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1. Introduction

Fixed point theory is a very active branch of mathematics, and plays a circular role
in nonlinear analysis, since it is used for establishing the existence of solutions for many
nonlinear problems arising in differential equations and inclusions in physics, economics,
mechanics, and biology [1-4]. In fact, in many real problems, we seek solutions as fixed
points of the original problem using hypotheses on the single and multivalued mappings
involved in the problem or on the structure of the corresponding Banach space.

In 1930, Kuratowski [5] introduced the concept of measure of noncompactness (MNC),
and this technique was used in functional analysis. After that, Darbo [6] developed a result
on fixed point theory by using the concept of MNC and the generalized Banach principle of
contraction [7]. The concept of MNC and its applications have been generalized in different
directions, see [8-11] for example.

By using the notion of topological degree introduced by Brouwer [12], Leray—Schauder [13]
defined this concept for compact perturbation of the identity map. Using the theory of
measure of noncompactness, the different generalization of the Leray and Schauder degree
was given by Nussbaum [14-16].

The theory of fixed point for multivalued applications is an important topic in set-
valued analysis. For its developments and applications, one can see [17-19].

In 1997, Mora and Cherruault [20] introduced the concept of the a-dense curve and
densifiable set in metric spaces. This notion is a generalization of a space-filing curve (see [21]),
and the class of densifiable sets is strictly comprised between the class of Peano continua and
the class of connected and precompacts sets (for more information, see [22-24]).

Very recently, several authors have proven some fixed point theorems by using the
concept of degree of nondensifiability based on a-dense curves, which is an alternative
method to MNC to obtain fixed point results (see, e.g., [25,26] and the references therein).

In [27,28], Garcia gives a version Schauder fixed point theorem via DND. This paper
contains a new approach to topological degree theory by introducing the concept of “degree
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of nondensifiability” (DND). Utilizing DND, we established some novel fixed point theo-
rems, including a variant of the Leray-Schauder nonlinear alternative and a new version of
Schaefer’s fixed point theorem.

The goal of this work is to introduce the topological degree by using the concept of
degree of nondensifiability. This research paper is structured as follows: Section 2 provides
the definitions, notations, basic propositions, and theorems from the literature that are used
throughout this paper. In Section 3, by using the degree of nondensifiability, we introduced
the topological degree of Leray—Schauder type. As an application, we prove Schaefer’s
fixed points theorems and nonlinear alternative of Leray and Schauder. In Section 4, we
apply our results to a functional semi linear integro-differential equations.

2. Preliminaries

In the first part of this work, we give several notations, definitions, and preliminary
results facts that are used later.

Let X be a metric space (or normed space), and  set
PX)={ACX: A#£Q}, Py(X)={A€P(X): Aclosed}, Pp(X) ={A € P.(X): A
bounded}, Pey(X) = {A € Pi(X): A convex}, Pep(X) = {A € Pu(X): A compact}, and
Pare(X) = {A € Pi(X): A path-connected }.

Let X and Y be two topological spaces, and S : X — P * (Y) be a multifunction. A
single-valued function /i : X — Y is called be a selection of S, and we write i C S whenever

h(x) € S(x) foreach x € X.

S is considered lower semi-continuous (I.s.c.) if, for each xg € X, the set S(xp) is a
nonempty subset of Y, and if, for every open subset O of Y, such that S(xp) N O # @, there
exists an open U, such that xg € U,

S(a)NO # @ foreverya € U.

Proposition 1. Let S : X — P(Y) be a multivalued mapping. Then, the following statements
are equivalent:

1. Sisls.c.
2. For every open subset O in'Y the sunset

STHO)={aeX:Sa)N0O +# 0},

is an open subset of X.
3. Forall closed sunset C in Y the set

S HC)={aeX:8@)ccC},
is any closed subset of X.

The concept of the measure of noncompactness permits us to characterize and compare
the noncompactness of such sets; for more details in this direction, we refer the readers
to [8-11].

Definition 1. Consider a complete metric space (X,d). A function @ : Py(X) — [0, +o0) is
assigned as a measure of noncompactness (MNC) defined on X if:

(a) Regularity: for any B, € Py(X), ¢« (Bx) =0 <= B, is a relatively compact set.

(b) Invariant under closure: ¢.(Bi) = @« (Bs), for any B, € Pp(X).

(c) Semi-additivity: ¢.(B: U B3) = max{¢.(B}), ¢+ (B3)}, for any B, B € Pp(X).
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The notion of a-dense curve was introduced by G. Mora [20] in 1997, but the notion of
DND appeared in 2015 as an application of such a theory.

