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1. Introduction and Outline

Harmonic numbers have a very long history that can be traced back to Euler, who initi-
ated his investigation in the course of a correspondence with Goldbach in 1742. Nowadays,
these numbers appear frequently in the literature of mathematics (particularly number
theory [1-3] and combinatorial analysis [4,5]), physics (standing waves in strings [6]), and
computer science (analysis of algorithms [7]), just for examples. They are defined, for
m,n € Ny, by partial sums

) n—1 1 ) n—1 1
H mn frd — O M= I
" k;) (k+1)m " kzé (2k+1)™
qo _ nlo (1) o ”il (—1)k '
B kT T e k1)

When m = 1, it will be suppressed by the above notation. These numbers satisfy the
following two simple but useful relations:

HY) — 00 +27"H)" and AJ = O — 2 "HJ".

For an indeterminate x and n € Ny, the rising factorial is defined by
(xX)n =

Denote by [x"]|¢(x) the coefficient of x™ in the formal power series ¢(x). When n € N, itis
almost routine to check that

(x)o=1 and x(x+1)---(x+n—-1) for xeN.
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B n! _ (1+X)n
Mo =g, = M=

ly (%)n oy (%‘f‘x)n
20, = | ](%—x)n [x] D

By means of the generating function approach (see Wilf [8]), it is not difficult to establish
the following general formulae (cf. Chu [9]):

[x"] " =Qp (Hﬁp) and [x"] u ;!X)n = Qp ( - H1<1k>),
(

é)i)" =on(-20}1);

where the Bell polynomials (cf. [10] §3.3) are expressed by the multiple sum

NI—=

ﬁ = QO (2"0,@) and [x"]
2 n

k m Tjk
x
Qu (T ) = [x"] exp —Tit = _k_
(1) wlew { £ 31) - T 1175
with A(m) denoting the set of m-partitions represented by m-tuples (ji, jo, - - - ,jm) € N sub-
m
ject to the linear condition ) kj, = m. The first five polynomials are recorded as follows:
k=1
Ql (Tk) = Tl/
Lim
(1) = 5 (T + 1),
Lims
(@} (Tk) = 3 (Tl + 31T, + 2T3),
1
(T = 5 (T + 6T} + 8T Ty + 3T + 6Ty ),
1
Q5(Ty) = 0 (T15 + 10T, T3 + 20T3T? 4 15T5 Ty + 30T, Ty + 20T T3 + 24T5).

There exist different techniques to deal with infinite series with harmonic numbers, for
example, Abel’s lemma on summation by parts (cf. [11-13]), integral computations (cf. [14-18]),
and the Legendre-Fourier series (cf. [19-21]). During the course of our investigation, we
find that the “coefficient extraction” method (cf. [9,22]) based on the hypergeometric series
is more powerful. For a given hypergeometric series equality, this approach consists of the
three main steps below:

¢  Reformulate the equality by identifying a variable “x” and eventual parameters
{a,b, c} so that both sides of the resulting equality are analytic in x at x = 0.

*  Determine the formal equality by extracting across the equality and then equating the
coefficients Wy, (a, b, c) for a fixed monomial x™.

*  Find infinite series identities by computing the coefficients Wy, (a, b, c) for particularly
specified values of parameters {a,b,c}.
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As sample series, we highlight in advance the following eight representative ones:

S n(  4n 5+12n 241n2 .
nZ::O (1024) <1’l, n, n,n> {1+2n - (3 + ZOH)Hn} = pl (Equatlon )
3 "4 1+12 81n2 .
”;0 (1024) (n, n,r;, n) {14-2: -2(3+ 20n)0n} = ?n, (Equation (3))
) 2n

)y 4(1 i (+"1)) { ! :34” _ 20 :1071) 0§f>} ={(3), (Equation (8))
n=1 2 n

© (=16)" ((1—4n)(3—4 1—2n)(3—10n) .., .
n; ((ni ) { ( nr)zg 5 - n)n(z ") Hﬁﬁ} =0, (Equation (4))
© (=16)" (14 6n —32n%  4(1—2n)(3 — 10n) .

n; (o) { n3(2n — 1) 2 0,/ } =147(3),  (Equation (5))

> (-1)" ()
n=1 GZ)(ALTL + 1)

00 _1\n (2n
X_:(in )" G
re

{1+3n 1+ 6n + 10n?

n3 n2(1+ 2n) 02n+1} ={(3) -2, (Equation (6))

{1+4n 1+ 61 + 1012 <2>}_ s

a 360

e (1 ¢ 2n) (Equation (7))

