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1. Introduction and Preliminaries

Differentiable manifolds GRy with a non-symmetric metric tensor, GAy with a non-
symmetric affine connection and their mappings were, and still are, the subject of interest
of many scientists [1-14]. The use of a non-symmetric basic tensor and non-symmetric
connection became especially relevant after the appearance of the works of A. Einstein
related to creating the unified field theory, where the symmetric part of the basic tensor is
related to gravitation, and the antisymmetric one to electromagnetism. We can say that,
after A. Einstein [15,16], the main steps were made by L. P. Eisenhart [17,18].

Geometric mappings are interesting, both theoretically and practically. Geodesic and almost
geodesic lines play an important role in geometry and physics [1,2,6,19]. The movement of many
types of mechanical systems, as well as bodies or particles in gravitational or electromagnetic
fields, in continual constant surroundings, is often conducted in paths, which can be looked upon
as geodesic lines of Riemannian or affine connected spaces, which are defined by the energetic
regime along which the process takes place. So, for example, two Riemannian spaces, which
admit reciprocal geodesic mapping, describe processes which are unfolded by an equivalent
exterior load and equal orbit, but different energetic regimes. In this case, one of these processes
can be modeled by another. During recent years, many papers have been devoted to the theory
of holomorphically projective mappings; let us mention J. Mikes, S.M. Minci¢, M.S. Stankovi,
Lj. S. Velimirovi¢, M. Lj. Zlatanovi¢, etc. [7,12-14,19]. This paper is a natural continuation of the
research published in paper [20] in which biholomorphically projective mappings were studied,
and they can be observed as a kind of generalization of holomorphically projective mappings.

A generalized Riemannian space GRy in the sense of Eisenhart’s definition [18] is a
differentiable N-dimensional manifold, equipped with a non-symmetric metric tensor g;;.
The connection coefficients of the space GRy are the generalized Cristoffel’s symbols of the
second kind [19]:

;k = giﬂrp,jk/ (1)
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where [|g” = ||gyl| ™, gy = 3(8;j + &) and
1
Tiji = 5(8jik = &jri + 8ikj)s

9gij
where, for example, g;;x = 5¢. We suppose that det |[g;;|| # Q, det | | 8ij || # 0. In the
general case, the connection coefficients are not symmetric, i.e., T;k # T} ir and they can be
represented as the sum of the symmetric and antisymmetric parts

where the symmetric and antisymmetric part of Fj-k are given by the formulas

1 . . 1 . .
ik = 5T+ Ty) = Sjr T = 5Ty = Tig) = T (©)
- \

The magnitude T;k is the torsion tensor of the space GRy;.
In a generalized Riemannian space, one can define four kinds of covariant deriva-
tives [9]. For example, for a tensor a} in GRy we have

@y = @+ Cya] = T,
1

a;|m = “;,m + anpaf - rﬁﬁa;,

@ = 0+ Tpt] ~ T a1, @
3

aé"” - a;-’m + l"inpaf - F]Pma;r

i
da i
oxm :
In the case of the space GRy, we have twelve curvature tensors, and S. M. Mincié
proved that there are five independent ones. In this paper, we will consider the following

five independent curvature tensors [9]:

where | (8 = 1,2,3,4) denotes a covariant derivative of the kind 6 and a} "=
0 ,

Rin = T = T + T Cn = T Uy
1§§mn = rinj,n - F;j,m + rijrip - rzjl"inp,
R = Ui = Do+ T Ty = T T + Do (T — T,
Rl = Th = Do & T Thp =TT+ Th (T = T, ©)
Rl = 5 Tl T~ T~ T
+ T Ty =T Ty + T Ty =T T).

Let GRy and GRy be two generalized Riemannian spaces. We will observe these
spaces in the common system of coordinates defined by the mapping f : GRy — GRy. If
TZ- and TZ. are connection coefficients of the spaces GRy and GRy, respectively, then

h_ Th
Pl =T} —

T} 6)
is the deformation tensor of the connection for a mapping f.

The relations between the corresponding curvature tensors of the spaces GRy and
GRy are obtained in [19] as follows:
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R —R. 4pi _p 4 pPpi _pPpi 4 oTP pi
1 jmn 1 jmn jm|n jn|m jm* pn jn” pm mn= jp’
1 1
i _ pi i i P pi P pi P pi
1§jmn - 1§jmn + ij\n T T njlm + ijP”P - PanmP + 2TnmPPf’
2 2
i _ pi i i P pi P pi P i i
R = Riun + Pinp = P + PPy = PP + 2P (T + By),
2 1 7)
i _ pi i i P pi P pi P i i
Rn = R & Pinjn = Pajias + Py Pp = PrjPom & 2Pn (T + Py,
2 1
R. —RL +1( [ - Ly — 1
5 jmn 5jmn T o ]mgn ]nlm m]JLn n]l)m

+ Pl Py — PP Py + Ph Py, — PP,

jm=pn nj= pm
where Pi’;- is a deformation tensor for a mapping f, Pf; is its antisymmetric part and Ti’} is
\

a torsion tensor.