Definition 2. Consider a metric space (X,d), « € Ry and B, € Py(X) afunction”y € C([0,1],Ry)
is called curve a-dense in B, if

e 7([0,1]) C B..
e Forall x € By, there exists [ € [0,1], such that

d(x,7(f)) < a.

The bounded subset B, of X is said to be densifiable, if for each « > 0 we can find an a-dense curve
in By.

For any « > 0 and B € P),(X), we denote the sets a-dense curves by I'y .
Definition 3. The function ¢  : Py(X) — R4 given by
¢4(By) =inf{a, > 0:T,, 5. # D}, By € Py(X),
which defines the degree of nondensifiability (DND).

Remark 1.
e From Definition 3, we deduce

®4(Bx) < 8(Bx) for every B, € Py(X),

where §(B) = sup{d(x,y) : x,y € By }. This implies that ¢ is well defined.

e From Hahn—Mazurkiewicz theorem (see, for example, [21,29]), we know that a subset B €
Py(X) is a Peano Continuum, if and only if it is the continuous image of [0,1]. So, the DND
@4 quantifies the distance, in the given sense, between B and the class of Peano Continua that
it contains.

We give some neutral properties of the DND in the following result proved in [22,26,27].

Proposition 2. Consider a complete metric space (X,d) and ¢z be DND, then

(@) Regularity: for any By € Py ac(X), 94(Bs) = 0 if and only if B is a compact set.
(b) q)d(B) = (pd(E*),fOV any B, € Pb,arc(X)'

Consider a Banach space X. Then,

X0+ B.) = @4(B.), for any B, € Py(X).

AB.) = |A|@4(Bs), for all B, € Py(X) and A € R.

(e) ¢4(co(By)) < ¢4(Bs) forall B, € Py(X), co is convex hull.

(f) ¢4(co(B,UC)) < max(¢;(coBy), 4(coC)) for all B, C € Py(X).

® ¢a(Bs+C) < ¢a(Bs) + 9a(C), forall B.,C € Py(X).

(h) Generalized Cantor’s intersection theorem: if (En)neN such that foralln € N, §n+1 C By,

(By)pen € Petcop(X) and nlgrgo @4(By) = 0, then N B, € Pep(X).

n=1

—~

© ¢4
(d ¢4

o~

Example 1 ([30]). Consider a Banach space X and B(0,1) C X to be a closed unit ball; then,

1 if dimX = +oo;

¢a(B(0,1)) = {

0 if dimX <oo.
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Remark 2. Garcia and Mora ([26], Example 2.1), show that DND is not MNC.

Now, we give some relationships between the Kuratowski and Hausdorff MNCs and
the DND ¢;.

Proposition 3 ([22,31]). Let X be a metric space and B, € P arc(X). Then,

x(Bs) < ¢a(B.) < 2x(B.)

where x is a Hausdorff measure defined as follows:

n
x(B.) =inf{e >0: B, C U B(xi,€)};
i=1

and

%w(B*) < ¢4(B:) < @(Bx).

where @ is a Kuratowskii MINC defined by

n
@(B,) =inf{e > 0: B, C U B.i; 6(B,;) < ¢€}.
i=1
Remark 3. Notice that for all B, € Py(X),

X(B+) < @(Bx) < 2x(Bx).

Definition 4. Consider two metric spaces X, 17, Ce P*(?), N:X — 17, and @4 is a degree of
nondensifiability (DND). The operator N is k— @ —contraction if

¢4(N(B.)) < kga(B+), B. € Py(C),

where k € (0,1). The collection of these maps is shown by KCi(X,Y). For X =Y,

Theorem 1. Consider two Banach spaces X, Y, C € Py, (X) and f € K(C,Y); then, there is
fe € K(X,Y) such that N B
Foie = fand F.(X) € cof (©).

Proof. Let S : X — P(Y) be a multivalued map defined by

{ {flay acC

cof(C) a € X\C.

S(a) =

It is clear that, for all a € X, 5(a) € Py (X). Now, demonstrate that S is I.s.c. Indeed, let

O € P,y(Y), then
S:1(0)={aecX:5(a)c O}

Ifcof(C) C O, hence _ N
STHO) =Y € Py(X).

Ifcof(C) ¢ O, thus
S7H0) = fHO)NC € Py(X).