1
)(4n +1)

2n (2)
e >{71154fl’; 475(311 1;:;((05?)20%”)}:@(5), (Equation (9))

(Zn)

where we have employed the notations for the Riemann zeta function
= 1
2 = for R(z) >1

and the multinomial coefficient

41y 4+ gy (TRl me)! . m+n m+n
= -—————, inparticular, " = .

ni, Ny, , Ny Hz/l:] nk' m,n

Throughout the paper, the classical hypergeometric series (cf. Bailey [23]) is defined by

ag,a1,az, -+ ,am ok (a0)k(a1)k(az)x - - - (am)k
F zZ| = z ’
e m[ by, by, - - fbm‘ } k:Zo k! (b1)k(b2)x - (bm)x

where we assume that |z| < 1 and that none of the parameters {a;,b;} is a non-positive
integer, so that the series is well-defined and convergent. When a hypergeometric series
admits a closed formula, it is generally expressed in terms of the I'-function quotient

(cf. [23-25]):
r[wr ﬁwwv] _ T(@)T(B)---T(y)
A,B,---,C| ~ T(A)T(B)---T(C)’

where the I'-function is defined by the Euler integral
I'(x) = / ™ le7%dr for R(x) > 0.
0

Its logarithmic differentiation results in the digamma function (cf. Rainville [26] §9):

o d _T'(z) a z—1
PO =T =T =TT LG e
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with the Euler-Mascheroni constant being given by the limit

v = lim (H, —Inn) ~ 0.57721566490.

n—oo

By introducing two further sequences of zeta-variants

o =7 and 0y, = ((m) for m>2,
Ty =7+2In2 and T, = (2" -1){(m) for m >2,

we then have the power series expansions of the I'-function [22]

I'(1-x)=-exp { k; %xk},

I(}—x)= \/Eexp{ ) %xk},

k>1

which will be crucial for extracting coefficients from the I'-function quotients.

The rest of the paper is organized as follows. The next section constitutes the central
part of the paper, where the transformation formula previously published by the second
author (see [27] Theorem 2.13) will be examined by employing the “coefficient extraction”
method, which leads us to numerous infinite series identities with the multinomial coeffi-
cient (,, ;f';n) Finally, the paper will end with Section 3, where a brief concluding discussion
will be given.

2. Infinite Series of Convergence Rate “—1/4"

Ten years ago, the second author (see [27] Theorem 2.13) found an accelerating formula
between a slowly convergent series (with the convergence rate “1”) and a faster convergent
one (with the convergence rate “—1/4"), which can be reproduced as in the lemma below.

Lemma 1. For four parameters {a,b,c,d} C C satisfying the condition R(c +d —a —b) > 1,
the following transformation holds:

S (kb &, v (@alc—b)u(d —a)u(d —b)an
kgé ()eld)e 'r;J( D ()n(d)ont1(c+d—a—b— 1)2n+2Wn(a, be,d),

where the cubic polynomial Wy, (a, b, ¢, d) is given by

Wy(a,b,c,d) = (d+2n)(c+d—a—b+2n)(c+d—b—1+3n)
—(a+n)(c—b+n)(d—b+2n).

By means of the “coefficient extraction” method, this transformation will be utilized
to evaluate the infinite series containing both harmonic numbers and the multinomial
coefficient ( nf’;n) In order to reformulate the series with respect to k on the left to
an analytic function with a fixed variable, we shall frequently make use of Thomae’s

transformation formula (cf. Bailey [23] §3.2), which is recorded as below:

r a,c,el —.F
32 b,d — 342

where A = b+ d — a — ¢ — e denotes the parameter excess.

T'(A)T(b)T(d)
T(a)T(c+ A (e+A)’

b—a,d—a,A‘

1
c+A e+ A
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1 1
2.1. a—>§—|—ax,b—)i—l—bx,c—)l—i—cx,d—)l—i—dx

Hereafter, we suppose that x is always a variable. Under the parameter setting in the
title, the transformation in Lemma 1 can be written equivalently as

S (3 +ax)i(z ) & ! |
x(c+d—a—0» = —1)"W, (5 +ax, 5 +bx,1+cx,1+dx
( )kgo (1+Cx)k(1+dx)k rg)( ) 71(2 2 )
(3 +ax)u(3 — bx + cx) (3 — ax +dx) (3 — bx + dx)oy

