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Abstract: Sphere packing consists of placing several spheres in a container without mutual over-
lapping. While packing into regular-shape containers is well explored, less attention is focused on
containers with nonlinear boundaries, such as ellipsoids or paraboloids. Packing n-dimensional
spheres into a minimum-height container bounded by a parabolic surface is formulated. The mini-
mum allowable distances between spheres as well as between spheres and the container boundary are
considered. A normalized ®-function is used for analytical description of the containment constraints.
A nonlinear programming model for the packing problem is provided. A solution algorithm based
on the feasible directions approach and a decomposition technique is proposed. The computational
results for problem instances with various space dimensions, different numbers of spheres and their
radii, the minimal allowable distances and the parameters of the parabolic container are presented to
demonstrate the efficiency of the proposed approach.
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1. Introduction

Sphere packing is a well-studied area of research that involves arranging identical
or non-identical spherical items within a given volume (container), subject to certain
constraints. This problem has a wide range of applications, making it a versatile and
important topic in both theoretical and practical contexts [1]. According to the typology of
packing and cutting problems introduced in [2], packing problems are considered in two
main formulations: open dimension problems (ODP) and knapsack problems. The ODP is
aimed at optimizing the dimension(s) of a container, while packing the maximum number
of identical objects or maximizing the total volume of packed objects is a knapsack problem.
Typically, continuous nonlinear programming (NLP) models are used to formulate an ODP,
while for the knapsack problem, mixed integer NLP models are implemented.

Our interest in irregular containers is motivated by the following considerations. Pack-
ing problems for regular-shaped containers (rectangles, circles) are well studied for 2D ob-
jects, such as circles [3], ovals [4,5] and ellipses [6—8]. Rich theoretical and empirical results
are presented in these papers, where various NLP models and exact/heuristic/ metaheuristic
solution techniques are accompanied by extensive computational experiments to demon-
strate the efficiency of the proposed approaches. Different NLP models and solution
algorithms for packing 3D objects into regular 3D containers (cuboids, spheres, and cylin-
ders) can be found, e.g., in [9,10] for spherical and in [11] for ellipsoidal shapes, together
with corresponding empirical results obtained for different numbers of objects and various
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container shapes. In all these works, geometric tools for modeling non-overlapping and
containment conditions in Euclidean and non-Euclidean [4,5,9] metrics are provided. Algo-
rithms based on combinations of smart heuristics and nonlinear optimization techniques
are designed. The proposed solution approaches allow us to find the optimal solutions for
small and medium-sized instances, while reasonably good feasible solutions are obtained
for larger instances. However, as was highlighted in review papers [12-15], challenging
packing problems in irregular containers are much less investigated. Several publications
consider ellipsoidal containers [16,17], while there are only a few works focusing on packing
for multiply connected domains and cardioids [18] and paraboloids [19]. Sphere packing
into irregular containers arises in, e.g., material science [20,21] and nanotechnology [22]. A
simple application of sphere packing into a parabolic container can be found in the food
industry [23], where a parabolic dish container must be designed to store candies. To the
best of our knowledge, in the n-dimensional case, the problem of packing spheres into an
optimized parabolic container has not been considered before.

A brief review of the papers related to packing in irregular containers is provided
below. An approach to constructing analytical non-intersection and containment conditions
for non-oriented convex two-dimensional objects, defined by second-order curves, is
proposed in [16]. This approach was applied to a problem of packing circles into an ellipse
and minimizing the ellipse size. Packing algorithms applied to different-shaped two-
dimensional domains are studied in [18], including rectangles, ellipses, crosses, multiply
connected domains and even cardioid shapes. The authors introduce a novel approach
centered around the concept of “image” disks, enabling the study of packing within fixed
containers. Paper [19] focuses on Apollonian circle packing. The method has been used
in various models, including geological sheer bands. Mathematical equations utilizing
hyperbolas and ellipses are applied. This approach is applicable to a generic, closed, convex
contour given the parametrization of its boundary. In the aerospace industry, packing into
parabolic or other non-traditional containers is a significant challenge due to the specific
shapes and delicate nature of many components [19]. The container is divided by horizontal
racks into sub-containers. The proposed mathematical model considers the minimal and
maximal allowable distances between objects subject to the behavior constraints of the
mechanical system (equilibrium, moments of inertia and stability constraints). The paper
describes a solution approach based on the multistart strategy, Shor’s r-algorithm and
accelerated search for the terminal nodes of the solution tree.

