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Abstract: The relationship between convexity and symmetry is widely recognized. In fuzzy theory,
both concepts exhibit similar behavior. It is crucial to remember that real and interval-valued
mappings are special instances of fuzzy-number-valued mappings (F — N — V — Ms), as fuzzy theory
relies on the unit interval, which is crucial to resolving problems with interval analysis and fuzzy
number theory. In this paper, a new harmonic convexities class of fuzzy numbers has been introduced
via up and down relation. We show several Hermite-Hadamard (H - H) and Fejér-type inequalities
by the implementation of fuzzy Aumann integrals using the newly defined class of convexities. Some
nontrivial examples are also presented to validate the main outcomes.

Keywords: fuzzy up and down harmonically fi-convexity; numerical analysis; fuzzy Aumann
integral inequalities

MSC: 26A33; 26A51; 26D10

1. Introduction

The theory of convexity is an active, compelling, and important topic of research that
has significantly influenced a variety of different areas of study, including mathematical
analysis, economics, optimization issues, finance, control theories, and game theory. Re-
searchers have developed unifying numerical structures through the theory of convexity
that may be utilized to solve a variety of issues in both pure and applied mathematics.
In the past few decades, there have been significant advancements in convexity, like gen-
eralizations and expansions. The demand for fractional operators in several branches of
mathematics has increased as a result of the study of fractional analysis. Numerous scholars
have worked to create modified versions of inequalities by developing fractional operators
using the non-singular special mappings as their kernel in order to satisfy this condition.
One method for enhancing the fractional and Aumann integral inequalities for various
convexities and pre-invexities, which have important applications in the field of analysis, is
the employment of generalized fractional operators.

The generalization of classical calculus, known as fractional and interval Aumann
calculus, is crucial to the study of pure, practical, and computational mathematics. Nu-
merous fields, including biology, control operator theory, physics and computer structure
optimizations, have greatly benefited from research in the field of fractional analysis [1-5].
The majority of scientists have spent the last few decades attempting to create generalized
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versions of well-known inequalities and discussing a vast array of applications in the areas
of analysis and discrete optimization. Numerous authors have put a lot of effort into [4-10]
and studied the extensions and refinements of various branches of mathematics. By uti-
lizing their kernel in multi-dimension mappings, fractional operators have the potential
to construct advanced inequalities analysis, opening up new avenues for research into
how inequalities behave in various disciplines of mathematics. Fuzzy set theory, which
deals with issues involving unclear, hazy, and imprecise information and decision making
for either individual or group collaboration, has numerous important applications. This
project expanded on Moore Ramon’s interval analysis concept from 1966 [11-14]. Due to its
review of decision making, this topic is appealing to many scientists. The study of interval
analysis has gained a lot of attention from professionals in recent years due to how useful
it has been for global optimization and constraint solution algorithms for decision-makers.
It has reduced the errors and increased the accuracy while also delivering useful and
reliable findings. In order to achieve the intended outcomes, numerous scholars began
their research on inequalities as a result of this motivation. The interval-valued mapping
(I = V — M) was first introduced by Zhao et al. [15] and Khan et al. [16-22]. By using several
integral operators, many mathematicians established a close correlation between inequali-
ties and I — V — Ms [23-27]. Fuzzy differential equations and fuzzy interval analysis have
numerous applications that deal with various computer or mathematical modules [28-33].
Numerous inequalities, including the Hermite-Hadamard inequality, the Jensen inequality,
trapezoid-type inequalities, the Mercer inequality, and the Schur inequality, have been pre-
sented in various research articles [34-36] with the aid of a fuzzy number-valued mapping.
Qiang et al. [37], and Iscan et al. [38,39] presented the basic version of H - H and Fejér-type
inequalities via harmonic convexity. Similarly, Ion [40—42] developed a new version of
H - H-type inequalities for quasi convex mappings. After that, Noor et al. [43—45] general-
ized the ideas of harmonic convexity in terms of harmonic h-convexity. On the other hand,
Moore [46] briefly discussed the basic concepts of interval theory, which play an important
role in overcoming the uncertainty in computer programming. Stefanini and Bede [47], and
Khan et al. [48-52] provided the definition of differentiability for interval-valued mappings.
Diamond and Kloeden [53] and Goetschel and Voxman [54] proposed the basic properties
of fuzzy numbers and defined the metric space over fuzzy number space. In one step for-
ward, Kaleva [55-58] acquired the integrability concepts where the integrable mappings are
F — N —V — Ms. Costa and Roman-Flores [59-61] provided the main directions in the field
of integral inequalities via introducing different versions of relations. Therefore, some new
modifications of Jensen’s inequalities are acquired. After that, Zhang et al. [62] provided a
new version of the relation that is known as the up and down relation (UD relation), and
with the support of this relation, reported new refinements of Jensen’s inequalities and
removed the mistakes of classical inequalities. Then, Khan et al. [63] obtained the H - H
and Fejér-type inequalities for Riemann integrals and fractional integrals via UD relation.
To study more basic concepts related to fuzzy theory, see [64—66].

