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Abstract: The principal aim of this paper is to introduce the extended Voigt-type function V,, , (x,y)
and its counterpart extension W, , (x,y), involving the Neumann function Y, in the kernel of the
representing integral. The newly defined integral reduces to the classical Voigt functions K(x, y) and
L(x,vy), and to their generalizations by Srivastava and Miller, by the unification of Klusch. Following
an approach by Srivastava and Pogédny, we also present the multiparameter and multivariable versions
V;ﬂ (x,y), Wg,)/(x, ) and the r positive integer of the initial extensions V,,, (x,y), Wy, , (x,y). Several
computable series expansions are obtained for the discussed Voigt-type functions in terms of Humbert
confluent hypergeometric functions ‘Ygr). Furthermore, by transforming the input extended Voigt-
type functions by the Griinwald-Letnikov fractional derivative, we establish representation formulae
in terms of the associated Legendre functions of the second kind Q" in the two-parameter and
two-variable cases. Finally, functional bounding inequalities are given for V,, , (x,y) and W, (x,y).
Particularly interesting results are presented for the Neumann function Y, and for the Struve H,
function in the form of several functional bounds. The article ends with a thorough discussion and
closing remarks.
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the second kind; Griinwald-Letnikov fractional derivative; Fox-Wright generalized hypergeometric
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1. Introduction and Preliminaries

The classical Voigt functions K(x,y) and L(x, y) occur frequently in several problems
of physics such as astrophysical spectroscopy, emissions, the absorption and transfer of
radiation in a heated atmosphere, plasma dispersion, and also in the theory of neutron
reactions [1]. The functions K(x, y) and L(x,y), which are due essentially to Reiche [2], read
as follows:

1 o 2
K(x,y) = —/ e V"1 cos(xt) dt, x € R;y e RY, (1)
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where C, R, RT, Zy , and N denote the sets of complex, real, positive real, non-positive, and
positive integer numbers, respectively. The Bessel function of the first kind of the order v
has the following power series definition:

_1)k(%>v+2k

e
Ju(z) = ké%) KT+ k1)

—z¢N;veC. ©)

where the principal branch of J,(z) should be considered (it corresponds to the principal
value of zV) and J,(z) is analytic in the z-plane cut along the interval (—oo,0]. Moreover,
for v € Z, the Bessel function of the first kind is entire in z in the whole complex plane [3]
(p- 15). Based on the facts [4], (Eq. (10.39.2)) is as follows:

]% (z) = \/z sin(z) and ]7%(2) = \/z cos(z),

Srivastava and Miller [5] introduced a generalization of K(x,y) and L(x,y) in the following
form:

oo 2
Viu(x,y) = \/E/o e V=T Ju(xt) dt, u,x, y €ERT; R(pu+v) > -1, 4)

so that
K(x,y) = V%,_%(x,y) and L(x,y)= V%,%(x,y).

Klusch [6] defined an unification (and generalization) of the Voigt functions K(x,y) and
L(x,y) in the following slightly modified form:

Quv(x,y,z) = \/g/o e —yt—zt’ Ju(xt) dt, wx,y,z€RY R(u+v) > -1, ()

so that

1

Vi (x,y) = (2V2)"72 Qv (2xv/2,2yV/z, 2),

or, equivalently,
—u+l X oy
Quu(x,y,2) = 2V2) 172 Vi <2ﬁ 2\/5) '

It is worth mentioning that the extension of the Srivastava—Miller model (2) to a multipa-
rameter and multivariable Voigt function was considered by Pathan et al. [7] (p. 253, Eq.
(2.4)) and reconsidered by Srivastava and Pogéany viz. [8] (p. 195, Eq. (4)), as follows:

r X; o0 2 T
Via(xy) = T4/ 2 /O Pe V5 [ Jy(xjt) -dt,  reN, ©)
j=1 j=1

where i > 0; xj,y € R, R(u+1v|) > -1 u=(uy,...,ur),u € {x,v},and |v| = Z]r»zl vj.
In turn, when assuming that » = 1, we arrive at (2). We point out that Srivastava and
Pogény, in [8], concentrate on bounding inequalities upon V},, (x,y).

For various other investigations involving the Voigt functions, the interested reader
may be referred to several recent papers on the subject, such as [6,7,9-15] and the references
cited therein.

We organize this paper as follows: (i) we firstly introduce the extended Voigt-type func-
tion V,, , (x,y) and its counterpart extension W, , (x,y), involving the Neumann function
Yy in the kernel of the representing integral; (ii) following an approach used in [8], we de-

fine the multiparameter and multivariable versions VS)V (x,y) and Wm (x,y) for a positive

integer r > 2; (iii) we obtain computable series expansions for discussed Voigt-type func-
tions in terms of the Humbert confluent hypergeometric functions ‘I’gr) of r variables; then,

(iv) by transforming the input extended Voigt-type functions by the Griinwald-Letnikov
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fractional derivative, we establish representation formulae in terms of the associated Leg-
endre functions of the second kind Q, " in the case r = 1; finally, (v) functional bounding
inequalities are given for V, , (x,y) and W, , (x, y) in two ways: the application of already
known upper bounds for the real argument Neumann function Yy, (x) (see [13,16,17]) and
by applying newly derived upper bounds for the Struve function Hy (x). The article ends
with a discussion, closing remarks, and an exhaustive references list.