The objective of this paper is to develop a modeling and solutions approach to an ODP
that consists of packing n-dimensional spheres into a minimum-height parabolic container.
For analytical description of the placement constraints, the ®-function technique [24] is
used. This approach allows us to present mathematical models of optimized packing
problems in the form of continuous NLP problems. To describe the containment of spheres
in the parabolic container, a new ®-function for the nD case is introduced. Using a section
of the nD paraboloid and spheres by hyperplanes, it is iteratively reduced to consideration
of the ®-function in the 2D case. The ®-function involves an additional variable parameter
that is dynamically adjusted by solving a one-dimensional optimization problem. An
approach based on the feasible directions method (FDM) [25] is developed considering the
special properties of the ®-function.

The contributions of the paper are as follows:

e A new problem of packing spheres into a minimum-height parabolic container in
n-dimensional space;

e A new d-function for analytical description of the containment of a sphere into a
parabolic container in n-dimensional space;

e Anapproach based on the feasible directions scheme considering the specific charac-
teristics of the ®-function.

e  New benchmarks for various sphere radii and the parameters of the parabolic container
in n-dimensional space forn =2, 3, 4, 5.
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The remainder of this paper is organized as follows. Section 2 describes the problem
statement. Section 3 introduces geometrical tools for constructing a mathematical model of
the packing problem. A mathematical model is formulated in Section 4. Section 5 presents
a modification of the FDM. Section 6 provides the computational results for problem
instances in several dimensions, with different numbers of spheres and their radii and
various values of the minimal allowable distances and the parameters of the parabolic
container. Section 7 concludes.

2. Problem Statement

Let a convex domain bounded by a parabolic surface and a hyperplane be de-
fined in n-dimensional Euclidean space R" as follows: P,(h) = P,N H, where

n—1
P, = {X = (xl,xz,...,xn)GR”:‘):lx%—prnSO}andHn = {XeR":x,—h <0}, ie,
1=

n—1
Pu(h) = {X€R": ¥ x? —2px, <0, x, —h <0} 1)
i=1

Further, we refer the domain P, (h) to a container of variable height & > 0, with the
predefined parameter p > 0.

And let a collection of nD spheres S;,j € | = {1,2,...,m} with variable centers
yi = (Yj1,Yj2,---,Yjn) € R"j € ], be given and denoted by

Si(y)) = {XeR": [[X—yjll—r;<0},je]. )

In addition, the minimal allowable distances between each pair of spheres S;(y;) and
Si(yj), as well as between a sphere S;(y;) and the boundary of the container P, (h), are
given, respectively, as ;; and J;.

Packing problem. Pack spheres S;(y;), j € ], into the minimum-height container P, (h),
considering the minimal allowable distances é;;, t < j € J,and J;,j € .

To describe the placement constraints of the packing problem analytically, the ®-
function technique is used. For the reader’s convenience, the main definitions of the
phi-function are provided in Appendix A. More details can be found in, e.g., Chapter 15
of [26].

The distance constraint for two spheres can be defined using the adjusted ®-function
in the form

Dyi(yny;) = llye—yjl> = (re +1j+87)°
Therefore,
@4(y1,y;) = 0 <« dist(St(yr), Sj(y;)) = 64,

dist(St(yt), Si(y;)) = min lla—>b|,a = (ay,az,...,a),b = (b1,by,...,by).
aGS[(yt),bGSj(yj)
In Section 3, we introduce a continuous and everywhere defined function that allows
us to describe the containment of each sphere into a parabolic container.

3. The ®-Function for Containment Constraints

To describe analytically the containment constraint, S;(y;) C Py (h) < intS;(y;) N P;(h) = @,
let us define a phi-function for an nD sphere S;(y;) (2) and the object P; (k) = R™\intP, (h)
(the compliment of the container P, (h) interior to the whole space R").

Note that P;;(h) = P UH;;, where H, = {X € R":x, —h >0} and

n—1
Py = {XeR": Y x}—2px, >0}. 3)
i=1
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A ®-function for a sphere S;(y;) and the object P;; (/1) can be stated in the following form:
@j(y],y]n,h) = min{ (I)](y]) _5j/®j(yjnrh)}/ (4)

where ®;(y;) is a ®-function for a sphere S;(y;) and the object P;, and ®;(y;,, h) = h —
Yjn — 1 is a @-function for a sphere S;(y;) and a half-space Hy.