Inspiration

Convexity and generalized convexity are crucial ideas in fuzzy optimization because
they characterize the optimality condition of convexity and produce fuzzy variational
inequalities. Numerous mathematical issues relating to minimization theory and interval
analysis were solved using powerful approaches developed from variational inequality
and fuzzy set theory. F — N — V — M is another name for fuzzy mapping. Numerous
fractional integrals have F — N — V — Ms in both the lower and upper cases. The effective
application of these forms of fractional integrals allows for the verification of the behavior of
well-known inequalities. These studies show the significance of this method for converting
real integral inequalities into fuzzy integral inequalities, both theoretically and practically.
This study discusses the new class of harmonic convexity as well as types of inequalities
for F — N — V — Ms via the UD relation. Moreover, the validity of the main outcomes has
been discussed with the support of nontrivial examples.
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2. Preliminary Concepts

In this section, we will review the basic terms and concepts that help to make sense of
the concepts underlying our new discoveries.
Let 7 be the space of all the closed and bounded intervals of 9t and let V € £¢ be
defined by
V=[V,V]={6eNV <6V} (V,, V" enN). (1)

It is called a positive interval [V, V*]if Vi > 0. The definition of #!, which represents
the set of all the positive intervals, is

8 ={[Ve, V] : [V, V¥] € fcand V. > 0} )
Let T € 9t and 7 - V be defined by

[TV, TV*]if T >0,
T-V= {0}ift=0, 3)
[TV, TV.]if T <O.

Then, the Minkowski “difference” K — V, “addition” V + K, and “product” V' x K for
V,K € #¢ are defined by

[K*IK*] - [v*/vﬂ = [K* - V*,K* _v*] (4)

K., B*] X [Vi, V] = [min{K, V., KV, BV, KV}, max{K. V., KV, BV KV}, (6)

Remark 1. (i) For the given [K,, K*|, [Vi, V] € ¢, the relation “ D ” defined on £ by
Vi, V¥| D1 [, B*] if and only if V. < K,, B*< V* for all the [K,, K*], [Vi, V*| € ¢cisa
partial interval inclusion relation. The relation [V, V*| D [K,, K*] is coincident to [V, V*] D
(K., K*| on £¢. It can easily be seen that “ 21" looks like “up and down” on the real line N, so we
call “ D1 ” the “up and down” (or “UD” order, in short) [62]. For [K,, K*], [V, V'] € £¢, the
Hausdorff-Pompeiu distance between intervals [K,, K*] and [V, V*| is defined by

drr ([, K], [V, V¥]) = max{[K, — V.|, [§* —V*[}. (7)

It is a familiar fact that (¢¢, dpy) is a complete metric space [46,53,54].

We will merely go over some fundamental concepts concerning fuzzy sets and fuzzy
numbers because we will be using the conventional definitions of a fuzzy set and a fuzzy
number. Please note that we refer to £ and ¢ as the set of all the fuzzy subsets and the
fuzzy numbers of M, respectively.

~ 11!
Definition 1. ([53]). Given K € ¢, the level sets or cut sets are given by [K] = {6 em

K(6) > z}

~

10
forall: € [0, 1] and by {K} = {6 € NK(©G) > O}. These sets are known as i-level sets or

1-cut sets of K.

Proposition 1. ([59]). Let IZ,XN/ € ¢c. Then, relation * <p " is given on ¢ ¢ by Iz <g \Nf when and
ot 1t
only when [K} < [V} , for every 1 € [0, 1], which are left- and right-order relations.
I
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Proposition 2. ([63]). Let I},\N/ € ¢c. Then, relation * Dy " is given on £ by I; O \N/ when and

LR 1
only when {K} O [V] for every 1 € [0, 1], which is the UD-order relation on £¢

Remember the approaching notions, which are offered in the literature. If I;, v €lc
and 1 € N, then, for every 1 € [0, 1], the arithmetic operations addition “&”, multiplication
“®”, and scalar multiplication “©®” are defined by

i - [+ 1
o - i <7
[u@l}}z = uml, (10)

Equation (8) through (10) have immediate consequences for these outcomes.

Theorem 1. ([53,55]). If & : [/, ] C M — ¢ is an interval-valued mapping (I —V — M)
satisfying & (6) = [&,(6), &*(6)], then & is an Aumann integrable (Al integrable) over [¢, |
when and only when &, (6) and &*(6) both are integrable over [£, |, such that

(IA)/; ®(6)d6 = /fd ®.,(6)do, /j *(6)d6 | . (11)

The following conclusions can be drawn from the literature [54,59,62]:

Definition 2. ([59]). A fuzzy-interval-valued map B:ACN— Fo iscalled F — N —V — M.
Foreach1 € (0, 1], its I — V — Ms are classified according to their 1-levels &, : A C M — £ that
are given by &,(6) = [64(6,1), &*(6,1)] for all 6 € A. Here, for each 1 € (0, 1], the end-point

real mappings &.(.,1), &*(.,1) : A — N are called the lower and upper mappings of &(6).

