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Abstract: Applications involving functional equations (FUEQs) are commonplace. They are essential
to various applications, such as fog computing. Ulam’s notion of stability is highly helpful since
it provides a range of estimates between exact and approximate solutions. Using Brzdek’s fixed
point technique (FPT), we establish the stability of the following cubic type functional equations

(CFUEQs): f(,%g? + gg) + ]-'(3/5? - g;) = 2F(&) +2F (&), zr({“/ %) = F (&) + F(&) for

all 1,8 € R.

Keywords: Jensen cubic functional equation; fixed point theory; quadratic cubic functional equation;
stability

MSC: 39B22; 47H10

1. Introduction

Functional equations (FUEQs) are widely used in a variety of fascinating contexts;
see, e.g., [1-3]. Their applicability and inherent mathematical elegance make the theory of
FUEQs attractive. FUEQs are crucial in a wide range of applications, providing an effective
means of refining the models used to analyze different phenomena.

The concept of stability was introduced by Ulam [4], followed by Hyers [5,6], and it
has been widely studied in mathematics and FUEQs. There is some connection between
it and the topics covered in other branches of mathematics, such as shadowing (see [7]),
approximation theory, and optimization. It concerns various equations (functional, differen-
tial, integral, difference, etc.), in order to determine how much an equation’s approximate
answer and its exact solution vary from one another. This topic has inspired many papers,
and we refer the reader to [6,8-11] for further information on this subject.

In addition, many researchers have studied the stabilities of Drygas [12,13], the Pexider-
ized additive-quadratic equation (see [14]), the Frechet FUEQ [15], radical FUEQs [16-18],
the quadratic FUEQ [19-21], and systems of FUEQs [22,23].

Many investigations on stability have been conducted in recent years, using various
techniques to generate results that have been used for various functional inequalities,
FUEQs, derivations, antiderivatives, and homomorphisms (see [24-28]).

In this work, applying the Brzdek FPT, we determine the stability results of the

quadratic CFUEQ
f(i/r:% i c;) T f(i/é% - 6%) —2F () + 2F () W

and the Jensen CFUEQ
361+ 83
2|\ T | = F G+ F(E) 2)
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forall ¢y, € R.

For example, the function 7 : R — R given by F(¢;) = cZ% is a solution of (1), and
F(&1) = c&} is a solution of (2), where c is a constant.

In 2011, Brzdek et al. [29] gave a simple FPT. Before presenting the Brzdek FPT, let us
introduce some hypotheses, which we use in this work.

H1. A is a nonempty set, and E is a Banach space.
H2. 0q,...,00: A — Aand A1,..., Ay 1 A — R are given maps.

H3. T : EA — E4 is an operator satisfying the inequality

k

ITF(E) = Te@Gll < Y AiG0lf(@i(E1)) — 8(@i(@))ll,
i=1
forall f,g: A — Eand ¢; € A.
H4. A : RY — R4 is a linear operator defined by

I
1=

Au(gr): Ai(G1)u(0i(81)),

i=1

fory: A—Ryand ¢y € A

Theorem 1 ([29]). Suppose that (H1)—-(H4) are satisfied. Assume that there are functions
0:A - Ryandy: A — E: V¢ € A, such that

1T — p(E)]l < 6 mdewawzfzﬁwa><w

hold. Then, for all &1 € A, the limit
— i n
S(&) = lim T"9(&1)
exists, and the function S : A — E, so defined, is a unique FP of T with
19(61) — S(E)Il < 67(81),
V¢, € A

2. Preliminaries

We use this section to recall some interesting stability results of the CFUEQs. The fol-
lowing FE is considered the oldest CFUEQ), introduced by Rassias (see [30]),

I1(a+2b) + 311(a) = 3I1(a +b) + I1(a — b) + 6I1(b).

In [31], the authors investigated the general solution and the generalized Hyers—-Ulam-
Rassias stability for the following CFUEQ:
I1(2a +b) + I1(2a — b) = 2I1(a + b) + 2I1(a — b) + 1211(a).

