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Abstract: In clinical studies focusing on paired body parts, diseases can manifest on either both
sides (bilateral) or just one side (unilateral) of the organs. Consequently, the data in these studies
may consist of records from both bilateral and unilateral cases. There are two different methods of
analyzing the data. One of the methods is assuming that the pair of measurements from the same
subject are independent, while the other considers the correlation between paired organs. In terms of
the homogeneity test of proportions, asymptotic methods have been proposed given the moderate
size of data. This article extends the existing work by proposing exact methods to deal with the
scenarios when the sample size is small and asymptotic methods perform poorly. The impact of
the correlation assumption is also explored. Among the proposed methods, calculating p-values
by replacing unknown parameters with estimated values while accounting for the correlation is
recommended based on its satisfactory type I error controls and statistical powers. The proposed
methods are applied to three real examples for illustration.

Keywords: equal correlation coefficients model; homogeneity test; unilateral and bilateral data;
exact method

MSC: 62F03

1. Introduction

Data collected from paired organs of human bodies can be bilateral or unilateral
depending on the availability of each site or the disease status. Whether to assume or
ignore the correlation between two sites of an organ remains an interesting discussion.
The majority of articles published in the British Journal of Ophthalmology (BJO) in 1995
and 2017 assumed independence of the sites according to Zhang and Ying [1]. For the
homogeneity tests of group-specific response rates given the outcome is binary, classical
methods such as Pearson’s chi-squared test [2] can be applied. However, Rosner [3], Donner,
and Banting [4]) criticized this approach by pointing out that the omission of the correlation
will lead to biased inferences. However, there are not many studies that demonstrate such
a bias with numerical presentations.

To avoid the possible bias, Donner [5] assumed that the number of successes from
each pair of organs follows a binomial distribution with probability parameter P, where
P varies among subjects and has an expectation of p. The variance of P is proportional to
p(1 − p); that is, Var(P) = ρp(1 − p). This concept can be extended easily by assuming
the intra-person correlation is ρ, where ρ ranges from −1 to 1. The correlation is assumed
to be constant for all individuals and is referred to as the equal correlation coefficients
model. In the context of bilateral data, Ma and Liu [6] derived three asymptotic methods,
the likelihood ratio test, the score test, and the Wald-type test, to assess the homogeneity
of prevalences of multiple groups. Mou and Li [7] compared multiple algorithms for
estimating parameters and investigated asymptotic statistics for the homogeneity test
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of many-to-one risk differences. Liu et al. [8] considered four exact approaches, the E
approach, the M approach, the E + M approach, and the C approach, as alternatives to
the methods proposed by Ma and Liu [6] when the sample size cannot ensure a good
asymptotic approximation. In general, exact approaches calculate the probability of a
tail area, which is defined as a set of cases that are more extreme than the observed data
against the null hypothesis. The E approach, initially proposed by Liddell [9], replaces
nuisance parameters with their corresponding maximum likelihood estimate. Basu [10]
introduced the M approach, which involves determining the p-value by maximizing the
likelihood of observing the tail area across the entire parameter space. By combining the
E and the M methods, Lloyd [11] first determined the tail area by regarding the p-value
from the E approach as a statistic and then applied the M method to calculate the final
p-value. The previous three methods assume the group totals are fixed, while the C method
in Liu’s work [8] fixes both margins of a table. In the context of bilateral and unilateral
combined data, Ma and Wang [12] derived three asymptotic approaches for testing the
equality of proportions using the equal correlation coefficients model. It is worth noting
that these methods still require a large sample size, and there is a need to extend Liu’s work
to combined data.

This article proposes five exact approaches given bilateral and unilateral combined
data with limited samples for testing the equivalence of proportions of multiple groups.
Section 2 presents details of Donner’s equal correlation coefficients model. In Section 3, we
introduce the individual site model, which omits the correlation between sites. Classical
methods based on the individual site model are described in Section 4, and we introduce
five exact approaches in Section 5 using Donner’s model. In Section 4, we provide numerical
studies that compare the two models and various methods with regard to their ability to
control Type I errors (TIEs) and their statistical powers. The application of the proposed
methods through two real-world examples is illustrated in Section 6. The final conclusions
and discussion are given in Section 7.

2. Equal Correlation Coefficients Model

Define Zijk = 1 as the event of the jth subject in the ith group having a response at
the kth site and πi as Prob(Zijk = 1) = Prob(Zij(3−k) = 1), where i = 1, 2, ..., g and k = 1, 2.
The equal correlation coefficients model proposed by Donner [5] assumes the correlation
coefficient Corr(Zijk, Zij(3−k)) between measurements from two sites to be a constant ρ.
In the bilateral cohort where subjects contribute one measurement at each site of the paired
organs, let mir stand for the number of subjects with r response(s) in the ith group, where
r = 0, 1, 2. In the unilateral cohort where subjects provide one measurement on only one
site of the paired organs, nir∗ denotes the number of subjects with r∗ response(s) in the ith
group, where r∗ = 0, 1. The data layout on the subject level can be found in Table 1.