Therefore, S is I.s.c. and, by the Michael Selection Theorem, there is ﬁ eC (}2, 17) such that

fi(a) € S(a) foralla € X and f,(X) C caf(C).
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Since f is compact, then, by the Mazur theorem,
c0f(C) € Pep(Y).

We conclude that N o o
fr € K(X,Y), fy. = fand fi(X) C cof (C).
]

Theorem 2 ([26]). Consider a Banach space (X, || - ||) and B € Pe,p(X). Presume that N:B, — B,
is a continuous and k— ¢ ;—contraction of measure DND. Then, FixN # @.

3. Topological Degree

Using the idea of the degree of nondensifiability, we define the topological degree in
this section.

f- € C(O,X)N
D..) such that

Lemma 1. Consider a Banach space, where O an open bounded subset of
ICCg(@,X), and 0 € (I — f)(00). Then, thereis D, € K(X) and f. € C(

%
0,
jf;‘ﬁm = fand f.(O) C cof (D, N O).
Proof. We set Dy = O, and define by induction
D, =cof(D,_1NO) foralln € N.

By Proposition 2, we obtain

94(Dy) = @u(cof(Dy_1NO))
= @4(cof(Dy, 1N 0))
< @i(f(Dy-1N0)) < x(f(Dy_1 N 0))
< 2x(f(Dn-1)) <294(f(Dy-1))
< kq)d(ﬁn—l)

Therefore, N N
¢4(Dy) <k"¢ps(D1) — 0 asn — oo.

It is clear that (Dp)pen is a decreasing sequence of bounded, convex, and nonempty

subsets of X. By Proposition 2(h), D, = (] D, is nonempty, convex and compact. Also,
neN

fe /C(ﬁ* no, )~() Using Theorem 1, we can find f. € K(O, f)*), such that

iy = fand fi(O) C cof (DN O).
0

Now, we are in a position to give the definition topological degree based on degree of
nondensifiability.

Definition 5. Consider a Banach space X, O C X, nonempty bounded, open and f € C(O,X) N
KCi(O,X)and 0 ¢ (I — f)(90). We define the degree of I — f by
2

degy(I— £,0,0) = degs(I - £,0,0),

where degy s is the Leray-Schauder degree and j‘; is defined in Lemma 1.
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o Ifb ¢ (I— f)(00) we define the topological degree by
degy(I — f —b,0,b) = degrs(I— f —b,0,b).
The next proposition makes Definition 5 meaningful.
Proposition 4. The degree deg is well defined.
Proof. Let ﬁ,f € K(O, f)) such that

f* - f - ﬁf)r@'

5o
We defined the following homotopy application # : [0,1] x O — X given by

-~

Hit,x) =tf(x)+(1-1f(x), xeO.
Let (t,x) € [0,1] x 90 such that
H(t,x) =x, x € 0.

Since f, and f both map O in D,, then

~

x=tf(x)+ (1 —t)f(x) € D..

For every x € 5*, we have
f(x) = f(x) = f(x),
50,0 = x — f(x), which is in contradiction with 0 ¢ (I — f)(9Q). Therefore,

x #H(t,x) forall (¢t,x) € [0,1] x 00.

By using the homotopy invariance of the Leray-Schauder degree, we can conclude that

deg(I — f., ©,0) = deg(I— f,0,0).

O

The topological degree via a degree of nondensifiability in normed space conserves

the basic features of the Leray—Schauder degree.

Theorem 3. Let X be a Banach space, O C X be an open bounded subset, and f : O — X
be a continuous & — g —contractions map. If b ¢ (I — f)(d0), then there exists an integer

deg;(I — f, O, b) satisfying the following properties:
(1) (Solvability) deg,(f, O,b) # 0 then x — f(x) = b has a solution in O;

(2) (Additivity). Suppose that O1, O, are two disjoint open subsets of O and b ¢ f(O\O1 U O,).

Then,
deg,(I—f,0,b) =deg,(I — f,01,b) +deg,(I — f, O, b);

(3) (Homotopy invariance) If H : [01] x O — X is continuous, b ¢ | J (I —H(t,00))

te[0,1]
and

0a(H(1,B)) < S pua(B) foral B € P,(O),

then deg, (I — H(t,-), O,b) does not depend on t € [0,1];
(4) deg;(I— f,O,b) is aconstant on each connected component of X \ f(00);
(5) deg;(I—f+yo0,O,b+yy) =deg;(I—f,0,b) forall yy € X;
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(6) Letg € C(O,X) bea compact application. If fi,, = 8|, then
degy(1 — f,O,b) = degy(I - g, O,b);
(7) (Excision). Let K C O is closed and b ¢ f(K), then
deg;(I — f,0,b) =deg,(I — f,O\K,b).
Some ramifications for this topological degree concept.