2. Quasi-Canonical Biholomorphically Projective Mappings

In paper [20], we define biholomorphically projective mappings between two gener-
alized Riemannian spaces GRy and GRy with almost complex structures that are equal
in a common system of coordinates defined by the mapping f : GRy — GRy. We have
considered a generalized Riemannian space GRy with a non-symmetric metric tensor
gij and almost complex structure Fl-h such that Fih # a&l’?, where 7 is scalar invariant, and
we have defined the biholomorphically projective curve of the kind 6 (§ = 1,2) and the
biholomorphically projective mapping of the kind 6 (6 = 1,2).

Definition 1 ([20]). In the space GRy, a curve | given in parametric form

is said to be biholomorphically projective of the kind 6 (6 = 1,2) if it satisfies the following equation:
A" (DAP () = a(t)A"(£) + b()FEAP (1) + (t)lth/\p(t)
lp 4 p B EpA ),

. . dx 2
where a, b and c are functions of parameter t, \' = T and Fﬁ = FL;‘PZ .

Definition 2 ([20]). A diffeomorphism f : GRy — GRy is a biholomorphically projective
mapping of the kind 6 (6 = 1, 2) if biholomorphically projective curves of the kind 6 (6 = 1,2) of
the space GRy are mapped to the biholomorphically projective curves of the kind 6 of the space GRy;.

Since it holds [20]

Apfd—)‘thrh APAT = A\l AP
lp T g - ip ’

Al
we conclude that the biholomorphically projective curves of the first kind and the biholo-
morphically projective curves of the second kind match, so we will simply call them the
biholomorphically projective curves. Therefore, the biholomorphically projective curves of
the spaces GRy and GRy, respectively, satisfy relations [20]

d/\h h apaqg h hyp 2h p

i F TR APAT = aAl + DERAP + cFpAY, (8)
Al - 2

ot T APAT = GA! 4+ BFUAP 4 CERAP, )
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_ - _ . , xi —h
where 4, b, ¢, 4, b and ¢ are functions of parameter f, A' = T and F’;q and l"pq are

— 2
connection coeficients of the spaces GRy and GRy, respectively, P’; = F,?Pg.
From Equations (8) and (9) we obtain [20]

=h h _ ah h 2,
(Tpg — Tpg) AVPAT = pA" + 0F AP + TF AP,

where wedenote p =7 —a,0 =b—b, T =C—c. Wecanset ) = PpA?, 0 = 0, AP, T = T,AP.
Now, we have [20]

—h h h h 2 _
(Tpg — Tpg — ¥pdg — 0pFg — TpFg)APAT = 0.

From this we conclude that the following relation is satisfied [20]:

—h 2
I = 1"?]' + llJ(i5,h) + ‘T(iF?) + T(iF?) + CZ (10)

and the deformation tensor has the form

2
h _ h h h h
where (ij) is a symmetrization without division by indices i, j; ¢;, 0; and T; are vectors;

123 g = F;FZ and Cf} is an antisymmetric tensor.

Inspired by the form of the deformation tensor (11), we will define a new type of
mapping. Let GRy and GRy be two generalized Riemannian spaces with almost complex
structures Fl-h and f?, respectively, where Fl-h = f? in the common system of coordinates
defined by the mapping f : GRy — GRy, and assume that it holds that F! # a¢!", where a
is scalar invariant.

The mapping f : GRy — GRy is a quasi-canonical biholomorphically projective
mapping if in the common coordinate system the connection coefficients T?j and T?]- satisfy
the relation

T h h Zn b
Tij =I5 + 9u0j) +7Fp) + G, (12)
where (ij) is a symmetrization without division by indices i,j; §; and T; are vectors;
2
F I;, = F;Fg and {jf; is an antisymmetric tensor.
Let Pi’} be a deformation tensor with respect to the quasi-canonical biholomorphically
projective mapping f : GRy — GRy. Then, from (6) and (12), we have

2
Pl = 4:(1-5]’?) + r(,»F;?) + & (13)

3. Some Relations between Curvature Tensors

In this section, we will find the relations between the corresponding curvature tensors
of the spaces GRy and GRy.