Definition 3. Let & : ¢, d] CN— Ty bean F — N —V — M. Then, the fuzzy integral ofc’Nﬁ
over [¢, &, denoted by (FA) [ ;’/ &(6)d6, is given level-wise by

[(PA)/j%(6)d6}l - (IA)/; &,(6)d6 = {/j ®(6,1)d6: 6(6,1) € Ryp,u, l)}, (12)

forall'1 € (0, 1], where R((z, ), ) denotes the collection of Riemannian integrable mappings of

[-V-—Ms.TheF-N—-V - M®&is FA-integrable over [¢, | if(FA)f;i GN5(6)d6 € [Fy. Note
that, if .(6,1), &*(6,1) are Lebesgue-integrable, then & is fuzzy Aumann-integrable mapping
over [¢, ], see [37].

Theorem 2. ([26]). Let & ¢, d] CN— Fobean F— N —V — M, its | — V — Ms are classified
according to their i-levels &, : [£, d] C M — ¢ that are given by &,(6) = [&.(6,1), &*(6,1)]
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forall6 € [¢,d] and forall 1 € (0, 1]. Then, & is FA-integrable over [, ] if and only if & (6,1)
and &*(6, 1) are both A-integrable over [¢, |. Moreover, if ® is FA-integrable over [¢, ], then

[(FA)f;Z %(6)116]1 = [(A)ff .(6,1)d6, (A) [ 6*(6,1)&16}

(13)
= (1A) [ ,(6)ds,

forall1 € (0, 1]. For all 1 € (0, 1], FR (¢4, 1) denotes the collection of all the FA-integrable
F—N —V — Msover [¢, ].

Definition 4. ([38]). Aset A = [¢, @] C N = (0, 00) is said to be a harmonically (H) convex
set, if, for all 6, ¥ € A, k € [0, 1], we have

(1%

k6 + (1 — k)% €A

Definition 5. ([38]). The relation & : [¢, ] — N is called an H-convex mapping on [¢, &] if

6( ,{6+(6f_,c)v) < (1-x)6(6) +x6(v), (14)

forall 6, v € [¢,d], x € [0, 1], where &(6) > 0 for all 6 € [£, &]. If expression (14) is inverted,
then & is called an H-concave F — N —V — Mon [¢, ], such that

6V

05( K6+(1_K)V) > (1—K)6(6) + k& (%). (15)

Definition 6. ([43]). The positive real-valued mapping & : [¢, &) — N is called an H-h-convex
mapping on [, &] if

6%

o( oy ) <1086 +He() 16)

forall 6, v € [£, ], x € [0, 1], where &(6) > 0forall6 € [¢,a]and h: [0, 1] C [¢, ] = N"
such that h#0. If expression (16) is inverted, then & is called an H-h-concave mapping on [¢, ],
such that

05( K6+(61V_K)V> > 71— x)®(6) + (k) S (¥). (17)

The set of all the H-h-convex (H-h-concave) mappings is denoted by

HSX([¢, ], W', 1) (HSV([¢, <], M, 1)).

Definition 7. ([29]). The F— N -V — M & [¢, ] — By is called an h-convex F — N —V — M
on ¢, ] if

S( (1—K)6+xv) <p (1 — &) © &(6) & fi(k) © & (%), (18)
forall6, v € [¢, &), x € [0, 1], where %(6) > 0forall6 € [¢,d]and h: [0, 1] C [¢, d] — N,

such that h % 0. If expression (18) is inverted, then ® is called an h-concave F — N —V — M on
[¢, ]. The set of all the h-convex (h-concave) F — N — V — M is denoted by

FSX([¢, &), Fo, h)(FSV([£, &), Fo, h))
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Definition 8. ([20]). The F— N -V — M ®: [¢, ] — Fy is called a UD-harmonically (U —
D — H) convex F — N —V — Mon [¢, ] if

~

I S ) _
®(K6+(1K)V) Op (1-x)©06((6)BrO6(%), (19)
forall6, v € [¢, <], x € [0, 1], where QN5(6) >F a,for all6 € [¢, &). If expression (19) is inverted,
then & is called a U — D — H-concave F — N —V — Mon [¢, &].

Definition 9. The F— N —V — M & : [¢,d| — Fy iscalleda U — D — H h-convex F — N —
V—-Mon ¢, if

__ 77 > _
@(K6+(1_K)V> S5 (1 — ) © &(6) & hilx) © &(), 20)
forall6,v € [, d],x € [0,1], where &(6) > 0, forall 6 € [¢, <] and i+ [0,1] C [£, ] — N+

such thath # 0. If expression (20) is inverted, then & is calleda U — D — H-concave F — N =V — M
on [¢, ). The set of all the U — D — H h-convex (U — D — H h-concave) F — N —V — M is
denoted by

UDHFSX([¢, &), Fo, h)(UDHFSV([¢, &), Fo, 1)).