Theorem 4. Consider a Banach space X, where O is an open bounded subset of X with 0 € O and
N : O — X is a continuous % — @q—contraction map. Suppose the following Leray—Schauder
condition:

x # AN(x) forevery A € [0,1), x € 90.

Then, N possesses at least fixed points.
Proof. Let H : [0,1] x O — X a homotopy given by
H(t,x) =x—tN(x), (t,x)€]0,1]xO.
By the Leray—Schauder condition, we have
x #AH(t,x),forall t € [0,1), x € 90.

Then,
degs(x — N(x),0,0) = degyd(I,0,0) = 1.

According to Theorem 3, there is x € O such that
N(x) = «x.
O

Next, as a result, we present the version Schaefer’s fixed point type.

Theorem 5. Consider a Banach space X and a continuous map N : X — X and % — @4—contraction
map. Then, one of the following statements holds:

1. E(N)={xe€X:ANx=ux;A € (0,1)} unbounded.
2. x = Nx possesses at least one solution.

Proof. Assume that £(N) is bounded, then there exists » > 0, £(N) C B(0,r). f N(x) = x
for some x € B(0, ), then (2) holds. Suppose that

N(x) # x for all x € 9B(0, 7).
Similar to how Theorem 4 is proven,
degs(I — N, B(0,r),0) = 1.
Consequently, N possess a fixed point. O

Theorem 6. Consider a Banach space (X, || - 1I), © € X bounded nonempty subset with 0 € O,
where N € C(O — X) isa % — @—contraction application and L : 00 — X compact continuous
mapping. Suppose

AN(x) + (1 = Ay)L(x) # xand ||x|| < ||L(x)| foreach x € 00, A, € [0,1]. (1)
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Then,
deg;(I —N,0,0) = 0.

Proof. By Theorem 1, there exists S : O — C a compact, continuous mapping such that
Silpo = S+ Let 1 [0,1] x O — X be a mapping of homotopy provided by

H(t,x) = AN(x) + (1 —A)S.(x), (t,x)€]0,1] xO.
From Condition (1), we have
0¢ (I-L)(00)and 0 & (I — H(t,00)) for all x € 90.

Thus,
deg,(I —N,0,0) = deg,(I — Si,0,0) = deg; s(I — S«,0,0).

By [32], (Lemma 2.2.11), we obtain
deg, (I - S,,0,0) =0.
O

Theorem 7. Let X be a infinite dimensional Banach space, and U; C X,i = 1,2 be two open
bounded nonempty subset of X, 0 € Uy C Uy, xo € X, such that

sup x| < f[xol|-
xealp

Let N : U, — X be a continuous & — @ —contraction map satisfying

(H1) |lx]| < |IN(x)|| and AN(x) # x + (1 — A)xq for all x € 9U,.
(Hz) |IN(x)|| < ||x|| forall x € oU;.

Then, there is x € U, \U; with x = N(x).
Proof. It is clear that U, \Uj is a open set and U, = U, \U; U U;. Then, by Theorem 3,
deg;(I — N, Up\Uy,0) = degy(I — N, Uy, 0) —degy(I — N, Uy, 0).
By (#1), we can apply Theorem 6,
degs(I — N, Uy, 0) = degrs(I — N,Us,0) = 0.

By (), we have
x —AN(x) #x, A € [0,1] and x € oUj.

Then, by homotopy proprieties of topological degree, we obtain
degd(l — N, Ul,O) = degd(l, UQ,O) =1,
which implies deg; (I — N, U, \Uj,0) = —1; hence, there is x € U, \U; satisfying

x = N(x).
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4. Semilinear Integro-Differential Equations with Finite Delay

In this section, we consider the following semi-linear functional differential
equation problem:

{ Uu'(t) = AU(t +/ (t—s)U(s)ds + f(t,U;), ae. te€][0,D], %)

U(t) = ¢« (1), € [-r,0,
where A is the infinitesimal generator of a Cy — semigroup {T(t) };>¢ on separable Banach
space (&, || - ||) with domain D(.A), f : [0,b] x C([—7,0],&) x € — &, is a given function,
and ¢, € C([—7,0],€). Forany t € [0,b], S(¢) is a closed linear operator on £, with domain

D(A) C D(S(t)), which is independent of ¢. For any function / : [—r,b] — £ and any
t € [0,b], we denote by U; the element of C([—r, 0], £) defined by

U(8) = U(t+6), 6 € [—r,0].