2. Extended Voigt-Type Functions V, W,V(’), and W()

We recall that the Bessel function of the second kind (Neumann function or Weber—
Bessel function) of order v is expressible in terms of the Bessel function of the first kind as
follows [18] (p. 64, Eq. (1)):

_ cos(vr) Jy(z) — J-v(2)

sin(v7)

Yy (z) = cot(vm) Jy(z) — esc(vm) [y (z), vegZ. (7)

Also, Bessel functions of half-integer order have a connection or recurrence formula, as
in [19] (p. 925, Eq. (8.465)):

Y, 1@ =(D)"1, 1(z) and Y, 1 (2) = (=1)"],,1(2).

2

On the one hand, the following is true [4] (p. 228, Eq. (10.16.1)):

]% (z) = Yf%(z) = \/z sin(z) and ]7%(2) = —Y% (z) = \/z cos(z).

On the other hand, the asymptotic of the Neumann function when z — oo [4] (p. 229, Entry
10.17.4) is as follows:

2
Yy (z) = E(1 +0(z7h)), larg(z)| <m—94, |0 <7
This suggests extending, in the legitimate way, the Voigt-type function V,, ,,(x, y) by replac-
ing the Bessel function J, (xt) in (4) with the Neumann function Y, (xt) of the same order in

the following way:

0 2
Vi (x,y) = \/E/O He V5 Y,(xt)dt, p x,yeRY;RW)>0,R(u+v)> -1 (8)

The form of the multiplicative constant is chosen to agree with the pioneering introduction
definitions (1) and (2).

Since the Neumann function exhibits asymptotic behavior when z approaches zero, it
reads as follows [4] (p. 223, Entries 10.7.4-5):

T 2\V 1
Yv(z)w—%(g>; R(v) >0 or v=—k+zkeN, )
Y_y(z) ~ —M(%)% R(v) >0 and v#k-— %, ke N.

Therefore, having in mind (9), we introduce the second variant of the extended Voigt-type
function, which reads as follows:

W, (x,y) = —%V) (g)v/o e VT Y, (xt) dt, (10)

where the parameter range consists of y, x, y € R™; ®(v) > 0,R(p —v) > —1. Fur-
thermore, having in mind (9) and the value F(%) = /7, the constant is adapted to the
multiplicative constants in (4)—(6).
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Moreover, considering the generalized multiparameter Srivastava-Pogany variant (6), we
also introduce the multiparameter version of the extended Voigt-type function associated
with V,, ,(x,y) and W, , (x, ), as follows:

e TT B [ a2 1Ty e
I/lﬂ/(xly)_q 2/ e ITl V].(xjt) £
= : j=

equipped with the parametric space y, x;, y > 0; R(v;) > 0,R(p + |v|) > —1, where

lv| = Z]r-zl vj. Obviously, V;%,),(x, y) = V0, (x1,y) covers (8).

Next, we define simultaneously a second multiparameter extension of the Voigt-type
function, now associated with W), , (x, y) in the following form:

7 . T T X\ Vi o0 3 _E r
Wi (x,y) = (~1) Hr(uj) (é) ]~/0 e 5 TV, (xt) dt, (11)
j=1

j=1
where y, xj, y > 0; R(v;) > 0,R(p — |v|) > —1; here W;,lr,),(x,y) = Wy, (x1, ). Therefore,

K(x,y) = (x,y) and L(x,y)=V

(x,y).

—Vv1il1 1 _1
272 2772

Using the following recurrence formula [18] (p. 66, Eq. (1))
2v
Yy-1(2) + Yy (2) = 71@(2),
we obtained the following recurrence formulae for extended Voigt-type functions:

2v
> Vy,v (xr y) = Verl,vfl(x/ y) + Vy+1,v+l (x/ y) .

For the next results, we require the definition of the Humbert confluent hypergeometric
functions of n variables, the series definition of which reads as follows [20] (p. 34, Eq. (9)):

my m

Oé)m tedm X Xp'"
‘Y(n)oc; Lee s Y X1, oe, Xn| = () (B S , max{|x1|,..., |xn|} < co. 12
2 [ Y Tn n] e (')’l)m1---(r)/n)mn m1! mn! {‘ | ‘ﬂ‘} ( )

Clearly, the confluent Humbert function of two variables ‘Yéz) = Y,; please see [20] (p. 26,

Eq. (22)).