According to relations (5), (7) and (13), for the curvature tensor of the first kind
we have
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llzl]mn ]mn + l/J]<n m> T lp<m|n> + ¢P€f<m5;> + 21/"]@51111
i 2i i 21' 2i 2i
+ TT<nFrs + Tij‘n — TnFj‘m + Tj|<nFm> + T]'F<m‘n> + T<m‘n>l:j
1 1 1 1
s o (14)

+rpr]P’ian>+rpr<an>P +8h,8n — ¢ épm+c]<m\n>+r ;;)éfm

2p i 2p i 2 ap p i 2; ;
TG E Cpn = TG Com = TpFoy G+ 2Tmn (0, + T(F ) + &),

where (i) is a symmetrization without division , < ij > is an antisymmetrization without
division by indices i, j and

2,
F} Pwpﬁ FW%qﬂ_#ﬁﬂﬁ
2, (15)
Pin = Pjtn = ¥i¥n = ¥pTGE)-
Based on the facts given above, we have obtained the following statement

Theorem 1. A quasi-canonical biholomorphically projective relation between the curvature tensors
of the first kind of the generalized Riemannian spaces GRy and GRy; is given by Formula (14)
where Tlf]? is the torsion tensor and the notation is the same as in (15)

From relations (5), (7) and (13), for the curvature tensor of the second kind, we obtain
the following:
R. =R

Rimn = R+ Yjcndoes + =0 — p(Eh = Eyl)

. . 2. 2.
+2¢j§;m +T]'T<VZP;11> +TmF;\n P | +T|<nFm>
2

21, 21. 2},J 21, Zi Zp

+ TjF<m|n> + T<m|n>Fj + oG E Fus + TpT<an>Fj (16)

p FP IZ:P i B ab

é’ + T gnp ] n)gmp - T(p m)gn]
. , , . 2, .
P xi P =i i i

+ ij‘-fnp - gnjgmp + glmjgn n]|m + ZTm”(lP(]'é;ﬂ) + T(fFP) + gpf)'

4
where F ;l, F;’, are determined by Formula (15) and
Pjn = Pjin = ¥i¥n = $pTGE (17)
2
Therefore, the following theorem is valid.
Theorem 2. A quasi-canonical biholomorphically projective relation between the curvature tensors

of the second kind of the generalized Riemannian spaces GRy and GRy is given by
Formula (16), where Tlf]’- is the torsion tensor and the notation is the same as in (15) and (17)
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Considering relations (5), (7) and (13), for the curvature tensor of the third kind we
have the following;:

1321]mn = Rl]mn + lf]'néiin - lpjmé; + (¢m|n - lpn|m)5]l: +2¢jdzm

2. 2
_lpp(gp 51 6}0 51 )"’T]T<nFm>‘|'TmF ‘ ]|m
21. 21. 21. 2i 21'
+T]'|"Fm_1_f\mpn+~(f(len_ n\m)‘l‘(Tm\n_Tn\m)Ff
2 1 2 1 2 1 (18)

2, 2 Zi p p
+ TijF<an> + TpT<an>F + ‘: Cnp gn]gmp

]m\n ‘;zj|m
1
p Zp Zp i i ap
){,‘ +TGF g”P an)glﬂm - T(PFm)an
+ 2(4)(1155[) + T(npil) + gﬁm)(T;)] + g;])r

where the notation is the same as in (15) and (17).
In this way, the following theorem is proven.

Theorem 3. A quasi-canonical biholomorphically projective relation between the curvature tensors
of the third kind of the generalized Riemannian spaces GRy and GRy is given by Formula (18),
where Ti}; is the torsion tensor and the notation is the same as in (15) and (17).

Using relations (5), (7) and (13), for a curvature tensor of the fourth kind we obtain
the following:

Ijl]mn ]mn + l/J]n lf]mé; + (¢m|n - ¢n|m>5]l + 21/}]‘;[;1m
2 1

P i P i 41‘ 21’ 21’
—l,bp(ﬁ O = Con 5 )+’l’jT<nFm>+TmF”n—Tn iim
2 1
21, 2. 2, 2i 2i
+T]'(Fm\n_F n|m )+T\n Tj|an+<Tm\n_ n\m)Fj
2 1 2 1

(19)
2.