Theorem 3. Let [£, <] be an H-convex set, and let & : [£, ] — Fy bea U — D — H h— convex F —
N —V — M, its  — V — Ms are classified according to their i-levels &, : [£,d) C N — ¢f C ¢
that are given by

®,(6) = [84(6,1), "(6,1)], V6 € [¢, ].

forall6 € [¢,4],1 € [0, 1]. Then, 6 c UDHFSX([¢, ], Fo, h), if and only if, for all €
[0, 1], 8.(6, 1) € HSX([¢, ], M*, k), and &*(6, 1) € HSV([¢, <], N+, h).

Proof. The proof is similar to the proof of Theorem 2.12 (see [16]). [
Example 1. We consider the F — N —V — Ms - [%, 1} — [y defined by,

0—62

1-62 d€ {62’ 1}’
6(6)(9) = 5005 ¢ (1, 5_ 66}, (21)

0 otherwise.

Then, for each 1 € [0, 1], we have &,(6) = [(1 —1)6% +1,(1—1) (5 - 66) + z}. We can easily
see that 8, (6, 1) € st([%, 1}, m+,h>, ®*(6, 1) € HSV([%, 1], m+,ﬁ), with h(x) =
for each 1 € [0, 1]. Hence, (’Nﬁ eU—-D- HFSX([%, 1}, Fo, ﬁ).

Remark 2. If i(k) = «, then Definition 9 cuts down Definition 8.

If&.(6, 1) = 6*(6, 1) with1 =1, then the U — D — H h — convex F — N — V — M cuts down
classical H — h-convex mapping (see [43]).

If (6, 1) = &*(6, 1) with1 = 1 and h(x) = «° with s € (0, 1), then from U —D — H h —
convex F — N —V — M, one can obtain the H — s-convex mapping (see [43]).

If&,(6, 1) = &*(6, 1) with1 = 1and h(x) = «, thenthe U — D — H h— convex F—N -V — M
cuts down H — convex mappings (see [38]).
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If 6,(6, 1) = &*(6, 1) with1 = 1 and h(x) = 1, then the H-h-convex F — N —V — M cuts
down H — P — convex mappings (see [39]).

3. Main Outcomes

The construction of generalized Aumann fuzzy integral inequalities for the U — D —
HA — convex F — N — V — M is utilized to produce our key results, which are covered in
this section.

Theorem 4. Let & € U — D — HFSX([¢, ], Fo, h), its | — V — MS are classified according
to their 1-levels &, : [¢,d) C N — ¢ that are given by &,(6) = [6.(6,1), &*(6,1)] for all

6t d)1e0 1] 1h(}) #0and & € FR (4,4, 1), 50 that

1 ~(20d Id dg(@ - N 1
2n(3) w(fwz) 2F g7 Q/f 5z 02w [“5('/”)@@({/)} @/O fi(x)dr. (22)

If& € U~ D — HFSV([¢, ), Fo, h), then

zfzé%) Qé(;iii) ST ®/ s s [é("ﬂ)@é(‘i)] o [ hwix @3

Proof. Let® € U— D — HFSX([¢, ], Fo, h). In this case, we could write a hypothesis

1 ~( 204 ~ rd ~ ‘d
o e e LA CE— SRS a—
n(2) ®®(f+d) —]qu(xf+(1—x)¢) EB®<(1—K)L"+K¢Z>

Therefore, for each : € [0, 1], we have
1 20d ld ‘d
ﬁ(%)ﬁ*(m, l) < Qﬁ*(m, 1) + &, (m, ),
1

iy (59 1) 2 0 (el 1) + 0 (e )

Then
iy o © (2% 1) e < Jo ©u (it t) e+ fy @4 (5 1),

@fo QS*(%,Z)L‘ZK > [ 6*(%, z)dk+f01 6*(%, )d;c

It follows that
1 & (M 1) <1 66,0 4
o \7vat) S z=2le % /
1 @*(M 1) S a6, 46
25(1) rrar ) 2 77l & :
that is

1 20d 26 d d [ [46.6,1), [46%6,1)
s, 1), & )| o / / d6,/ 1) g6 |.
zﬁ(é)[ <f+d 1) (f+¢ l)} I{Z—f[f 62 r o ]
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Thus,
1 ~(20d 1d < &(6)
® es( ) op —— (FA)/ 46 (24)
1 +d ad—7 2
2h<§) + ¢ 0
Similar to what was stated above, we have
1d o %(6) - - 1
_ FA —2d6 D . 2
—— o )/f 3245 2 [es(f)@as(d)] @/0 B(x)dx (25)