(T4 cx)n(1+dx)ppe1(1 —ax —bx + cx + dx)op 41

According to D’ Alembert’s ratio test, the series on the left diverges when x — 0. We
have to reformulate it by means of Thomae’s transformation (1) as below, so that it can be
expanded into Maclaurin series in x:

i (3 + ax) (3 + bx),
= (14 cx)p(1 4 dx)y

cx, dx, x(c+d—a—b)‘1 1+cx,14+dx,1+x(c+d—a—Db)
T+x(c+d—a),t+x(c+d—0) T+x(c+d—a),+x(c+d—b)

x(c+d—a—"b)

1 1
x(c+d—a—b)3F 1,2—|—ax,2+bx‘1]

1+cx,1+dx

=35

By substitution, we have derived the following transformation formula.
Proposition 1 (Functional equality).

s 1 1 1 1
yr 1 (3 +ax)n (5 —bx+cx), (5 —ax+dx), (5 —bx+dx),,
Z W”( +ax, 3 +bx, 1+ cx, 1+ dx) (T4-cx)n (1+dx) o, 11 (1—ax—bx+cx+dx)o, 11

n=0
_ .5l dx, x(c+dfafb)‘1 1+cex,14+dx,1+x(c+d—a—D)
32 L4 x(c+d—a),t+x(c+d—D) lyx(c+d—a),l+x(c+d—b)

Observing that this is an analytic equality around x = 0, we can expand both sides into
Maclaurin series in x. Let Ay, (a, b, ¢, d) stand for the resulting equality from the coefficients
of x™ extracted across the above equality. As a couple of examples, we illustrate how to
deduce infinite series identities from the above transformation.

First, letting b = d = 0 in Proposition 1, we can reformulate the resulting expression as

14cx,1+cx —ax _i 4n Wn( +ax,2,1+cx 1)
Jtex,st+cex—ax] = \nnmnn) (—1024)"(2n+ 1)

(3 +ax)u (3 — ax)u (3 + cx)un!(2n +1)!
(%)n(1+cx)n(1 —ax + cx)na1 '

By extracting the coefficient of x across the above equation and then making some simplifi-
cations, we obtain the equality

M i(lm)”( 4n ){3“‘26(;1?1()”_0) 16(3+20n)(a3c)‘;”(3+20n)(a+c)}.

= n,n,n,n
By assigning “a =1, c = —1” and “a = 3, ¢ = 1”, we find the two summation formulae:
24In2 &/ —1\n 4n 54 12n
A1(1,0,-1 — -_— - 20n)H 2
1(1,0,-1,0) T y;)(1024) (n,n,n,n){ 1+2n (3 +20m) "}' @
8In2 = —1\" 4n 1+12n
A41(3,0,1,0) T nZ:o (1024) <n, n,n,n){ 1+2n _2(3+20n)0"}' ®)
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We point out that (2) and (3) refine the following conjecture by Sun [28] (Conjecture 3.23):

561n2 d

4n

- 2 (1024)n<n,n,n,n

> {12 + (34 20n) (Hp, — 3Hy) }

By carrying out the same process, we can further establish the infinite series identities:

e | Ap(ab,c,d)|Ramanujan [29]

S-y

n=0

e |A1(1,0,0,0)

- =) (1024) <n,

n=0

e |A1(1,0,1,0)

1 o
871112:”;’ (10214)n<n,n,n,n

e |A(1,0,—1,2)

n=0

A2(1,1,0,1)

4n
n,n,mn,
4n
n,n,n

4n

) 3 +20n
(=

n) (—1024)""

3(144n)
1+2n

1+42n

i (1024)n (n, :,nn, n) {?il—}—_'—;l;;g * 4 (H§12>

o |Ay(1—v=3,43+=3,4)

387

3 7T

M

2161n22 o ( —1>
1024

n=0

o |Ay(1-3V=3,4-1—-1=3,4)

- 2= 3 (1)

n=0

-3 +20n)H2n}.

){szn+<3+20n)ﬁ2n}.

