example of a second-order advance/delay ODE, since the highest order
derivative u/ (t) appears in the same equation as the delayed terms u¢(t — €) and u.(t — €)
and the advanced terms u¢(t + €) and u_(t + €). Another name commonly used in the
literature is “functional differential equation of mixed type” [19]. In general, for polynomial
kernels ae of degree n, the integral equation (10) is equivalent to an advanced/delay ODE
of order n + 1. We may call (10) an “advance/delay integral equation”.

Delay ODEs show up very frequently in practical applications, but advanced ODEs
and advanced integral equations (IEs) have been studied much less. Some applications for
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advanced ODEs are in electromagnetic theory [20], modeling tsunami rogue waves [21],
nerve conduction [22], and traveling waves in lattice domains [23]. Advanced or mixed
type IEs have appeared in endogenous growth models with vintage capital [24] and storage
size optimization [25]. Driver [26] studied wellposedness for some mixed-type ODEs in
the context of an initial value problem, and Oztepe and Bereketoglu [27] studied that for an
advanced-impulsive ODE, but most authors have studied advanced ODEs from boundary
value problem perspectives [28] or based on asymptotic behavior at infinity [29-32].

One reason for this lack of investigation for initial value problems is that such problems
for advanced ODEs can be ill-posed in the usual function spaces [23,33,34]. One heuristic
reason for this ill-posedness is as follows. In general, we do not know the future in a very
precise way. We may have some vague impressions, but most of what we know is educated
guesswork. Therefore, if we try to make decisions in the present based on very precise
information needed from future events, we will often run into problems.

This is precisely the type of situation occurring in the advance/delay integral equation (10)
and the advance/delay ODE (21): the present value of the function u, is being influenced
by both its past and future values via the nonlocal derivative D, . Based on these heuristic
ideas, it is not too surprising that these problems are, in general, ill-posed. However, what
we have shown is that these futuristic equations still admit generalized solutions, so there
may still be some way to interpret both these solutions as well as the idea of the future
influencing the present.

4. Final Remarks

In Section 3.2.2, we observed that solutions of the nonlocal initial volume problem
developed distributional singularities with increasing time. The reason was the future
information required to advance the solution further in time, rendering the problem: ill
posed. A surprising fact about this phenomenon is that the equation is linear. It is usually
nonlinear PDEs which develop singularities in time.

It is therefore natural to ask what happens if we solve the nonlinear equation
Dyctie = u2. The classical € = 0 analogue #/(t) = u(t)? has solutions which blow up
in finite time, if the initial data is positive. For the nonlocal equation, the solutions again
develop distributional singularities, but these later develop into products of distributions,
such as §2. Such products are not well defined as distributions. We omit the details
here, but this singularity development can be shown again using the method of steps and
Laplace transforms.

This suggests that nonlinearity adds an additional layer of ill-posedness to nonlocal
evolution equations. It would be interesting future work to consider such effects of non-
locality on nonlinear particle interactions [35,36], which are known to have applications
in physics.

Another natural direction is to study the wellposedness and numerical analysis for
time evolution equations using this paper’s nonlocal operator. For nonlinear equations,
such analysis of distributional singularities may require the use of Colombeau algebras.
The wellposedness and numerical analysis for nonlinear convection with a spatial nonlo-
cality was studied in [37,38].

Given the finite time singularity results for the model problems considered in the
present paper, it is possible that partial differential equation models, obtained by using
the nonlocal time derivative of this paper, will exhibit finite time blowup. The strength of
the blowup may even be stronger than distributional, and its study would be interesting
future work.

The new singularity features observed here may be of interest to develop new mathe-
matical models. One may wish to preserve some structural aspect of a partial differential
equation model, such as a conservation law, while adding in new features that partial
differential equations lack because of the absence of future data. As a basic exploratory
hypothesis, one area of application might be in mathematical finance, where stock market
bubbles routinely form around every 10 years. In part, these bubbles are speculative, which
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is to say that investors collectively made an assumption about the future market behavior.
When this assumption failed, the bubble collapsed, and a market singularity developed.
From the perspective of the present paper, market speculation could be associated with our
nonlocal time derivative operator, since it evolves the dynamics with the future in mind.
The market bubbles are analogous to the periodic singularities that develop in this paper’s
model systems. Of particular note is the ability to continue the dynamical system after the
singularity, unlike with many nonlinear PDEs with singularities, since markets are able to
recover after the bubble bursts.
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