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Abstract: Let P(x) be a system of polynomials in s variables, where x € C®. If z is an isolated zero
of P, then the multiplicity and its structure at zy can be revealed by the normal set of the quotient
ring R(< P >) or its dual space R* or by certain numerical methods. In his book titled “Numerical
Polynomial Algebra”, Stetter described the so-called distinguished points, which are embedded in a
zero manifold of P, and the author defined their multiplicities. In this note, we will generalize the
definition of distinguished points and give a more appropriate definition for their multiplicity, as
well as show how to calculate the multiplicity of these points.
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Let P(x) be a system of polynomials in s variables, where x € C®. If z is an isolated
zero of P, then the multiplicity and its structure at zg can be revealed by the normal set of the
quotient ring R(< P >) or its dual space R* (cf. [1]), and a numerical method has been de-
veloped by Dayton and Zeng [2]. In [1], Stetter described the so-called distinguished points,
which are embedded in a zero manifold of P, and defined their multiplicity. However, it
turns out that in most of the cases, the points that display some kind of “distinguished”
property do not satisfy the definitions for distinguished points. In addition, the multiplicity
defined there is not quite appropriate. So in this note, we will generalize the definition of
distinguished points and give a more appropriate definition for their multiplicity, as well
as show how to calculate the multiplicity of these points.

Example 1. For a polynomial f in one variable, if f(x) = (x —a)™q(x), where q(a) # O,
then a is a zero of f with multiplicity m. Equivalently, if there exists a maximal set of linearly
independent linear functionals {c1, ..., cm} evaluating at a such that c¢;(f) = 0 and c;(gf) =0
for all g, then the multiplicity of f at a is m. An obvious choice of a set of such functionals is
(i_f)'ﬁ,i =1,...,mevaluating at x = a.

Now, we consider a perturbed equation

C; =

H(x,t) = f(x)—t=0,

where t is a complex parameter. It is not too hard to see that the solutions to the equation can be ex-
panded as a Puiseux series in t: x;(t) = a +u;t /™ /q(a)V/™ + higher order terms, i =1,...,m,
where u; is an mth primitive root of unity converging to x = a. Define d1(f) = f(x1) = f[x1],
dr(f) = flxr,xo] = (flxa] = flal)/ (2 = x1), .o dmr = (flx1,. . xmaa] = flxo, o,
Xm])/ (Xm — x1), where f[x1,...,xr41] denotes the standard Newton’s kth divided difference.
Apparently, the d;s depend on t. When t — 0, the d;s “converge” to c;s.

On the other hand, if the zero set of the perturbed polynomial H(x,t) can be expanded as a
Puiseux series in t—x = x;(t),i = 1,...,m near x = a—then the multiplicity of a is m, since this
means that for each 0 < |t| << 1, H(x, t) has exactly m zeros.
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For polynomials with more variables, the definition above can be generalized. The
Puiseux series has long been used to derive the bound of the number of zeros for the system
of polynomial equations [3,4]. We will show that the Puiseux series can be used to reveal
the multiplicity of a point isolated or not.

Example 2. Suppose that P(x,y) = (x2,y?)!, where (x,y) € C2. It can be shown that zg = (0,0)
is a zero of P with a multiplicity of four. Let

Pi(x,y) = — clo+cnx+cpy+ -
&y €20 + C1X +Cpy + - -

be a generic polynomial and define a perturbed system Q := P(x,y) + tP1(x,y). Then for small
t, there are four zeros of P near zy. To see that, we substitute x = xot*1 + X182 4+ ... and
¥ = yot*2 + y1t2*2 + - - -, for x and y in the following equations: P(x,y) + tP;(x,y) =0

X 4 = (e + cnXot*t + cpayot? 4+ ),
Yor*2 +- - = t(co + canxot™ + eyt + - ).

Equating the coefficients and the exponents of the lowest order terms in t yields

x§ =

Yo = C20,

20(1 = ]., (1)
2062 = 1.

It is easy to see that this system has four solutions. Thus, there are four Puiseux series in t:
x =x;(t),i=1,...,4 converging to (0,0) as t — 0.

Thus, there is a one-to-one correspondence between the multiplicity and the number of Puiseux
series expansions of the zero set of the perturbed system near z.

Remark 1. Write Py = C + H, where C is the vector containing all of the constant terms of P,
and H = P; — C. When we derive a system of equations for solving the (x1q, . .., Xuo) and the as
as in (1), the terms in H are all higher order terms and will not contribute anything. So, in the
perturbation, only the constant terms are needed.