Table 1. Data layout on subject level.

Group (i) 1 2 ... g Total

Bilateral
Response (r)

0 m10 m20
...

mg0 M0
1 m11 m21 mg1 M1
2 m12 m22 mg2 M2

Total m1 m2 ... mg M+

Unilateral
Response (r∗)

0 n10 n20 ... ng0 N0
1 n11 n21 ng1 N1

Total n1 n2 ... ng N+
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Given the nature of clinical study designs, (m1, m2, ..., mg, n1, n2, ..., ng) are fixed,
and the plausible distribution assumptions are as follows:

ni0 ∼ binomial distribution Bin(ni, Pui0);
ni1 ∼ binomial distribution Bin(ni, Pui1);
(mi0, mi1, mi2) ∼ multinomial distribution Multi(mi; Pbi0, Pbi1, Pbi2).

In observational studies, the sample size of each group can be random, which is
beyond the scope of this article. It can be easily shown that Pbi0 = (1 − πi)(1 − πi + ρπi),
Pbi1 = 2(1 − ρ)(πi − π2

i ), Pbi2 = ρπi + (1 − ρ)π2
i ,Pui0 = 1 − πi, and Pui1 = πi. The null

and the alternative hypotheses of interest are as follows:

H0 : π1 = π2 = ...πg = π versus H1 : not all of them are equal.

3. Individual Site Model without Considering Correlation

Many studies encounter challenges due to the limited sample size of participants. One
of the common strategies that researchers consider is conducting analyses on the site level
of each subject to extract as much information as possible. To our knowledge, the impact of
ignoring the potential correlation of the two sites of a subject remains unknown. In order
to explore this effect, data from the equal correlation coefficients model are transformed to
new data on the site level. Define xie as the number of sites with e response, where e = 0, 1
and i = 1, 2, ..., g. The new data structure is presented in Table 2. The relationship between
the two types of data is presented as follows:

xi0 = 2mi0 + mi1 + ni0,
xi1 = 2mi2 + mi1 + ni1,
xi = 2mi + ni.

The random variables xi0 and xi1 are assumed to follow binomial distributions
Bin(xi, 1 − πi) and Bin(xi, πi), respectively. The null and the alternative hypotheses are the
same as stated in Section 2.

Table 2. Data layout on site level.

Group (i) 1 2 ... g Total

Response (e)
0 x10 x20 ... xg0 T0

1 x11 x21 ... xg1 T1

Total x1 x2 ... xg T

4. Methods for Individual Site Model
4.1. The Pearson Chi-Squared Test

Define the notation X∗ as an observed table (x10, x11, x20, x21, ..., xg0, xg1) from Table 2.
Given the ignorance of correlations between the sites, the individual site model becomes an
unordered g × 2 table where the Pearson chi-squared test statistic is given by Equation (1).

TPearson(X∗) =
g

∑
i=1

[
(T xi1 − T1 xi)

2

T T1 xi
+

(T xi0 − T xi + T1 xi)
2

T xi (T − T1)

]
(1)

The p-value is defined as PPearson(X∗) = Prob(X 2
g−1 ≥ TPearson(X∗)) since the test

statistic TPearson(X∗) asymptotically follows a chi-squared distribution with g − 1 degrees
of freedom when the sample size is sufficient (Fagerland et al. [13]). The null hypothesis is
rejected if the calculated p-value is less than 0.05 given the significance level of 0.05.
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4.2. The Fisher–Freeman–Halton Exact Test

The asymptotic behavior described above does not hold when the numbers in Table 2
are small. To overcome this limitation, an alternative test called the Fisher–Freeman–Halton
(FFH) exact test can be employed (Fagerland et al. [13]). The point probability, Prob(X),
conditions both the row and column totals and is used as the test statistic. In the null
hypothesis, the probability distribution of Table 2 follows the multiple hypergeometric
distribution. The Fisher–Freeman–Halton exact test treats tables with a smaller point prob-
ability than Prob(X∗) as a piece of evidence against H0, where Prob(X∗) is the probability
of observing X∗. Let ΩFFH(X∗) represent the collection of all tables sharing the same row
and column margins as the observed table X∗. Therefore, the exact p-value is defined by
Equation (2), where I() is the indicator function.