4 ) {3 AL +20n)02n}

Slnz Z (1024) (n,n,n,n

A 6(1+4n) 6(5+12n)H,
( " (1+2n)2 1+2n
IS — (34 20m) (HY 4 3H2)
11(1+4n)  2(1+12n)0,
an ) (1 + 2n)2 1+2n
R +2(3 4+ 201) (30 — 02?)
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1 1 1 1
22 la—ax— =, b—>bx—=,c—>cx—=,d—dx— =
2 2 2 2

Under this parameter setting, the transformation in Lemma 1 can be restated as

follows:

© (ax —L)pbx — 1) &
kZ%) (cx — i)k(dx — i)k - Z%J(_l)nwn (ax — %/bx - %,cx — %,dx — %
= 2 2 n—

(ax — %)n(cx —bx)y(dx — ax), (dx — bx)z,
(Cx - 7) (dx )2n+1 (Cx +dx —ax — bx — 1)2n+2

)

Since the series on the left diverges when x — 0, we have to reformulate it so that it can be
expanded into Maclaurin series in x. Denoting by L, (k) and R, (1) the summands on the
left and the right

RIS YOS
2

Ry () = (=1)"Wi (ax — 3, bx — 3,cx — 3,dx — 3)
(ax —1)u (cx bx)y, (dx ax) (dx — bx)yy,
(cx — —) (dx — )2n+1 (cx +dx —ax —bx — 1), 10

we can restate the above equality as

L(0) = Ro(0) + Lo(1) Y.

[ee]
1 1 1 1
=) (=1)"Wy(ax = 3,bx — 5, ex = 3,dx = 3)

(ax — )n(cx — bx)u(dx — ax)y (dx — bx)oy
(ex = 3)u(dx = )21 (cx +dx —ax —bx — 1)ops

where the difference of the initial terms can be factorized into

(1—2ax)(c+d—a—b+2adx + 2b%x — 2bcx — 2d%x)

Ly (0) — Ra(0) = 2(1—2dx)(a+b—c—d)(1+ax+ bx — cx — dx)

According to Thomae’s transformation (1), the series on the left can be reformulated
as follows:

i 3+ ax)e (3 + bx)y 1,;+ax,%+bx‘
= (3 + cx)i (3 +dx) T +ex, l+dx
j—i—cx,%—i—dx,cx—i—dx—ax—bx—l
x(c+d—a)—3,x(c+d—b)—1

%,dx%,x(c+dab)1‘1]
x(c+d—a)— L x(c+d—b)—L1 "]

(ax — 1) (cx — bx)(dx — ax)(dx — bx)

(- cx)(% —dx)(ax 4 bx — cx — dx);
across the resulting expression, the transformation formula as in the following proposition.

By making a substitution, we derive, after dividing by —
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Proposition 2 (Functional equality).

i (71)an (ax — %, bx— 3, cx = 4, dx — 1) (3 +ax),—1(1 — ax +dx),—1(1 — bx + cx),—1 (1 + dx — bx)a,
=1 (dx — bx +2n) (3 + cx)y—1(3 + dx)2n (1 — ax — bx + cx + dx)a,
(1—2cx)(c+d —a— b+ 2adx + 2b%x — 2bcx — 2d°x) T+cex, L+de14+x(c+d—a—b)
4x2(a—d)(b—c)(b—d) T+ex+dx—ax, 3 +cx+dx—bx
ex—%,dx— 3, x(c+d—a—b)—1 | (3 —bx)(}+ax —cx—dx)(} +bx — cx — dx)
x(c+d—a)—31,x(c+d—b)—1 ’] x3(a—d)(b—c)(b—4d)

~—

X 3h

Denoting by By, (a, b, ¢, d) the resulting equality from the coefficients of x™ extracted
across the above equation, we derive the following infinite series identities.

0 i (—16)”{4(271—1) . (2n—1)(3—10n)02n}_

n2 n2

(—16)" {30n — 32— 64n* (21 — 1)(3 — 10n) (H, + 60, }

(16" f(1—4n)(3—4n) (1—2n)(3—10n) 0
=L et S S
o [3{By(1,2v-2,1+2V~2,0)}
& (—16)" [1+6n—32n | 4(1—2n)(3—10n) ¢
147(3) = n; N { 1) + 2 O; } (5)

n (1—2n)(3—10n)

010 05+ 03 }.

1—-2n)(3—10n
Ly [ 2 205, + 03, + 305,05

3 6 1202n-1), .,
n=1 (n,n,2n) +ﬁ02n - T(Oé}’i + O%n)
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e |lim B5(1,b,1,b)/b
b—0

41—2n) (1-2n)(3—10n)

4n _ _ _
n=1 (n n,Zn) + (1 4713;3 471) 0,, — 4(1717227’1)1_[11

. i (16)'; {2(1 —An@ =) e (=20 100 e e }

4 4 -1 2 n
(n,ngn n ! n
. (1,0,1,0)
1—-2n)(3—10n
i ( 21(12 ) [(HZ)? — 3HPHY + 2H ]
@
n=1 nnZn +(3—47’Z)(1—4n) (Hn 1 (H§IZ>)2_H§14>)
nt n2 2