Theorem 1. Let y,y € RT,x € R; |[v| < 1and R(yu+v) > —1. Then, the following
representation holds true:

1 1
2172 xV2 cot(vrm) p+v+1 p+v+1 1 5, 9,
V‘u,y(x,y) - F(V+1) r( 2 )IP2|: 2 /V+]~/§/_x /y:|
_ ptv ptv o oo 3. 2.2
ZyT( +1)‘1f2{ L+, x,y}}

2’**2V*%x%*vcsc(vn) p—v+1 H—v 1 5 5
B (=t L G e A SR el

_Zyr(y_12/+2)‘lfz{ygv+1;1—1/,§;—x2,y2}}~

Moreover, for all u, y € R, x € R, we have the following:
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NG
Wy,v(x/]/) = _T) (E) V}l,l/(xr y) ’ (13)
provided that v € (—1,0) U (0,1) and R(p — |v|) > —1.

Proof. Using the representation of Neumann function (7) in the definition (8), we conclude
that the following holds true:

Vi (x,y) = \/g/:o e [ cot(vr) Ju(xt) — csc(vr) J—y (xt)] dt

\%

V/V(x/y) = r(v+1)

- T oo - ti% (71)m(x7t)2m+v (71),”(&)2111 v
- \[2/0 et [cottvm) 1 m!l"(mjv+1) —ese(v) ) m!r(m—zv+1)} dt.

m=>0 m>0

The Maclaurin series expansion of e /' enables the legitimate term-wise integration of the
resulting absolutely convergent double series. Hence, the following also holds true:

—x2)™(—2y)" +v+1 n
Vo (x,y) = 2473 xV+3 cot(vrr (=x)"(=2y r(¥ m+ —
o (%:3) cot( )mgom!n!r(mm/ﬂ) (Fm—+m+3)

11 (—x2)™(—2y)" p—v+1 n
T3 x27V 2 T — .
x2 "V esc(vr) o m!n! T(m—v+1) ( 2 +m+2)

Now, by separating the n series into even and odd terms, we obtain the following:

2M—3 yVt3 cot(vrm) p+v+1 (L +v4+1))pgn (—x2)™ (y2)"
{ ( 2 )m;o 2 (V4 1)m (+)nm'”'

v (557 4 D (=)™ ()"
_ZyT( > +1>m£0 v+ 1)m ()nmlnl }
2H=2V3 ¥ 37V cse(vrr) p—v+1 (1= v+ 1)) mn(=2%)" (1)
I {r( . )m;O T D (D

ayr(Pt )y el xz)’”@f)”}_

m,n>0 (V+1) ( )ﬂm'n'

By using the definition of Humbert confluent hypergeometric function of two variables (12), we
obtain the asserted expression. [

Remark 1. Clearly, ifweput y =1/2, v=1/2and p =1/2, v = —1/2 into Theorem 1, we
obtain the known corrected representation by Srivastava and Miller [5] (pp. 113-114, Eq. (13-14))
and also derived by Exton [21] (p. L76, Eqs. (8-9)), respectively:

111 2 13
K(x/y> = _V%,% (x/y> = 11IZ |:§/ Er Er x2/y2:| \/yf‘YZ |:1/ 2/ 2/ x2/y2:|/
2x 31 333
L(x,y) —V%’i%(x,y) ﬁTZ [1; E’ E; —x2 ] —nylfz [EI E’ E; _leyZ] .

The next result is devoted to the multiparameter extension for the multivariable
Voigt-type functions.

Theorem 2. Forall u > 0,v € (—1,1)"\ {0}, such that y + |v| > —1 and x,y > 0, we have
the following:
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v~+%
L1 L cot(vm) +lv[+1 +lv]+1 1
V0 (x,y) = 202 ]F(v]-+1) . r(” |2| )Tg)[# |2| 1L
j=1
—Zyr(”zM +1)¥y) [L;M + v+, ; —xz,yz}}
1,
rox? 'ese(vim) _ 1 _ 1 1
_oH—3 j 7 p—lvl+ Orp—lvl+1 1 5 5
2 L Ta—y) r( 2 )TZ { 7 lTvigTxy
—zyl"(iy_zw‘ +1)‘1’§7) [L_ZM +1L1-v, g; —xz,yz} }

where the shorthands are as follows: 1+v = (1+vq,--- , 1+ v,) and x> = (x3,- -+, x2).
Moreover, for y — |v| > —1, we have the following:

D e — (1 TT T (S\YTE )
vy = 0 Tl (3)" " Vi

The proof is the copy of the proving procedure of Theorem 1; therefore, it is omitted.
Next, we expose another fashion computable series representation of V,,, (x,y), for
which we need the definition of the associated Legendre function of the second kind [4]
(p. 354, Entry 14.3.7), which reads as follows:
VATt D2 1)
2vHIT (v + 3) xvHrtl

u v+u v+u+1 3.1

QV(x) ZFl( 2 +1/ 2 sV 2/x2>/
where —(v + p) ¢ Nand x > 1. Furthermore, we recall the definition of the Griinwald—
Letnikov (GL) fractional derivative D%[f] of the order p, with respect to x of a suitable
function f [22] (p. 373, Eq. (20.7)), as follows:

BRI U = n(P
1] = iy L") 6+ (o -,

where I | 0 means that, when approaching zero, / remains positive. The GL fractional
derivative of order p of the exponential function is as follows [23] (p. 2510, Eq. (29)):

DY [e™*] = afe™*, (14)

Here and in what follows we frequently use Laplace transform notation, as follows:

Zf(H)] = F(p) = / Yo bt f(n)at,

0

which is of a suitable input function f(t).