PFFH(X∗) = ∑
X∈ΩFFH(X∗)

I(Prob(X) ≤ Prob(X∗))Prob(X) (2)

4.3. The Mid-P Test

The Fisher–Freeman–Halton exact test is often criticized for being unnecessarily con-
servative due to discreteness in certain scenarios. One of the adjustments to PFFH(X∗)
is called the mid-P test. This test downsizes the weight of tables with the same point
probability as the observed table X∗ (Fagerland et al. [13]). In other words, the adjusted
p-value can be defined by Equation (3).

Pmid−P(X∗) = ∑
X∈ΩFFH(X∗)

I(Prob(X) < Prob(X∗))Prob(X)

+
1
2 ∑

X∈ΩFFH(X∗)

I(Prob(X) = Prob(X∗))Prob(X) (3)

5. Methods for Equal Correlation Coefficients Model

Given observed data M∗ = (m10, m11, m12, n10, n11, ..., mg0, mg1, mg2, ng0, ng1), the like-
lihood function is given by Equation (4), and the log-likelihood function can be written as a
function of π1, π2, ..., πg, and ρ as shown in Equation (5).

L(M∗; π1, π2, ..., πg, ρ) =
g

∏
i=1

[
mi!

mi0!mi1!mi2!
((1 − πi)(1 − πi + ρπi))

mi0

× (2(1 − ρ)(πi − π2
i ))

mi1(ρπi + (1 − ρ)π2
i )

mi2

× ni!
ni0!ni1!

(1 − πi)
ni0 π

ni1
i

]
(4)

l(π1, π2, ..., πg, ρ) =
g

∑
i=1

[
mi0 log((1 − πi)(1 − πi + ρπi)) + mi1 log(2(1 − ρ)(πi − π2

i ))

+ mi2 log(ρπi + (1 − ρ)π2
i )

+ni0 log(1 − πi) + ni1 log(πi)] (5)

Let L(M∗; π, ρ) represent L(M∗; π1 = π2 = ... = πg = π, ρ) for ease of notation.
With H0, the maximum likelihood estimates (MLEs) can be obtained by setting the partial
derivatives with respect to πi and ρ to zero and solving Equations (6) and (7).

∂l
∂ρ

=
M1

ρ − 1
− M2 (π − 1)

π + ρ − π ρ
+

M0 π

π ρ − π + 1
= 0 (6)
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∂l
∂π

=
N1

π
+

N0

π − 1
− M2 (ρ − 2 π (ρ − 1))

π2 (ρ − 1)− π ρ
− M1 (2 π − 1)

π − π2

+
M0 ((π − 1) (ρ − 1)− π + π ρ + 1)

(π − 1) (π ρ − π + 1)
= 0

(7)

Let π̂ and ρ̂ denote the constrained MLEs for H0. The closed-form solutions to the
above equations can be found in Ma and Wang’s work [12].

5.1. Score Test

Ma and Wang [12] examined the likelihood ratio test, the score test, and the Wald-type
test and concluded that the score test outperformed the other two approaches based on
simulation studies using various combinations of parameter settings and sample sizes.
Therefore, we choose the score test to explore the asymptotic behaviors given smaller
sample sizes compared to Ma and Wang’s settings. This approach is referred to as the A
method. The score test statistic is given by Equation (8), where U = (U1, U2, ..., Ug, Ug+1) =

( ∂l
∂π1

, ∂l
∂π2

, ..., ∂l
∂πg

, ∂l
∂ρ ), and I(π1, π2, ..., πg, ρ) is the Fisher information assuming the group-

specific proportion πi’s.

TSC(M∗) = UI(π1, π2, ..., πg, ρ)−1UT |π1 = π2 = ... = πg = π̂, ρ = ρ̂ (8)

We kindly recommend that readers refer to Ma and Wang’s work for a simplified
form of TSC(M∗). Asymptotically, the score test statistic follows a chi-square distribution
with g − 1 degrees of freedom given the null hypothesis is true according to Rao [14].
The corresponding p-value can be calculated by Equation (9).

PA(M∗) = Prob(X 2
g−1 > TSC(M∗)) (9)

Similar to the Pearson chi-squared statistic, the approximation to X 2
g−1 does not hold

if the sample size is insufficient, leading to uncontrolled type I error rates. To alleviate this
difficulty, four exact methods are proposed by fixing (m1, m2, ..., mg, n1, n2, ..., ng) and are
described in detail in Sections 5.2–5.5. Define the collection of all tables with the same row
margin as M∗ in Table 1 as Ω1(M∗). In Section 5.6, we propose another exact method by
fixing both the row and column totals.

5.2. E Method

There are several methods to calculate p-values based on the summation of probabili-
ties of tables that are more extreme than the observed table M∗ when H0 is true. One of the
approaches treats the values of constrained MLEs π̂ and ρ̂ as the true parameter values,
and it is referred to as the E method because these estimates are used as substitutes for
unknown parameters in calculations. As a result, the p-value based on the E method is
defined by Equation (10).

