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Abstract: Let p,q,q' € [1,], 4" < g. Several new characterizations of locally convex spaces with the
sequential Dunford-Pettis property of order (p,q) are given. We introduce and thoroughly study
the sequential Dunford-Pettis* property of order (p, q) of locally convex spaces (in the realm of
Banach spaces, the sequential DP(*p,OO) property coincides with the well-known DPj property). Being
motivated by the coarse p-DP* property and the p-Dunford-Pettis relatively compact property for
Banach spaces, we define and study the coarse sequential DP<*p, ) property, the coarse DP, property
and the p-Dunford—Pettis sequentially compact property of order (¢’,9) in the class of all locally

convex spaces.
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1. Introduction

All locally convex spaces are assumed to be Hausdorff and over the field IF of real or
complex numbers. We denote by E’ the topological dual of a locally convex space (Ics for
short) E.

In [1], Grothendieck defined the Dunford-Pettis property and the strict Dunford—Pettis
property in the realm of locally convex spaces. For more details and historical remarks, we
refer the reader to Section 9.4 of [2].

Definition 1 ([1]). A locally convex space E is said to have

o The Dunford—Pettis property (the DP property) if each operator from E into a Banach space L,
which transforms bounded sets into relatively weakly compact sets, transforms each absolutely
convex weakly compact set into a relatively compact subset of L;

o The strict Dunford—Pettis property (the strict DP property) if each operator from E into a
Banach space L, which transforms bounded sets into relatively weakly compact sets, transforms
each weakly Cauchy sequence in E into a convergent sequence in L.

To show that every Banach space C(K) has the DP property (see Théoreme 1 of [1]),
Grothendieck proved in Proposition 2 of [1] that a Banach space E has the DP property
if and only if for all weakly null sequences {x, }ncw and { X }ncw in E and the Banach
dual E% of E, respectively, it follows that limy, e (Xn, Xx) = 0. It was shown in [3] that
an analogous assertion holds true for a wider class of locally convex spaces, including
strict (LF)-spaces. These results motivate us to introduce in [4] the following “sequential”
version of the DP property in the class of all locally convex spaces.

Definition 2 ([4]). A locally convex space E is said to have the sequential Dunford—Pettis property
(the sequential D P property) if for all weakly null sequences {xy }new and {xn }new in E and the
strong dual E}g of E, respectively, it follows that limy, _eo (Xn, Xn) = 0.
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Let p € [1,00], and let E be a locally convex space. Recall (see Section 19.4 in [5]) that
a sequence {xn}new in E is called weakly p-summable if for every x € E’ it follows that
((x,xn)) € Lpif p € [1,00) and ({x, xu)) € cg if p = 0.

Unifying the notion of unconditional convergent operator and the notion of completely
continuous operators (i.e., they transform weakly null sequences into norm null), Castillo
and Sanchez selected in [6] the class of p-convergent operators. An operator T : X — Y
between Banach spaces X and Y is called p-convergent if it transforms weakly p-summable
sequences into norm null sequences. Using this notion they introduced and studied Banach
spaces with the Dunford—Pettis property of order p for every p € [1, oo].

Definition 3 ([6]). Let p € [1, 0]. A Banach space X is said to have the Dunford—Pettis property
of order p (the DP, property) if every weakly compact operator from X into a Banach space Y
is p-convergent.

Therefore, a Banach space has the DP property if and only if it has the D P, property.
In [6], numerous distinguished examples of Banach spaces with or without the DP, property
are also constructed. The Dunford-Pettis property of order p for Banach spaces and
especially Banach lattices was intensively studied by many authors; see, for example, [7-11].

Being motivated by the above-mentioned notions, we introduced in [12] the follow-
ing Dunford—-Pettis type properties (in which extending the aforementioned notion of
p-convergent operators between Banach spaces and following [13], an operator T : E — L
between locally convex spaces E and L is said to be p-convergent if T sends weakly p-
summable sequences of E into null-sequences of L).

Definition 4 ([12]). Let p,q € [1, o0]. A locally convex space E is said to have

e the quasi Dunford—Pettis property of order p (the quasi DP), property) if for each Banach space
L, every operator T : E — L, which transforms bounded sets into relatively weakly compact
sets, is p-convergent;

o the sequential Dunford-Pettis property of order (p,q) (the sequential DP(, .y property) if
limy, 00 (Xn, Xn) = O for every weakly p-summable sequence {xy, }ne. in E and each weakly
g-summable sequence { X, }new in the strong dual E/’S of E. If p = q, we shall say that E has

the sequential D Py property.

It is clear that E has the quasi D P, property if and only if it has the strict DP property,
and E has the sequential D Py, property if and only if it has the sequential DP property. The
reason for replacing “strict” with “quasi” is that there are locally convex spaces with the
strict DP property but without the DP property, see Example 4.11 of [12].

The aforementioned notions also motivate us to introduce and study other sequential
types of the Dunford-Pettis property in the realm of all locally convex spaces. This is the
main purpose of the article.

Now we describe the content of the article and provide additional explanations for
introducing sequential types of the Dunford—Pettis property, which come from the Banach
space theory. In Section 2, we fix basic notions and recall some necessary results frequently
used in the article.

In Section 3 (see Theorem 2), we give new characterizations of the sequential DP 1.4)
property being motivated by some results obtained by Ghenciu in [14,15]. Taking into
account Proposition 3.2 of [6], a Banach space X has the DP, property if and only if it has the
sequential DP(, .,y property. This fact motivates the study of the special case when g = co.
In Corollaries 1 and 2, we obtain numerous characterizations of locally convex spaces with
the sequential DP(, .y property, which in particular generalize the corresponding results
from [16].



Axioms 2024, 13, 491

30f28

In Section 4, we study locally convex space with the following *-version of the sequen-
tial DP(, ;) property.

Definition 5. Let p,q € [1,00]. A locally convex space E is said to have the sequential Dunford—
Pettis* property of order (p, q) (the sequential DP, oy property) if limy o (Xn, xn) = 0 for every
weakly p-summable sequence {xy }nee in E and each weak* g-summable sequence {xy }new in E'.
If p=qand p = q = oo, we shall say that E has the sequential DP, property or the sequential

DP* property, respectively.

In Theorem 3, we give numerous characterizations of the sequential DP(*p, ;) property.
A sufficient condition to have the sequential DP(*p,q) property is given in Proposition 5.
Following Carrién, Galindo, and Laurengo [17], a Banach space X has the DP* property if
every weakly compact set in X is limited. For p € [1, 0], the DP* property was generalized
by Fourie and Zeekoei [18] as follows: X has the DP,; property if all weakly sequentially
p-compact sets in X are limited. Taking into account a characterization of Banach spaces
with the DP; property given in Theorem 2.4 of [18], Corollary 6 shows that in the realm of
Banach spaces the DP;, property in the sense of [17,18] coincides with the sequential DP(*p,oo )
property. Note that Corollary 6 also generalizes Proposition 2.1 of [17] and Proposition
2.8 of [18]. In Corollary 7, we generalize Corollary 2.12 of [19] and Corollaries 20 and 21
of [14]. The class of spaces with the sequential DP(*M) property is stable under taking
direct products and direct sums; see Proposition 7. However, dense subspaces and closed
subspaces of a space with the sequential DP(*p,q) property may not have this property, see
Examples 1 and 2.

Let p € [1,00]. Generalizing the notion of a coarse p-limited subset of a Banach space
introduced by Galindo and Miranda [20] and following [21], a non-empty subset A of a
locally convex space E is called a coarse p-limited set if for every operator T from E to ¢,
(or T : E — g if p = 0), the set T(A) is relatively compact. Following [20], a Banach
space X is said to have the coarse p-DP* property if every relatively weakly compact set in
E is coarse p-limited. This notion can be naturally generalized and extended to all locally

convex spaces as follows.

Definition 6. Let p,q € [1,00]. A locally convex space E is said to have

(i)  The coarse sequential DP(*p q) Property if every relatively weakly sequentially p-compact set in
E is coarse g-limited;

(ii)  The coarse DPy property if every relatively weakly compact set in E is coarse p-limited.

Ifp =qand p =g = oo, we shall say that E has the coarse sequential DPy property and the coarse
sequential DP* property or the coarse DP* property, respectively.

In Section 5, generalizing the corresponding results from [20], we characterize locally
convex spaces with the coarse sequential DPg‘p q) property, see Theorems 5 and 7. The

classes of locally convex spaces with the coarse sequential DP(*p,q) property and the coarse
DP; property are closed under taking dense subspaces, direct products and direct sums
(see Propositions 11 and 14), but they are not stable under taking closed subspaces and
quotients (see Remark 2).

In Section 6, we introduce a new type of the Dunford—Pettis property being motivated
by the following. In [22], Emmanuele defined a Banach space E to have the Dunford—Pettis
relatively compact property (DPrcP) if every weakly null sequence in E, which is an co-(V*)
set (=a Dunford—Pettis set) is norm null. It turns out (see [22]) that if E = X* is a dual
Banach space, then E has the DPprP if and only if it has the weak Radon-Nikodym property.
Several characterizations of Banach spaces with the DPprP were obtained by Wen and
Chen [23]. For 1 < p < oo, the p-Dunford—Pettis relatively compact property (p-DPprP) was
introduced by Ghenciu in [24] and studied also in [15]: the space E has the p-DPrcP if every
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weakly p-summable sequence that is an co-(V*) set is norm null. Below, we generalize this
notion to all locally convex spaces.

Definition 7. Let p,q,q' € [1,00], ¢ < gq. A locally convex space (E, T) is said to have the
p-Dunford—Pettis sequentially compact property of order (q',q) (the p-DPscPy ) for short) if
every weakly p-summable sequence, which is a (q',q)-(V*) set is T-null. If g = 00, ¢’ = q = o
orp = q = q = oo, we shall say simply that E has the p-DPscP,, the p-DPscP or the
DPscP, respectively.

Banach spaces with the DPscP are characterized in Proposition 16 of [22], Theorem
1.4 of [23] and in Corollary 13(i) of [15]. We essentially generalize and extend those results
in Theorems 8 and 10. In Propositions 17 and 18, we show that the class of locally convex
spaces with the p-DPscP, ;) is closed under taking arbitrary subspaces, direct products
and direct sums.

2. Preliminaries Results

We start with some necessary definitions and notations used in the article. Set
w:=1{0,1,2,... }. All topological spaces are assumed to be Tychonoff (=completely regular
and Tj). The closure of a subset A of a topological space X is denoted by A. The space
C(X) of all continuous functions on X endowed with the pointwise topology is denoted by
Cp(X). A subset A of X is functionally bounded if f(A) is a bounded subset of the field F
for every f € C(X). A Tychonoff space X is called Fréchet-Urysohn if for any cluster point
a € X of asubset A C X there is a sequence {4, }new C A that converges to a. A Tychonoff
space X is called an angelic space if (1) every relatively countably compact subset of X is
relatively compact, and (2) any compact subspace of X is Fréchet-Urysohn. Note that any
subspace of an angelic space is angelic, and a subset A of an angelic space X is compact if
and only if it is countably compact if and only if A is sequentially compact.

Let E be a locally convex space. The span of a subset A of E and its closure are
denoted by E 4 := span(A) and span(A), respectively. We denote by Ny(E) (resp., N§(E))
the family of all (resp., closed absolutely convex) neighborhoods of zero of E. The family of
all bounded subsets of E is denoted by Bo(E). The value of x € E’ on x € E is denoted by
(x,x) or x(x). A sequence {x, }ncw in E is said to be Cauchy if for every U € Ny(E) there
is N € w such that x;, — x;;, € U for all n,m > N. If E is a normed space, Br denotes the
closed unit ball of E. The family of all operators from E to an lcs L is denoted by L£(E, L).