Theorem 3. Forall u,x — 1,y > 0and v € (0,1), we have the following:

V2x (=1)r+1 1 _ y
= — pr . H v
Viu(x,y) e Flv+1) n§>0 T (v+1)2, - Dy (y2+x2)n+% Q5 27|

Moreover, for all y,x — 1,y > 0and v € (0, 1), the following holds true:

1

—v Y
s ()| 00

i X\Y -1)"
Wu(x,y) = V2ve HT <§> Z % (v+1)2, ID);
n>0 :
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Proof. We point out that the extended Voigt-type function V,, , (x, y) is the Laplace trans-
form, with respect to the parameter y > 0, viz. as follows:

Vyu(x,y) = \/f ) [tﬂe—f Yy(xt)] .
Applying (14) to the Laplace kernel u times, we obtain the following:
Vi (x,y) \/7/ ) DY [e7¥'] *%Yv(xt) dt
- \E( 1)="D} [/0 e V5 Y, (xt) dt} (16)

= E(_1)*HZ( Dl D”UO W#”Y,,(xt)dt]. (17)

41 p!

The Laplace transform, adapted to our setting above, reads as follows [24] (p. 298, Eq. (3)):

2, [ty (at)] = 2LV ED) o (”) R > R - LR(p) > ()],

n(p? +a2)'T Vp?+a?

We transform (16), using p = y, 4 = 2n, and a = x, into the following:

V,W(x,y) \/5 - Z

n>0

1 05" y
(y2+x2)n+% 20\ 2+ 22

According to the definition of the associated Legendre function of the second kind, the
parameter space excludes —(2n — v) from the positive integers, and, as the Laplace trans-
form holds for min,>o(2n —v+1) = 1 — v > 0, the first statement is proven. As for the
claim (15), it is enough to consider (13). The rest is obvious. O

H'T2n+v+1)
4n n!

Another approach entails using the Griinwald-Letnikov derivative (14) applied to
the newly introduced exponential term exp{—Bt*}, which replaces exp{—t?>/4} in the
integrand of V,,, (x,y). The related results, which follow, contain the Kummer confluent
hypergeometric function | F; instead of the previously used associated Legendre function
of the second kind.

Theorem 4. Forall yi,x,y > 0and v € (—1,0) U (0,1), we have the following:

Hu+l, 2
Vov(x y):_W(f)wr% 2(_]/)” r<1+n+1/)D% 1F1(” ]2/ ,1+U,71673)
uyX, 27 eP‘%i 2 =h n! 5 ﬁ e

npaeg) |
B=1

ﬁ n—12/+1

1

L ATV

Toy D

™M=

Also, for all i, x,y > 0, and |v| < 1, the following holds true:

1R <”+§+1;1 —|—1/;—Z;)]
B

W, (x,y) = czse(:;) FIE(—J)/) (g)ZU rg) (—y)" {r(1+n+v> DE

'B n+5+1

1F1 (%= V+1,1*U,‘*ﬁ
(= w)] } )
,B:l
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Proof. Consider the Laplace transform, which reads as follows:

> o [ 1
L[t e T Y, (xt)] = e*F‘Tl/ e ¥Vt D; [efﬁtz]ﬁ:}I Y, (xt) dt

0

T

= e rHD; U e Ve PPy, (xt)dt| . (19)
0 B=1

By expanding the Laplace kernel exp{—yt} into a Maclaurin series, interchanging the
summation and integration, and using the substitution t = /s, we obtain the following;:

gee) 2 _ n gee) e _ n
[ et v ande= 5 ¥ (=) [Tetstviavs)ds =5 ¥ EV o v, (xv/5)]
0 2 S0 n! 0 2 S0 n!