PE(M∗) = ∑
M∈Ω1(M∗)

I(TSC(M) ≥ TSC(M∗))L(M|π = π̂, ρ = ρ̂) (10)

5.3. M Method

Instead of using the estimated parameters directly, an alternative approach is to maxi-
mize the above summation of probabilities in the whole parameter space. This technique is
denoted as the M method. The exact p-value can be calculated by Equation (11).

PM(M∗) = sup
π∈(0,1), ρ∈(−1,1)

 ∑
M∈Ω1(M∗)

I(TSC(M) ≥ TSC(M∗))L(M; π, ρ)

 (11)
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5.4. E + M Method

The M method discussed above calculates p-values based on the score test statistic.
Notice that the exact p-value, PE(M∗), can be regarded as a statistic as well and replace the
role of the score statistic in the M method. The fusion of the two approaches is referred to
as the E + M method. The exact p-value is defined by Equation (12).

PE+M(M∗) = sup
π∈(0,1), ρ∈(−1,1)

 ∑
M∈Ω1(M∗)

I(PE(M) ≤ PE(M∗))L(M; π, ρ)

 (12)

5.5. CI Method

Unlike the M method, a smaller parameter space consisting of the 100(1 − β)% confi-
dence intervals (CIs) of π and ρ can be used when maximizing the summation of probabili-
ties, and this is called the CI method. The confidence intervals of π and ρ are denoted as CIπ

and CIρ, respectively. We kindly ask the readers to refer to Berger [15] and Silvapulle’s [16]
work for details. In essence, the rationale is that the M method can be conservative since
the generated p-values may be close to one due to the nature of the supremum. The CI
method shrinks the parameter space, resulting in smaller p-values than the M approach.
The corresponding p-value is defined by Equation (13).

PCI(M∗) = sup
π∈CIπ , ρ∈CIρ

 ∑
M∈Ω1(M∗)

I(TSC(M) ≥ TSC(M∗))L(M; π, ρ)

+ 3β (13)

A definition of the p-value is considered valid if Prob(p-value ≤ α|H0) ≤ α holds
according to Vexler [17]). A simple proof that PCI(M∗) is a valid p-value is given in
the Appendix A.

The confidence intervals of π and ρ are derived using another score test statistic (T∗
SC)

with the null hypothesis H0 : π1 = π2 = ... = πg = π. The conditional MLE of π given
known ρ can be obtained by solving Equation (2), and the conditional MLE of ρ given
π can be obtained by solving Equation (1). The score test statistic T∗

SC can be expressed
by Equation (14),

T∗
SC(M∗) = UCIC(π, ρ)−1UT

C (14)

where

UC = (
∂l
∂π

,
∂l
∂ρ

), IC(π, ρ) =

[
I11 I12
I21 I22

]
,

I11 =E(− ∂2l
∂π2 ) =

N
π

− 4 M (ρ − 1)− N
π − 1

+ 2 M (2 ρ − 2) +
M (ρ − 2 π (ρ − 1))2

π ρ − π2 (ρ − 1)

− M (πρ − π + (π − 1)(ρ − 1) + 1)
π − 1

− 2 M (2 π − 1)2 (ρ − 1)
π − π2

− M (ρ − 1) (πρ − π + (π − 1)(ρ − 1) + 1)
π ρ − π + 1

,

I12 =I21 = E(− ∂2l
∂π∂ρ

) =
M ρ (2 π − 1)

(π ρ − π + 1) (ρ + π − π ρ)
,

and I22 =E(− ∂2l
∂ρ2 ) =

π M (π − 1) (ρ + 1)
(ρ − 1) (π ρ − π + 1) (ρ + π − π ρ)

.

The following iterative procedure outlines the details of finding the upper limit of the
CI of π:
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(1) Set π̂ as the starting point of π, where π̂ is the constrained MLE of π for H0. Initialize
flag = 1 and stepsize = min{0.01, (1 − π̂)/10} so that the updated upper bound does
not prematurely exceed 1;

(2) Update π(t+1) = π(t) + flag × stepsize and calculate the conditional MLE ρ̃ given
π(t+1). Then, the score test statistic is given by (T∗

SC(M∗))(t+1) = UCIC(π, ρ)−1UT
C|π

= π(t+1), ρ = ρ̃;
(3) If (T∗

SC(M∗))(t+1) > X 2
1,1−β, where X 2

1,1−β is the 1 − β quantile of the chi-square
distribution with one degree of freedom, turn to the opposite searching direction by
letting flag = −1 and reduce the stepsize by multiplying it by 1/3.1416, then return to
step (2). Otherwise, keep flag = 1 and return to step (2);

(4) Repeat steps (2) and (3) until the stepsize is sufficiently small (e.g., 10−4).