Here, U;(-) represents the history of the state from time t — r up to the present time t.

The existence of mild solutions for integro-differential equations in infinite dimen-
sional space has been investigated (see, e.g., [33-38] and the references therein).

Here, we investigate the existence of the mild solutions for the above partial
integro-differential evolution equations with finite delay where the semi group is not
necessarily compact.

Existence Result

We recall some knowledge on resolvent operators in Banach space.

Definition 6 ([39]). A family of bounded linear operators (R(t));cr, € L(E) is called a resolvent
operator associated with (2) if

(@) R(0) is the identity map and |R(t)|| < MeP! for a certain a positive real constant M and
BeR.

(b) ForeachU € &, R(t)U is strongly continuous.
(c) ForallU € E,t — R(t)U s continuously differentiable, and

R (tU u+/ (t —s)R(s)U ds
Au+/ (t — 5)S(s)U ds.

Theorem 8 ([39]). Let ¢.(0) € D(A). Then, (2) possesses a resolvent operator. Also, if U is a
solution of (2), then

Rm@m+/%@ﬂy@%w&temw
Ut) = 0
¢, (1), L€ (=0

Definition 7. A function U € C([—r,b], &) is called to be a mild solution of Problem (2) if

Rm@@+4%uﬂy@%wﬁtemw

u(t) = 3)

¢+ (1), t e [—r,0].

In the following, we will need the following lemma.
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Lemma 2 ([27]). Let B, € P,(C([0,¢c],E)), then

sup{@q({x«(t) : x« € Bs}) : £ € [0,¢]} < @a(Bs).

In order to give the existence result of the problem (2), we shall need the
following hypotheses:

(H1) fisais Carathéodory from [0,b] x C([—7,0],€) x € to £.
H.

(Hz) {T(t)}+>0 is operator-norm continuous for ¢ > 0.

(H3) There exists h € L'([0,b],R.) such that

I f(t ) <h(t)(||¢]lo +1), forevery e C([—r,0],E), ae.t €[0,b].

(H4) There exists g € L'([0,b],R;) such that for all D, € P,(C([~,0],€)), we have
pal£(t,D.)) < g(t)( sup ]qod(D(e))), forace.t € [0,B]
oe[—r,0
where
D(6) ={¢(0): ¢ €D}, 6¢€[-r0].
Theorem 9. If (H1) — (Hy) hold, then Problem (2) admits at least one mild solution.

Proof. Let us consider the operator N : C([—r,b],E) — C([—r,b], E) as follows:

R(£)+(0) + /tR(t ) f(s,Us)ds, te[0,b],

(NU)(t) = 0
¢+ (1), t e [—r,0].

This is evidence that the fixed points of N are solutions of Problem (2). Utilizing Banach’s
fixed point theorem, we prove that N possesses a fixed point.

Step 1: Demonstrating the continuity of N.
Indeed, let (™), cn C C([—7,b], &) such that U™ — U in C([—r,b],E). Then,

N 6) = N = | [ RO =9)5(6,u s = [ R(e )15 )

< [VIRG = )| st~ s 1) s

The sequence (fy)en, defined by f, : t € [0,b] — fu(t) = f (t,L{t(”)), satisfies the
conditions of the Lebesgue’s theorem. Indeed,

Utilizing that f is a Carathéodory function and by the separability of C([—7,0],&) x &, we
deduce that f(-, -) is measurable. So, for any n € N, the function f,(-).

Since the sequence (U4()),,cry converges to U in C([0, b], £) and f is a Carathéodory function,
then there exists M, > 0 such that

and from (H3),

lfn(O)) < (M +1)h(t), foralln €N, t € [0,b].
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By the Lebesgue theorem, we obtain
b
INUy — NU|oo < Me\ﬁlb/ L fou(5,UM) — F(5,Us)||ds — 0 1 — co.
0

Step 2: N transforms bounded sets of C([—7, b], £) into bounded subsets of C([—r, b], E).

In fact, by letting r > 0 and B, = {u € C(|-,1],€) / ||u|lo < r}, we show that N(B,) is
bounded. By Definition (6) and using the hypothesis (#4) and (H>), we obtain, for any
t € 0,b],

t
[N < MePlg(0)]| + MetP [~ (5,24 ) s,
Thus,
b
INGOIe < MeP? (gl -+ e *Phis)as ) =1

Therefore, N(B,) is bounded.
Step 3: Proving that N is ¢;—contractive.