In general, we have the following:

Proposition 1. Suppose that zy € C° is an isolated zero of P. Then, there is a one-to-one correspon-
dence between the multiplicity and the number of Puiseux series expansions of the zero set of the
perturbed system P + tC near zg, where C € C° is a generic vector, which is the constant term of a
generic polynomial P;.

Proof. Assume that zg is a zero of P with multiplicity m. Let x;(t) = cjpt® + c;1t?* +
higher order terms, i = 1,...,k and y;(t) = bjgt* + bj1t** + higher order terms, and i =
1,...,K be the Puiseux series expansion of the solution set of P(x) + tC = 0 and P(x) +
tPy = 0, respectively, near t = 0, where c¢jg # cjo and bjy # bjo. According to Remark 1,
k = K and bjy = cj. Since for each t > 0 small enough, the system P(x) +tP; = 0
has exactly m distinct solutions, and y;(t)’s are distinct solutions of the system, where
m=k=K. O

In [1], Stetter described the following:

Definition 1 (Definition 9.13, [1]). Suppose that Py is a singular system of s polynomials in s
variables with a d-dimensional zero manifold My. For a specified near singular polynomial system,

Pi(z) := Po(z) + tP1(2),
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let z = z(t) be such that Py(z(t)) = 0. If z(t) = zo +z1t + - - -, rankP{(z0) = s —d, and
Py(zg) € rangePj(zo), then zo € My is called a simple distinguished point of P;.

wos= (3 e =-(2).

and My = {(x,y)|x = 0}. Let zg = (0,c2/c1) and z(t) = zo + (c1t,0). Then, Py(z(t)) =
0, and Py(z9) = Pj(z0)(—c1, —c1/c2)t. So, Py(zo) € rangeP}(zo), and thus, zq is a simple
distinguished point of P;.

Example 3. Let

Note that the main characteristic of these kinds of points is that they depend on P;. The
following example shows, however, that these kinds of points do not have to be “simple”.

Xz C1
Py(x,y,2z) = y2 Pixy,z)=— e .
xyz c3

Then, My = {(x,y,z)|x = y = 0}. It is not too hard to see that there are four curves
(xi(£), y; (1), zij (1)), of Pr(x(t), y(t),z(t)) = O, where xi(t) = (=1)'Vert,i = 1,2, yj(t) =
(— )]\/a j = 1,2, and zj(t) = (=1)"c3/\/c1ca, thus converging to the points
zor = (0,0, (—1)kc3/\/c1¢2), k = 1,2. This means for small t, the system Py(x) + tPy(x) = 0
has two solutions near zg,, k = 1,2. Also note that zy depends on the perturbation Py. In this
case, s = 3,d = 1. While rank(P}(z)) = 0 < 3 —1 forall z € M, only two points are really
“distinguished” and are dependent on the perturbation.

Example 4. Let

Motivated by the examples such as the one above, we introduce a new definition below:

Definition 2. A generalized distinguished point zg € My with respect to Py under the perturbation
Py is such that there are m (> 1) solution curves of Py(x) + tP;(x) = 0 converging to zg as t — 0.
Also, z( depends on the perturbation P;. The multiplicity of such points zy with respect to this
perturbation is defined as m.

In [1], Stetter also described the following;:

Definition 3 (Definition 9.14, [1]). Suppose that Py is a singular system of s polynomials in s
variables with a d-dimensional zero manifold My. Points of z € My with

rank(P(z)) <s—d
are multiple distinguished points of Py.

Definition 4 (Definition 9.15, [1]). Suppose that Py is a singular system of s polynomials in s
variables with a d-dimensional zero manifold My, and z € My is a multiple distinguished point of
Py. For the sake of simplicity, we assume that all the zeros of Py are contained in My, and z is the
only distinguished point of Py, multiple or not. Let Iy be the ideal of polynomials that vanish on M,
Ny is a normal set (see Appendix A) of Iy, and N is a normal set of < Py > containing No. Then, z
has multiplicity #(N \ Np) + 1.

Example 5. Let

o5 )

Then, My = {(x,y)|x = 0}, zo = (0,0), Iy =< x >, and a normal set of Iy and Ny is
{1,y,9%,9%,...}. Inthis case, s = 2,d = 1, and rank P'(zg) = 0 < 2 — 1. So, zq is the multiple
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distinguished point of Py. However, a normal set N of < Py > is {1,x,xy,y,y% %, ...}. Thus,
N\ Ny = {x,xy}. So, according to Definition 4, the multiplicity is suppose to be 2+ 1 = 3.