For an Ics E, we denote by Ey, and Eg the space E endowed with the weak topology
o(E, E’) and with the strong topology B(E, E), respectively. The topological dual space E’
of E endowed with weak* topology ¢ (E’, E) or with the strong topology B(E’, E) is denoted
by E! . or Eg, respectively. The polar of a subset A of E is denoted by

A :={xeE :|xlla<1}, where |x|la=sup{|x(x):xeAU{0}}.

A subset B of E’ is equicontinuous if B C U° for some U € Ny(E). If & (resp., G) is
a directed family of subsets of E’ (resp., of E) such that J&" = E' (U& = E), then the
topology on E (resp., on E’) of uniform convergence on the sets of &’ (resp., ©) is denoted
by Tg (resp., Ts)-

A subset A of a locally convex space E is called

Precompact if for every U € Np(E) there is a finite set F C E such that A C F + U;

Sequentially precompact if every sequence in A has a Cauchy subsequence;

Weakly (sequentially) compact if A is (sequentially) compact in Ey;

Relatively weakly compact if its weak closure A7EE) is compact in Ey;
Relatively weakly sequentially compact if each sequence in A has a subsequence weakly
converging to a point of E;

o Weakly sequentially precompact if each sequence in A has a weakly Cauchy subsequence.



Axioms 2024, 13, 491

50f28

Note that each sequentially precompact subset of E is precompact, but the converse
is not true in general; see Lemma 2.2 of [13]. We shall use the next lemma repeatedly; see
Lemma 4.4 in [12].

Lemma 1. Let T and T be two locally convex vector topologies on a vector space E such that
T CT. IfS = {Xu}new is T-null and T-precompact, then S is T-null. Consequently, if S is
weakly T-null and T -precompact, then S is T-null.

Recall that a locally convex space E is

Quasi-complete if each closed bounded subset of E is complete;

Sequentially complete if each Cauchy sequence in E converges;

Locally complete if the closed absolutely convex hull of a null sequence in E is compact;
(Quasi)barrelled if every o(E’, E)-bounded (resp., B(E’, E)-bounded) subset of E’
is equicontinuous;

e co-(quasi)barrelled if every o(E’, E)-null (resp., B(E’, E)-null) sequence is equicontinuous.

It is well-known that C,(X) is quasibarrelled for every Tychonoff space X.

Denote by @;c; E; and [];c; E; the locally convex direct sum and the topological
product of a non-empty family {E;};c; of locally convex spaces, respectively. If 0 # x =
(x;) € Bier Ej, then the set supp(x) := {i € I : x; # 0} is called the support of x. The
support of a subset A, {0} C A, of @ E; is the set supp(A) := Uzeca supp(a). We shall
also consider elements x = (x;) € [];c; E; as functions on I and write x(7) := x;.

Denote by ind;c E;; the inductive limit of a (reduced) inductive sequence { (En, T) }n cw
of locally convex spaces. If, in addition, Ty [g, = T for all n,m € w with n < m, the
inductive limit ind, e E; is called strict and is denoted by ﬂ" E,. In the partial case,
when all spaces E, are Fréchet, the strict inductive limit is called a strict (LF)-space.

Let E and L be locally convex spaces. Recall that an operator T € L(E, L) is called
compact (vesp., sequentially compact, precompact, sequentially precompact, weakly compact, weakly
sequentially compact, weakly sequentially precompact, bounded) if there is U € Ny(E) such
that T(U) a relatively compact (relatively sequentially compact, precompact, sequentially
precompact, relatively weakly compact, relatively weakly sequentially compact, weakly
sequentially precompact or bounded) subset of E.

Let p € [1,0]. Then p* is defined to be the unique element of [1, co], which satisfies
% + pl—* = 1. For p € [1,0), the space £y« is the dual space of £,. We denote by {en }new the
canonical basis of £}, if 1 < p < oo, or the canonical basis of ¢, if p = co. The canonical
basis of £,+ is denoted by {ej; } new. In what follows, we usually identify £+ with co. Denote
by Eg and by ¢ the linear span of {e, }ncw in £, or in ¢y endowed with the induced norm
topology, respectively. We shall use also the following well-known description of relatively
compact subsets of £, and ¢, see ([25], p. 6).

Proposition 1. (i) A bounded subset A of £, p € [1,00), is relatively compact if and only if

lim sup{ Y fxal? ix = (xn) € A} =0.

m—oo
m<n

(ii) A bounded subset A of cy is relatively compact if and only if limy o sup{|xn| : x = (x) €
A} =0.

Let p € [1,00]. A sequence {x, },ecw in a locally convex space E is called
Weakly p-convergent to x € E if {x, — X },cw is weakly p-summable;

Weakly p-Cauchy if for each pair of strictly increasing sequences (ky), (jn) C w, the
sequence (X, — Xj, Jncw is weakly p-summable.
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A sequence {Xn}new in E’ is called weak* p-summable (resp., weak* p-convergent to
X € E' or weak* p-Cauchy) if it is weakly p-summable (resp., weakly p-convergent to x € E’
or weakly p-Cauchy) in E/ .. Following [13], E is called p-barrelled (resp., p-quasibarrelled) if
every weakly p-summable sequence in E/ . (resp., in E//g) is equicontinuous.

Generalizing the corresponding notions in the class of Banach spaces introduced
in [6,9], the following p-versions of weakly compact-type properties are defined in [13]. Let
p € [1,00]. A subset A of a locally convex space E is called

o (relatively) Weakly sequentially p-compact if every sequence in A has a weakly p-convergent
subsequence with the limit in A (resp., in E);

o Weakly sequentially p-precompact if every sequence from A has a weakly p-Cauchy
subsequence.

Following [12] an Ics E is said to have the (weak) Glicksberg property if E and Ey, have the
same compact (resp., absolutely convex compact) sets. Let p € [1, c0]. The p-Schur property
of Banach spaces was defined in [26,27]. Generalizing this notion and following [13],
an Ics E is said to have the p-Schur property if every weakly p-summable sequence is a
null-sequence. In particular, E has the Schur property if and only if it is an co-Schur space.

The following classes of subsets of an Ics E were introduced and studied in [13,28]
where they generalize the notions of p-(V*), p-limited and coarse p-limited subsets of
Banach spaces defined in [29], [30] and [20], respectively. Let p,q € [1,]. A non-empty
subset A of a locally convex space E is called

e A(p,q)-(V*)setif

(sup|<)(n,a>|) €l ifqg <oo, or (sup|<;(n,a>|) €cp if g =00,
acA acA

for every weakly p-summable sequence { X, }new in Ek. (p,00)-(V*) sets and (1, 00)-
(V*) sets will be called simply p-(V*) sets and (V*) sets, respectively.
o a(p,q)-limited set if

(Ixalla) € € if g < oo, or [xulla =0 ifq=oo,

for every weak* p-summable sequence {x }necw in E'. (p, p)-limited sets and (o0, c0)-
limited sets will be called simply p-limited sets and limited sets, respectively.

Following [13], a non-empty subset B of E’ is called a (p, q)-(V) set if

(sup|()(,xn>|) €l ifg<co, or (sup|()(,xn>|) € co ifg=oo,
XEB XEB

for every weakly p-summable sequence {x, }ncw in E. (p, 00)-(V) sets and (1,00)-(V) sets
will be called simply p-(V) sets and (V) sets, respectively.

Generalizing the Gelfand-Phillips property of order p defined in [19] and the coarse
Gelfand-Phillips property of order p introduced in [20], the following notions are defined
and studied in [21]. Let p,q € [1,00]. Anlcs E is said to have

e The precompact (p, q)-Gelfand—Phillips property (the prGP(, oy property) if every (p,q)-
limited set in E is precompact;

e The coarse p-Gelfand—Phillips property (the coarse GP, property) if every coarse p-limited
set in E is relatively compact.

Following [4], a sequence A = {a,, }ncw in anlcs E is said to be equivalent to the standard
unit basis {e, : n € w} of ¢4 if there exists a linear topological isomorphism R from span(A)
onto a subspace of ¢1 such that R(a,) = e, for every n € w (we do not assume that the
closure span(A) of the span(A) of A is complete or that R is onto a supspace). We shall
also say that A is an ¢1-sequence. A locally convex space E is said to have the Rosenthal
property if every bounded sequence in E has a subsequence which either (1) is Cauchy in
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the weak topology, or (2) is equivalent to the unit basis of ¢;. The following remarkable
extension of the celebrated Rosenthal ¢;-theorem was proved by Ruess [31]: each locally
complete locally convex space E whose every separable bounded set is metrizable has the Rosenthal
property. Thus every strict (LF)-space has the Rosenthal property. Being motivated by these
results, we introduce in [21] the following class of locally convex spaces. Let p € [1,]. A
locally convex space E is said to have the weak Cauchy subsequence property of order p (the
wCSPy for short) if every bounded sequence in E has a weakly p-Cauchy subsequence. If
p = oo, we shall say simply that E has the wCSP. It is proved in Proposition 2.9 of [21] that
if 1 < p < oo, then ¢, has the wCSP, if and only if p > 2. In [21], we proved the following
generalization of Odell-Stegall’s theorem (which states that any co-(V*) set of a Banach
space is weakly sequentially precompact, see ([32], p. 377)).

Theorem 1. Let 2 < p < g < oo, and let E be a locally convex space with the Rosenthal
property. Then every (p, q)-(V*) subset of E is weakly sequentially precompact. Consequently, each
(p, q)-limited subset of E is weakly sequentially precompact.

Letp,q,q9 € [1,00)], 4" < g,and let E and L be locally convex spaces. Generalizing the
corresponding notions for Banach spaces defined in [19,33] and following [34], a linear map
T :E — Lis called

e (q,9)-(V*) p-convergent if T(x,) — 0 for every weakly p-summable sequence {x, } new
in E whichis a (¢',q)-(V*) subset of E;

e (p,q)-(V¥ifT(U)isa (p,q)-(V*) subset of L for some U € Ny(E);ifg=o0o0rp =1
and g = oo, we shall say that T is p-(V*) or (V*), respectively;

o weakly sequentially p-(pre)compact if T(U) is a relatively weakly sequentially p-compact
(resp., weakly sequentially p-precompact) subset of L for some U € Ny(E);

e (p,q)-limited if T(U) is a (p, q)-limited subset of L for some U € Ny(E); if p = g or
p = q = oo, we shall say that T is p-limited or limited, respectively;
coarse p-limited if there is U € Nj(E) such that T(U) is a coarse p-limited subset of L;
weakly (p, q)-convergent if im0 (14, T(xn)) = 0 for every weakly g-summable se-
quence {1, }new in L% and each weakly p-summable sequence {x, } e in E; if g = oo,
we shall say simply that T is weakly p-convergent.

3. The Sequential DP, ;) Property
The next theorem complements numerous characterizations of the sequential DP,

property given in Theorem 4.9 of [12]. If 1 < p < o0, g = 0, and E is a Banach space, it is
proved in Theorem 1 of [14] and Corollary 15 of [15].

Theorem 2. Let p,q € [1,00], and let E be a locally convex space. Then the following assertions

are equivalent:

(i)  E has the sequential DP(, y property;

(i) For each weakly p-summable sequence {x, }ne. in E and for each weakly g-Cauchy sequence
{Xn }new in E, it follows (xn, xn) — 0;

(iti) For each weakly p-Cauchy sequence {xn }ncw in E and for each weakly q-summable sequence
{Xn}new in E/’S, it follows (xn, xn) — 0.

Proof. (i)=(ii) Suppose for a contradiction that there are 2 > 0, a weakly p-summable sequence
{xy }new iIn E, and a weakly g-Cauchy sequence {xn }new in Ek such that |(x,, x,)| > 4a. Taking
into account that {x,},c. is weakly null, for every n € w there is i, > n such that
|{Xn,xi,)| < a. We can assume that iy < i1 < ---. Since {)u }new is weakly g-Cauchy,
the sequence {X;, — Xn}necw is weakly g-summable. By (i), there is N € w such that
|(Xi, — Xn,Xi,)| < aforeveryn > N. Therefore, for every n > N, we obtain
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da < |(xi, %) < X, — X Xip) |+ [ (s xi,) | < 2a.
This is a contradiction.