2 ) ) .
+ Tp ]F<an> + TpT<an>F + C gﬂp 65]65"17 + g}m‘” -6
2

njlm
1
i Zp s Zi ap
TpEn) ‘: i T T(] )‘:ﬂp = T E o Cpom = TpF ) o)
+ 2(4)(”5};) + T(HPZ) + &) (T + Gp),
where the notation is the same as in (15) and (17). This proves the next statement.
Theorem 4. A quasi-canonical biholomorphically projective relation between the curvature tensors

of the fourth kind of the generalized Riemannian spaces GRy and GRy is given by
Formula (19), where TII} is the torsion tensor and the notation is the same as in (15) and (17).
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Considering relations (5), (7) and (13), for the curvature tensor of the fifth kind we
have the following;:

Rl]mn 15{ mn + ZIPJTzlnn + anTm] +5 (4’]17 + lP]n)él

1 .
+ §(¢<m\n> + lp<m|n>)5;' - E(lpjm + l[ij)(S;,
3 4 3 4

12 12. 12,
+ 2F5(7<m|n> +T<m|n>) + EF;n(T]M + T]\n) - 2F ( ]\m + T|m)
! (20)
12 1 1 2,
- E ( ]\m +F]\m) + 2Tm(F]\n +F]\n) + T( <m\n> +F<m\n>)
Zp Fi 2, Zp T
+ TPT]'F<an> + TPT<an>F/‘ + T]'T<nFm> + g gpn C Cmp
1 . ‘ ,
5 g = Snjim ~ G + )
3 3 4 4
where the notation is the same as in (15) and
Pin = Pjin — $i¥n T 9pTGE
’ (21)

fjn = Pjjn — Yj¥u + Pp7F

Based on the facts given above, we have proved the next theorem related to curvature
tensors of the fifth kind.

Theorem 5. A quasi-canonical biholomorphically projective relation between the curvature tensors
of the fifth kind of the generalized Riemannian spaces GRy and GRy is given by Formula (20),
where Tlf]? is the torsion tensor and the notation is the same as in (15) and (21).

4. Equitorsion Quasi-Canonical Biholomorphically Projective Mapping

The mapping f : GRy — GRy is an equitorsion quasi-canonical biholomorphically
projective mapping,if the torsion tensors of the spaces GRy and GRy are equal in a common
coordinate system after the mapping f. In this case, based on (6) and (13), we conclude that

g=o. (22)
Then, relation (13) becomes
2
Pl = 8% + T, F})- (23)
Considering (22), from (14), we obtain the following:

, , , 4.
Ilzl]mn llzl]mn + lpj<n(silﬂ> + lp<m\n>§]l' + TjT<nFlm>
1

Fi Fi F Fi 24
+Tme|” F \ +T|<”Fm>+ F<m\n>+7<m\n>Fj (24)

1 1 1

Zp 2 Z; Zp p 2;
+ TPT]‘F<an> + TpT<an>F]- “I‘ZTmn(l/J( 5 p) + T(] p))

Hence, the next theorem holds.
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Theorem 6. An equitorsion quasi-canonical biholomorphically projective relation between the
curvature tensors of the first kind of the generalized Riemannian spaces GRy and GRy; is given by
Formula (24), where Tf]’ is the torsion tensor and the notation is the same as in (15).

The relation between the curvature tensors of the second kind (16), after applying
relation (22), becomes the following:

. . 4.
R _ pi i i i
R]mn R]mn +l£f<n5m> + lp<m|n>5]' + T]'T<nFm>
2

2. . 2. 2. 2.
+ Tthn - THF}\m T <nF + Tﬁmw + Tl F] (25)

2, 2,
—l—TpT]F<an>+TpT<an>F +2Tmn(1p(] p) +T]F +§ )

In this way, the following theorem is proven.

Theorem 7. An equitorsion quasi-canonical biholomorphically projective relation between the
curvature tensors of the second kind of the generalized Riemannian spaces GRy and GRy is given
by Formula (25), where Tl-’} is the torsion tensor.

The relation between the curvature tensors of the third kind (16), with respect
0 (22), becomes the following:

. , . 4.
§l]mn = Rl]mn + l/J]n(S;n - IP]mfs;Za + (lpm\n - lpn\m)éjl + I}T<HF;11>
2 1
21. 2. 21. 21, 2,
+Tij\n F\ +T|n m Tj\an_"Tj(F
2 1

i
min n\m)
2 1 (26)
2 2, 2, 2

+ (Tm|n - n\m)F;‘ + TPI}FZmF51> + TPT<mF;1>F]P
2 1

2 .
P P i
+ 2(1[)(71(5111) + T(an))Tp]-,

and we may formulate the following theorem.