Let us define a ®-function for a sphere S;(y;) and the object P;;. We state that S;(y;) C
P, if P;; N 1ntS](y]) = J.

Firstly, construct an (n — 1)D hyperplane K; passing through axis Ox;,, of P, and the
center y; = (Yj1,Yj2,---,Yju) of the nD sphere S;(y;). Then, the section K; N P, yields the
parabolic domain

n—1
Py = {XeR" 1 : —z3— Y x7+2px, = 0},
i=3

where zy = £,/ x% + x%, while the section K1 N S;(y;) yields the (n — 1)D-sphere Si(n-1)

of radius r; and the center y;,_1) = (zj,¥j3,-- -, Yju).z1 = sign(yj), /yJZ1 + y]Zz
By analogy, an (1 — 2)D-hyperplane K passing through axis Ox;, of P,,_1 and the center
Yj(n—1) Of Sj(u_1) is constructed. Then, the section K, N P,,_; yields the parabolic domain

n—1
Pip = {XeR"2:—2Z— Y x?+2px, = 0},
i=4

wherezy = +,/¥Y%_, x2, while the section K, N Si(n-1) yields the (n — 2)D-sphere S;(,, )
of radius r; and the center y(,_p) = (2j2,¥ja,--- Yju) 22 = sign(zj1) m

The iterative procedure continues wuntil the 2D parabolic domain

P, = {X € R?: —z%nil) +2px, = 0} with 2,1 = sign(zj(,_2))\/LI'_Y 27 and the

2D sphere Sj; of radius 7; and the center (zj(n_l), Yjn) are obtained.

Note that sign(zj(,_z)) = sign(zj(,—3)) = ... = sign(zj) = sign(y;1). This means
that the construction of the ®-function for the object Py (3) and the nD sphere S;(y;) (2) is
reduced to deriving the ®-function for the object P; and the 2D sphere Sj,.

Let an equation of the tangent 03D2; to the boundary of P, be given

FGn-1, % t) = —2u1/2ptj+pxn +1£5) = 0
forany t; € R!. Note that different tangents 03D2;(t;) can be generated for different values
of t;.
)
Leta point (z,-1,xn) = (tj1/2p, t]2) be a tangency point of 03D2;(#;) and the boundary
of P». Then, the normal equation of 03D2;(t;) takes the form

Zu—1y/2ptj — p(xn +17) o

fj(znflrx'rl/ t]) = . (5)
2 2
’ /Zptj +p

Thus, the normalized ®-function for the 2D sphere Sj; and the half-plane specified by
the inequality fj(zn,l, Xn, tj) < 0 can be defined as follows:

jo(2j(n-1)Yjn: tj) = fi(Zjtn-1) Yjn tj) =7 ©)

Substituting f;(z,-1,xu,t;) (5) into (6), the function wj(t;)) = (—z;,-1)\/2pt; —

P(yju + 1))/ /2pt + p? can be defined.
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Then, we search for t; at which the function wj(t}) reaches the minimum correspond-
ing to the distance between the center of S;, and the boundary of P,. Consequently, bearing

inmind z,_; = :l:,/Z?;ll x2, the normalized ®-function for Si(yj) and P; (3) takes

the form
Pi(yj)) = min &, 1\, Yin, ti)- 7
](y]) LelBbnl o(z Zj(n—1),Yjn ]) )

To find the optimal value of t; € [Bj1, Bj2], a bisection technique [25] is applied.
Let us consider two cases for the locations of the center of S, with respect to P»: case 1

corresponds to (zj(,_1),Yjn) € P2; case 2 corresponds to (z (n 1) y]n) ¢ P,.
Assume (z i(n—1)s y]-n) € P and yjn > 0. Here, (z Zjtn-1) Y jn) is the center point
of the sphere Sj. Let us consider two tangents 03D2;(t;;) and 03D2(tj;) to frP, at

~2 =
points A( Zpy]n, y]n)and B(z j(n-1)7 Zj(n-1)/ (2p)) for corresponding tj; = 4/, and
th = /z\]-(n_l)/\/ p (Figure 1). Therefore, [Bj1, Bj] = [fz\]-(n_l)/\/Z ,,/?jn].