The implication (i)=-(iii) can be proved analogously to (i)=-(ii) replacing x, with x,
and the implications (ii)=(i) and (iii)=-(i) are trivial. O

Below, we give a sufficient condition to have the sequential DP( ) property.

Proposition 2. Let 1 < p < g < oo, and let (E, T) be a g-quasibarrelled space. If E has the
p-Schur property, then E has the sequential DP,, .y property.

Proof. Since E is g-quasibarrelled, Lemma 4.8 of [12] implies that the topology 75, = s,
on E of uniform convergence on all weakly p-summable sequences of E;a satisfies the
inclusions o (E, E') C 15 , & T Therefore, by the equivalence (vii)<(xi) of Theorem 4.9
of [12], it suffices to show that the space (E, Ts, ) has the p-Schur property. However, since
(E, 7) has the p-Schur property, the above inclusions trivially imply that (E, s, ) has the
p-Schur property, as desired. [

As we noticed in the introduction, in the realm of Banach spaces the DP-property
of order p coincides with the sequential DP(, ) property. This provides motivation to
additionally consider the case § = oo (not only as an important partial case). If 1 < p < oo
and E is a Banach space, the equivalences (i)< (iv)<>(vi) of the next corollary are proved in
Theorem 1 of [16].

Corollary 1. Let p € [1,00|, and let E be a locally convex space. Consider the following conditions:

(i) E has the sequential DP(, .,y property;

(ii)  Each (relatively) weakly sequentially p-compact subset of E is an co-(V*) set;
(iii) Each weakly p-summable sequence in E is an co-(V*) set;

(iv)  Every weakly sequentially p-precompact subset of E is an co-(V*) set;

(v)  Every weakly sequentially precompact subset of E:g isa p-(V) set;

(vi) For every Ics L and for each operator S : X — E, which transforms bounded sets into weakly
sequentially p-precompact sets, the adjoint operator S* E’ﬁ — X;3 is completely continuous;

(vii) For every normed space X and each weakly sequentially p-precompact operator S from X to E,
the adjoint operator S* : Ek — X’ﬁ is completely continuous;

(viii) For each operator R € 5(62*, E) (each weakly sequentially p-precompact operator R € L‘(E(l), E)
if p=oc0,0r R € L(cY,E) if p = o), the adjoint operator S* is completely continuous.
(ix) Foreach operator R € L({y+, E) (each weakly sequentially p-precompact operator R € L({1,E)
if p=o00,0r R € L(co,E) if p = o), the adjoint operator S* is completely continuous.
Then, (i)< (i) (iii) < (iv) < (v)=(vi)=(vii) = (viii) and (v)=>(ix). If, in addition, 1 < p < oo,
then the conditions (i)—(viii) are equivalent. If 1 < p < co and E is sequentially complete, then the
conditions (i)—(ix) are equivalent.

Proof. The equivalences (i)« (ii)<(iii) immediately follow from Theorem 4.9 of [12].

(i)=-(iv) Suppose for a contradiction that there is a weakly sequentially p-precompact
subset A of E, which is not an co-(V*) set. Then, there are 4 > 0 and a weakly null
sequence { X, }new in E;; such that ||xx||a > 24 for every n € w. For every n € w, choose
an € Asuch that |(xn, a,)| > a. Since A is weakly sequentially p-precompact, passing to a
subsequence if needed, we can assume that the sequence S = {a, }ncw is weakly p-Cauchy.
By Theorem 2, we have |()», a,)| — 0, which contradicts the choice of S.

(iv)=>(iii) is trivial.

(i)=(v) Suppose for a contradiction that there is a weakly sequentially precompact
subset B of E/’5 that is not a p-(V) set. Then, there are a > 0 and a weakly p-summable
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sequence {x, }new in E such that sup, g [{(x, xn)| > 2a for every n € w. For every n € w,
choose X, € B such that
| (X, xn)| > a. 1)

Since B is weakly sequentially precompact, without loss of generality, we can assume
that the sequence {) }new is weakly Cauchy in E}’g. However, (1) then contradicts the
equivalence (i) (ii) of Theorem 2 in which g = oo.

(v)=(i) immediately follows from the definition of p-(V) sets and the equivalence (i)<>(ii)
of Theorem 2 (because each weakly null sequence in E /ﬁ is weakly sequentially precompact).

(i)=(vi) Suppose for a contradiction that there are an Ics X and an operator S : X — E,
which transforms bounded sets into weakly sequentially p-precompact sets, such that
5*: Ek — X’ﬁ is not completely continuous. Therefore, there are a weakly null sequence
{Xn}newin E:g and a bounded set A C X such that S*(x») & A° for every n € w. For every
n € w, choose x, € A such that

|(n, S(xn)) | = [(S* (xn), )| > 1. (2)

Since S(A) is weakly sequentially p-precompact, passing to a subsequence if needed,
we can assume that the sequence {S(x,) }necw is weakly p-Cauchy. Then, by (i) and the
equivalence (i)<(iii) of Theorem 2, we obtain (x,, S(x,)) — 0, which contradicts (2).

(vi)=(vii)=>(viii) and (v)=>(ix) are obvious because if 1 < p < oo, then each operator
Rf [61 3£](€2*, E)or R € L({p+, E) is weakly sequentially p-precompact, see Corollary 13.11
o .

(viii)=(i) and (ix)=(i): Assume that 1 < p < o (and additionally E is sequentially
complete for the implication (ix)=-(i)). Let {x,, },c. be a weakly p-summable sequence in E,
and let { X }new be a weakly null sequence in E;g. For every n € w, set S(e};) := xp,. Then,

by Proposition 4.14 of [13], S defines an operator from E?, to E (or from /;, to E in the case

when E is sequentially complete). Moreover, for every x € E’, we have S*(x) = ((x, xx)).
Since, by (viii) or (ix), the adjoint operator S* is completely continuous, we have

|G )P < 30 1o xi) [P = 18 Gen) [, — 0.

ic€w
Thus, E has the sequential DP,, ) property. [

Following [34], a locally convex space E is weakly sequentially locally p-complete if
the closed absolutely convex hull of a weakly null sequence is weakly sequentially p-
precompact. In the partial case when p = oo, E is weakly sequentially locally co-complete
if and only if the closed absolutely convex hull of a weakly null sequence is weakly
sequentially precompact. For Banach spaces, the next corollary extends and generalizes
Theorem 1 and Corollary 3 of [16].

Corollary 2. Let 1 < p < oo, and let E be a sequentially complete locally convex space. Consider
the following conditions:

(i) E has the sequential DP(, .,y property;

(ii)  Each (relatively) weakly sequentially p-compact subset of E is an co-(V*) set;

(iti)  Each weakly p-summable sequence in E is an co-(V*) set;

(iv)  Every weakly sequentially p-precompact subset of E is an co-(V*) set;

(v)  Every weakly sequentially precompact subset of E/’5 isa p-(V) set;

(vi) The identity map idg : E — E is weakly p-convergent;

(vii) For every normed (the same Banach) space Z, each weakly sequentially p-precompact operator
R from Z to E is an co-(V*) map;

(viii) Each operator T € L({,+,E) is an co-(V*) operator;

(ix)  For each operator R € L({,+,E), the adjoint operator S* is completely continuous;
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(x)  For any Banach space Z and each R € L(E, Z) with weakly sequentially precompact adjoint
R* : Zy — Eg, the operator R is p-convergent;

(xi) R is p-convergent for each R € L(E,cy) with weakly sequentially precompact adjoint
R*: 61 — E‘g
Then (i) (ii) < (iii) < (iv) & (v) & (vi) & (vii) & (viii) < (ix)=(x)=(xi). If, in addition, E is

a Mackey co-barrelled space and E;; is weakly sequentially angelic, then all conditions (i)—(xi)

are equivalent.

Proof. The equivalences (i)« (ii) < (iii) < (iv) < (v) < (ix) follow from Corollary 1.

The equivalences (iii)< (vi)<(vii)<(viii) follow from (E) of Theorem 3.14 of [34]
applied to the identity operator T = idg : E — E.

The implications (vi)=(x)=(xi) follow from (B) of Theorem 3.14 of [34] applied to the
identity operator T = idg : E — E.

(xi)=(vi) Assume in addition that E is a Mackey co-barrelled space such that E/’3 isa
weakly sequentially angelic space. Then, by Theorem 12.1.4 of [5], the space E /ﬁ is locally

complete and hence so is (E}’g)w. Let now S = { X }new be a weakly null sequence in E;;.
Then, the local completeness of (E;;)w implies that acx(S) is a weakly compact subset of
E’ﬁ. As E;3 is weakly sequentially angelic, we obtain that acx(S) is a weakly sequentially
compact subset of E;;. Therefore, E//S is weakly sequentially locally co-complete. Now, the

implication (xi)=-(vi) follows from (B) of Theorem 3.14 of [34]. [

The sequential DP(, ;) property of the range of operators implies some strong addi-
tional properties as the next assertion shows.

Proposition 3. Let p,q € [1, 0], and let E and L be locally convex spaces. If L has the sequential
DPy, ;) property (for instance, L is a quasibarrelled locally complete space with the Dunford—Pettis
property, e.g., L = lo). Then, each operator T € L(E, L) is weakly (p, q)-convergent.

Proof. Let {7, }ncw be a weakly g-summable sequence in L, and let {x, } nc, be a weakly
p-summable sequence in E. Then, {T(xy)}necw is a weakly p-summable sequence in L.
Now the sequential DP, ;) property of L implies (,, T(xs)) — 0. Thus, T is weakly
(p, q)-convergent.

If L is a quasibarrelled locally complete space with the Dunford—Pettis property,
Corollary 5.13 of [12] implies that L has the sequential DP,, ;) property. [l

4. The Sequential DP(*p 7 Property

In this section, we characterize and study locally convex spaces with the sequential
DP(*p g Property. Recall that an Ics E has the sequential DP(*p q) Property if limy, 00 (X, Xn) = 0

for every weakly p-summable sequence {x,},c, in E and each weak® g-summable se-
quence {Xn }necw in E'. First, we select the next assertion.

Proposition 4. Let p,q € [1, 0], and let E be a locally convex space. If E has the sequential DP(*p 9

property, then it has the sequential DP(,, . property. The converse is true if E is semi-reflexive, but
not in general.

Proof. We need to show only that there is E, which has the sequential DP,, ;) property but
without the sequential DP(*p,q) property (other assertions follow from the corresponding
definitions). Let E = cg. Then, E has the DP property, and hence, by the Grothendieck
theorem, it has the sequential DP property. Therefore, ¢ has the sequential DP(,, ;) property
for all p,g € [1,00]. On the other hand, it is clear that the canonical unit basis {ey } ncw
of cg is weakly p-summable for all p € [1, o], and the canonical unit basis {e}; },cw of {1
is weak* null. Since (e, e,) = 1 /4 0, the Banach space ¢y does not have the sequential

DP;, ) property forall p [1,00]. O
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Remark 1. In Example 4.11, we constructed a semi-reflexive lcs H with the sequential
DP( p.q) Property f01j (.each p.q € [1, 0] such that H does not have the DP Property. Takir.lg
into account Proposition 4, it follows that there are locally convex spaces with the sequential
DP(* »,q) Property but without the DP property.

We shall use below the following generalization of the Grothendieck property.

Definition 8. Let p € [1,0]. A locally convex space E is said to have the p-Grothendieck
property if the identity map idps : Ef. — (Ep)w is p-convergent.

It is clear that the co-Grothendieck property is exactly the Grothendieck property.

Let (E, 7) be a locally convex space. Denote by X/(E’) the family of all absolutely
convex, equicontinuous, weakly compact subsets of E%, and let T3y be the Grothendieck
topology on E of uniform convergence on the elements of /(E). For g € [1, o], denote by
Ts; the polar topology on E of uniform convergence on weak* g-summable sequences in E’.
Below we list some basic properties of the “sequentially-open” topology 7s;, which will be
used repeatedly in what follows.