We highlight the papers [30,32] concerning the stability of the CFUEQ.
In this work, suppose that E is a Banach space, and Ng = NU {0}.

3. Stability of (1)
Applying the Brzdek FPT, we determine the stability of (1).
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Theorem 2. Suppose that a function F : R — E satisfies

() () s

forsome é,p > 0, p # 6,and all §1,¢» € R. Then, there exists a unique function Q@ : R — E
satisfying the quadratic CFUEQ on R with

< 5(|¢1]P + 16217) 3)

26

[CEleT

IF(&1) — &)l <

Vgl €R.

Proof. Setting ¢; = ¢» = 0in (3), we obtain F(0) = 0. For the case p < 6, replacing ¢, by
¢1 in (3), we obtain

H]:(Cl) - i]:(\s/iffl)

<l @

V& €R. Let T : ER — ERand 0 : R — R, be defined by

Tf@) = 3£ (Va),  feE®,

and 0(&) = $|&1|P V& € R. Thus, we can write (4) as [|[TF (&) — F(&)| < (&)
V&, € R. So,

7

1T~ Te@l < 3£ (V2e) - s(Vae)

Vf,g € ER and & € R. Hence T : ER — ER satisfies the condition (H3) with A{(&;) = %
and 01 (&) = V/2¢1. By (H4), the operator A : ]R]}fﬁ — ]R]}fi is defined by

Ap(Gr) = %ﬂ(%él), neRE,
V¢, € R. Hence,
1,75 25 R
AB(¢y) = 1(9(\[2@1) = 19(51), 6 € RY,

V¢1 € R. Using induction and linearity A, it follows that

25\"
A"0(81) = <4> 0(¢1),  meN,

V¢, € R. Hence, the series ), _, A™0(() is convergent to

26

o) = ¥ 46 = el
1 mgo 1 4 (\?’/i)p 1
V¢1 € Rand p < 6. Using Theorem 1, there is a function Q : R — E, such that
1
(&) = lim T"F(&1), Q) = ;2(V2a),
and
26
[F(81) = QeI < 5611,
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V¢1 € R. From (3), we arrive at

gﬂf(%%%ﬂ@)+f<%@}a@)—y{vEQ_Q;G@@)
(1)’
<@l + ek,

V¢1,C2 € R. By induction on m € Ny, we obtain

|Tr (Y a) s (Ya-a) - -
(v2)")"

<Ol = | UalP+Iel"),

V¢1,E2 € R. This yields

Q(f/ﬂ) + Q(Wé% - 63) =20(&1) +2Q(&),

V¢1,82 € R. For p > 6, replacing ¢; and ¢, by %ﬁ in (3), we have

||f<¢1>4f(%)|| < ( ;g)pwlp,

V& € R. Define 7 : ER — ERand 0 : R — R by

and 6(¢1) = 27p|€1‘p/

(v2)

V¢, € R. So, we can write (5) as || T F(¢1) — F(G1)]| < 6(&1) V&1 € R. Therefore,

17 s - Te@nl <4l r(£5) -s(5)]

Tre) =4 (55)

Vf,g € ER and & € R. We apply Theorem 1 with A{(&1) = 4, 51(&1) = §—12 and A: RY —

R \f
RE by
Au(ér) =414<§/1§), peRE,

V¢ € R. Accordingly,

V¢ € R; thus,
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V¢, € Rand m € Ny. Since p > 6,

> 20
0(¢1) == ) A"0(G1) = —5—1a1l",

1 mZ:;O 1 (\3@),{7_4 1

V¢ € R. Using Theorem 1, there exists a function Q : R — E, such that
Q) = Jim T'F (), Qe —40( SE),

and

Q&) - F@) € ——p— Izl

1) - @ <y
Ve € R

Similar to the previous case, it can be easily shown that Q satisfies FE (1).

Finally, we prove, only for case p < 6, that Q is unique. The proof of the case p > 6 is
similar to the proof of the case p < 6.