0"/ / |

Figure 1. [llustration of interaction of S; and the boundary of P, in 2D.

In Figure 1, the segment AB of the parabola that corresponds to f; € [B;1, Bj2] is shown.

The tangent 03D2;(t7) at the point C( 2py jn y jurtj) corresponds to t7 = taer[gﬁm[i;n}
J=WPjLP2

cI)]'O(Aj(n 1)s /y\]n’ )
Let (zj(4_1), y]n) € P, (case 1); then,

Er= \/y?hfzn 1)>0(case11)
1Bl = f
[1311/.3]2] { [— \/W' \F ] 1fz )y <0 (casel.2)

)

Let (zj(u—1),Yjn) ¢ Pa(case 2); then,

Bi1, Bp) = { [— |Z\ﬁ)‘ |Z’\(/» |] if yjy < 0(case2.2) : ©)

[— ’\;ﬁ),,/y n) if Zj(u—1) <0, Yju > 0(case2.3)
Figure 2 illustrates two cases: a sphere is arranged inside the parabolic domain
®;(y;) > O(Figure 2a), and a sphere is arranged outside the parabolic domain P,

®;(y;) < 0 (Figure 2b).
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= Iy

i1

(b)

Figure 2. Arrangements of S, with respect to P, for different t; € [Bj1, Bja]: (a) (zj(n—1),Yju) € P2;
(®) (zj(n—1),Yjn) & P2.

In particular, to calculate t € [B)1, B2], case 1.1 (8) is used for the parabolic segment
A1, Ay, while case 1.2 (8) is used for the parabolic segment B1, B, (Figure 2a); case 2.1 (9) is
used for the parabolic segment A, Ay, case 2.2 (9) is used for the parabolic segment Cq, C,
and case 2.3 in (9) is used for the parabolic segment By, B, (Figure 2b).

4. Mathematical Model
A mathematical model of the packing problem can be formulated as follows:

inh 10
i 10

subject to

D4y, y;) = llyt - yill> = (re+1j+6;)> >0, t < j€l
Qi (yj, Y h) = min{ @;(y;) — 5, 0(yju,h)} =0, j €]

where Y = (y1,y2,...,ym) € R™.

Note that the inequality CD]’f (Yj,Yjn,h) = 0in (11) is equivalent to the system of in-
equalities @;(y;) — J; > 0and ©;(y;u, 1) > 0 and ensures the arrangement of the nD sphere
Si(y;) fully inside the parabolic container Py ().

The number of inequalities specifying the feasible region (11) is equal to x = 0.5m
(m — 1) + 2m. The dimensions of a solution matrix for W are (mn + 1) x x.

(11)
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Thus, the number of inequalities/variables in the inequality system (11) is increased
drastically by enlarging m. The solution matrix is strongly sparse. The problem is NP-
hard [27].

Since we cannot define ¢; explicitly, then we need to solve the optimization problems
of the form (7) for each sphere S;(y;) on each iteration of the solution process of the problem
(10), (11). We do not use the solvers BARON [28] or IPOPT [29] for the original problem
because of the dynamic nature of the ®-function. Instead, a modification of the feasible
directions method is developed.

The following solution strategy scheme for the problem (10), (11) is proposed:

1.  Take a sufficiently large height h° of the container that guarantees a placement of
spheres S;(y;), j € ], fully inside P(h°);

2. Generate the sphere centers y}), j € ], randomly so that S ]-(y?) C P(HY),j € ] @4y}, y?)
>0,t<je];

3. Apply the modification of the FDM to solve the problem (10), (11) for a set of feasible
starting points.

4. Select the best solution.

5. Solution Algorithm

In contrast to the problem considered in [30], in this study, the spheres are of different
radii, and the ®-function describing the containment of a sphere into the container involves
an additional parameter, which is dynamically changed during the optimization process.

The FDM for the problem (10), (11) is implemented using the iterative formula

Ykl — Yk Akzk k= 0,1,2,..., (12)

where YO € W (for k = 0) is a starting feasible point, Z¥ is a search direction vector, and
A¥ > 0is a parameter that controls the step size.