Combining (24) and (25), we have

1 ~ ([ 20d
%<%>®®<f+¢

This completes the proof. [

) Sp dlff @/j %% Op [é(z)@é(d)]@/ol i) dx

Example 2. We consider h(x) = «, for x € [0, 1], and the F — N — V — Ms G [0, 2] — Fy,
as in Example 1. Then, for each 1 € [0, 1], we have &,(6) = [(1 —1)6%+1,(1—1)(5—¢5) + z} ,

whichisa U — D — H h— convex F — N — V — M. Since, &.(6,1) = (1 —1)6* +1, &*(6, 1) =
(1—1)(5 — €°) + 1. We now compute the following:

d
1 204 >< 6. (6,

m( r a6 < [6.(¢,1) + 6*(d,z)]/1 (K dx.
zﬁ(%) t+d )T d—¢Je 6 - 0

1 ( 2¢d ) (2 ) 4
&, 1) =65, 1) ==(1—1)41,
c+d 9
2h(3) + 3

ld (4 ®.(6,1) 1(1—1)6% 41 1
o= | ——T-do==(1
d—f/f 2 /; 22 5 (1+1),

_5+3
=5

1
[6.(£,1) + 6. (,1)] /0 (K dx
forall 1 € [0, 1]. This means

g(l—z)+z§

5431

(I+1)< 3

1
2
Similar to what was stated above, we have

1
d6 > [6*(¢,1) + (’5*({1,1)]/0 (k) d.

1 20d d 466, 1)
N\ ) 2 as 62
2ﬁ(§) ¢

forall 1 € [0, 1], such that
1 (2d N (2N e
2h<%) & (M, l) = 6* (3, Z) = (1 Z) (5 63) +1,

4 e7(6,1) 1(1—1)(5—66)+1d6 3o
d—tJr & /; 62 o
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1 PN
© () + 0 (0] [ By = D=0 0e2 28
0
From which, we have
10_(1_1)6_(1_1)3% — 81
2 7

1-)(5-e)+1=23-22>

that is

Ya-n+, (1—1)<5—e§)—|—1} > B(1+1),3—21} o,

9 8 7’ 2

5431 10—(1—1)6—(1—1)6%—81]

Hence,

~

2h%1) ®%<fzi{iﬁ) =F dlif Q/j 66(26)’16 =F FW) @%(d)} @/01 h(k)dx.
2

Remark 3. If h(x) = «°, where s € (0,1), the result for the U — D — Hs — convex F — N —
V — M is then obtained by reducing Theorem 4 (see [22]):

~( 20d 1d < &(6) 1 N o
s-1 —= ) op —— ) .
2 @®<£+d> _Fd_Lﬂ@(PA)/f e d6_1gs+1®[6(5)@6(d)}
If h(x) = «, the result for the U — D — Hconvex F — N — V — M is then obtained by reducing
Theorem 4 (see [20]):

~ ~

~ [ 20d 1d < &(6) &(4) & 6(<)
o) 20 16 o '
®<f+d) _Fd—fG(FA)/f 52 10 2r 2

If h(x) =1, the result for the U — D — HP — F — N — V — M is then obtained by reducing
Theorem 4 (see [22]):

1 ~(2d 1 < &(5) . N
1 5 66 |
2®®<f+d> _Fd—If@(FA)/f 2 46 25 6(4) & 6(<)

If &.(6, 1) = &*(6, 1) with 1 = 1, the result for the H — h — convex F — N —V — M is then
obtained by reducing Theorem 4 (see [43]):

1 & < 20d
1 ‘+d
2n(3) N\
If &.(6, 1) = &*(6, 1) with1 = 1 and h(x) = «°, the result for the H — s — convex F — N —
V — M is then obtained by reducing Theorem 4 (see [43]):

251@(;_’;‘@ < a,lff (A)/j 9% < S_il_l[(’ﬁ(z,”)—i—@(d)].

) < dlf . (A)/; %de < [8(¢) + 05(4)]/01 (x)dx.

If.(6, 1) = &*(6, 1) with1 = 1 and h(x) = «, the result for the H — convex F — N —V — M
is then obtained by reducing Theorem 4 (see [38]):

®< 20d ) _ A)/d 6(6)d6§ 6(¢) +6(2)

£+ d *d—f( ¢ 62 2

If6,(6, 1) = &*(6, 1) with1 = 1and h(x) = 1, the result for the H — P — convex F — N —V —
M is then obtained by reducing Theorem 4 (see [43]):
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Lo(22) < 0 Pz ot

Theorem 5. Let & € U — D — HFSX([¢, ], Fo, h) with ﬁ(%) # 0, its I — V — Ms are classified
according to their i-levels &, : [, &] C M — ¢/} that are given by &,(6) = [6.(6,1), &*(6,1)]
forall6 € [, ],1 € [0, 1]. If & € FR(|¢,4, ), s0 that

< &(6)

)6 23 01 2 Fﬁ(/) ® Es(d)} © B + ﬁ(%)} /01 fi(x)dx, (26)

1 ~( 20d
2 ®®<f+a’

1d
Z—7° (FA)/

>2u«“ &> OF ,

where

~

6(£) @ 6(<) ~< 20d )

1= 2 S Vo

o — 1 o % 4¢d & % 4¢d
2_4ﬁ<%) £+3d 3¢+d)]|
and & = [(>1*, (>1*],(>2 = [(>2*, (>2*].
If6 ¢ U—-D —HFSV([¢, ], Fo, h), Inequality (26) is then turned around.