Lemma 2. Let q € [1,00], and let (E, T) be a locally convex space. Then:

(l) U'(E, E/) g TS;'

(it)  Eis a g-barrelled space if and only if Tg; C 7.

(iii) Ts; C p(E,E') if and only if for every weak* q-summable sequence S = (xn) in E', the
absolutely convex hull of S is relatively weak®™ compact if and only if E, . is locally complete
(for example, E is barrelled).

(iv) Ts; © Ty if and only if E is a g-barrelled q-Grothendieck space whose strong dual E}’,5 is
locally complete.

Proof. (i) Let {xo,..., xx} be a finite subset of E’. For every n > k, set x, = 0. It is clear
that {xn }ncw is a weak™ g-summable sequence in E’. Now it is evident that ¢ (E, E’) C Ts;-
(i) Assume that E is a g-barrelled space. Let S = {, }new be a weak* g-summable
sequence in E’. Since E is g-barrelled, S is equicontinuous. Take a closed absolutely convex
neighborhood U of zero in E such that S C U°. Then, U°° = U C S°. Thus, Tss Cr.

Conversely, assume that Ts; C 7. To show that E is g-barrelled, let S = {x }necw be
a weak® g-summable sequence in E;;. Then, the inclusion Ts; C 7 implies that there is
U € Np(E) such that U C S°. Then, S C U°, and hence, the sequence S is equicontinuous.
Thus, E is a g-barrelled space.

(iii) By the Mackey—Arens theorem, the inclusion 7g; € #(E, E') holds if and only if
for every weak* g-summable sequence S = (), ) in E’, there is a weak™ compact, absolutely
convex subset K of E’ such that K° C S°, and hence, if and only if 5°° C K°° = K, as
desired. The last assertion is equivalent to the second one by the fact that E/ . carries its
weak topology and Theorem 10.2.4 of [5]. If E is barrelled, then by Proposition 11.1.4 of [5],
E!. is quasi-complete and hence locally complete.

(iv) Assume that Tg; © Ty Let S = (xn) be a weak* g-summable sequence in E’. Then,
there is K € ¥/(E’) such that K° C S°, and hence, S C §°° C K. Since K is equicontinuous,
it follows that also S is equicontinuous and hence E is g-barrelled. Since K is weakly
compact and absolutely convex in E;g, we obtain that the closed, absolutely convex hull
of S is a weakly compact subset of E;%. Since every weakly g-summable sequence in E;s is
weak* g-summable, Theorem 10.2.4 of [5] implies that E;; is locally complete. As S C K, it
follows that S is weakly precompact in Eé. Since the weak topology of E/ﬁ is finer than the
weak” topology, Lemma 1 implies that x,, — 0 in the weak topology of Ek. Thus, E has the
g-Grothendieck property.
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Conversely, assume that E is a g-barrelled g-Grothendieck space whose strong dual

E;; is locally complete. If S = (x») is a weak* g-summable sequence in E’, then the
/

g-Grothendieck property implies that S is weakly null in E B Whence, by the local complete-
ness of El’g, the closed absolutely convex hull K := acx(S) of S is a weakly compact subset
of E;g. Since E is g-barrelled, S and hence also K are equicontinuous. Therefore, K € X'(E’).
It follows that K° C S° and hence Ts; C 75/, as desired. O

Below we characterize locally convex spaces with the sequential DP(*p q) Property.

Theorem*3. Letp, q g [1,00], (E, T) be a locally convex space, Bg = £}/ (E) (or ¢’ (E) if p = 0),
Bpr =45 (E') (or ¢ (E') if g = o), and let id : E — E be the identity map. Then, the following
assertions are equivalent:

(i)~ Foreach A = (xn) € B, the sequence A is precompact (in fact, null) For Tp,,;

(ii)  Foreach B = (xn) € Bp, the sequence B is precompact (in fact, null) for Tg,;

(iii) Foreach A € B, id| 5 : (A,0(E,E')[4) — (E, Tg,,) is uniformly continuous;

(iv) Foreach B € By, id*[p : (B,o(E',E)Ig) — (E/, Tg,) is uniformly continuous;

(v) Foreach A = (x,) € Bg and every B = (xn) € Bp, the restriction to B x A of (1,x) is
uniformly continuous for the product topology B(E',E)|g x ¢(E, E')| 4 (or vice versa for
o(E" E)lg x B(E,E')[4);

(vi) Foreach A = (x,,) € Bg and every B = (xn) € Bp, the restriction to B x A of (1,x) is
uniformly continuous for the product topology o(E',E)[g X 0(E, E") ] 4;

(vii) E has the sequential DP(*p q) Property;

(viii) Each relatively weakly sequentially p-compact set in E is a (g, co)-limited set;

(ix)  Each weakly sequentially p-compact set in E is a (g, o0)-limited set;

(x)  Each weakly p-summable sequence in E is a (g, oo)-limited set;

(xi)  For each weakly p-summable sequence {xy }new in E and for each weak™ q-Cauchy sequence
{Xn}new in E', it follows (xn, xn) — 0;

(xii) For each weakly p-Cauchy sequence {xy }ncw in E and for each weak* q-summable sequence
{Xn tnew in E', it follows (xn, xn) — 0.

(xiii) Each weakly sequentially p-precompact set in E is a (g, c0)-limited set;
Moreover, if Tg,, is compatible with T (i.e., if Ey. is locally complete; for example, E is

barrelled), then (i)-(xii) are equivalent to

(xiv) (E, TBE/) has the p-Schur property.

Proof. Set L := Eand defineT: E — Lby T :=id.

By (i) of Lemma 2, we have o(E,E’) C 7'3E,. Hence, by Lemma 1, if A € Bg is TBE/'
precompact, then AU {0} is 75, -null. Analogously, it is clear that c(E, E) C 7, . Since
each B = (xu) € Bg is ¢(E', E)-null, Lemma 1 implies that B is 7p,-precompact if and
only if BU {0} is 7p,-null. Then, the equivalences (i)< (ii)< (iii) < (iv) < (v) < (vi) follow
from Theorem 9.2.1 of [2] in which & = Br and &' = Bp.

(vi)=-(vii) immediately follows from the continuity of (1, x) at zero (0,0) with respect
too(E',E)|g x 0(E,E')[ A.

vil)=>(vi) Assume that as the sequentia roperty. We claim that the bilinear
(vil)=-(vi) A hat E has the seq 'lDP(*M)p perty. We claim that the bili

map (7, x) is weak*~weak continuous at (0,0) for every (x,) € Br and each (x,) € Bg.
Indeed, suppose for a contradiction that there are (x,,) € Bg and (x») € B such that (7, x)
is weak*~weak discontinuous at (0,0). Then, there exists € > 0 such that for every i € w
there are n; > i and m; > i such that |(1,,, x»,)| > e. Without loss of generality, we can
assume that {#;};ic., and {m; }c,, are strictly increasing. Then, (x,,;) € Bg and (x»;) € B

but (#7,;, Xm,) 7 0, which contradicts the sequential DP(*p q) Property of E.

Since all sequences A = (x,,) € Bg are weakly null and all sequences B = (x,) € Bg/
are weak™ null, the claim implies that the bilinear map (, x) is continuous on the (weak*-
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weak) compact space B x A. Therefore, (1, x) is uniformly continuous on B x A for the
product topology o (E’,E)[g X 0(E, E')] 4.

(vii)=(viii) Assume that E has the sequential DP(*W) property. Suppose for a contra-
diction that there is a relatively weakly sequentially p-compact subset A of E, which is
not a (g, o0)-limited set. Then, there exists a weak* g-summable sequence {x, }ne in E’
and & > 0 such that sup,_ 4 |(Xu,a)| > 2¢ for every n € w. For each n € w, choose a, € A
such that |(xn,a,)| > €. Since A is relatively weakly sequentially p-compact, the sequence
{1} new has a subsequence {a,, }ren, which weakly p-converges to a point z € E. Then

€ S |<Xnk/ank>| S |<Xﬂk1ank _Z>| + |<Xnkrz>| —0 aSk_> 0,

a contradiction.

The implications (viii)=>(ix)=>(x) are clear because every weakly p-summable sequence
in E is a weakly sequentially p-compact set.

(x)=(vii) Assume that each weakly p-summable sequence in E is a (g, c0)-limited
set. Let {x, }new be a weakly p-summable sequence in E, and let {), }ncw be a weak*
g-summable sequence in E%. By assumption, the set S := {x, }ncw is a (g, 00)-limited set.
Therefore, by the definition of (g, co)-limited sets, we have

0 < lim |(xn, xn)| < i, sup | (xns xi)| = 0.

Thus, E has the sequential DP(*p q) Property.

(vii)=(xi) Suppose for a contradiction that there are 2 > 0, a weakly p-summable se-
quence {x, }new in E, and a weak* g-Cauchy sequence {x, }new in E’ such that | (xn, xn)| > 4a.
Taking into account that {x, },c is weakly null, for every n € w there is i, > n such that
|{xn, xi,)| < a. We can assume that iy < i; < ---. Since {Xn}new is weak® g-Cauchy,
the sequence {x;, — Xn}new is weak® g-summable. By (vii), there is N € w such that
|{(Xi, — Xxn,Xi,)| < aforeveryn > N. Therefore, for every n > N, we obtain

4a < |<Xin’xin>| S |<Xln _X?’l/xin>| + ‘<X”l1xi;l>| S 2a'

This is a contradiction.

(xi)=(vii) follows from the fact that every weak® g-summable sequence is weak*
g-Cauchy.

(vii)=>(xii) and (xii)=-(vii) can be proved analogously to (vii)=-(xi) and (xi)=-(vii).

(xii)=-(xiii) Suppose for a contradiction that there is a weakly sequentially p-precompact
subset A of E that is not a (g, co)-limited set. Then, there exists a weak* g-summable se-
quence {Xn}new in E" and € > 0 such that sup,. , |(xu,a)| > 2¢ for every n € w. For
each n € w, choose a, € A such that |(xn,a,)| > €. Since A is weakly sequentially p-
precompact, the sequence {a, },c«» has a subsequence {a,, }rc., thatis weakly p-Cauchy.
Then, (xii) implies

e < [(Xn, an)| =0 ask — oo,
a contradiction.

(xiii)=(xii) is evident.

Below we assume that TBE/ is compatible with T (which is equivalent to the condition
that E! . is locally complete, see (iii) of Lemma 2). Therefore, o(E, E’) is also the weak
topology of (E, T5,, ).

(iii)=(xiv) Let (xx) € £} (E, Tp,, ) (or € cf (E, Ts,, ) if p = 00). Since Tp,, is compatible
with 7, it follows that (x,) € Bg. Then (iii) implies x, — 0in 75,,, that is, (E, TBE,) has the
p-Schur property.
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(xiv)=-(iii) Let A = (x,) € Bg. Since 7B, and T are compatible, it follows that
A € ly(E,Tp,) (or € c§(E, Tp, ) if p = ). Then, the p-Schur property of (E, Tz, )
implies that o(E, E')[auq0y = 7B, [auqo)- Taking into account that A U {0} is weakly
compact, it follows that the identity map (A, o(E, E')[ auf0y) — (E, T5,,) is uniformly
continuous, and hence, so is the identity map (A, (E,E')[4) — (E, Ts,, ). O

Setting p = q = co in Theorem 3, we obtain the following corollary, which generalizes
a characterization of Banach spaces with the DP* property obtained in [17].

Corollary 3. A locally convex space E has the sequential DP* property if and only if every weakly
sequentially (pre)compact subset of E is limited if and only if each weakly null sequence in E
is limited.

Corollary 4. Let p € [1,00], and let E be a p-barrelled space. If E has the p-Schur property, then E
has the sequential DP, property.