The lower limit of the CI of π can be determined by letting flag = −1 and
stepsize = min{0.01, π̂/10} in step (1) and then multiplying it by−1 if (T∗

SC(M∗))(t+1) > X 2
1,1−β

or multiplying it by 1 if (T∗
SC(M∗))(t+1) ≤ X 2

1,1−β.
The following procedures can be used to determine the upper limit of the CI of ρ:

(1) Set ρ̂ as the starting point of ρ, where ρ̂ is the constrained MLE of ρ for H0. Initialize
flag = 1 and stepsize = min{0.01, (1 − ρ̂)/10};

(2) Update ρ(t+1) = ρ(t) + flag × stepsize and calculate the conditional MLE π̃ given
ρ(t+1). Then, the score test statistic is given by (T∗

SC(M∗))(t+1) = UCIC(π, ρ)−1UT
C|ρ =

ρ(t+1), π = π̃;
(3) If (T∗

SC(M∗))(t+1) > X 2
1,1−β, turn to the opposite searching direction by letting

flag = −1 and reduce the stepsize by multiplying it by 1/3.1416, then return to step
(2). Otherwise, keep flag = 1 and return to step (2);

(4) Repeat steps (2) and (3) until the stepsize is sufficiently small (e.g., 10−4).

The lower bound of the CI of ρ can be found by initializing flag = −1 and
stepsize = min{0.01, (1+ ρ̂)/10} in step (1) and multiply it by −1 if (T∗

SC(M∗))(t+1) > X 2
1,1−β

or multiply it by 1 if (T∗
SC(M∗))(t+1) ≤ X 2

1,1−β.

5.6. C Method

The conditional method, denoted as the C method, assumes both the column and
row totals are fixed in Table 1, and it does not involve nuisance parameters in determining
p-values. Let (m∗

1 , n∗
1 , m∗

2 , n∗
2 , ..., m∗

g, n∗
g, S∗

0 , S∗
1 , S∗

2 , N∗
0 , N∗

1 ) represent the margins of the
observed table M∗ and define ΩC(M∗) as the collection of all tables having the same
margins as M∗. The exact p-value is determined by Equation (15).

PC(M∗) = ∑
M∈ΩC(M∗)

(
I(TSC(M) ≥ TSC(M∗))×

∏
g
i=1

mi !
mi0!mi1!mi2!

M!
S0!S1!S2!

×
∏

g
i=1

ni !
ni0!ni1!

N!
N0!N1!

)
(15)

6. Numerical Study

The performance of the approaches discussed in Sections 4 and 5 was evaluated with
respect to type I error controls and statistical powers. To simulate practical scenarios
characterized by small sample sizes, the total sample size M + N was set to around 20 and
10. We further assumed a balanced design with m1 = m2 = ... = mg and n1 = n2 = ... = ng.
It is worth noting that unbalanced studies can be explored in a similar manner. The nominal
level α = 5% was used throughout the numerical study.

For the equal correlation coefficients model, all tables having a given margin (m1, m2, ...,
mg, n1, ..., ng) were enumerated, and the corresponding p-values based on the six methods
discussed can be calculated. The type I errors and powers of each proposed method were
determined by the summation of probabilities of tables with a p-value < 0.05 for H0 and Ha,
respectively. We set the parameter β = 0.0001 in the CI method. Figures 1–3 demonstrate
the contour plots of type I error rates as a function of π and ρ when the total sample size is
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around 10. The contour plots of type I error rates given a sample size of approximately 20
are shown in Figures A1 and A2. The blank areas in the plots represent combinations of
π and ρ for which at least one of the parameters (Pbi0, Pbi1, Pbi2, Pui0, Pui1) falls outside the
interval [0, 1]. If the type I error of a test is greater than 6%, the test is considered liberal.
And if the type I error of a test is less than 4%, the test is considered conservative according
to Tang et al. [18].

Regardless of the sample size and the group number, the asymptotic method, the M
method, the E + M method, the C method, and the CI method typically yield conservative
type I errors since a large area of combinations of π and ρ producing TIEs ≤ 0.04 is
observed. The CI approach and the M approach generate very similar results due to
their similar constructions of p-values. The CI approach defines the p-values within the
space consisting of two confidence intervals, and the M approach considers the whole
parameter space. When the total sample size is around 10, the C method produces extremely
conservative outcomes with all parameter settings generating TIEs that are less than 3%
due to discreteness. Although the E method generates a small proportion of area in the
contour plots where the type I errors exceed 6%, it maintains a larger portion of type I error
rates within the range of 4% and 6% compared to the other five methods.