Now, let B € Py(C([—1,b],£)) and, for each s € [0,b], we obtain fs = sup ¢;({Us(0) : U €
0e[—r,0]
B}); then, by (Cz), we have

¢a({f(s,Us) : U € B}) < g(s)Ps.
Thus, for s € [0,b] and € > 0 there exists 75 € C([0,1], ) such that
7s([0,1]) € {f(s,Us) - U € B}
and for every U € B, there exists T € [0,1] with
1£ (s, Us) = 7s(D)]| < 8(s)Bs + e
Thus, for 7. > 0, we obtain
e Pl R8O (s, 1s) — Fu(D)] < 8(s)Bs +e.
We define the following mapping v : [0,1] — C([—r,b], £) as follows:
t
R(£)¢..(0) +/ R(t —s)s(T)ds, te[0,b],
(r+(D)(t) = 0
P« (1), te[—r0].

It clear that 1y, is a continuous mapping and 7. ([0, 1]) C N(B). Furthermore, forally U/ € B,
there exists T € [0, 1] such that

[(NU)(t) — (v«(T) ()] < M/Oteﬁ(*sﬂ)gnfosg(@)d?e*f*fgg@)dg“f(s,us)—%(r)”ds

. M/t olBl(=s+1) o7 [ 8(8)dE p— T fég(C)dCHf(S/z,[s) — Fs(T)||ds
0

< M/t elBl(=s+0) o7 Jo 8(Q)dE o= J5 8(D)E | £(5,14,) — 75 (T)||ds
0

S e‘ﬁ‘tM /Ot g(s)er* fOs g(g)dgdsq)d(B) _|_ ee'ﬁ‘tM /Ot eT* fOs g(g)déds

Thus,

e BT 38O (N2 (1) — (12 (D) (D] < L y(B) + eMb.

*
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Therefore,
M
[(N) = (ra(@Dlle < L uB) +eMb,
where .
et = sup e P Jo SO (e
te[—rb]

Letting € — 0, we obtain

M

ING) - 7@l < T
*

Since T is arbitrary, we choose T, such that 0 < % < 1, then

k _2M

a(B) < 5¢a(B), k B € Py(C([-7,b],£)).

*

Consequently, N is a % — @4—contraction. It is clear that (C([—7,b],&), || - ||+) is a Banach
space, and N : (C([-r,b],E), | - ||«) = (C([-7,b],E), ]| - ||+) are continuous operators.

Step 4: A priori estimation.

LetU € C([—r,b],€) such that Y = AN(U),and 0 < A < 1. Then, for all t € [0,b], we
obtain

ui) = A(R(t)cp*(O) /OtR(t—s)f(s,Z/ls)ds), u(t) =¢(t), te[-r0.
Thus,

t
O < Mgl + [ M) f(5,24) s

IN

t
MeP || ]|eo + /0 MBS0 () ([[Us | oo + 1)ds

IN

t
MelPl|¢]|eo + MelPP|[1]] +/ MeP* TR (s) |[Us | codls
0

IN

t
MMWMM+MWWMUfAMW*mM@sw|WW+MW.
oe[—r,0]

Therefore,

t
()] < MelP?| oo + MelP ] +/0 MePCSH0n(s) sup U6 +s)[lds.  (4)
oe[—r,0]

Set V(t) = sup |[U(s)||. Hence, the inequality (4) implies
s€(0,t]

V(t) < Bs + MelPl? /Oth(s)V(s)ds,

where
B, = MelP?|¢]|oo -+ MelPl?|| ]| co ] 1.

Gronwall’s inequality,

V(t) < Biexp (Memb./(;th(s)ds), t e [—rD).
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Therefore,

b _
U]l < Bsexp (Melﬁh/ h(s)ds) — M.
0

Set
F={U € C([-r1],E): U]« < My +1}.

So, 0 € § is a bounded open. Then, from above steps, we can conclude that N satisfies all
the conditions of Theorem 4. As a result, N has at least a fixed point U/ € §, representing
the solution to Problem (2). [

5. Conclusions

This paper contains a new approach to topological degree theory by introducing the
concept of “degree of nondensifiability” (DND). Utilizing DND, we established some novel
fixed point theorems, including a variant of the Leray-Schauder nonlinear alternative and
a new version of Schauder’s fixed point theorem. In the end, this work shows that, without
the compactness of the Nemytskii operator, some class of semi linear integro differential
with delay hast at least one solution under some sufficient conditions. I hope that these
results extend some previous ones in the literature.
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