Proof. LetS = {x, }ncw be a weakly p-summable sequence in E. By the p-Schur property, S
is a compact subset of E. Therefore, by (ii) of Proposition 3.6 of [28], S is a (p, 0)-limited set.
Thus, by the equivalence (vii)«<(x) of Theorem 3, E has the sequential DP,; property. [

Corollary 5. Let p,q € [1,00|, and let E be a locally convex space such that the identity map
idp : EL . — E;% is g-convergent. Then, E has the sequential DP(*p q) Property.

Proof. Sinceidg: : E}. — E’ﬁ is g-convergent, Corollary 5.7 of [28] implies that every bounded
subset of E is a (g, c0)-limited set. Now the equivalence (vii)<>(viii) of Theorem 3 applies. [

Below, we give another sufficient condition to have the sequential DP(*p q) property.

Proposition 5. Let p,q € [1, 00|, and let (E, T) be a g-barrelled locally complete space such that

*

E!,. is locally complete. If E has the DP property, then it has the sequential DP(p q) Property.

Proof. Since E/ . is locally complete, by the equivalence (vii)<(xiv) of Theorem 3, to show
that the space E has the sequential DP(*M) property, it suffices to prove that the space
(E, TSI;) has the p-Schur property. Since E is g-barrelled, (i) and (ii) of Lemma 2 imply
o(E,E') C Ts: C 7y By (i) of Lemma 4.1 of [12], we also have 75y C T.

Since E is locally complete and has the DP property, (i) of Proposition 5.12 of [12]
implies that E has the quasi DP, property. Therefore, by Theorem 4.5 of [12], the space
(E, /) has the p-Schur property. Then, the proved inclusions ¢(E, E') C Tg; © Ty
immediately imply that the space (E, TS;) has the p-Schur property. O

Let p,q € [1,00], and let E and L be locally convex spaces. Following [34], a linear
map T : E — Lis called weak™ (p, q)-convergent if limy, o0 (115, T(x)) = 0 for every weak*
g-summable sequence {7 } new in L' and each weakly p-summable sequence {x, } ne in E.
The next assertion is similar to Proposition 3.

Proposition 6. Let p,q € [1, 0], and let E and L be locally convex spaces. If L has the sequential

DP(*p 2 property, then each operator T € L(E, L) is weak™ (p, q)-convergent.

Proof. Let {1, }ncw be a weak* g-summable sequence in L7, and let {x, },c. be a weakly
p-summable sequence in E. Then, {T(x,)}new is @ weakly p-summable sequence in L.
Now, the sequential DP(,  property of L implies (Mn, T(xn)) — 0. Thus, T is weak*

(P, L])-convergent. O
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As we noticed in the introduction, in the realm of Banach spaces the DP*-property
of order p coincides with the sequential DP(*p «) Property. This motivates additionally to
consider the case g = co. We start from the following characterization of locally convex

*

spaces with the sequential DP(, ) property.

Corollary 6. Let p € [1, 00]. For a locally convex space E, consider the following assertions:
(i)  E has the sequential DP(*p o) PrOPErty;

(i)  Each (relatively) weakly sequentially p-compact subset of E is limited;
(iii) Every weakly sequentially p-precompact subset of E is limited;

(vi) Each weakly p-summable sequence in E is limited;

(v)  Everyoperator T € L(E, cy) is p-convergent.

Then, (i) (i) (iii))<(iv)=(v). If, additionally, E is barrelled, then all assertions (i)—(v) are
equivalent and they are equivalent to the following condition:

(vi) the identity operator idp : E — E is weak™ p-convergent.

Proof. The equivalences (i)< (ii) < (iii) < (iv) immediately follow from Theorem 3.

(iv)=(v) Let S = {xy }new be a weakly p-summable sequence in E. Then, S is a limited
subset of E. Therefore, T(S) is a limited subset of ¢y. Since ¢y has the GP property, T(S)
is relatively compact in ¢g. As T(S) is also a weakly null sequence, Lemma 1 implies
T(xn) — 0in cp.

(v)=(iv) Assume that E is barrelled. Let S = {x,}ncw be a weakly p-summable
sequence in E. We have to show that S is a limited subset of E. Suppose for a contra-
diction that S is not limited. Then, there is a weak* null sequence {X }ncw in E’ such
that sup, ., [(xn, xx)| 7 0. Passing to a subsequence of {xn}ucw if needed, we assume
that sup,., [(Xn, xx)| > € for some ¢ > 0. For every n € w, choose k; € w such that
[ Gon 3, = .

Define an operator T : E — (co)p by T(x) := ({Xn,x)), (x € E), where (o), denotes
the Banach space cy endowed with the topology induced from F“. By the choice of the
sequence { Xy, }new, We have || T(x,)||c, > € for every n € w. Since E is barrelled, we apply
Lemma 2.8 of [35] to get that T is also continuous as a linear map from E to the Banach
space ¢g. By (v), T is p-convergent. In particular, we have ||T(xy, )|lc, — 0, a contradiction.

If E is barrelled, the equivalence (v)<(vi) follows from (B) of Theorem 3.12 of [34]. [

If 1 < p < oo, we can extend Corollary 6.

Corollary 7. Let 1 < p < oo. For a sequentially complete locally convex space E, the following
assertions are equivalent:

(i)  E has the sequential DP(*p o) PrOperty;

(ii)  Each (relatively) weakly sequentially p-compact subset of E is limited;

(iii) Every weakly sequentially p-compact operator from a Banach space Z to E is limited;

(iv) Each T € L({p+,E) is a limited operator;

(v)  Every weakly sequentially p-precompact subset of E is limited;

(vi) For every normed (the same Banach) space Z, each weakly sequentially p-compact operator S
from Z to E is limited;

(vii) The identity operator idg : E — E is weak™ p-convergent.

Proof. The equivalence (i)« (ii) is proved in Corollary 6, and the implication (ii)=>(iii)
is trivial.

(iii)=-(iv) follows from the fact that each operator T = T oid tp € L(Ly+, E) is weakly
sequentially p-compact by Proposition 1.4 of [6] (or Corollary 13.11 of [13]).
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(iv)=-(i) Let S = {xy }ncw be a weakly p-summable sequence in E, and let { x }ncw be
a weak* null sequence in E’. Then, by Proposition 4.14 of [13], there is a bounded operator
T : £y« — E such that

T(apey + - - - + aney) == apxog + - - - + apx,, for (a,) € 62*,

Therefore, by (iv), T is a limited operator and hence the sequence S = {T(e};) }necw is a
limited subset of E. Whence

0 < Tim |(xn, xn)| < Him, sup {xn, )] =0
which means that E has the sequential DP(*p o) PTOPETtY.

The equivalences (iv)& (v) < (vi) & (vii) follow from (A) and (D) of Theorem 3.12 of [34]
applied to the identity operator idg : E — E. O

The next corollary generalizes Corollary 23 of [15].

Corollary 8. Let 1 < p < oo, and let E and L be locally convex spaces.

(i) If either E or L is sequentially complete and has the sequential DP
operator T : E — L is weakly p-convergent.

(ii)  If either E or L is sequentially complete and has the sequential DP(* ,00) PTOPETEY, then each

) property, then each

p.ee

operator T : E — L is weak™ p-convergent.

Proof. (i) By Corollary 2, either the identity operator idg or idj, is weakly p-convergent.
Therefore, T = T oidg = idy, o T is weakly p-convergent.
(ii) The proof is similar to that of (i) using Corollary 7. O

The next proposition shows that the class of locally convex spaces with the sequential

DP} | property is stable under taking direct products and direct sums.

(pa)
Proposition 7. Let p,q € [1,00], and let {E;};c1 be a nonempty family of locally convex spaces.
(i) E = Tlieg E; has the sequential DP(*p

*

has the sequential DP(p q) Property.

q) Proverty if and only if for every i € I, the factor E;

(ii) E = ;¢ E; has the sequential DP(*p q) Property if and only if for every i € I, the summand

E; has the sequential DP(*p q) Property.
Proof. The proposition immediately follows from (i)-(ii) and (iii)-(iv) of Lemma 4.25 of [13],

respectively, and the definition of the sequential DP(*p ;) property. O

We need some definitions. The free locally convex space L(X) over a Tychonoff space
X is a pair consisting of a locally convex space L(X) and a continuous map i : X — L(X)
such that every continuous map f from X to a locally convex space E gives rise to a unique
continuous linear operator Y¢(f) : L(X) — E with f = ¥Yg(f) oi. The free locally convex
space L(X) always exists and is essentially unique. For x = a1x1 + - - - + anx, € L(X) with
distinct x1, ..., x, € X and nonzero a4, ...,a, € F, we set x[x;] := a; and

x|l :==la1| + - -+ |an|, and supp(x) := {x1,..., xu}.

From the definition of L(X), it easily follows the well-known fact that the dual space L(X)'
of L(X) is linearly isomorphic to the space C(X) with the pairing

(f.x) =arf(x1) +---+anf(xa) for f € C(X).

Below we show that the sequential DP(*p q) Property is not preserved by taking dense
subspaces and closed subspaces. This example is interesting also because it gives a Cp-
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example of a space without the sequential DP(*p

the sequential DP(, ,y property for all p,q € [1, o], see Corollary 5.3 of [12].

«) Property, although any space Cp(X) has

Example 1. Let X be a Tychonoff space containing a non-trivial convergent sequence { Xy }n<c-
Then, the dense subspace Cp(X) of FX does not have the sequential DP(* ) Property for every

P,
p € [1,00].

Proof. Passing to a subsequence in needed, for every n € w, choose a neighborhood U, of
Xy such that U, N U, = @ and x,, ¢ U, for all distinct n, m € w (recall that x,, — x,). For
every n € w, choose a continuous function f, : X — [0,1] such that f,(X\Uz,) = {0} and
fn(x2,) = 1. Since Cp(X)" = L(X), the construction of f, implies that the sequence { f; }necw
is weakly p-summable for every p € [1,0]. For every n € w, let x,, := dx,, — 0x,,,, € L(X).
Since x, — X, it follows that the sequence { X }n<. is weak* null in L(X). By construction,
{(Xn, fn) = 1forall n € w. Therefore, C,(X) does not have the sequential DP{, ) property.

It remains to note that FX has the sequential DP(*p,oo) property by Proposition 7. [

We do not know a characterization of Tychonoff spaces X for which C,(X) has the
sequential DP(*p q) property. However, we note the following.

Proposition 8. A barrelled space C,,(X) has the sequential DP(*W) property forall p,q € [1, 00].
Proof. Since C,(X) is barrelled, the Buchwalter-Schmets theorem implies that X has no
infinite functionally bounded subsets. Let {f;}ncw € Cp(X) be a weakly p-summable
sequence and let {x, }ncw C L(X) be a weak* g-summable sequence. Since {x, }ncw is @
bounded subset of (L(X),o(L(X),C(X))), Proposition 2.7 of [36] implies that there are a
finite subset F = {x1,..., %} of X and C > 0 such that for every n € w, the functional y,
has a decomposition

Xn=10X1+ -+ AmpXym with |ag,|+ -+ |am.] < C.

Moreover, since { X }new is weak* g-summable, it is easy to see that } " ; Y, |4; 4|7 < oo (or
Yy lain| — 0if g = o0). Since { f; } new is bounded, there is K > 0 such that |f,,(x;)| < K
foralln € wand 1 < i < m. Therefore

m m

| Gtns fi)] < ) il - [fu(xi)| < K-} [ain] — 0 asn— oo,
i=1 i=1

which means that C,(X) has the sequential DPy, .y property. [

Example 2. Let p € [1,00]. There is a barrelled space E = C(Z) and a closed subspace H of E such
that E has the sequential DP(*p o) PTOPETLY, but H does not have the sequential DP(*p o) PTOPETEY.
Proof. Let X be a Tychonoff space containing a non-trivial convergent sequence {xy }n<w,
and let Z = R(X) be the compact-finite resolution of X defined in ([37], p. 27). Then, by
Theorem 4.5 of [37], C,(X) is a closed subspace of C;(Z) and the space C,(Z) is barrelled.
Therefore, by Proposition 8, C»(Z) has the sequential DP(*p «) Property. However, by

Example 1, its closed subspace Cj,(X) does not have the sequential DP(*p o) PTOpETtY. O

Below, we characterize free locally convex spaces with the sequential DP(*p q) Property.