A Method
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Figure 1. Contour plots of type I errors for the equal correlation coefficients model (g = 2, mi = 3,
ni = 2, i = 1, 2).
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Figure 3. Contour plots of type I errors for the equal correlation coefficients model (g = 4, mi = 2,
ni = 1, i = 1, 2, 3, 4).

For each combination of (g, mi, ni) from Figures 1–3 and from Figures A1 and A2,
a parallel study was conducted using the individual site model. For example, tables
with g = 2, mi = 5, and ni = 5 can be transformed to (x10, x11, x20, x21), where
x1 = x2 = 2 × 5 + 5 = 15. The performance of type I error controls of the Pearson
chi-squared test, the FFH test, and the mid-P test were investigated, and the contour plots
are exhibited in Figures 4–6, A3 and A4.
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Pearson

0.02

0.02
0.02

0.02

0.
02

0.04

0.04 0.04

0.
04

0.05

0.05 0.05

0.
05

0.06

0.06 0.06

0.
06

0.08

0.08 0.08

0.1
0.1

0.
1

0.15
0.15

0.2

0.2 0.4 0.6 0.8

-0.5

0

0.5

FFH

0.02

0.02
0.02

0.
02

0.04

0.04 0.04

0.05

0.05

0.
05

0.06

0.06

0.
06

0.08

0.08

0.
08

0.1

0.
10.15

0.2 0.4 0.6 0.8

-0.5

0

0.5

Figure 5. Cont.



Axioms 2024, 13, 430 11 of 25

Mid-P

0.02

0.02 0.02 0.02

0.
02

0.04

0.04 0.04 0.04

0.
040.05

0.05 0.05 0.05

0.06
0.06 0.06

0.
060.08

0.08 0.08

0.
08

0.1

0.1 0.1

0.
10.15

0.15

0.2

0.2 0.4 0.6 0.8

-0.5

0

0.5
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Figure 6. Contour plots of type I errors for the individual site model (g = 4, mi = 2, ni = 1, i = 1, 2, 3, 4).

Using the individual site model, the Pearson, the FFH, and the mid-P test generate
inflated type I errors when the underlying correlation coefficient ρ is close to 1, while the
FFH approach outputs conservative TIEs when g = 2, mi = 5, ni = 5. If the two sites of
a subject have a weak correlation (ρ ≈ 0), type I errors from the three methods can be
controlled within the satisfied region. Hence, the equal correlation coefficients model is
recommended in practice given the unsatisfied type I error controls when the correlation
is ignored.

The power performance is investigated in the following part. The exact power
is determined by varying the value of πg while fixing π1, ..., πg−1, and ρ. Based on
Figures 7–10 and A5–A8, the E method outperforms the other five methods and have
the highest powers in all scenarios. The power of the C approach is generally the lowest,
which is expected given the low type I error rates observed in the numerical study above.
Again, the CI and the M method generate very similar powers due to the intrinsic similari-
ties. Note that if the absolute difference between πg and the value of π1 = ....πg−1 decrease
to 0, the powers of all methods become close to 0.05 as indicated by the horizontal dash
lines. This behavior is anticipated because the smaller the difference, the more likely the
tables will support the null hypothesis. The statistical test powers increase as the sample
size increases from 10 to 20 no matter what method is employed.
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Figure 10. Power plots for π1 = ... = πg−1 = 0.7, and ρ = 0.6.

7. Real Examples

Three real-world examples are described in detail to demonstrate the application of the
proposed methods. The first example is a double-blind randomized clinical trial studying
acute otitis media with effusion (OME) as described by Mandel [19]. The total number of
children recruited in the study was 214, and there were two hundred and ninety-three ears
registered in the study among these children. Every participant was categorized into either
the bilateral disease or unilateral disease group at the study entry. All subjects underwent
either unilateral or bilateral tympanocentesis and were subsequently randomized into one
of two treatment groups, cefaclor or amoxicillin, for 14 days. After the course of treatment,
the disease status of each ear was recorded, and 11 children were dropped from the study
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since they met the exclusion criteria. Table 3 displays the distribution of a subgroup of
children aged ≥ 6 years. To test the homogeneity of cure rates of the two treatments, the
six methods discussed in Section 5 were applied, and the corresponding p-values can be
found in Table 4. All p-values are greater than 0.05, suggesting a lack of evidence to reject
the null hypothesis at α = 5%.

Table 3. The distribution of children aged ≥ 6 years at 14 days by treatment, number of cured ears,
and disease status at study entry.

Treatment

Bilateral at Entry Unilateral at Entry

No. of Cured Ears No. of Cured Ears

0 1 2 0 1

Cefaclor 0 1 3 8 11
Amoxicillin 1 0 6 7 11

Table 4. p-values using different approaches for example 1.