2.3. a—>ax,b—>bx—%,c—>cx—%,d—>dx

Under this parameter setting, the transformation in Lemma 1 becomes

o0 1 )
kZ(:)x—(dx;k = Z%)( 1)"W,, (ax, bx — 2,cx % dx)

(ax)n(=bx + cx)n(—ax + dx)n(§ — bx + dx)ay
(Cx_,) (dx)on1(—1—ax — bx +cx +dx)po

Denoting by Lg(k) and Rg(n) the summands respectively on the left and the right as

B (ax)y(bx — l)
Lﬁ(k) B (cx — 7) (dx)

Rg(n) = (—1)"W, (ax, bx — 3,cx — 3, dx)
(ax)(—bx + cx)(—ax + dx) (L — bx + dx)a,
(cx — %)n(dx)ZnJrl(_l —ax —bx +cx+dx)y 2

we can rewrite the above equality as

® (14 ax L4 px
LB() Rﬁ()+Lﬁ Z :cx))l;((iidxii

(a)n(cx — b¥)(dx — ax)a(3 — bx + dx)a,
(cx — %)n(dx)2n+1 (cx +dx —ax —bx — 1), 10

=Y (—=1)"W(ax,bx — §,cx — §,dx)
n=1

where the difference of the initial terms can be decomposed into

a(c — b+ 2b%x — 2bex + 2adx — 2d%x)
2d(a+b—c—d)(1+ax+bx —cx —dx)’

Ly(0) — Rg(0) =
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According to Thomae’s transformation (1), the series on the left can be expressed as

{1, 1+ax,%+bx‘1}
1

=32

i (1+ax)(% + bx)g

= (3 +cx)y (1+dx) T+cex,1+dx
dx,cx+dx—ax—bx—1,cx—% 1+dx,%+cx,cx+dx—ax—bx—1

\ ’1 x T
cx +dx —bx,cx +dx —ax — 5 cx +dx —bx,cx +dx —ax — 5
d(cx — 1) (ax + bx — cx — dx),
across

a(ax — dx)(bx — cx)

By making substitutions first and then multiplying
the resulting equation, we find, after some simplifications, the transformation as in the

proposition below.

Proposition 3 (Functional equality)
3,dx) (1 + ax), (1 + cx — bx)u (1 4+ dx — ax), (3 — bx + dx)a,
7)

2/C-x 27
(n+ax)(n—bx+cx)(n —ax+dx)(l +cx)y_1(14dx)2, (1 + cx + dx — ax — bx)y,
(c+d—b)(bx — 3)(cx +dx —ax — 3

i )" Wy (ax, bx —
n=1
(cx — 3)(c — b+ 2b%x — 2bex + 2adx — 2d%x)
2x(a—d)(b—rc) x(a—d)(b—c)
— _1
1,cx 12 ’1}

1+dx 1—ax—bx+cx+dx,%+cx
bx,%—i—cx—i—dx—ax 32
Let Cyu(a, b, ¢, d) stand for the resulting equality from the coefficients of x™ extracted

{ 14 cx+dx
across the above equality. Then, we derive the following infinite series identities

dx,cx +dx —ax — bx
2

cx +dx —bx,cx +dx —ax —

. Co(a,b,c,d)
2 (5) (1—2n)(9 —20n)
2In2-2= ;121 (;ﬂ)z FYETTE
« |G(1,-21,-2)]
> n 13 — 601 + 64n> 1—2n)(9 —20n
31n’ —41n2—— ng( Y (( )){ o - )fl >Hn}.
e |C1(1,2,1,2)
2 In?2 & n (") (1+28n—64n% (1 —2n)(9 —20n)
T ram2= L (g )(){ o+ o,
e |Ci(1,0,-1,2)
2 In?2 & -1 1—12n+24 1—2n)(9—20
2-2m2- T - 5= ;(4) G ){ :nj | ”);(1 ")Ozn}.
n=1 (n)
e |C(0,1,0,1)
2 @\ (3 ((1—2n)(3—16n) (1—2n)(9 —20n)
— (T) (2271)2{ n2 B n HZn}'

2In?2 —4In2 — =
n
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L C1(1,0,1,0)

00 _ n 4n _ — _ ~
ﬁ“n 2= (Tl) ((zznn))Z{7 2n126n + S~ )7(19 Zon)Hz"}‘

n=1

o C(1,2,1,2)