Theorem 4. Let p,q € [1,00]. Then, the free locally convex space L(X) over a Tychonoff space X

has the sequential DP(*p q) Property if and only if X has no infinite functionally bounded subsets.
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Proof. Assume that L(X) has the sequential DP(*p 0

tion that X has an infinite functionally bounded subset A. Since A is infinite, one can find a
sequence {ay }new in A and a sequence {Uj, }ncw of open subsets of X such thata, € U,
and U, N U, = @ for all distinct n,m € w.

For every n € w, set x, := % - ay. To show that the sequence { X }ncw is weakly
p-summable, fix an arbitrary f € C(X). Since A is functionally bounded, there is C > 0
such that |f(a)| < C for every a € A. Taking into account that |(f, x»)| = %|f(an)| < n%,
it follows that the sequence { X } ncw is weakly p-summable. Now, for every n € w, choose
a continuous function f,, : X — [0,12] such that f,(a,) = n? and f(X\U,) = {0}. Since
U, are pairwise disjoint and the support of any x € L(X) is finite, the sequence { f;; } new is
weak* g-summable. As (fu, xn) = 1 # 0 it follows that L(X) has no the sequential DP(*p, 0

property, a contradiction.

property, and suppose for a contradic-

Conversely, assume that X has no infinite functionally bounded subsets. Let
S = {Xn}new C L(X) be weakly p-summable and {f,}sc. be a weak® g-summable
sequence in L(X)' = C(X). Since S is bounded, Proposition 2.7 of [36] implies that the
support supp(S) of S is finite, i.e., there are distinct x1,...,x, € X such that for every
n € w, xn has a representation

Xn =Aap1X1 + -+ apmXy where a,1,... 45, € F.

Since S is weakly null it follows that a,, ; — 0 for each 1 < i < m. Choose C > 0 such that
|fu(x;)| < Cforalln € wand 1 <i < m. Then

m m
| (Fur Xn) ] < Y Ll - [fa(xi)| < C -} lani| = 0.
i=1 i=1

Thus, L(X) has the sequential DP, . property. [J

Theorem 1.7 of [36] implies that if X is a metrizable space, then L(X) has the se-
quential DP property if and only if X is discrete. This result and Theorem 4 motivate the
following problem.

Problem 1. Let p,q € [1,c0]. Characterize Tychonoff spaces X for which the free locally convex
space L(X) has the sequential DP,,, .y property.

It is known (see Proposition 5.2 of [12]) that the sequential DP(M) property is the
property of the duality (E, E’). Since weakly p-summable sequences and weak* g-summable
sequences depend only on the duality (E, E’), an analogous result holds true also for the
sequential DP(*M) property.

Proposition 9. Let p,q € [1,00], and let (E, T) be a locally convex space. If T is a locally convex
topology on E compatible with T, then the spaces (E, ) and (E, T') have the sequential DP(*p 0

property simultaneously.

5. The Coarse Sequential DP(*p 0 Property and the Coarse DP, Property

We start this section with the next characterization of spaces with the coarse se-
quential DP(*p q) Property; it extends and generalizes Theorems 1 and 2 of [20] and has a

similar proof.

Theorem 5. Let p,q € [1,00]. Then, for a locally convex space E, the following assertions
are equivalent:

(i) E has the coarse sequential DP(* 0.q) PToperty;

(ii)  Each weakly sequentially p-precompact subset of E is coarse g-limited;
(iii) Each weakly p-summable sequence in E is coarse g-limited;
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m,'k <n

(iv) Eachoperator T : E — £, (or T : E — cq if ¢ = o0) is p-convergent.

Proof. For simplicity, we consider only the case g < oo because the case 4 = co can be
considered analogously.

x

(i)=-(ii) Assume that E has the coarse sequential DP(W) property, and suppose for a
contradiction that there is a weakly sequentially p-precompact subset A of E that is not
coarse g-limited. Then, there is an operator T : E — £, such that T(A) is not relatively
compact in ;. For every n € w, set x, := T*(e;;) € E'. Then, by (i) of Proposition 4.17
of [13], the sequence {xn }new is weak* g-summable and T(x) = ({xn, x)). Therefore, by
Proposition 1, there is ¢ > 0 such that

sup{ Z [(xn, x)|T:x € A} > (2¢)7 forall m € w.

m<n

For every m € w, choose x,, € A such that Y-, <, |(Xn, Xxm)|7 > (2¢)9. Since A is weakly
sequentially p-precompact, we can find a weakly p-Cauchy subsequence {x;;, }xc. of
{Xm }mew. For every k € w, choose iy > k such that Zmikﬁn |{(Xn,Xm,)|7 < €. Then, by the

triangle inequality, we obtain

1/q

(X Iowmm, 52 (L wmm)) = (T 1) e ®

m,-kgn

m,-k <n
On the other hand, since the sequence S = {xmik — Xmy }mew is weakly p-summable, it is

weakly sequentially p-compact. Therefore, S must be coarse g-limited and hence

lim sup{ ) |<anxmik —xm)|7: k€ w} =0

] jSVl

which contradicts (3).

(if)=>(iii) is trivial.

(iii)=(iv) Let T : E — {; be an operator, and let S = {x; } new be a weakly p-summable
sequence in E. By (iii), S is a coarse g-limited subset of E. Therefore, the sequence T(S) is

a relatively compact subset of ;. On the other hand, T(S) is also a weakly null sequence.
Whence, by Lemma 1, T(x,) — 0in £,. Thus, T is a p-convergent operator.

(iv)=-(i) Assume that each operator T : E — {; is p-convergent. Let A be a relatively
weakly sequentially p-compact set in E. To show that A is coarse g-limited, fix an arbitrary
operator T : E — £;. If S = {x; }new is a sequence in A, take an x € E and a subsequence
{xn; }xew of S which weakly p-converges to x. Since T is p-convergent, we obtain that
T(xy,) — T(x)in£,. Therefore, T(A) is relatively compact in £;. Thus, A is coarse g-limited,
and hence E has the coarse sequential DP(*M) property. [

Corollary 9. Let g € [1,00|, and let E be a locally convex space with the wCSP. If E has the coarse
sequential DP(*OO’ q) Property, then every bounded subset of E is a coarse g-limited set.

Proof. Let A be a bounded subset of E. Since E has the wCSP, each sequence in A has a
weakly Cauchy subsequence, i.e., A is a weakly sequentially (co-)precompact subset of E.
Thus, by Theorem 5, A is a coarse g-limited set. [

Corollary 10. For every p € [1,00|, each locally convex space E has the coarse sequential
DP(*p,l) property.

Proof. Let S = {xn}new be weakly p-summable sequence in E, and let T : E — ¢; be an
operator. Since T is weakly continuous and /; is a Schur space, we obtain T(x,) — 0in
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{1. Therefore, S is a coarse 1-limited set. Thus, by Theorem 5, E has the coarse sequential

DP(*p,l) property. [J

Since in angelic spaces, the class of relatively compact sets coincides with the class of
relatively sequentially compact sets, we note the following assertion.

Proposition 10. Let p € [1, 0], and let E be a weakly angelic locally convex space. Then, E has

*

the coarse DP;; property if and only if it has the coarse sequential DP(oo ») property.
The next proposition shows that dense subspaces inherit the coarse DP* type properties.

Proposition 11. Let p,q € [1,00|, and let H be a dense subspace of a locally convex space E. If
E has the coarse DP;; property (resp., the coarse sequential DP(*p 0 property), then also H has the
same property.

Proof. Let A be a relatively weakly compact (resp., relatively weakly sequentially p-
compact) subset of H and hence of E. Therefore, by assumption, A is a coarse p-limited
(resp., coarse g-limited) set in E. Let T be an operator from H to £, or to ¢ if p = co (resp.,
to £, or to cg if § = o). Since H is dense in E, T can be extended to an operator T from
E. Then, T(A) = T(A) is relatively compact in £, (resp., in ¢g or ¢,). Hence, A is a coarse
p-limited (resp., coarse g-limited) set in H. Thus, H has the coarse DP,; property (resp., the
coarse sequential DP(*M) property). O

It is known (see Proposition 3.4 of [4]) that a barrelled space E has the Schur property
if and only if every weak* bounded subset of E’ is an co-(V') set. We know (see [21]) that
there is a natural relationship between the spGP(; o,y property and the Schur property. For
Banach spaces, an analogous relationship exists also between the coarse GP,, property, the
coarse DP;, property and the Schur property, see Corollary 2 of [20]. Below, we generalize
this result.

Proposition 12. Let p,q € [1, 0], and let (E, T) be a locally convex space.

(i) If E has both the coarse DP;, property and the coarse prGPy property, then E has the
p-Schur property.

(i) If E has both the coarse sequential DP(*p,q) property and the coarse prGPy property, then E
has the p-Schur property.

(iii) If E has the p-Schur property, then E has the coarse sequential DP(*W) property.

(iv) If2 < p < ocoand E is a weakly angelic locally convex space with the Rosenthal property
(for example, E is a strict (LF)-space), then E has the Schur property if and only if it has the
coarse DP,; property and the coarse prGP, property.

(v) I E has the Glicksberg property, then E has the coarse DP,; property.

Proof. (i) Let S = {x, }new be a weakly p-summable sequence in E. Then, by the coarse
DP; property, S is a coarse p-limited set. Therefore, by the coarse prGP, property, S is
precompact in E. Then, by Lemma 1, S is T-null. Thus E has the p-Schur property.

(ii) Let S = {x, }new be a weakly p-summable sequence in E. Then, by the coarse
sequential DP(*p,q) property, S is a coarse g-limited set. Therefore, by the coarse prGP; prop-
erty, S is precompact in E. Then, by Lemma 1, S is T-null. Thus E has the p-Schur property.

(iii) Let A be a relatively weakly sequentially p-compact set in E. To show that A
is coarse g-limited, let T € L(E,¢;) (or T € L(E,cp) if ¢ = ). We have to prove that
the image T(A) is precompact. To this end, let {a, }nc. be a sequence in A. Since A is
relatively weakly sequentially p-compact, there is a subsequence {ay, }xcw Of {an}ncw,
which weakly p-converges to some x € E. By the p-Schur property, we have a,, — xin E.
Therefore, T(a,, ) — T(x), which means that T(A) is relatively sequentially compact and
hence precompact in £, (or in cp), as desired.
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(iv) To prove the necessity, we prove first that E has the coarse DP, property. Let A be
a relatively weakly compact subset of E. Since E is weakly angelic, A is a relatively weakly
sequentially compact subset of E. Then, every sequence {a, },c, in A has a subsequence
{an, }kew that weakly converges to some x € E. To show that A is coarse p-limited, let
T € L(E,£p) (or T € L(E,cp) if p = 00). Then, the Schur property of E implies that a,,, — x
in E, and hence T(a,,) — T(x) in £, (or in cp). Thus, T(A) is a relatively sequentially
compact set, and hence, E has the coarse DP,, property. To show that E has the coarse
prGP,, property, let {x, }1c be a weakly null coarse p-limited sequence in E. By the Schur
property, we have x,, — 0 in E. Therefore, by (iv) of Theorem 4.5 of [21], the space E has
the coarse prGP, property.

To prove the sufficiency, let S = {x, }necw be a weakly null sequence in E. Since S is
relatively weakly compact, the coarse DP, property implies that S is a coarse p-limited set.
Then, the coarse prGP, property implies that S is precompact in E. Applying Lemma 1, we
obtain that S is T-null. Thus, E has the Schur property.