o /O U (),

Proof. Take [f 2”%}, so that

' Frd
4cd 44 20 d 260d
1 @%( me i fm >3F8< z,’m )@%( Lﬂm >
n(3) (-2 (1-0)7F +xEY Kt + (1 x) 24, (1—x)¢ +x22

Therefore, for every 1 € [0, 1], yields

f4t’d f4fd fzfd bpzfd
11 &, 7+d o+ +d — < &, td S— + &, ’+d P
h(f) kE+(1-x) 75% (1-x)¢+x 75% - K+ (1—x (1-x)¢+x 755

~

‘+d
itd itd 20d 26d
l1 &* fmd — + ffﬂz s 1 > B* ffﬂz s 1 £ o* fg;j 1
4 L 7 — A 4 .
h(z) ke +(1-x) 27% (A=)t +x 5% ke +(1—x) 5% k75

26d.
1 @*(4;% z)§ Id (714 6*(6”)d6,

an(1) 74+3d’ a-7J¢ &2
20d
1 g (Atd |\ > _ld_[i%a &*(6, l)d6
an(1) 7+3d’ — a7l T g “°

That is

20d 20d *
1 {®*< 4¢d , 1>, ®*< 4¢d ’ 1>} o, ld /f+d 6*(3, l)d6, /f+d 6] (2, l)d6 '
4ﬁ(%> ¢+3d ¢+3d ad—7\|Je 6 ¢ 3

It follows that

26d

1 ~( 4ld ld 7vd 6(0)
® Qi( ) Op ® / ds. 27)
4ﬁ( ! ) £ +3d d—¢ " Je &
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Similar to what was stated above, we have
1 ~( 4rd 1d 4 ®(6)
— 06 D do. 28
4ﬁ(%) © (3f+a’) F{z-f@./gfg 62 29

Combining (27) and (28), we can write

1 ~( Atd ~( Atd 1d 4 &(6
@@ [®<W> @®<W>} OF d_f@/f 66(2)516. (29)
Therefore, for every 1 € [0, 1], by using Theorem 4, we have
e () < g () (50 ) +(3)e- (52, 1))
G (B 1) = e () er (#42.1) +r(3) e (#%. 1)

1
2

= 0oy,
= 0%,
Sdldf 56(61)516
> ﬂf i é?' ) de,
&, (£1)+6,
< [7( l); SEENE (f+d' )]fo
> [N 4 g (22 3] [ h()de
- Dl>|</
=017,

IN

[SLEDOl) 1 (1)(8.(0,1) + B.(,1))] [y Hilx)dx
Pi@§§gﬁ+hG)@%ﬂ0+®W%0ﬂﬁﬁﬁﬂK
= [6.(¢,0) +6.(2, ][5+ 1(1)] fy Al
= (&° (2,0 + 6 ()] [+ h(3) ] fo e

A%

that is

~

~ ~

4{ﬁé)]2 @@(;i@) Or & Op dli - o (FA)./; 66(26) 6 Op o1 O [as(f) & Qi(d)} ® B n ﬁ<1)]/01 )

The proof is completed. [J

In the upcoming results, we will discuss the Pachpatte-type inequalities with the help
of a product of two U — D — H h-concave F — N — V — Ms.

Theorem 6. Let & € U — D — HFSX([¢, <], Fy, hy) and Teu-D- HFSX([¢, <), Fo, hy),
whose i-levels &, T;: [£, @] C N — £ are defined by &,(6) = [6,(6,1), *(6,7)] and

T.(6) = [T«(6,1), T*(6,1)] forall 6 € [¢, 4], 1 € [0, 1], respectively. If 6® %fR([fld], )
then
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——— O (FA) /f ’ M% Sp ¢, ) © /0 () (k) ©8(2, ) © / UmOm( —dk, (0)

where (¢, d) = 8(£) @ T(£) ® 6(d) @ T(d),5(6,d) = 6(0) 9 T () & 6(d) @ T(£)
At d) = [Q.((€,2), 1), 9 ((£,d), D] and (¢, ) = [ ((¢,4), 1), & (£, ), 1)).

~

Proof. Since & and 7N'are U — D — H hy and hp-convex F — N — V — Ms, for each 1 € [0, 1]
we then have

6* 1— Kf+Kd’ ) ﬁl I’ﬂl +ﬁ1(1—K>®*(d,Z),

1) > (k)& (¢,1) + (1 —x)&*(&,1),

and
To ()T (,1) + ho(1 — k) To (&, 1),

(=5

& (1= 1) 2

T (b 1) <
)=

T (b 1) = W) T (£,0) + ha(1 = K)T* (1),
From the definition of the U — D — H h-convexity of the F — N — V — Ms, it follows

that QN§(6) > 0 and ’?(6) >p 6, so that

& (it 1) % T (=5 )
< (M (0)B.(£,1) + 1 (1 — k)& (&,1)) (M (k) To(£,1) + hp (1 — k) To (&
=&, (¢, 1)xXT (¢, 1)[h1(x)Ap(x)] + B (&, 1) X T, 1) [ (1 — x)hp(1
+6.(2,1)Te (&, 1) hy () hp () + G4 (£, 1) X To(€,1)hq (1 — k) ha(x),
& (=t 1) % T (b 1)
> (h1 ()% (¢,1) + hi (1 = k) 8" (1)) (B (1) T (£,1) + 2 (1 = %) T*(, 1))
=& (¢,1) x T*(¢,1)[h(r)ha ()] + &* (&, 1) X T*(&,1)[1 (1 — x) (1 — x)]
+&*(£,1) X T (&, 1)h (k) ha(1 — k) + &* (£, 1) x T*(£,1)h1 (1 — k) hp ().