Let ¢(Y) = h denote the objective function. A vector Z¥ in (12) should provide
Y* € W. To search for a vector Z¥, the following linear programming problem is solved:

(ZF,o*) = argmaxas.t.03D2 = (Z,«) € G, (13)

Gk = {(Z,zx) eRYL VO (vl yf) - Z2a, t <je ], VO(yf) - Z2>u,

ko pk k ) (14)
VO;(yj ") Z2a,=Vo() - Z 2w, |zi] <1, i€ E = {1,2,...,x}},

where Z = (z1,23,...,2y) € R, x € R}, CDj(y;‘) is constructed according to (7).

Note that in (11), each ®4;(y:,y;) is an inverse convex function, and each @;(y;,, 1) is
a linear function. The vector of feasible directions may be orthogonal to the gradients of
these constraints, so the inequalities VCIDt]-(y’t‘, y;F )+ Z > aand VO; (y;-‘n, WK) . Z > win (14)
are replaced with V&y;(yf, y}‘ )-Z >0and VO, (y}‘n, W) - Z > 0, respectively.

To reduce the dimension of the problem (10), (11) and consequently of the problem
(13), (14), a decomposition strategy [31] based on the degree of feasibility is employed.

When considering all the placed spheres, the majority of them are positioned at a
significant distance from each other. The inequalities in the system (11) are satisfied with a
considerable margin, and they can be disregarded when forming the optimization vector.
At each step, only a subset of inequalities from the system (11) is considered, specifically
those with a low degree of feasibility. During the optimization process, a parameter
ek > 0 determining the degree of feasibility is adjusted dynamically, regulating the system
constraints at each step. If an inequality is not considered in the optimization process at a
certain step but is violated during the step’s execution, the admissibility is controlled using
the parameter AK in iterative Formula (12).

Let us denote the inverse convex and linear inequalities in the system (11) as gs(Y')

>
0, s € A C E and the rest of the inequalitiesas gs(Y) > 0, s e T CE(AUT = EAN
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I = @), and let EF = {s EA:OSgs(Yk) §£k} and BF = {s 6F:0§qs(Yk) gsk}.
Here, ¢k > 0 is a threshold value. Then, the problem (13), (14) takes the form

(ZK,o%) = argmaxas.t. (Z,a) € Gy, (15)

Gy = {(z,a) e RXHL: Vg (YK)-Z >0, i€ EF, Vg;(Y%)-Z >, i € B,

16
—Vq)(hk)-ZZa, |z;] §1,i€E}. 16)

Taking into account the problem (15), (16), the following step-by-step algorithm is
employed to solve problem (10), (11).
Step 1. Take a sufficiently large height h° of the container that guarantees a placement of
spheres S;(y;), j € ], fully inside P, (h°).
Step 2. Generate the sphere centers y?, j € J, randomly so that S; (y?) C Py (hY),
j €L y)) 20, t<jeE].
Step 3.Setk:= 0,e": = ¢ > 0.
Step 4. Define the functions CIDj(y;.‘ ) (7).
Step 5. Form the sets EX, BX.
Step 6. Set A¥: = 1.
Step 7. Calculate (Z¥, a¥) (Problem (15), (16)).
Step 8. If a¥ < 0 (there is no a feasible direction decreasing the objective ¢(Y) = h), then
set ek : = ¢5/2 and go to Step 5; otherwise (a¥ > 0), go to Step 9.
Step 9. Set YA+1: = vk + A7k (12).
Step 10. If YS1 ¢ W, then set A : = AK/2 and go to Step 9; otherwise, go to Step 11.
Step 11. If || Y*+1 — Y| < 7, then stop algorithm; otherwise, set &¥t1 : = &k, k: = k+1
and go to Step 4.

A schematic illustration of the proposed approach is shown in Figure 3. Three con-
secutive iterations of the FDM in 2D are illustrated in Figure 3a—c. An arrangement of

2D spheres corresponding to the stop criterion, || Y¥*1 — Y*|| < 7, at Step 11 is shown in
Figure 3d.

VAR

OQQ

(c)

Figure 3. [llustration to the main stages of the solution procedure for three spheres: (a) an arrangement
of spheres corresponding to the k-th iteration; (b) an arrangement of spheres corresponding to the
(k + 1)-th iteration; (c) an arrangement of spheres corresponding to the (k + 2)-th iteration; (d) an
arrangement of spheres corresponding to the stop criterion.
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A flowchart corresponding to the solution strategy is presented in Figure 4.