(v)LetT € L(E,£p) (or T € L(E, cg) if p = 0), and let K be a weakly compact subset
of E. By the Glicksberg property, K is a compact subset of E, and hence, T(K) is a compact
subset of £}, (or cp). Thus, K is a coarse p-limited set. []

Proposition 13. Let p,q € [1,00], and let E be a weakly angelic space. If E has the coarse DP;

*

property, then E has the coarse sequential DP(p 0 property.

Proof. Let A be a relatively weakly sequentially p-compact set in E. Then A is relatively
weakly sequentially compact, and hence, by the weak angelicity of E, A is a relatively
weakly compact set in E. By the coarse DP; property of E, A is coarse g-limited. Thus, E
has the coarse sequential DP(*M) property. [J

Theorem 6. Lets, g € [1,00]and1 < p < oo.

(i) £y has the coarse DP; property if and only if s < p.
(ii) Ly has the coarse sequential DP(*S ) Property if and only if either g < porq > pand s < p*.
Proof. (i) Observe that By, is a weakly compact subset of the reflexive space £p. If s > p
and Is; : £, — /s is the identity inclusion, then Is(sz) is not relatively compact in /.
Therefore, £, does not have the coarse DP; property. If s < p, then, by the Pitt theorem,
each operator T : €p — {5 is compact and hence ng is coarse s-limited. Thus, Zp has the
coarse D P} property.

(ii) Assume that ¢ < p. Then, by (i), £, has the coarse DP; property. Thus, by
Proposition 13, £, has the coarse sequential DP(*S ) property.

Assume that g > p and s > p*. By Proposition 1.4 of [6] (or by Corollary 13.11
of [13]), By, is weakly sequentially p*-compact. Since s > p*, it follows that B, is weakly
sequentially s-compact. As g > p, it follows from the proof of (i) that By, is not coarse
g-limited. Thus, £, does not have the coarse sequential DP(*S,q) property.

Assume that ¢ > p and s < p*. To show that /,, has the coarse sequential DP(*S )
property, it suffices to prove that each relatively weakly sequentially s-compact subset A
of £}, is (norm) precompact. Suppose for a contradiction that there is a relatively weakly
sequentially s-compact subset A of ¢, that is not precompact. Then, there is a sequence
S = {xy}new in A and ¢ > 0 such that ||x, — megp > ¢ for all distinct n,m € w. Without

loss of generality, we assume that {x, } nc» weakly s-converges to some x € ¢ p- Hence,
([ (xen = x) = (xm — x)[g, = &

for all distinct n,m € w. For every n € w, set by := [|x, — x|, Observe that if ||x,, —
x||¢, — 0 for some sequence (1) C w, then

[%m = 2mlle, < [l = x[lg, + l|lxn; = xlg, =0
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which contradicts the choice of S. Therefore, there is A > 1 such that
L<p, = [xn — xlg, <A foreveryn € w. 4)

Then (4) implies that the normalized sequence {% (x4 — %) }new is weakly s-summable.
Proposition 2.1.3 of [38] implies that there are a basic subsequence {x,, — X}ie, C £p

e e—4
of {x, — x}new and a linear topological isomorphism R : {x,, — X}¢e, @ — {p such that

R(xp, — x) = axey,  forevery k € w, where ay := by, = ||x, — x|,

and such that the subspace {x;, — X }icew o is complemented in £,. In particular, the
canonical basis {iR(xnk —X) = extrew Of £, is weakly s-summable. However, since
s < p*, {ex}kew is not weakly s-summable (see Example 4.4 of [13]). This contradiction
finishes the proof. [J

Remark 2. (i) Quotients of spaces with the coarse (sequential) DPy; property may not have this
property. Indeed, let 1 < p < q < oo, and consider the Banach spaces E = {1 and H = £;. Then H
is a quotient of E. By (iii) and (v) of Proposition 12, the space E has the coarse sequential DP(*p*/q)
property and the coarse DP,; property. However, by Theorem 6, the space H has neither the coarse

*

DP; property nor the coarse sequential DP o q) Property.

(ii) Closed subspaces of spaces with the coarse DPy property or the coarse sequential DP(*s )
property may not have these properties. Indeed, let p,s € [2,00] and let E = L1[0,1]. It was noticed
after Proposition 7 of [20] that E has the coarse DPy property (however, E does not have the DP*
property). Therefore, by Proposition 13, E has the coarse sequential DP(*s ) property. On the other
hand, by Proposition 6.4.2 of [38], E contains a closed subspace H isomorphic to . If, in addition,
s > 2, Theorem 6 implies that H has neither the coarse DP; property nor the coarse sequential
DP(*s ) property.

(iii) The coarse DPy; property and the coarse sequential DP(*p q) Property depend on the duality
(E, E') (cf. Proposition 9). Indeed, let p,r € (1,c0). Consider the spaces H = {, and Hy,. Then,
by (i), H has neither the coarse DP, property nor the coarse sequential DP(*p*’q) property. On the
other hand, since any operator T : Hy, — £, is finite-dimensional it follows that any bounded
subset of Hy, is coarse r-limited. Thus, Hy, has the coarse DP; property and the coarse sequential
DP(*p* 2 property.

(iv)Let1 < p <2(sop < p*)and q € [1,00]. Then, by Proposition 5.10 of [12], £, has
the quasi DPy property and the sequential DP,,, 5 property. Hence, by the reflexivity, £, has the
sequential DP(*p q) Property. By Theorem 6, £}, has the coarse sequential DP(*p q) Property. However,
if additionally g > p, Theorem 6 implies that £, does not have the coarse DP; property.

(v) Let 2 < r < oo, " < p < randq < r. Then, by Proposition 5.10 of [12], ¢, has neither
the quasi DPy, property nor the sequential DP, .y property. On the 'other hand, by Theorem 6, the
Banach space €, has the coarse DP;; property and the coarse sequential DP(*p q) Property.

Below we show that the classes of locally convex spaces with the coarse sequential
DP(*p,q) property and the coarse DP, property are stable with respect to direct products

and direct sums.

Proposition 14. Let p,q € [1, 0], and let {E;};c| be a nonempty family of locally convex spaces.

(i) E = [lies Ei has the coarse DP, property (resp., the coarse sequential DP(*p 0 property) if
and only if for every i € 1, the factor E; has the same property.
(ii)  E = @ic1 E; has the coarse DP;; property (resp., the coarse sequential DP, 9 property) if

(p
and only if for every i € 1, the summand E; has the same property.
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Proof. Let E has the coarse DP; property (resp., the coarse sequential DP(*p/q) property).
Fix an arbitrary j € I, and let A; be a relatively weakly compact (resp., relatively weakly
sequentially p-compact) subset of E;. Considering E; as a direct summand of E, we see
that A; is relatively weakly compact (resp., relatively weakly sequentially p-compact) in
E. Therefore, by the coarse DP, property (resp., the coarse sequential DP(*W) property),
the set A; is coarse p-limited (resp., coarse g-limited) in E and hence also in E; (see (iii)
of Lemma 4.1 of [28]). Thus, E; has the coarse DP, property (resp., the coarse sequential
DP(*p, 0 property).

Conversely, assume that all spaces E; have the coarse DP, property (resp., the coarse
sequential DP(*p’q) property). Let A be a relatively weakly compact (resp., relatively weakly
sequentially p-compact) subset of E. Then, each projection A; of A onto E; is relatively
weakly compact (resp., relatively weakly sequentially p-compact) in E;, and for the case
(ii), all but finitely many of A; are equal to zero. By assumption, all A; are coarse p-limited
(resp., coarse g-limited). Therefore, by Proposition 4.3 of [28], the set A is coarse p-limited
(resp., coarse g-limited). Thus, E has the coarse DP,; property (resp., the coarse sequential
DP(*p,q) property). [

Now, we consider the coarse DP; property separately. We start from the next proposi-
tion, which shows that the case p = 1 is not of interest.

Proposition 15. Each locally convex space E has the coarse DP] property.

Proof. Let A be a relatively weakly compact subset of E. To show that A is coarse 1-limited,
let T € L(E,¢7). Since T is weak-weak continuous, T(A) is relatively weakly compact
in the Schur space /1, and hence, T(A) is a relatively compact subset of ¢1. Thus, A is
coarse 1-limited. [J

Following [4], an lcs E has the Krein property if acx(K) is weakly compact for every
weakly compact subset K of E. By Proposition 2.12 of [4], E is a Krein space if and only if
(E',u(E',E)) is a subspace of Cy(Ey). Note also that, by the Krein theorem ([39], § 24.5(4)),
if (E, u(E, E')) is quasi-complete, then E is a Krein space. In particular, every quasibarrelled
quasi-complete space (for example, each strict (LF)-space) is a Krein space. Below we
characterize locally convex spaces with the coarse DP; property; this result extends and
generalizes Theorem 4 of [20].

Theorem 7. Let 1 < p < oo. For a locally convex space E with the Krein property, the following

assertions are equivalent:

(i) E has the coarse DP,; property;

(ii)  For every locally convex space L, each operator T : L — E, which transforms bounded subsets
of L into relatively weakly compact sets in E and transforms bounded sets in L into coarse
p-limited subsets of E;

(iii)  For every normed space L, each weakly compact operator T : L — E is coarse p-limited;

(iv) each weakly compact operator T : £ — E is coarse p-limited.

If, in addition, E is locally complete, then (i)-(iv) are equivalent to the following
(v)  Each weakly compact operator T : {1 — E is coarse p-limited.

Proof. (i)=-(ii) Assume that E has the coarse DP, property, and let T : L — E be an
operator that transforms bounded subsets of L into relatively weakly compact sets in E. Fix
an arbitrary bounded subset A of L. Then, T(A) is a relatively weakly compact subset of E,
and hence, by the coarse DP; property, T(A) is a coarse p-limited set.

The implications (ii)=>(iii)=>(iv) and (iii)=>(v) are obvious.

(iv)=-(i) and (v)=-(i): Let A be a relatively weakly compact subset of E. We have to
prove that A is coarse p-limited. By Lemma 4.1(iv) of [28], we can assume that A = {x;, }ncw
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is countable. Since A is a bounded sequence, Proposition 14.9 of [13] implies that the linear
map T : ) — E (or T : {1 — E if E is locally complete) defined by

T(ageg + -+ -+ apey) :=agxg+---+ayx, (MEw, ay,...,a;, €F)

which is continuous. It is clear that T(Bf(f) C acx(A) (or T(By,) C acx(A) if E is locally

complete). Since A is weakly compact, the Krein property of E implies that the set acx(A)
is weakly compact as well. Therefore, T is a weakly compact operator, and hence, by (iv)
or (v), T is a coarse p-limited operator. Thus, the set T({e; } ncw) = A is coarse p-limited,
as desired. [

6. p-Dunford-Pettis Sequentially Compact Property of Order (¢,9)

We start from the following characterization of spaces with the p-DPscP(y ;).
Theorem 8. Let p,q,q9’ € [1,0], 4" < q. Then for a locally convex space (E, ), the following
assertions are equivalent:

(i) E has the p-DPscP(y g,

(ii)  Each operator T € L(E, ls) is (', q)-(V*) p-convergent;
(iii) Each weakly (p, q)-convergent operator is (g, q)-(V*) p-convergent.

Proof. (i)=(ii) Assume that E has the p-DPscPy ;), and let {xn}new be weakly p-summable
sequence in E which is a (¢',9)-(V*) set. By the p-DPscP(y 4y, we have x, — 0in E. There-
fore, also T(x,) — 0in l. Thus, Tis a (g, 9)-(V*) p-convergent operator.

(ii)=-(i) Assume that each operator T € L(E, () is (4',9)-(V*) p-convergent. To show
that E has the p-DPscPy 4, let {xn}new be a weakly p-summable sequence in E which is a
(q',q)-(V*) set. Assuming that x, /> 0in E and passing to a subsequence if needed, we can
assume that there is U € N§(E) such that x, ¢ U for all n € w. For every n € w, choose
Xn € U° such that (x,, x,) > 1. Define a linear map T : E — /{ by

T(x) = ((xu,x)), (x€E).