Approach p-Value

A 0.6629
E 0.6712
M 0.7218

E + M 0.8608
C 0.7667
CI 0.7197

The second example consists of 60 subjects receiving Orthokeratology (Ortho-k) to
treat nearsightedness. This is an observational study conducted at the First Affiliated
Hospital of Xiamen University in 2023 (Liang et al. [20]). Ortho-k is a vision correction
procedure that uses specially designed contact lenses to temporarily reshape the cornea
and improve vision. The study involved various brands that can be further classified into
two categories based on the type of lens designs. Vision shaping treatment (VST) is one of
the two designs constructing the edge of the lens that touches the edge of the cornea, while
the other design, called corneal refractive therapy (CRT), constructs the edge of the lens so
that it does not touch the cornea (Lu et al. [21]). Patients can opt to wear the lenses on either
one or both eyes, depending on their individual requirements. An eye is said to have a
response to the treatment if the axial length growth < 0.3 mm according to Rose et al. [22].
A subgroup of female subjects were included in the demonstration to test whether there
was a difference between the response rates of the two designs. There were 3 subjects who
received unilateral Ortho-k and 26 subjects who underwent bilateral Ortho-k, as indicated
in Table 5. The p-values from Table 6 are all less than the nominal level of 5%, suggesting a
rejection of the null hypothesis.

Table 5. The number of subjects by design and number of eyes demonstrating response after treatment.

Design

Bilateral Unilateral

No. of Eyes with Response No. of Eyes with Response

0 1 2 0 1

VST 9 3 7 2 1
CRT 7 0 0 0 0
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Table 6. p-values using different approaches for example 2.

Approach p-Value

A 0.0188
E 0.0171
M 0.0220

E + M 0.0249
C 0.0265
CI 0.0219

The data of the third example were collected from patients with retinitis pigmentosa
referred from the outpatient facilities of the Massachusetts Eye and Ear Infirmary or
from private ophthalmologists. Details of the study can be found in Berson, Rosner,
and Simonoff [23]. The patients were classified into four groups based on their genetic
types, which are autosomal dominant RP (DOM), autosomal recessive RP (AR), sex-linked
RP (SL), and isolate RP (ISO). The type ISO was dropped from the analysis since the sample
size of this group is large and asymptotic methods are preferred. The distribution of
patients can be found in Table 7. This example demonstrates the capability of the proposed
methods in handling bilateral data. The calculation time of the E + M method is excessively
long; therefore, the corresponding p-value is omitted. All the p-values of the proposed
methods displayed in Table 8 are less than 0.05, indicating a rejection of the null hypothesis,
and the prevalences of the three groups are not the same.

Table 7. The number of patients by genetic type and number of affected eyes.

Design

Bilateral Unilateral

No. of Eyes with Response No. of Eyes with Response

0 1 2 0 1

DOM 15 6 7 0 0
AR 7 5 9 0 0

SL 3 2 14 0 0

Table 8. p-values using different approaches for example 3.

Approach p-Value

A 0.0048
E 0.0042
M 0.0044

E + M NA
C 0.0045
CI 0.0047

8. Discussion

The individual site model assumes the measurements from sites of individuals are
independent and does not consider the potential correlation between two sites of the same
subject. Given prior knowledge of the nonexistence of the correlation, an investigator may
choose to proceed with the individual site model and perform the Pearson chi-squared
test or exact tests without doubt. However, it is often the case that there is no proven fact
of such an assumption. As the correlation moves further from zero, the asymptotic and
exact methods lose the type I error controls based on the numerical studies in Section 6.
One may argue that the individual site model may carry out the hypothesis test using an
appropriate method with acceptable TIEs falling in the interval of [0.04, 0.06]. It is important
to note that the equal correlation coefficients model also produces satisfactory TIE controls
with a suitable approach. Therefore, the model taking into account the correlation takes
precedence if the data collection involves paired sites of the same subject.

Given the priority of the equal correlation coefficients model, testing the homogeneity
of group-specific proportions using the score test can be the first candidate method that re-
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searchers consider. Nevertheless, the asymptotic behavior of the score test is not guaranteed if
the sample size is small. As a consequence, five exact tests are proposed, and their performance
in terms of TIE controls and statistical powers was examined in different scenarios. When
the sample size is relatively small as seen in Figure 1–3, the E method generally performs
well in controlling TIEs within 4% to 6%, while other methods are conservative with larger
proportions in the contour plots below 4%. This superiority of the E method can be found
in Figure A1 and A2 where the sample size is relatively large. Regarding statistical powers,
the E method is superior or similar to other methods for all sample sizes and parameter
settings. For example, the E method has similar powers to the asymptotic method when g = 2
and differentiates from other methods when g = 3 or 4 in Figure 7. Overall, the E method is
recommended as it controls type I error in a satisfactory region and has higher powers than
the other methods. The M, E + M, and CI methods generally produce comparable TIEs and
powers, whereas the C method becomes the most conservative specifically when the total
sample size is approximately 10. Future works will include validation of the equal correlation
coefficient assumption before performing the homogeneity test.