9—36n-+64 14-28n—64
M W2 e w<—1)n<§z>{ ishr | L1 "0}
2 _ _ .
2 2 3 —=\4 (277) L= 2n)r(l9 20n) (szn_i_zoi)
o Cz(l,O,—l,Z)
2 2 ) 4n (1-4n)(9=8n) _ 1-12n424n? o
m? 2 B —1\" (5,) o p 2n
2 + 3 + 71n2+21n 2= 2 (T) 21\ 2 (1—2n)(9—20n) [ (2) @) 2 ’
n=1 G U n 7(H2n =20, + 202n)

« [G(1,-21,-2)]

- 2 2(13—60n+64n?)
2 © L q\n 4n 97—-380n+320n~ __ H
%+6C( )+ 121n°2 - 2412~ P2 = ) () (2")2 x{ " n” "o
=1 (27711) + (1—2n)r(19—20n) (40212) . 9H§12> + 2H%)

1
2.4. a—>§+ax,b—>bx,c—>cx,d—>1+dx

Under this parameter setting, we can rewrite the transformation in Lemma 1 as
& + ax)p(bx) &
2 AP L Z (—1)”Wn(% + ax, bx, cx,1 + dx)
= ()l +dx)e =
" (j + ax)n(cx — bx)u (3 4+ dx — ax), (1 + dx — bx)y
(cx)n(1 + dx)ap1(cx +dx —ax —bx — $)ansa '

In view of Thomae’s transformation (1), the above series on the left can be reformulated as

© (5 4+ ax),(bx)
Z—) =35

V(1 +dx)y cx, 1+ dx

1, %+ax, be

cx, 1+dx, cx—i—dx—ax—bx—%
cx—l—dx—ax—%, cx +dx — bx

X 35

cx —1, dx, cx—i—dx—ax—bx—%’l
cx +dx —ax — %, cx +dx — bx '

(cx)(cx +dx —ax —bx — })

(cx — bx)
across the resulting expression, the transformation formula as in the following proposition.

By making substitutions, we derive, after multiplying by
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Proposition 4 (Functional equality).

00 1 1
v (1 (54ax)n(14+cx—bx),_1(5+dx—ax), (14+dx—bx),,
Y (—=1)"W, (5 + ax, bx, cx, 1 + dx) A ex)n 1 (- a1 (§errdr—ax—bx)men

n=1

) cx(c+d—b) cx(1+42ax)(1—bx+dx) b—c—d/1
o { v (1+dx)(1—2ax—2bx+2cx+2dx) (  b—¢ (E +ax —cx — dx)
cx —1,dx,cx +dx —ax —bx — % ’1]

1+cx,1+dx,%+cx+dxfaxfbx
cx +dx —ax — §,cx +dx — bx

1+cx+dx—bx,%+cx—|—dx—ax,

Denote by D,,(a,b,c,d) the resulting equality from the coefficients of ¥ extracted
across the above equation. Particular care should be paid when determining the related
coefficients from the above 3F,-series on the right. This is quite different from previous
subsections, since the following k-sums are indispensable:

> H © 1 &1
= -=Y = =72),
POy k;k(kﬂ)];] ];]2 ¢)
i O :i i :i .l =2In2;
kzlk(k—!—l) kzlkk—i-l) ]:12] 1 ].=1]( i—1)
o] o 7
= = 27(3) —2In2
k;k k+1 kg{ k+1 } 5603 2
S H]<(2> © k 1 © 1
- - = - — 3,
L) k;k(k+1)];]2 L=t
> 0 A I | > 1 2
= . = — —2In2
k;k(kﬂ) k;k(kﬂ) ]; 2j—1)? 2%1(27—1)2 g "

They can be shown easily by means of series rearrangements.
Another series that we need is

) '2
—2In2+42In22 - 7(3) - =
Lofeep 2222 -00) - 5

This can be confirmed by writing it first as a double integral and then computing it manually

(or by Mathematica 11):
) I:IZ 2k
Z 2k — // Y )dXdy
o k(e+1) 1k 1+x 1+y)
_ /[ 1(1—362y2)1 ( — %) —2(1 - )y’ n(1-2%)
~h o (T+x)(1+ )22 v