Calculate #°
Set h = h°, y=1

A

N

Set k=0
Generate a feasible starting point
¥ = (3%, 1¥) of problem (10),(11)

&
-

Define &, (y",-‘ ), using (7)

Define the direction vector z*
solve problem (15), (16) Set k:=k+1

LN

A

Calculate the step size

A K
arameter £
P Set y=y+1

h 4

Set y*=y* + 25 Z*

‘L

Set #" =11, ¥*

b 4

False

Figure 4. The flowchart of the main algorithm.
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6. Computational Results

The proposed approach was numerically tested for eleven instances of the problem
(9), (10) with different (a) dimensions, n =2, 3, 4, 5; (b) numbers of spheres, m = 50, 100,
200; b) radii, rj,j = 1,...,m; (c) minimal allowable distances, §t]-, 5j, t<jel, je];
(d) parameters p of the parabolic container, p = 1,2,5,10. For all the examples, we set
e = ¢ = 1,7 = 107°. For each problem instance, 10 starting points were generated. The
computations were performed using an Intel® Core™ i3-6100T, 3.20 GHz, 8.00 GB of RAM.

Example 1. n = 2,m = 100, r, = 1177,j7 = 1,...,24,r;, = 1117,
i = 25...,48,r; = 097,j = 49,...,72,r; = 0927,j = 73,...,96,r; = 0.86,
j=297,...,100,p = 1, (5tj = (5j = 0. The best solution found by our algorithm for 5 min
is hx = 37.518079.

Example 2. n = 2,m = 200,r;, = 1177,j = 1,...,24,r, = 1117,
jo=25...48r = 097,j = 49,...,72,r; = 0927,j = 73,...,96,r; = 0.86,
j=97,...,120,r; = 0812,j = 121,...,144,r; = 0.762,j = 145,...,168,r; = 0.726,
j=169,...,192,r; = 0.664,j = 193,...,200;p = 1,6;; = 6; = 0. The best solution
found by our algorithm for 20 min is hx = 49.511450.

Example 3. n = 2, m = 100, the radii are as in Example 1; p = 5, (St]- = 5]- = 0,
hY = 30. The best solution found by our algorithm for 5 min is hx = 21.695951.

Example 4. n = 2,m = 50, {r;,j = 1,...,50} ={1.177,1.177,1.177,1.177,1.117,
1.117,1.117,1.117, 1.117, 0.970, 0.970, 0.970, 0.970, 0.970, 0.927, 0.927, 0.927, 0.927, 0.927,
0.860, 0.860, 0.860, 0.860, 0.860, 0.812, 0.812, 0.812, 0.812, 0.812, 0.762, 0.762, 0.762, 0.762,
0.762, 0.726, 0.726, 0.726, 0.726, 0.726, 0.664, 0.664, 0.664, 0.664, 0.664, 0.627, 0.627, 0.627,
0.627,0.627}, p = 5,65 € [0.1,0.5], J; € [0.1,1]. The best solution found by our algorithm
for 2minis h* = 11.577099.

The corresponding placements of the spheres in Examples 14 are shown in Figure 5a—d.
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Figure 5. Optimized arrangement of 2D spheres: (a) Example 1; (b) Example 2; (c¢) Example 3;
(d) Example 4.

Example 5. n = 3,m = 50, {rj,j =1,...,50} ={0.527,0.564, 0.566, 0.592, 0.612,
0.680, 0.747, 0.760, 0.807, 0.845, 0.850, 0.853, 0.855, 0.868, 0.887, 0.891, 0.934, 0.947, 0.955,
0.961, 1.044, 1.085, 1.180, 1.189, 1.210, 1.229, 1.237, 1.274, 1.275, 1.281, 1.292, 1.309, 1.325,
1.374, 1.399, 1.404, 1.430, 1.484, 1.491, 1.493, 1.525, 1.551, 1.551, 1.636, 1.670, 1.739, 1.819,
2.050,2.171}, p = 2, (Stj = (Sj = 0. The best solution found by our algorithm for 3 min is
hx = 11.927860.