Suppose that Q1, @, : R — E satisfy the quadratic CFUEQs on R and

|01 - FEl alaal,  1xE) - F@l < &lalr,
for some 8,8, > 0 and for all & € R. Thus,
191(61) ~ (@)l < (61 + &))",
Vé € R. Hence,
01 = ;21(V20), @) = ;0(V20),
V&, € R. Therefore,

()

121(E) ~ 2@l < g2 (V28) - @2(Vaa) | <~ + &)l

V¢ € R. By induction on m € Ny, we see that

(v2)'
1Q1(¢1) — Q2(81)|l < ~— (61 +02)[G117,

which tends to 0 as m — oo for all §; € R. This implies Q1(&1) = Q2(¢1) V& € R O

In the following example, we prove that, for p = 6, the quadratic CFUEQ is not stable.

Example 1. Let i : R — R be defined by

_Ja lal<t
¥(C1) {1 als1

and suppose that F : R — R is defined by

F(G1) = ilp(z;go

n=0
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forall §; € R. We prove that

F(ara) (Vi -a) 27 - 27

VC1,82 € R; but, there is no constant k > 0 and no function Q : R — R satisfying (1), and

| F(&1) — Q(&1)| < k&8,

<32(¢9 + ),

V¢ € R
Proof. Clearly, we see that |F(&;)| < %, for all & € R. Now, we consider the two

following cases.
Case 1: If &1, & € Rand &9 + &8 > , then

‘]:(m) +J—"<m) —2F(81) —2F(62)

Case 2: Suppose that ¢1,¢> € Rand C? + é‘g < %; hence, @? — (Zg < %, (f? < }1, and Cg < }1.
Then, there exists N € N, such that

<8< 32(g$+§g).

1 6 6
m§§1+§2<47\['

Therefore, 2" (2% +¢5) < 1
0,1,...,N — 1. Hence,

‘f(e/éi’ +<:§> +f(€/¢% —é%) C2F() - 2F (&)
i l[J(Z%E/é’%Jrgg) N i 1/]( 343/61 52) i (2351) i lP(Z%CZ)

4n 4n B 4n

(8-25)] < 1,2%¢% < 1,and 27¢5 < 1, foralln =

n=0 n=0 n=0

4i = e <22+ 8),

<6 o

HMg

forall &1, € R.
Suppose that there exists a constant k > 0 and a function Q : R — R satisfying (1) with

| F(&1) — Q(&1)| < k&8, (6)

forall &; € R. Hence, |Q(&1)| < k& + %, for all &; € R. Substituting 25 Z; in the place of ¢
in the above inequality yields

|o(2%a1)| < 4kt +

for all {; € R. Dividing the expression obtained by 4", we obtain

#o(24)

forall¢; € Rand alln € N. Since Q(&;) = %,,Q(Z%él), forall& € Randn €N,

1

< kC?-l— Ix a1’

@)

1Q(&1)| < k&3, 8)
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for all ¢; € R. From (6) and (8), we have

< 2,
1

‘f@l)
6

forall ¢; € R.

25¢ < 1for
n=20,1,...,N—1,and

which implies

which is a contradiction. [

4. Stability of the Jensen Cubic Functional Equation
Using the Brzdek FPT we determine the stability of the Jensen CFUEQs (2) for (\p > 3.

Theorem 3. Assume that E is a Banach space. Suppose that there is a function h : R — E satisfying

3 3
2 (i/ ke 62) - F(@) - F@)

for some 6 > 0, p > 3and all 1,82 € R. Then, there exists a unique function 7 : R — E
satisfying the Jensen CFUEQs on R:

14
2+2(2(1+2:3p>p — 1)
[F(81) =T (@)l < 7lcal”,

refe]

< O([al” +18217), ©)

V¢ € R

=W

3-p
3

Proof. Fix p > 3. The replacement of ¢, by i/ 2 <1+24 ) —1¢&1 in (9) yields

({45 ) ((59)'s) |
. (() ) el

V¢ €R. Let 7 : ER — ERand 6 : R — R be defined by

(10)