Since T(U) C By, the map T is bounded and hence continuous. As ||T(x,)|,, >
(Xn,xn) >1 4 0, it follows that T is not (¢’,q)-(V*) p-convergent. This is a contradiction.
(i) (iii) immediately follows from Proposition 3. O

Theorem 8 motivates solving the problem of characterizing (¢4',9)-(V*) p-convergent
operators. If E and L are Banach spaces and ¢’ = g = oo, the next theorem is proved in
Theorem 1.1 of [23].

Theorem 9. Let 2 < q' < q < oo, and let E be a locally convex space with the Rosenthal property.

Then, for an operator T from E to a locally convex space L, the following assertions are equivalent:

(i) Tis(q,q)-(V*) co-convergent;

(ii) Foreach (q',q)-(V*) set A C E, the image T(A) is sequentially precompact in L;

(iii)  For every locally convex (the same, normed) space H and each (q’, q)-(V*) operator R : H — E,
the operator T o R is sequentially precompact;

(iv) Foreach (q',q)-(V*) operator R : £ — E, the operator T o R is sequentially precompact.

If, in addition, E is locally complete, then (i)—(iv) are equivalent to the following:
(v)  Foreach (q',q)-(V*) operator R : {1 — E, the operator T o R is sequentially precompact.

Proof. (i)=(ii) Assume that T € L(E,L) is (¢’,q)-(V*) co-convergent, and let A be a (¢, 9)-
(V*) subset of E. To show that T(A) is sequentially precompact in L, let {a,}nco be a
sequence in A. Since, by Theorem 1, A is weakly sequentially precompact, we can assume
that {a, } new is weakly Cauchy. Therefore, for every strictly increasing sequence {1 }xe, in
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w, the sequence {ay,,, — ay, }re, is weakly null and also a (q’,q)-(V*) set. Since T is (¢',q)-
(V*) oo-convergent it follows that T(ay,,,) — T(an,) — 0 in L, and hence the sequence
{T(an, ) }kew is Cauchy in L. Thus, T(A) is sequentially precompact in E.

(ii)=-(iii) Take U € Ny(H) such that R(U) isa (4',9)-(V*) subset of E. By (ii), we have
T(R(U)) is sequentially precompact in L. Thus, T o R is sequentially precompact.

(iii)=(iv) and (iii)=-(v) are obvious.

(iv)=(i) and (v)=-(i): Let S = {x, }new be a weakly null sequence in E which is a
(4',9)-(V*) set. Since S is bounded, by Proposition 14.9 of [13], the linear map R : £ — E
(or R : ¢ — Eif E is locally complete) defined by

R(ageg + -+ - +anen) :==apxo+ -+ anxy, (n € w, ag,...,a, €F),

which is continuous. It is clear that R(BE?) C acx(S) (or R(By,) C acx(S) if E is locally

complete). Observe that acx(S) is also a (¢',9)-(V*) set. Therefore, the operator R is (¢',9)-
(V*), and hence, by (iv) or (v), T o R is sequentially precompact. In particular, the weakly
null sequence T(S) is (sequentially) precompact in L. Therefore, by Lemma 1, T(x,) — 0
in L. Thus T is (¢',q)-(V*) co-convergent. [

Below, we obtain a sufficient condition on locally convex spaces to have the p-DPscP.

Proposition 16. Let p,q € [1,00], and let E be a locally convex space. Then, E has the p-DPscP,
if one of the following conditions holds:

(i) For every locally convex space X and for each T € L(X, E) whose adjoint T* : E//5 — X}s is
g-convergent, the operator T transforms bounded subsets of X into sequentially precompact
setsin E;

(ii)  For every normed space X and for each T € L(X, E) whose adjoint T* : Eg — Xj is
g-convergent, the operator T is sequentially precompact;

(iii)  The same as (ii) with X = £3;

(iv) If E is locally complete, the same as (ii) with X a Banach space;

(v) If E is locally complete, the same as (ii) with X = {4;

Proof. Since the implications (i)=(ii)=-(iii) and (i)=(ii)=-(iv)=>(v) are obvious, it suffices
to prove that (iii) and (v) imply the p-DPscP;. Suppose for a contradiction that E has no
the p-DPscP;. Then there is a weakly p-summable sequence S = {X },cw in E which is a
g-(V*) set such that x, /4 0 in E. Without loss of generality, we assume that x,, ¢ U for
some U € Ny(E)and all n € w.

Since S is a g-(V*) set, Proposition 14.9 of [13] implies that the linear map T : £ — E
(or T : ¢1 — Eif E is locally complete) defined by

T(ageg+ -+ - +apey) :=apxg+ - +apx, (MEw, ay,...,a, €TF),

is continuous and its adjoint T* : E/’g — Lo is g-convergent. Therefore, by (iii) or (v), the op-
erator T is sequentially precompact. In particular, the set T({e, }necw) = S is (sequentially)
precompact in E. Since S is also weakly null, Lemma 1 implies that x, — 0 in E. However,
this contradicts the choice of S. [

Theorem 10. Let 2 < q < oco. Then for a locally convex space E with the Rosenthal property, the
following assertions are equivalent:

(i) E has the DPscPy;

(i)  For every normed space X and each T € L(X,E) whose adjoint T* : E}’,5 — X’ﬁ is g-
convergent, the operator T is sequentially precompact;

(iii) The same as (ii) with X = 6(1’;
If, in addition, E is locally complete, then (i)—(iii) are equivalent to

(iv) The same as (ii) with X a Banach space;
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(v)  The same as (ii) with X = {4;

Proof. By (the proof of) Proposition 16, we only have to prove the implication (i)=-(ii).
Therefore, let X be a normed space, and let T € £(X, E) be such that the adjoint T* : E;; —

X:g is g-convergent. We have to show that the set T(Byx) is sequentially precompact in E. To
this end, let { X, } ncw be a weakly g-summable sequence in E;g. Since T* is g-convergent,
we have

sup |(xn, T(y))| = sup {T"(xn), ¥} = [IT"(xn)|| = 0 asn — oo.
yE€Bx yE€Bx

Therefore, T(Bx) is a q-(V*) set in E. Since g4 > 2 and E has the Rosenthal property,
Theorem 1 implies that T(Byx) is weakly sequentially precompact. To show that T(Bx) is
sequentially precompact in E, it suffices to prove that for any sequence S = {x, }ncw in
By, the image T(S) has a Cauchy subsequence. To this end, taking into account that T(By)
is weakly sequentially precompact, we can assume that T(S) is weakly Cauchy. For any
strictly increasing sequence {7 } e, in w, the sequence {T(xy, ) — T(xn,.,,) }rew is weakly
null and a g-(V*) set. Therefore, by the DPscP; of E, we obtain T(xp, ) — T(xy,,,) — 0in E.
Therefore, {T (x4, ) }kew is Cauchy in E. O

Although, by Example 2 and (i) of Remark 2, the classes of spaces with the sequential

Dp(,  property and with the coarse (sequential) DP, property are not closed under taking

(pa)
even closed subspaces, and the class of spaces with the p-DPscP(, ,y is stable under taking

arbitrary subspaces.

Proposition 17. Let p,q,q4' € [1,00|, g < g, and let E be a locally convex space with the
p-DPscPy 4. Then any subspace H of E has the p-DPscPy ;).

Proof. Let {x, }ncw be a weakly p-summable sequence in H which is a (¢',9)-(V*) set.
Then, it is also a weakly p-summable sequence in E, which is a (¢/,9)-(V*) set (see (iii) of
Lemma 4.6 and (iv) of Lemma 7.2 of [13]). Therefore, x, — 0in E, and hence x,, — 0 also
in H. Thus, H has the p-DPscPy ;). U

The class of locally convex spaces with the p-DPscPy ;) is stable also under taking
direct products and direct sums.

Proposition 18. Let p,q,q' € [1,00|, q' < g, and let {E;};c] be a non-empty family of locally
convex spaces. Then, the following assertions are equivalent:

(i) Ilics Ei has the p-DPscPy ,;

(i) @Dicy Ei has the p-DPscP g ,;

(iii) For every i € I, the space E; has the p-DPscP g 4.

Proof. (i)=(ii) Let S = {xy }ncw be a weakly p-summable sequence in ;¢ E;, which is
a (q',q9)-(V*) set. Then, S has finite support F. By (i) and Proposition 17, the subspace
[Tjer Ej of [ic; Ei has the p-DPscPy o). Therefore, x, — 0 in [];cr Ej and hence also in
@ic1 Ei- Thus, @;c; E; has the p-DPscP(y ;).

(ii)=-(iii) Since E; is isomorphic to a subspace of @;c E;, it has the p-DPscPy )
by Proposition 17.

(iii)=(i) Let {x, = (xj,)icI }ncw be a weakly p-summable sequence in [];c; E;, which
isa (q',9)-(V*) set. Then, by (iii) of Lemma 4.6 and (iv) of Lemma 7.2 of [13], for every
i € I, the sequence {x; , }new is a weakly p-summable sequence in E;, whichis a (g, )-(V*)
set. Therefore, by (iii), x;, — 0; for every i € I. Hence, x, — 0in E. Thus [];c; E; has
the p-DPscPy 5. O

Propositions 17 and 18 immediately imply the next corollary.
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Corollary 11. Let p,q,q' € [1,00], 4" < g, and let E be a dense subspace of F* for some cardinal x.
Then E has the p-DPscP,y 4. In particular, for every locally convex space L and for each Tychonoff
space X, the spaces Ly, and Cp(X) have the p-DPscPy 4.

Let p,q,9 € [1,], ¢ < gq. Following [21], a locally convex space E has the p-
GPscPy 4, if any weakly p-summable sequence in E which is a (4',9)-limited set is a null
sequence in E.

Proposition 19. Let p,q,q’ € [1,00], ' < g, and let E be a locally convex space.
(i) If E has the p-Schur property (for example, E = Ey), then E has the p-DPscP g 4.

(ii)  If E has the p-DPscPy ), then it has the p-GPscPy ;). The converse is true if E is semi-
reflexive, but not in general.

Proof. (i) is trivial.

(ii) follows from the two easy facts that any (¢, g)-limited setisa (¢, g)-(V*) set, and if
E is semi-reflexive, then the classes of (¢/,)-limited sets and (g, g)-(V*) sets are coincide.

To show that in general the converse is not true, let § = ¢’ = oo and E = ¢y. We claim
that E does not have the p-DPscP, ). Indeed, first we observe that B is a 4-(V*) set
because any weakly null sequence in E’ﬁ = {1 is norm null. Therefore, the unit canonical
basis S = {en}new is also a g-(V*) set. Observe also that S is weakly p-summable (if
X = (an) € b1, then ¥cip [(Xo )P = Lew [an]P < 00 or [(x,en)| = |an| — 0if p = o0).
Since e;, /4 0 in E, we obtain that E does not have the p—DPscP(qloo). On the other hand,
since E has the Gelfand-Phillips property, any weakly p-summable sequence Q that is
limited is precompact in E, and hence, by Lemma 1, Q is a null sequence in E. Therefore, E
has the p-GPscP. O

Remark 3. Note that Lemma 1 implies that an lcs E has the p-DPscPy gy or the p-GPscPy . if
and only if every weakly p-summable sequence, which is a (q',q)-(V*) set or a (¢, q)-limited set,
respectively, is precompact in E.

7. Conclusions

In this work, we obtained several new characterizations of locally convex spaces with
the sequential Dunford-Pettis property of order (p, q), where p,q,q" € [1,00], ¢’ < g. Being
motivated by known Dunford-Pettis type properties widely studied in the Banach Space
Theory, we introduced and studied new types of the sequential Dunford—Pettis property
in the realm of all locally convex spaces. Numerous characterizations of the introduced
notions have been given. For future research, we suggest studying the introduced notions
in some important subclasses of Banach, Fréchet or strict (LF)-spaces as well as in the
classes of function spaces or free locally convex spaces.
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