Example 6. n = 3, m = 200, {rj,j =1,. ..,200} ={2.171,2.171,2.171, 2.171, 2.050,
2.050, 2.050, 2.050, 1.819, 1.819, 1.819, 1.819, 1.739, 1.739, 1.739, 1.739, 1.670, 1.670, 1.670,
1.670, 1.636, 1.636, 1.636, 1.636, 1.551, 1.551, 1.551, 1.551, 1.551, 1.551, 1.551, 1.551, 1.525,
1.525, 1.525, 1.525, 1.493, 1.493, 1.493, 1.493, 1.491, 1.491, 1.491, 1.491, 1.484, 1.484, 1.484,
1.484, 1.484, 1.484, 1.484, 1.484, 1.430, 1.430, 1.430, 1.430, 1.404, 1.404, 1.404, 1.404, 1.399,
1.399, 1.399, 1.399, 1.374, 1.374, 1.374, 1.374, 1.325, 1.325, 1.325, 1.325, 1.309, 1.309, 1.309,
1.309, 1.292, 1.292,1.292, 1.292, 1.281, 1.281, 1.281, 1.281, 1.275, 1.275, 1.275, 1.275, 1.274,
1.274,1.274, 1.274,1.237, 1.237, 1.237, 1.237, 1.229, 1.229, 1.229, 1.229, 1.210, 1.210, 1.210,
1.210, 1.189, 1.189, 1.189, 1.189, 1.180, 1.180, 1.180, 1.180, 1.085, 1.085, 1.085, 1.085, 1.044,
1.044, 1.044, 1.044, 0.961, 0.961, 0.961, 0.961, 0.955, 0.955, 0.955, 0.955, 0.947, 0.947, 0.947,
0.947, 0.934, 0.934, 0.934, 0.934, 0.891, 0.891, 0.891, 0.891, 0.887, 0.887, 0.887, 0.887, 0.868,
0.868, 0.868, 0.868, 0.855, 0.855, 0.855, 0.855, 0.853, 0.853, 0.853, 0.853, 0.850, 0.850, 0.850,
0.850, 0.845, 0.845, 0.845, 0.845, 0.807, 0.807, 0.807, 0.807, 0.760, 0.760, 0.760, 0.760, 0.747,
0.747, 0.747, 0.747, 0.680, 0.680, 0.680, 0.680, 0.612, 0.612, 0.612, 0.612, 0.592, 0.592, 0.592,
0.592, 0.566, 0.566, 0.566, 0.566, 0.564, 0.564, 0.564, 0.564, 0.527, 0.527, 0.527, 0.527}, p = 2,
0tj = 6; = 0. The best solution found by our algorithm for 35 min is h* = 22.612047.

Example7.n = 3,m = 100, {r]-,j =1,... ,100} = {2.171, 2.171, 2.050, 2.050, 1.819,
1.819, 1.739, 1.739, 1.670, 1.670, 1.636, 1.636, 1.551, 1.551, 1.551, 1.551, 1.525, 1.525, 1.493,
1.493,1.491, 1.491, 1.484, 1.484, 1.484, 1.484, 1.430, 1.430, 1.404, 1.404, 1.399, 1.399, 1.374,
1.374, 1.325, 1.325, 1.309, 1.309, 1.292, 1.292, 1.281, 1.281, 1.275, 1.275, 1.274, 1.274, 1.237,
1.237,1.229, 1.229, 1.210, 1.210, 1.189, 1.189, 1.180, 1.180, 1.085, 1.085, 1.044, 1.044, 0.961,
0.961, 0.955, 0.955, 0.947, 0.947, 0.934, 0.934, 0.891, 0.891, 0.887, 0.887, 0.868, 0.868, 0.855,
0.855, 0.853, 0.853, 0.850, 0.850, 0.845, 0.845, 0.807, 0.807, 0.760, 0.760, 0.747, 0.747, 0.680,
0.680, 0.612, 0.612, 0.592, 0.592, 0.566, 0.566, 0.564, 0.564, 0.527,0.527}, p = 10,4;; = 6; = 0,
W0 = 40. The best solution found by our algorithm for 10 min is h* = 7.577422.

Example 8. n = 3, m = 100, the radii are as in Example 7; p = 10, ¢;; € [0.1,0.5],
d; € 0.1, 1]. The best solution found by our algorithm for 10 min is hx = 9.727001.