Theorem 8. An equitorsion quasi-canonical biholomorphically projective relation between the
curvature tensors of the third kind of the generalized Riemannian spaces GRy and GRy is given
by Formula (26), where Tl.’} is the torsion tensor and the notation is the same as in (15) and (17).

In particular, from relations (19) and (22), we have

. . . 4.
Ijzjmn = RZ]mn + lf]'néiln - I{ijéili + (lpm\n - lpn\m)‘s; + TjT<nF;11>
2 1
; ; 21. 21, 2, 21.
+Tij|n_T"Fj\m+T]'(Fm|n n\m)+T|n m Tj\an
2 1 22 ) 1 ) , 1 (27)

2.
i P i i p
+ (Tm\n - n|m)Fj + TPT]'F<an> + TPT<771F11>F]'
2 1

p 2P i
+ 2(¢(n5m) + T(npm))ij-
Therefore,the next theorem holds.
Theorem 9. An equitorsion quasi-canonical biholomorphically projective relation between the

curvature tensors of the fourth kind of the generalized Riemannian spaces GRy and GRy is given
by Formula (27), where Tl.’} is the torsion tensor and the notation is the same as in (15) and (17).
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Analogously, from (20), with respect to (22), we obtain the following:
, | ,
lgl]mn = Rl]mn + 2lzbjTil1m + ZanTrlnj + E(lé)jn + ifjn)‘sin
.1 ,
+ §(¢<m\n> + lp<m|n>)5;' - i(l/}]m + ijm)&;
3 4 3 4
12, 12, 12,
+ EFj(T<m|n> + T<m[|ln>) + EFm(T]M + T]'Jln) - 21: ( ]\m +7 |m) (28)

1 2. 2. 2.
z(f\m

. 2. .
+ TijFﬂmF;> + T,,T<ml:ln>1:;f7 + Tjr<nF§n>,

i.e., the following theorem is valid:

1 1
+F]\m)+§Tm( ]\n+F]\n)+ T]( <m\n>+F<m\n>)

Theorem 10. An equitorsion quasi-canonical biholomorphically projective relation between the
curvature tensors of the fifth kind of the generalized Riemannian spaces GRy and GRy; is given by
Formula (28), where Ti}]’- is the torsion tensor and the notation is the same as in (15) and (21).

5. Invariant Geometric Objects of Quasi-Canonical Biholomorphically
Projective Mappings

In this section, we will obtain an invariant geometric object of an equitorsion quasi-
canonical biholomorphically projective mapping. In relation to that, in relation (23), let

us set
= ¢pF!.
Then, we have

ﬁ—%:¢ﬂ+%ﬂﬂ

Contractingby indices / and i in (29), assuming that it is valid that

ﬂ@%:&Laﬁgzﬂﬂ:O
and 5
ﬂ:ﬁﬂﬁ:wﬁ@:ﬂﬁy
we obtain
V=
Substituting (32) in (29) we have

wh 1 p h TP sh q P

1
_1h P ch P ch qa P
—Fij—iN 7 e<1" (5 +1"p](51 +F F(IF]))
If we denote

1
h _1h _ P sh P sh q ¢P rh
QCTh =T}, N+1+e<r5 + T+ T ﬂF)>

relation (33) can be presented in the form

QCT}; = QCTY,

(29)

(30)

(31)

(32)

(33)

(34)

(35)
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where OC TZ is an object of the space GRy. The magnitude QC Tg is called a Thomas
equitorsion quasi-canonical biholomorphically projective parameterand it is not a tensor.
Accordingly, we conclude that the following assertion is valid.

Theorem 11. The geometric object QC TZ- given by Equation (34) is an invariant of the equi-

torsion quasi-canonical biholomorphically projective mapping f : GRy — GRy, provided that
relations (30) and (31) are valid.

6. Discussion

This paper is a continuation of the research discussed in paper [20]. The form of the
deformation tensor of a biholomorphically projective mapping allows us to define new
types of mappings. Here, we have defined quasi-canonical biholomorphically projective
mappings and equitorsion quasi-canonical biholomorphically projective mappings. Also,
we obtained some relations between the corresponding curvature tensors of the generalized
Riemannian spaces GRy and GRy and we found an invariant geometric object of an
equitorsion quasi-canonical biholomorphically projective mapping which is of the Thomas
type. Apart from the mapping defined in this paper, it is possible to consider some other
types of mapping, which will be the subject of our further research. Also, the goal of further
research will be to find new invariant geometric objects. The findings of this paper also
motivate us to answer the following questions: (i) Are there any interpretations from a
physical point of view? (ii) What is the geometrical significance?
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