In turn, the Laplace transform reads as follows [24] (p. 300, Eq. 3.13.2.4.):

" I(—)F(p+5+1 2
Zp[s" Yo (av/s)] _Ceostm Tyt 3 )1F1<V+K+1;1+v;—i>

v p i+ 2 4p
2V cos(vm)L (V)T (u — 5 + 1) v a?
B avp 5T th (”_§+1’1_V’_@)'

provided 2|R(u)| > |R(v)| —2and R(B) > 0. For2u =n —1, p = B, a = x, we conclude
that the following holds true:

© 1 (—y)" (xV cos(vm)T(—v)I(ZH4EL) n+v+1 x?
e V=T Y, (xt)dt = ——— 2 F 14v,——
/0 vlxt) 271,;) n! { v g 1 1( 2 4/3)
2¥ cos(vrr)T(v)T(2=5+H) n—v+1 x?
+ g 1R (5 ,1—1/,—@)}. (20)

By now inserting (20) into (19), we complete the proving procedure of the statement.
The second statement (18) is the immediate consequence of relation (13). [

3. Functional Bounding Inequalities

First, we recall the integral definition of the Struve function, which reads as follows [18]
(p- 328, Eq. (1)):

_ Z(E)V ! _ 21/7% in(z v _
Hv(z)_\/ﬂéﬂr%)/ou 2)~% sin(zt)dt,  2R(v) > —1. 1)

It is worth mentioning that Struve considered only Hy and H;. Now, the Gubler-Weber
formula reads as follows: [18] (p. 165, Eq. (5))

4

_ 2(7)1/ ! v—1 o e v—1 -z
Yy(z) = m (/0 (1— %) sin(zt) dt —/0 (1+£) " 2e tdt) (22)

which implies the following:

Yy(z) = Hy(z) — \/Ezlﬂ((é)—i—%) ./000(1 + t2)v_% e ?dt, (23)

where both representation formulae hold for §R(z) > 0and v > —1/2, due to the conver-
gence control of the second integral.
By splitting the v domain into the disjoint intervals, we obtain the following:

(-3 ) = (-1 3 u(L3|uG o) =wmutuu,
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Baricz et al. [16] (pp. 957-958) derive the functional bounds for Y, (x) as follows (see
also [25] (pp. 7-8) and the monograph [17]):

"
1 1
7 _j < 1% S j/
VAT (v +3)
X 5 2w
Y, (x) + < : : p<v<y @
ST 2T (v 1) JAT(v+1) S
xv—1 221/7% r(v) s
1 —+ " , v > b
V27T (v + 1) X

where x > 0. To present our recent findings, we need the definition of the parabolic (or
Weber) cylinder function D, (x) (Whittaker’s notation), which is a principal solution of the
Weber differential equation [4] (p. 303, Entry 12.2.4), which reads as follows:

d%w 1 1
(- i?)e=o v

The solution is entire function of z and v. Furthermore, in the derivation procedure, we
apply the integral representation for parabolic cylinder function, as follows [19] (p. 503,

Eq. 3.953.2):
u 2
YN @B 5 [P P —

D,y(\/—z?) =T /0 #le dt, 7B e Cmin{R(B),R(u)} > 0. (25)
Theorem 5. Forall u, v+ 1 > 0, with R(u) > |R(v)| > 0 and for all positive x,y, we have
the following:

K1 (‘Z/I,V) D—(y-&-v)(\/iy) + KZ(V/U) D—(y+v—1)(\/§y)r _% <v< %/
11 (#,v) D_ () (V29) + 12 (3, v) D_ (1) (V2Y)
Vi (x,y) <4 +13(1,v) D) (V20), 3<v<3,
1 (1, V) D_ g0y (V29) + K4 (1, v) D_ 4y —1) (V20)
+5 (1, V) D_(—y) (V2Y), v>3
where
XVt eélﬂ(y+v) X2 eélﬂ(erv—l) x%*“egf(v)l’(,u—v)
Kl(l’l’ U) = v—p+1 4 Kz(]/l,V) = v—p 1 4 K3(]’ll U) = 1-v—p 7
277 T(v+1) 27 /nl(v+3) 277 al(v+1)
x"_%eél"(y—i—v—l) x%_"egr(v)l"(y—v)
K4(]/l,1/) = 3—v—pu 1 4 KS(#’ V) = 4-3v—pu :
V2T T(v+3) 272 nal(v+1)

Proof. Starting with (8), using the decomposition (—%, c0) = Uj U U, U Uz and the esti-
mates (24), we conclude as follows:

X [ 2 V%Ul (x'y)/ _% <v< %’
Viu(x,y) < \/;/0 th=le—yt=7 Y, (xt)di < Vi, (x,y), % <v< %, (26)
' Vius (x, ), v>3
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where

Vouu (x,y) < a 7(%)]/ /ootl‘+v *yf*%dt+4(
P Y =AY T+ 1) o e
f () [Cvewt (3
< Jxl 2] v o=yt 4
V”’”z(x’y)—\[z{r(vﬂ) o e T AT

2VT(v) © iy B
el S =V e YT qt ,
+ nx'T(v+1) /0 ¢ }

and

v (x,y) < \/; (JZ()V/OOtfH'V e_yt_% dt+L—1 /ooty+v—1 e—yt—%dt
ws\ % Y) =[5 T(v+1) Jo \/ﬁl’(v—k%) 0