=l
[ShS]

3—p

N\ 3 AV
Tf@) =2f (”j )él ~f 2<”f ) “1a |, fer
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and
P
3

3
3PN\ 7P
1+273
0(¢1) = |1+ 2( 1 ) -1 3|ér1P,

V¢1 € R. Then, we can write (10) as || F(§1) — TF(G1)]| < 0(¢1) V&1 € R. Thus,

ITf(&E) - TgE)ll <2|f (”:3) ol e <1+2

3
3P\ p
1+2 12
+If 32( +43> BTN 2( - )—151

7

Vf,g € E®R and ¢; € R. Hence, T : E® — EF satisfies the condition (H3) with A (&) = 2,

A2 (81) =1,

01(61) = <1+j3> & ,and (&) = ’ 2<1+j3> —18.

By (H4), the operator A : RE — RE is defined by

L2t L4257
3
Au(81) =2u ( 1 )é‘l +u 2( 1 ) — 12 |,

V&1 € R. Hence,

4
3

1427 11257 N
80 = | ——+ 2 — —1| |e@), 0erF,

V¢1 € R. Since A is linear, by induction on m € Ny,

8 S\
ame(e) = | 12T 2<”2 )—1 6(21),

V¢, € R. Since

Vp >3,

142

N
w‘ﬁ”
=
+
N
VR
—_
+
=N
w“f
(AN
~
=|w
|
—_
A
—_
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Consequently, the series ) ) A™6(&1) is convergent for all §; € R, and

(S
3

@)= L ame@) = 3 [ z(”js> 1| | e

0 m=0

3—p %
242 2(1+243> ~1
3—p 3p % ’
1-273 -2 2(”243) —1

V& € R. By the use of Theorem 1, there is a function 7 : R — E: J(¢1) = limy—ye0 7" F(&1),

1427 v o| (1427 ;
J(§1>=2J< : )51 - 2( . >—1§1,

and

2\
242 2(”243 > -1
3—p Sp 2
1-273 -2 2(1+243> ~1

V&1 € R. Now, we show that J satisfies the Jensen CFUEQs. From (9), we have

o7 (V58) - T - TR

17(61) = F(GIl <

<|w

(i) (T
4 ! 1 &1
2f<(”233p)2’¢ ) +}'<\/2<) e ) H
4 2 7 5
T
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V¢1,82 € R. By induction on m € Ny, we obtain
mr( 3G+ n
2T F\N\ T | —T"F(G) = T F(82)
m
14277 127 :
<9 >+ 2( 1 > -1 (16117 + 182[7),
V¢1,C2 € R. Letting m — oo, we conclude that
@343
25( ) = (@) + T ),
Vg1, 82 € R.
Uniqueness: Consider two functions J1, J, : R — E satisfying (2) with
[F(¢1) = TGl < LlgilF, i=1,2
for some L > 0 and all ; € R. Therefore,
[71(81) — J2(61) [l < 2L[G1[", (11)

V¢ € R
Also, J1 and J; satisfy (2); thus,

e ol (142757
Ji(81) =27 <4> G| —J 2( ) —1¢1 |, i=1,2,

V¢, € R. Therefore,

|J1(81) — T2 ()] <2

5 (()5) ) j(()g) H

V¢, € R. By induction on m € Ny, we obtain

14 m
3—p 3
3

171(&1) — T2 (61| < 1“23’?(2(”24 ),,_1> 2LI& [P,

V¢ € Rand all m € Ny. This means that 73 = J,. O

5. Conclusions

We employed a well-known FPT to study the Ulam stability of some classes of sym-
metric CFUEQ. Stability helped us to obtain estimates between the exact and approximate
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solutions in many cases. One can find such results for a more generalized version of the
FUEQ. Future directions will involve studying the Hyers—Ulam—Rassias stability of much
more complicated FUEQs or in some new function spaces.
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