The corresponding placements of the 3D spheres in Examples 5-8 are shown in
Figure 6a—d.
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Figure 6. Optimized arrangement of 3D spheres: (a) Example 5; (b) Example 6; (c) Example 7; (d)
Example 8.

Example 9. n = 4, m = 100, the radii are as in Example 7; p = 2, & = 6 = 0.
The best solution found by our algorithm for 15 min is b+ = 22.612047.

Example 10. n = 4, m = 200, the radii are as in Example 6; p = 2, Jt]- = 5]- = 0.
The best solution found by our algorithm for 45 min is h* = 14.628068.

Example 11. n = 4, m = 200, the radii are as in Example 6; p = 2, (St]' = 5]' = 0.
The best solution found by our algorithm for 55 min is h* = 11.791466.

7. Conclusions

Employing mathematical models offers a structured and systematic approach to
problem-solving, facilitating precise analysis and prediction of outcomes [32]. In this
paper, a mathematical model for packing different spheres into a minimal-height parabolic
container is proposed. Non-overlapping and containment conditions are formulated using
the phi-function approach. The minimal allowed distance between the spheres and the
boundary of the container is considered. The problem belongs to a class of irregular packing
problems due to the nonstandard container shape.

To solve the corresponding nonlinear optimization problem, a feasible directions ap-
proach combined with the hot start technique is proposed. A decomposition scheme is
applied to reduce the number of constraints in the subproblem used to find the search
direction. Numerical experiments are provided to demonstrate the efficiency of the pro-
posed solution scheme. A detailed description of the problem instances and corresponding
solutions are reported to form a benchmark for future research.



Axioms 2024, 13, 396

13 of 15

Our future research is focused on the following issues. The number of non-overlapping
constraints grows quadratically with an increase in the number of spheres, resulting in a
large-scale optimization problem. These constraints have a specific structure which can be
used either for direct solution of the original problem or to construct tight bounds for the
optimal objective [33,34]. The proposed approach is based on modeling the interactions
between the spheres and the boundary of the parabolic container. It also can be applied
to a broader class of containers, e.g., circular hyperboloids (single- and double-sheeted),
spheroids or ellipsoids. Packing problems on surfaces [35] can also be considered, as well
as various applications of spherical systems [36] and logistics [37]. Some results in these
directions are forthcoming.
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Appendix A

For the reader’s convenience, the main definitions and properties of the ®-functions
are provided. More details can be found, e.g., in [23,25], Chapter 15.

Let A be a geometric object. The position of the object A is defined by a motion
vector uy = (v4,04), where vy is a translation vector and 04 is a vector of the rotation
parameters. The object A, rotated by 04 and translated by v4, is denoted by A(u14).

For two objects A(u4) and B(up), a ®-function allows us to distinguish the following
three cases: (a) A(ua) and B(up) do not overlap, i.e., A(uy) and B(up) do not have any
common points; (b) A(uy) and B(up) are in contact, i.e.,, A(uy) and B(ug) have only
common frontier points; (c) A(u4) and B(ug) are overlapping so that A(u,4) and B(up)
have common interior points.

Following the definition [26], a continuous and everywhere defined function, denoted
by ®4B(u4,up), is called a ®-function of the objects A(u4) and B(up) if the following
conditions are fulfilled:

@AB(MA,MB) > 0, for A(MA) OB(MB) = J
B (uu,up) = 0, forintA(us) NintB(ug) = @and frA(us) N frB(up) # ;
@48 (uy,up) <0, forintA(uy) NintB(up) # 2.

Here, frA denotes the boundary of the object A, while intA stands for its interior.
Thus,
B (1u,,up) >0 < intA(uy) NintB(up) = @
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To describe a containment constraint A(u4) C B(ug), a phi-function for the objects A
and B* = R"\intB is used.

In the case, @48 (114, up) > 0 < intA(uy) NintB*(up) = @ < A(ua) C B(up).

To model the distance constraints for two objects, the normalized ®-function is applied.

A ®-function of the objects A(u4) and B(up) is called a normalized phi-function
@48 (114, up) if the values of the function coincide with the Euclidean distance between the
objects A(u4) and B(up) when intA(u4) NintB(ug) = .

Therefore,

DB (14, up) > p < dist{A(ua), B(ug)} > p.
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