2y—3
L2y /wt”’“e’yt’%dt ,
nx'T(v+1) Jo

which is equivalent to the statement of the theorem. In the derivation procedure, we
apply 25) withy =yand f =1/4. O

The Fox-Wright generalized hypergeometric function with p numerator parameter
couples (a1, A1), -+, (ap, Ap) and g denominator parameter pairs (b1, By),- - -, (bg, By) has
the following power series definition [26] (pp. 286-287):

(a0, AD) 0, A1) (3, A,) ’ F(a]-—l—nAj)

ay, A1), ap/ 14 _ aP’ p — =1

p¥q 2 =¥y 2 =)

|: (bll Bl)/ ’ (bﬂ' Bq) ‘ :| |: (bq’ Bq) ‘ i| n>0 11[ r(b] + nB])
=1

=, @

where A, B >0,j=1,...,p, and k = 1,...,q. The series (27) converges for all z € C
when the following is true:

9 p
A:=1+) Bj—) A>0.
j=1 k=1

When A = 0, the series in (27) converges for |z| < V and |z| = V under the condition
§R(E) > 1/2, where the following holds true:

p q ) q 14 _
V= (HAW) <]‘[Bf/>, E=Y b-ya+
i=1 j=1 j=1 i=1

The function 1 ¥[-] is a confluent Fox-Wright function.

Theorem 6. Forall i, v+ % > 0 and for all positive x,y > 0, we have the following:
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Vy,v(x/ ]/) <

A (m—2) | _ A (% 2) | _1 <1
1(m,v) 1Yo 2 2y| +A2(pn,v)1¥0 2y|, 2 <V<g
(;I/lJrl/Jrl 1 (& l
M) T2 |—2y) ey ine| (702 |2y
u—v+1 1
+A3(p,v) 1‘1’0{ ( 2 '—2y} 1<v<y,
(14+v+ 1 (u l
M) %o 2 2) \Any}%fA4Oa )it 2 ?) \**Zy}
u—v+1 2
was(uo) x| T2 gy, v>3
where
x‘/""% 2.”_% xV_%ZF’_% xz VZV""Z
V) = —/————mm—— /\ V) = ——777, /\ sV B TN
1 1
xV™2 op+v=2 x27V ZV'H’_ZF(]/)
A(u,v) = —————, A5(n,v) =
a(u,v) IR 5(1, V) AT 1)

Proof. In the derivation procedure of Theorem 5, we apply the following integral represen-
tation for the Fox-Wright function [8] (p. 198, Equation (15)):

e u—1 7yt7£ u—1 (%/%)/
Ty) = [ e S =2t (22—l RGu), () > 0.

7

Using (26), we firstly evaluate the input extended Voigt function V,, , (x,y), then obtain the
claim of the theorem. [

In the following, we refine the bounds (24) focusing on the representation of Formula (23),
which simultaneously gives novel bounds for real parameters and positive variables for
either the Neumann function Y, (x) or the Struve function H, (x).

Theorem 7. Forallv > % and x > 0, we have the following:

2

(x) HV(x)_Vrcx’ psvs3
Yy (x) < v—3(,2 . (28)
2v—1
Hv(x)—x (x*4+2v—-1) v 3

V21T (v + 1)

Proof. For allv > % and x > 0, the function Hy(x) > 0 (see [4] (p. 291, Entry 11.4.13)).
Indeed, the case v = % is obvious, since the following holds true:

% \/E/ sin(xt) \2/\@ 'nz(g) >0.

In the case v > 5, consider three Consecutlve zeros t, = (7t/x)k of sin(xt), tor, bogr1, bokto-
Then, having in mind that (1 — #2)V~ 2N\ fort e [0,1], we have the following:

t t
/ *sin(xt) (1 — 2)V-2dt - / Tsin(xt)(1- ) idt >0, ke N.

bok bok41
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Therefore, a fortiori, the following holds true:

tak+1 bakyo 1
y(x) = — sin — )2 dt > 0.
H, (v) k_go (/ / ) (x)(1— )3 de >0

bk bokt1

Now, recalling (23), we see that, for 2v > 3, we have, by virtue of the Bernoulli inequality [27]
(p. 317), the following:

(1+h)*>1+ah, h>-1,a¢(0,1),

and the following estimate:

Yo (x) < Hy(x) — \/Ezr((%(/)jr;) /OOO [1 + (1/— ;)tZ} ot 4

x'3(x%+2v—1)

=R TS D)

(29)

The Bernoulli inequality is reversed for « € (0,1); therefore, assuming v € [%, %], we
conclude by the A-G inequality 1 + t> > 2t, that the following holds true:

2xVY © 1 2
Y, (x) < H,(x —7/ Pore M dr =H,(x) -/ —. 30
W B - s [ RS0
Therefore, the proof is complete. [

Now it remains to apply (28) in bounding the extended Voigt and allied functions.
Before this, we recall the following power series definition:

(3 (=1"(3)"
H,(z) = (E) rg) o g)r(n2+v+ 5 2R(v) > 3. (31)