We remark that this double integral can be refined by the following two integrals:

o 22 - 2 2
// (1—x%y") In1 xy)dxdy—ZIrlZ 21?2 — C()+%ln2—%,

(1+x)(1+y)x2y?
(1—x)In(1 — x2) 2

l—xlnl—x) o >
// Ay = ln2/ = dx = n2 - 2m2

The infinite series identities derived from Proposition 4 are recorded as follows.
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13 LG fn(1+5n)
4 _n;( 1) (gz){ (1+4n) }
e |Di(0,2,1,1)
& LY (5+24n  6n(1+5n)
1*21“2_;(*1) (32){ 1+4n  1+4n H”}‘

o

O

iy
—
»
L
=
—_
~—

> 2n n n n
0= Z(—l)”(”>{1+2 +4 (1+5 )On}-

n=0 GZ) 1+4n 1+4n
. D1(1,0,2,0)
1 i(—l)"(zs) 2n _n(1+5n)0
1~ = G\ 1+4n 1+4n 2"
= 2n

[ )
>
—~
-
o
~

—_
~

o
~—

{ 1 +4n(1+5n)0<2>}.

1+4n 1+4n "

N
S 3
N

1 2(1 +2n)o 4n(1+5n)02
1+4n 14+4n " 1+4n "f°

e |S{D(1-V-1,43-V-1,2)}

w2 5

n

7_[2 1 B o) (2}’1)

2+18n+16n*  n(l+5n) o
2n(1+2n)(1+4n) 1+4n '

2D,(0,2,1,1) — D»(1,0,1,0) |

i 2 c- G
5 T4ln2-4In*2-3=) (-1)" 3
n=1 (271)

{ n6+39n+52n2 3(5+24n) H, + 9n(1+5n) H%}

(T+2n)(1+4n) ~— ~ 1+4n 1+4n

o D»(0,0,1,0)

1 8n 2n(1+5n) , )
e O+ T 08 4 03,0)
{ T+4n 1+4n **! + 1+ 4n ( 1 T 2n+1)

21’1(1 + 51’1) (3) 3 2)

(2;) 3(1+4n) (202n+1 T05 + 302"+102n+1)
(2) 2

n=0 (LZLZ) O2i41 4”(02n+1 +0%,,1)

1+4n 1+4n
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e |Ds(1-+v-1,0,-1—+v—-1,2)

On 1 + 2n 2 4:7’[(]. + 57’[) 3 (3)
{1+4n 13410 T 3 gam) (OO

e |lim D3(a,0,1,0)/(a —1)
a—1

:i ) [ Oans1 810} 4n(1+5n) o)
= 2) 1+4n 1+4n 1+4n 20
o [D4(1,0,1,0)
a Gy OF  2n(1451) [ 0o o
=Y (—1) - .
0 EO( ) (gn){1+4n 1+ 4n [(0n)" Oy ]}
. (1,0,1,0)
& () £3(0;)2 =30y | 4n(1+5n) ) ()
=y (—1)rn 2 .
0= 2 (-1 (éﬁ){ 1+4n 14 (0F)'-3070} +20]}

2.5. a—>ax,b—>%—|—bx,c—>1+cx,d—>%+dx

Under this parameter setting, the transformation in Lemma 1 can be reformulated as

c+d—a—b» ”W ax, L bx,1+cx, 3 +dx
e kg;) 1+cx>< +dx ;o e 2+ dx)
(ax)n (3 — bx +cx)u(} — ax + dx), (dx — bx)ay

(L4 cx)n(d +dx)ony1(1 — ax — bx + cx +dx)ou i1

Denote by L, (k) and R, (1) the summands respectively on the left and the right:

LK) = (ax)e(3 ;F bx)
(1+cx)e(3 + dx)i
Ry(n) = (—1)"Wy(ax, 3 + bx,1+cx, 5 +dx).
(ax)n (3 — bx + cx)u(} — ax + dx), (dx — bx)ay
(LT+cx)u(3 +dx)ani1(1 —ax — bx + cx 4+ dx)oui1

By factorizing the difference of the two initial terms

ax{ax — cx — 2dx — 1+ 2x?(ad + b* — bc — d?)}

L1(0) = Ry (0) = (14 2dx)(1 + cx +dx — ax — bx)
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and then applying Thomae’s transformation (1),

o]

b
x(c+d—a—b) ) 3+ b
=1 1+cx)k(§+dx)

xX?(c+d—a—b)(%+bx) 1,1—|—ax,g—0—bx‘
(1+cx)(3 +dx) 2+4cx, 3 +dx

32

—(ax)T 1+cx,2+dx dx —bx, 1 bx+cx,x(c+d—a—b)‘1
N 14+ x(c+d—b),3+bx]? 1+x(c+d b),1+x(c+d—a—0b)1"]’

we can express, after dividing by “ax?(d — b)” across, the resulting transformation as follows.

Proposition 5 (Functional equality).