1))
—x)]

s ©(5%) o 7 (%4)

ld
OF 77 @ (FA) ‘”%dwq(,ﬁ 2)® [1 () (1 — K)dx © 5(¢, 2)®

fo iy (1) hp () dx,

The outcome of integrating the given inequality over [0,1] is

I3 6*((1—5%f 1) Xﬁ(mf ) dldf f%%
<(B.(¢,1) X To(,1) + 6. (&,1) X T (1)) fo hy () (1) dxc
+(8.(¢,1) X To(d,1) + 6. (L,1) x To(€,1) fo I (x ﬁz(l—K)dK
f(}@*(uﬂjﬁ%, )XT*(mf 1) = fdwd6
> (8%(£,1) X T*(£,1) + 6% (d,1) x T*(,1)) [y T (x)ha(x)dxc
+H(B*(Z,1) x T*(&,1) + &*(&,1) x T*(¢,1) fo hy (x hz(l — x)dx.

It follows that
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dldfff «(6, 1) x To(6, 1)d6 < <. (( , z)fo Fiy (1) ip (1) dic
+o.((¢,d), 1 )flﬁ( )ﬁ2(1—;<)d
fff 1) x T*(6, z>d6> <G ((¢, ), 1) [ T (k) (i)
+0* (( fO hl ﬁ2(1 — K)d
thatis
% [/:/ B.(6, 1) x T«(6, 1)d6, /;/ &*(6, 1) x T*(6, 1)d6
21 [@((¢, ), 1), <" ((¢, ), z)]/ol ha (k) ha (i) dic
o (£, d), 1), (¢, d), z)}/ol i (k) Fia (1 — &) dx.
Thus,
% ® (FA)/; %% Dp A4, d) © /01 Fi () i ()i & (¢, ) © /01 Fu (k)2 (1 — ) d.

The proof is completed. O

~

Theorem 7. Let QNS € U—-D —HFSX([¢, <], Fo, 1), T € U—D — HFSX([¢, ], Fo, h),
whose i-levels &,, T, : [¢, d] C N — ¢} aredefined by &,(6) = [6.(6,1), &*(6,1)] and T;(6) =

[T+(6,1), T*(6,1)] forall6 € [¢,d],1 € [0, 1], respectively. If hy (%) (%) #0and QT €
R((¢,a, 1) s0 that

2hl(;>1h 0 @es(ji‘i,) %(;i‘i) op dlff @(FA)/; Mdm%mm@/; hl(x)ﬁz(l—x)dx@(;(f,d)(a/(;l () (<)dx (31)

~

where (¢, d) = &(£) @ (b”) Q;(d)@%()

o6, d) = 6(0) T (d)B6() 2T (),
(¢, a)=[((¢, ), 1), < ((¢,4), 1)] and &,(¢, &) =

[« ((2,4), 1), & ((£, 4), 1)].
Proof. Theoretically, we have a value for each 1 € [0, 1],
o (#41) x 7.(#51)
o (#51) < T (¥%01)
6. (i 1) * - (erliba )]
<hy(1)hp(
1(2) 2(2> [_F@*(M/ z) Xj*(ﬁ/ z)
)« )
PREAYN ! (1—x)f+xd + ) )
)| e
o (wrfitiga 1) < I (w0 )]
> hy(1)ha( %
{(3)=(3) L@*(mﬁ%w 1) < T (tira 1)
+1(3)m(3) [ & (i 1) < I (wetiba 1))]

+& (el 1) * T (b
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-t ) T (sl
ol e

1—x)l+xd’

h ()& (€,1) + h (1 — k). (L, 1))

(M2 (1= 1) T (Z,1) + Mo (i) Tu (2, 1))

(3 ()| L e + w1

X (ha (1) T+ (2,1) + o (1 = 1) T (4, 1))
|:®*(Kf+(fld}()d’ ) xJ* (Kf+ = )’ l)]
+6 ( )Xj*<m”+1 xd”)
(h (€)8*(£,1) + (1 — k)& (&, 1))
(ha(1 =x)T*(€,1) + ha (1) T*(, 1)
+ (M (1 —x)&"(£,1) + I (k)& (<, 1)
X (B (1K) T*(€,1) + hp(1 — x) T* (<, 1)

ﬁl(z)ﬁz(z) LQS*(M’ z)Xj*(m' )