Theorem 8. Forall u, x, y > O0and v € [%, %]/ the following holds true:

1
25+1

2
WF(PHL?)QZ D_

Vy,y(x,y) < AH,V(X,]/) - (\ﬁ y) , (32)

pt3)

where

2
A B X3 e (—=1)"x*"T(p +v +2+2n)
y,v(xly) - v—pu+1 2n1—-(n+ é)l—u(n_i_v_'_ é)
272 n>0 2 2

D_ (ytv+242n) (\f2 y)-

Forv > 3 and y +v > 2, we have the following:

N

p—v+1 5 v
7 xV"2e7
Vi (x,y) < Apu(x,y) — m{r(ﬂ +v) X D—(wu)(\fzy)
2

+ W=D T(+v=2)D 2 (V2y) . (33)
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Proof. When  <v < %, the integral definition (8), under upper bound (28) applied to the
Neumann function in the kernel, becomes the following:

- \
Vyuo(x,y) = \/g /O e VT Y, (xt) dt
X [® B /2 1
< \/;/0 e Y7 (Hv(xt)— Ht 2>dt

2n
— (f)w% Z (=D"(3) /°° putvE142n e—yt—% dt
2 >0 T(n+3)I(n+v+3)Jo

1

-

2
X2 e'r (=1)"x*'T(p+v+2+2n)
v—p+l

- V2
2 >0 2"T(n+%)r(n+v+%) (]1+1/+2+2n)( y)

Tt e g (34)

1
25+

2
~ 77 T+ 2) e Dy (V2),

where the parabolic cylinder function formula (25) is employed twice.
Next, for v > %, the calculation reduces to the following:

o9 2 t v—=3 ¢ 2 v —1
Luw(x,y) = \/z/o i pmyi—2 () () +2v 1]
xV—E

V21T (v + 1)
2

o] 2 (e 2
= ; {xz/ vl e V=T dt 4 (2v — 1)/ V=3 o=yt—7 dt}
272 AT (v+1) 0 0

where we also use the aid of (25), provided y +v > 2. O

The defining relation reads as follows (13):

Wyv(x,y) = _% (g)“*% Vi (%,y),

which, when combined with Theorem 8, readily provides the refined lower bound for the
counterpart extended Voigt function.

Corollary 1. Forally, x, y > 0,and v € [%, %], the following holds true:

N

VT (p+3)

W, o(x,y) > ——25 &V
P‘ﬂ/( y) F(V)ZV_%_%

Y

e” Df(ﬁ%) (\@ y) — Buy(x,y), (35)

Nl

where

2
T oxtler (—=1)"x*"T(p +v + 2+ 2n)
Buy(x,y) = D_ V2 ).
]/1,1/( y) r(l/) 23v;;¢ = 2”1"(71—1—%)1"(71—1—1/—1—%) (}t+v+2+2n)( y)
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In turn, forv > % and y + v > 2, we have the following:
pdv i
27*‘1’1 x21/—3 ez 5
W, ou(x,y) > 7 T'(u+v)x"D_ V2
wo(X,y) > /7 T T+l { (n+v) (utv) (V2Y)
+ W=D T +v =2 D ) (V29) } = Buulxy) . (6)

Now, we significantly refine the non-negativity result H, (x) > 0 listed in [4] (p. 291,
Entry 11.4.13), proving a more efficient functional lower bound for the Struve H, (x). With
the aid of the resulting bound, we establish a lower bound for the Neumann function Y, (x).

Theorem 9. For all 2R(v) > —1 and x € (0, 7t], there holds the following lower bound:

H, (x) > x¥ sin(x)

T2 rl(v+3)’

Proof. Let t; = 71/x be the first positive zero of sin(xt) in the integrand of (21). In the case
t; > 1, the secant line containing the origin and the point T; (1, sin(x)) is completely below
the sine arc; that is, sin(xt) > t-sin(x), t € [0,1]. Accordingly, taking into account the
integral representation which holds true for ®(v) > — %, we conclude the following:

\/@r(sm )/olt(l—tz)v‘%dt,

(37)

23 1 -1
H,,(x)—m /O (1—£2)"~% sin(xt) dt

which evidently gives (37). O
Theorem 10. Forall —% < v < 1, there holds the following lower bound:

1
2V /mxT (v + 3)

Here, xy, x1 are the first two positive solutions of the following equation:

Yy (x) > [x”% sin(x) — 2/F2 T (v + 3], x€[x,x]C(0nr]. (38)

2'F2 sin(x) = 2V T2 T(v + 3).