Now, let
c
P](x,y) = —< C; )

and Qy = Py + tPy. It is not too hard to see that there are four curves (x;(t),y;j(t)) such that

Qi (x(t),y(t)) = 0, where x;(t) = (—1)iy/eiti = 1,2, yl-]'(t) = (—1)f\/(—1)iczx/t/cl,j =
1,2. It is also easy to see that they all converge to the point zy = (0,0). Thus, the multiplicity of z
should be four instead of three.

Based on the observations from examples such as the one above, we will modify the
definition of distinguished points and give a new approach to calculate the multiplicity.

Definition 5. Let Py(x) be a system of s polynomials with x € C°, and M is a zero manifold
of Py. If zo € M is such that for a generic perturbation Py, the system Py(x) + tPy(x) = 0 has
m > 1 solutions near zq for small t, then we call zy a proper distinguished point of Py, and m is

its multiplicity.
x2 1
P(x,y,z) = | v* Pi(xy,z)=—| o |.
xyz c3

Then, M = {(x,y,z)|x = y = 0}. It is not too hard to see that there are eight curves
(xi(£), y;(1), zij (1)), where x;(t) = (=1){¥/ert,i = 1,2, y;(t) = werl,j = 1,2,3,4, and
z;j(t) = cat/ (x;(t) * yjz(t)), where u is a fourth primitive root of unity converging to the proper
distinguished point zy = (0,0,0). This means for small t, the system P(x) + tP;(x) = 0 has
eight solutions near zq. In this case, s = 3,d = 1. While rank(Pj(z)) =0 <3 —1forallz € M,
only one point is really “distinguished” and is independent of the perturbation. So, the multiplicity
of zg is eight.

Example 6. Let

Remark 2. Suppose that zog € M is a proper distinguished point of Py; then, if we expand the zero
set of Py(x) + tPy near zg as Puiseux series, x(t) = zg + xot* + x1t>* + - - -, then each component
of w is positive, and the number combinations of xo and w is the multiplicity.

xz C1
Py(x,y,z) = | v* Py z)=—| o |
Xz + y22 c3

Then, M = {x =y = 0}. It is not too hard to see that there are eight curves (x;(t),y;(t), z;;(t)),
with o = (1/2,1/4,1/2) and eight curves with « = (1/2,1/4,1/4) converging to the proper
distinguished point zg = (0,0,0). This means for small t, the system Py(x) + tPy(x) = 0 has
16 solutions near zg. Thus, the multiplicity of zq is 16.

On the other hand, if
2
PO (x/ yr Z) - ]/4 ’
xz+ ]/322

then, there are only eight curves (x;(t),y;(t),z;;(t)), with « = (1/2,1/4,1/2) converging to the
proper distinguished point zg = (0,0,0). So, the multiplicity is only eight.

Example 7. Let
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Finally, why do some of the point(s) in M become “distinguished”, while the others
are not? Can we find it out without making use of something “external”, such as Puiseux
series? We need the following:

Definition 6. Let I and | be two ideals. Define
J:I={f|fie] Viel}

Lemma 1 (Proposition 10, section 4.4 and Lemma 8, Section 4.7, [5]). Let I, I;, ], and J; be
ideals. Then,
(Mi=1 1) : ] = Niza (T = ).

If Q is primary and \/Q = P, then

iffeQ thenQ:< f>=<1>,
if f & Q,then Q:< f > is P-primary,
iff &P, then Q:< f >=Q.

Proposition 2. Let < P >=< py,...,ps >, and < P, >=< py — cop1,P3 — C3P1,---,Ps —
csp1 >. Let Ty =< P >:< P >,and Tiyqy = T; :< P >. Then, Tjy1 = T; :< p1 >, and there
exists an n so that T, 1 = T, and V(T,,) = V(P;) — V(P).