9. Conclusions

There are two aims of this article: first, to investigate and compare the two models
with and without the assumption of correlation coefficients, and second, to propose exact
methods to address the lack of type I error controls caused by poor approximations of
the score test when the sample size is small. The numerical study indicates the relative
appropriateness of the equal correlation model when analyzing paired binary data and
highlights the superiority of the E method for exact tests of homogeneity of proportions.
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Appendix A

Let π0 and ρ0 be the true parameters with the null hypothesis H0 and note that
Prob(TSC(M) ≥ TSC(M∗)|π0, ρ0) is uniformly distributed on [0, 1] with H0. Following the
definition of PCI(M∗), it is clear that

Prob(PCI (M∗) ≤ α|H0) =Prob(PCI (M∗) ≤ α, π0 ∈ CIπ , ρ0 ∈ CIρ |H0)

+ Prob(PCI (M∗) ≤ α, π0 ∈ CIπ , ρ0 /∈ CIρ |H0)

+ Prob(PCI (M∗) ≤ α, π0 /∈ CIπ , ρ0 ∈ CIρ |H0)

+ Prob(PCI (M∗) ≤ α, π0 /∈ CIπ , ρ0 /∈ CIρ |H0)

≤Prob(PCI (M∗) ≤ α, π0 ∈ CIπ , ρ0 ∈ CIρ |H0) + Prob(ρ0 /∈ CIρ |H0)

+ Prob(π0 /∈ CIπ |H0) + Prob(π0 /∈ CIπ |H0)

=Prob

 sup
π∈CIπ , ρ∈CIρ

 ∑
M∈Ω1(M∗ )

I(TSC(M) ≥ TSC(M∗))L(M; π, ρ)

+ 3β ≤ α,

π0 ∈ CIπ , ρ0 ∈ CIρ |H0

]

+ Prob(ρ0 /∈ CIρ |H0) + 2 × Prob(π0 /∈ CIπ |H0)

≤Prob(Prob(TSC(M) ≥ TSC(M∗)|π0, ρ0) + 3β ≤ α, π0 ∈ CIπ , ρ0 ∈ CIρ |H0)

+ Prob(ρ0 /∈ CIρ |H0) + 2 × Prob(π0 /∈ CIπ |H0)

≤Prob(Prob(TSC(M) ≥ TSC(M∗)|π0, ρ0) ≤ α − 3β|H0) + 3β

=α − 3β + 3β

=α,
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Figure A1. Contour plots of type I errors for the equal correlation coefficients model (g = 2, mi = 5,
ni = 5, i = 1, 2).
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Figure A2. Contour plots of type I errors for the equal correlation coefficients model (g = 3, mi = 4,
ni = 3, i = 1, 2, 3).
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Figure A3. Contour plots of type I errors for the individual site model (g = 2, mi = 5, ni = 5, i = 1, 2).
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Figure A4. Contour plots of type I errors for the individual site model (g = 3, mi = 4, ni = 3,
i = 1, 2, 3).

0.0

0.2

0.4

0.6

0.8

0.0 0.2 0.4 0.6 0.8 1.0
π2

P
ow

er

Method
A

C

CI

E

EM

M

g=2, mi=5, ni=5

0.0

0.2

0.4

0.6

0.8

0.0 0.2 0.4 0.6 0.8 1.0
π3

P
ow

er

Method
A

C

CI

E

EM

M

g=3, mi=4, ni=3Figure A5. Cont.



Axioms 2024, 13, 430 22 of 25

0.0

0.2

0.4

0.6

0.8

0.0 0.2 0.4 0.6 0.8 1.0
π2

P
ow

er

Method
A

C

CI

E

EM

M

g=2, mi=5, ni=5

0.0

0.2

0.4

0.6

0.8

0.0 0.2 0.4 0.6 0.8 1.0
π3

P
ow

er

Method
A

C

CI

E

EM

M

g=3, mi=4, ni=3

Figure A5. Power plots for π1 = ... = πg−1 = 0.3, and ρ = 0.4.
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Figure A6. Power plots for π1 = ... = πg−1 = 0.7, and ρ = 0.4.
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Figure A7. Power plots for π1 = ... = πg−1 = 0.3, and ρ = 0.6.
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Figure A8. Power plots for π1 = ... = πg−1 = 0.7, and ρ = 0.6.
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