Proof. Lettingv € (— %, 1), we apply the lower bound (37) to the relation (23) as follows:

= 2(£>V * v*% —xt
yv<x)_Hv(x)—m/o (14 2)"~% et dt

xVsin(x) 2 (2)"

T2 yalf(v+3) Vrl(v+1)

o 1
/ (1+2)""2 e ¥dt.
0

By virtue of the A-G inequality (1 + tz)v’% < (2t)"’%, lv| < 1, we clearly conclude that
the estimate reads as follows:

1
2V /rxT(v+3)

which is definitely non-negative on the interval [xg, x1]. O

Y, (x) > [x'*2 sin(x) —2" "2 T(v + 3)],

4. Discussion and Further Comments
A. The formula applied for the half-integer v = n + % is [3] (p. 3, Eq. (2)), as follows:

F(n+2) %\/ﬁ neNy.
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Specifying all parameters v, v as half-integers in (10) and (11), we infer the following
expressions:

1 xn+% e8] " 7yt7£
Wanlo) = =5 Gy gy fy e Vg (31)
le‘F%
WO () = ST ./ootP‘ eV Y, (it dt
T Y e A

B. We point out the integral expression [19] (p. 1018, Eq. 9.240), which reads as follows:

/OOO ey dr =20 [r(®) 1F1(E;1;y2) —2(p—1) yl"(p+1) 1P1(p+1'§'y2)} . (39)

2 272 2 2 2

which holds for all p, R(p) > 0. This formula connects the parabolic cylinder function D,
with the Kummer confluent hypergeometric 1 F;. Applying this expression for both integrals
in (34), we can infer other computational series expansion formulae for the functional upper
bound in Theorem 8.

C. Theorem 9 implies the questions of sharpness and possible argument and parameter
extensions in (37); therefore, so does (38). Moreover, we point out that the domain [x1, x3]
in Theorem 10 is not empty; see, for instance, the case v = 0, to which the numerical values
x1 ~ 1.57079633 and x, =~ 2.09439510 are associated, while the third root of the related
equation \/x sin(x) = v2T'(3) becomes x3 > 6.785.

D. Future research can be focused on exhausting the Bessel-Struve functions class, which
also contains the modified Bessel functions of the first and second kind, modified Struve
functions of the first and second kind, the Bessel-Struve kernel function, and their various
generalizations (see, e.g., the article [28] and the relevant references therein) in unifying
the multiparameter and /or multivariable Voigt functions. However, we leave these study
topics to another addressees.

5. Conclusions

The classical Voigt functions K(x,y) and L(x,y) are involved in several physics prob-
lems, such as astrophysical spectroscopy, emissions, the absorption and transfer of radiation
in an atmosphere, plasma dispersion, and in the theory of neutron reactions, for instance.
These functions were introduced by Voigt himself in 1889 and Reiche in 1913, respectively,
in [1,2]. Their structure, integral forms, and the fact that both are Laplace transformations

of exp { — % cos(xt) }—exp { — % sin(xt) } or Fourier cosine and/or sine transforms (up

to a multiplicative constant) of input functions exp { — yt — %}—motivated the authors
either to study more general oscillatory special functions, the special cases of which are
the cosine and sine, or to also consider their finite products. These studies also result in
multiparameter extensions; please consult the thorough introduction and section A. in the
discussion section.

Our results are grouped in the following way: in Section 2. we introduce the extended
Voigt-type function V,, , (x,y) and its counterpart function W, , (x, y) using the Neumann
function Y, multiplied with the power function, obtaining t*Y; (xt) in the kernel of the
observed integral. Additionally, products from kernels of r > 2 such functions are also
used to define the multiparameter variants Vgﬂ),(x, y), and Wi,r)v(x, y) are introduced. In
Theorem 1, we establish computable series representations of V,,,(x,y) and W, ,(x, y)
in terms of Humbert’s confluent hypergeometric function of ¥, of two variables, while
Theorem 2 is devoted to the same fashion representations in terms of Humbert’s confluent
hypergeometric ‘I’g) of r + 1 variables. Theorem 3 expresses V,, ,(x,y) and W, , (x, y) by
virtue of the Griinwald-Letnikov (GL) fractional derivative of the Legendre function of
the second kind, and Theorem 4 describes the GL-derivative representation of Voigt-type
functions applied to the Kummer confluent hypergeometric function | F;.
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Section 3 contains functional bounding inequalities for the Voigt-type functions V, W
using the Gubler-Weber integral Formula (22). Theorem 5 contains the upper bound,
consisting of a linear combination of parabolic cylinder function D, while the linear
combination of Fox-Wright generalized confluent hypergeometric 1 Psiy functions build
another form functional upper bound; see Theorem 6. Theorems 7, 8, 10, and the Corollary
1 are devoted to obtain functional upper or lower bounds for the Neumann Y),; finally,
Theorem 9 is nothing other than a generalization of the famous Jordan inequality for the
real variable Struve function H,. The application of already known upper bounds for
the real argument Neumann function Y (x) (see [13,16,17]) and applying the here-derived
upper bound for the Struve function H, (x) in a new way, together with introducing the GL
fractional derivative in the investigation methodology, provide constructive contributions
for the study of Voigt-type and allied special functions.
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