5 (aynWa{am g bt s ) ()3 beer)y ()it
= (ax+n)(dx—bx+2n) (T4cx)n (3 +dx) 2y 41 (1—ax—bx+cx+dx), 1
_ax—cx—de—1—|—2x2(ad—|—b2—bc—dz)+ 1 1+cx, 5 +dx

© (1+2dx)(dx —bx)(1+cx +dx —ax—bx) ' dx—bx [1+x(c+d—b),%+bx

o dx—bx,%—bx+cx,x(c+d—a—b)’
32114+ x(c+d—b),1+x(c+d—a—b)

Denoting by E,,(a, b, c,d) the resulting equality from the coefficients of x™ extracted
across the above equation, and then making use of the following easily proved k-sums

- (%)k o 2 2
k;k!xkz =g 2z
- (%)k N s 4. 3
0 (%)ka 9 27'(
Logixgz =200 -5 In2
k=1
i (3)kOx
k! x k2

7 2
= 55(3) - 71ﬂ2,

»
Il
—_

we can establish infinite series identities as below.
J Eo(a,b,c,d)
2
o _qyn (n) (34 10m)

2—4In2 = n;(—l) @ nan 1)

« [E(0,1,01) — E(1,1,1,1)]

2 e (e
R D ey

1+ 6n + 10n?
n2(1+2n)

o |Ei(54,13,0)

2 o (—1yr ()
T roma- YTy

{ 7 3(3+10n)Hn}.

1+2n n
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* |Ei(1,41,0)

2 0o

L G Vi )
4 1*,§<;‘2><4n+1>

1 2(3+10n)
14 2n n (e

* El (0/ 1/ 0/ 1)

12,4: i (_1)n (277)

{ 3+ 8n 3+10n
2 n=1 (32)(4” +1)

— O .
n(1+2n) n 2”“}

o R{E(L,1+V-1,1,0)}

(o) _1n2n
Z( )" G

{1+8n+20n2+14”3 1+6n+10n20}
n (-
=31+ 4n)

5
1-— 1@(3) = 2713(1 + 27’1)2 + 1’12(1 n 21/1)

« |Ea(1,1,1,1) - E(0,1,0,1) + E2(1,0,1,0) |

(—1)" () (1431 1+ 6n+10n>
_Z (5n)( 4n+1){ B 1+ 2m) 2”“} ©
e |E3(1,0,1,0)
© (=1)" (") (1+4n 1+ 6n+ 1002 <2>}
; 4n+1){ 4t n2(1+2n) Ox @)
e |Ex(1,0,1,0)
2 =0nEn {1+4n_2(3+10n)0<2>} .
6(3)—;@)(%“) 3 - @ ®)

© I{E1L1+V-1,10)}

2n
S ) 1 On 34 10n 2
_76 =2 (= n) 55 T2 a0 [

n=1

° E2(1/ 1/ 1/ 1)

(=) 71;/1211
2( )" G

60BN = L g 1)

n3

2(1
{ 1+2n + ( +n) 05,41+ % (02n+1 + 02n+1) }

. E4(1,0,1,O)

1 407  4(3+10n)
n> nd n(1+4n)

1 407  8(1+6n+10n2) 0 }
ne 0,')"—0y’) ¢
{n6 i n2(1+2n)(1+4n)(( ) ")
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3. Concluding Comments

The paper is entitled “Harmonic Series with Multinomial Coefficient (,, :"n ,) and
Central Binomial Coefficient (Z;f )” since we have evaluated many series in closed form that

have the following four binomial structures in their summands:

{ < 4n > 1 GG G G
(

3
_ G _ GG } |
n,n,n,n n,fztlhz) (n,:,;:z,n) (Znn)z (2:)4 (AZLZ) (n,ifll;z’l,i’l)

Even though it is quite common to encounter sums involving central binomial coeffi-
cients (see [30-35]), there exist few infinite series containing the above binomial/multinomial
components in the literature (cf. [36—40]). Most of the results presented in this paper are
new (except for those explicitly indicated).

According to what we have achieved, the “coefficient extraction” method is successful
in dealing with series of harmonic numbers. However, there are serious difficulties to go
further when the involved harmonic numbers have orders beyond two. In this case, the
n-series to be evaluated have more complicated summands (with harmonic numbers of
higher order). Another obstacle comes from the k-sums as in Sections 2.4 and 2.5, which
may not admit closed expressions. To tackle these problems, alternative approaches will be
necessary. The interested reader is enthusiastically encouraged to make further exploration.
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