Proof. Since T;;1 D T; for all i, then by the ascending chain condition, there exists an n
so that T, 1 = Ty. Since < P >=< P, > + < p; >. Then, T} =< P. >:< P >= (P, :
P)N(< P. >:< p1 >) =< P, >:< p1 >. Suppose T; = T;_1 :< p; >. Since T; D< P >,
Tix1 =T, :< P > NT; :< p1 >=T; :< p1 >. Let < P. >= N, Q; be a minimal
primary decomposition for < P. >. Let S; = {i|p; € Q;}, S2 = {ilp1 € Qi,p1 € VQi},
and let S3 = {i|p1 ¢ VQ;}. By Lemma 1,Vi € §;, Q; : p1 =< 1 >and Vi € S3,
Qi p1 = Qi. Thus, Tt = (Njes, Qi) N(Nies, (Qi :< p1 >). It follows from exercise 4.10
of Chapter 4 in [5] for each i € Sy, Q; :< pf >=<1 >. Thus, Ty = Njes, Qi- Now, let
Ro = N1 VQj, and define R; = R;_1 :< p1 >. Since Ry is redical, Ry = Ry = ... = R,.
On the other hand, Ry = Njcs, v/Q;- It follows from Theorem 7 of Section 4.4 in [5] that
V(Ry) = V(Ro) = V(P) = Uies, V(vVQi) = V(Ty), since V(Ry) = V(P.), V(< P. >:i<
Py >) = V() —V(P). O

Example 8. In Example 6, Q¢ = (x* — c1t, y* — cat, xyz — cst). Now, let us look at the subideal
of < Py > generated by eliminating the variable t from the polynomials in Q;:

< Qolc) >=< vyt —d1x®, xyz — dpx® >,dy = c3/c1,dy = c3/c1.

It is not too hard to see that for generic ¢ values, Qq(c)’s zero set contains eight branches of curves
not contained in M, which are the projections of the curves in Example 6, thus passing through
zo = (0,0,0) € M. To “filter” out the curves, let Q = Qp :< x> >. Q =< y* —d1x?, —yz +
dox, —z% x dy + y*d3, —d1xz + day® >. Let R =< Py > +Q. Then, the multiplicity of zo with
respect to R is eight.

Example 9. In Example 4, Q; = (x* — c1t, y* — cat, xyz — c3t). Let

< Qolc) >=<y* —dix?, xyz — dpx® >,dy = c2/c1,do = c3/c1.
Let Q = Qp :< x2 >. Then, Q =< —y2 + dlxz,—ydz + xzdl,yz — dyx >. The intersection
of the zero set of Q and M contains two points zg, = (0,0, (—1)kc3/\/c1¢2),k = 1,2. Let
R =< Py > +Q. Then, the multiplicity of zox with respect to R is four for k = 1,2.

In general, we have the following.
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Theorem 1. Let P be a system of s polynomials with s variables. Suppose that M is a zero manifold
of P. Let c be a generic vector, and let Qy(c) = (qa,...,qs)!, where q; = p; — dip1,i =2,...,s,
di =ci/c1, Q1 = Qo : < p1 >, ..., Qi = Qi1 :< p1 >. Then, there exists an n so that
Qu+1 = Qu. Denote Q, = Q. Suppose that zy € M is a zero of R =< P > +Q. Then, zy is
an isolated zero of R =< P > +Q, and the multiplicity of zg as a zero of R is the same as the
multiplicity of zq as a distinguished point of P. In addition, if zg is independent of c, then z is a
proper distinguished point of P; otherwise, it is a generalized distinguished point of P.

Proof. According to Proposition 2, zg € V(P.) — V(P) N V(P). However, the only points in
V(P;) — V(P) N V(P) are the end points z(0) of the curves z(t), where P(z(t)) = ct. There
are only finitely many of them, so they are isolated. Suppose that the multiplicity of zy as
an isolated zero of R is m. Let Py = (p1 — c1t, pa — ¢at, ..., ps — cst) and Ry =< Py > +Q.
For each t, V(P;) = V(Q;) C V(Q) consists of isolated points. Since the multiplicity of z
as a zero of Ry is m, for small t, there are m points of the zero set of P; near zy. Thus, by
definition, the multiplicity of zg as a distinguished point of Pism. [J

Example 10. Let Q;(x,y,z) = (x*> — c1t, y* — cot, xz + yz? — c3t), where (x,y,z) € C3. Let
< Qolc) >=<y* —cox?/cy, xyz — c3x2 /¢y > and Q = Qq :< x* >. Then,

Q =< y* — dox?, —xz — y2® + dz3x?, —x2%dy — v’z + xy°d3, zy? — yPxds + zy>ds — 25dy >,

where d; = ¢;/cq. The multiplicity of zo = (0,0, 0) as an isolated zero of R =< Py > +Q1 is 16,
and so is the multiplicity of zg as a distinguished point of Py.
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Appendix A

Definition A1. A set of monomials N = {x/|j € J}, where x € C*and j = (j1,...,js), is called
closed if
deN=x eNV x|y

Definition A2. Let I be a polynomial ideal and R(I) be the quotient ring. A closed set of monomials
N(I) is a normal set of I if the monomials in N(I) form a basis of R(I).
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