(1 ()2 () i1 (1 = ) Fin (1 — 1) Yo (£, ), 1)
(2203 | (o)1 — )+ a1 — ()0 ) )]
— ﬁl(

a
& (i 1) * I (wrtia ) ]
ho (1
)a(3) L@*(méﬁ)d’ 1) < T (tira 1)
{1 () (1)+ 11 (1 — k) (1 — k) }o* ((¢, &), 1)
103203 | (o)t — )+ a1 - 00} (0, ) >]’
Integrating over [0, 1] then gives
m®*<%,z>xﬂ(%,) S (A) [ 6.(6,1) x J.(6,1)d6
£ ((6,), 1) 3 () <1 fvc)dx
o (( 1) Jy

()
Wﬁ*(%@/l)XJ*(%@r> Z% ff *(6,1)xJ"(6,1)d6

+*((¢, ), z)fo fi1 (x) (1 —x)dx
+05((£, ), 1) fy ha (<)o (i)

1 20d ~(20d
2 (1) 2(3) ®®<K+d> W(m)

+
>
=
~—
N|—=
~—
S
~
NI—=
~—
X

)
E
)

G

[NTEN

that is

~ ~

O dlff G)(FA)/; W%@S(ﬂd)@/ol ﬁ1(K)ﬁ2(1—K)dK@(;(f,d)®/Ol Fa () o (i) dc

the desired result follows. [

Fuzzy H - H Fejér inequality
Theorems 8 and 9 are generalized by some of the findings in what follows. Start with

the second H - H fuzzy Fejér inequality.
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Theorem 8.Let & € U— D — HFSX([¢, &), Fo, h), whereits I — V — Ms are classified according
to their i-levels &, : [£, &) C N — £Z that are given by &,(6) = [6.(6,1), &*(6,1)] forall 6 €
(€, d), 1€ 0,1 If 6 € FRyp, ),y and V' [£,d] =N, V(14— ) = V(6) > 0, then
7ta—s
td < &(6) ~ ~ 1 td
o ) ) .z
d_fCD(FA)/f 3 VI(6)d5 25 {(’5(5)@6(@] @/0 ﬁ(K)V(Kf_F(l_K)d)dK
If6 € U—D— HFSV([£,d), Fy,
1274

(32)

), Inequality (32) is then turned around such that
< &(6) ~
-
=0 (FA)(/f 3 V(6)d5 [Qﬁ(f) @

(4)] o /01 Ji(x) V(M)dx,

Proof. Let & be an i-convex F — N — V — M. Then, for each 1 € [0, 1], we have

6. (e 1)V aewa)
< (h(R)®.(£,1) + (1 = K) . (, 1)) V

td )
T—x)/+rd )’ (34)
QS*( 1- Kf—',—Kd’ (1 Kf+Kd>
> (h(x)®"(¢,1) + (1~ K)&" (,1)) V

td
T—x)+rd ) ‘
Similar to what was stated above, we have

6. (it 1) V(i)

< (A1 = K)®.(£,1) + hi(x) B (1)) (ﬁ)
& (Kf+1 A 1) (Kf+1 ) )
> (h(1 = 1)®* (£,1) + h(x) 6" (1)) V( iz )
By combining (34) and (35), then integrating them over [0, 1], we arrive at

Jy®

(6]

(33)

(35)

+f0

(e 1) V(7

m)d;{
(et 1) V(i )

@(f,z){ ﬁ(K)V<M§%> }
_p +ﬁ(1—K)V( )

‘d

T g5%
fO 6 ((1—de

e 1) V(e )
+f01 & (Kf-&-fd

kl+(1—x)d J
K,
ﬁ(l - K) V( (1—5?4—;({%)
+6.(,1) ‘ot
() V(7

i)

wrtitga 1) V(b dn

_05*(f,z){+ﬁ?j1{jv<(15?+m> ) }
=

x) V(xm(flﬂix)d

{h(l —x) V(%
+6*(,1)

(1 K)L”Jrka,’)}
+h0)V (ri52) ) ]
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= 26.(¢,1) fy () V(1= S
126, (2,1) [y h(x)V
1) Jo M) V
) Jo B(K)V

=26*(

I

+26* (4,1 fo

(I—x) f+Kd

(reiiteea )
(m(l 2 )
(reiieea )
(it )

kf+(1—x)d

Since V is symmetric, then

= 2[6.(£,1) + &.(,1)] [ Fi(x) V(ﬁ)d;{, 36)

—2[&*(£,1) + &* (<, 1)] [} Bi(x v(ﬁ)dm

Therefore, the results
fo (k€ 4+ (1—x)d,1) V(a_;{’;%)d;c
_fo 1_K f‘i‘K{i l)v(m)dK
= 22 [7®.(6,1) V(6)do (37)
fol &*((1—x)¢ +xd,1) V(ﬁ)dk
— f()l B* (Kbﬂ + (1 — K){i,l) V(m)d?{
= L2 [ ®*(6, 1) V(6)do.
From (36) and (37), we have
L4 [ ®.(6,1) V(6)d6
< [B.(,1) + &.(2,1)] [y Ak
L4 [ 6*(6,1) V(6)d6
> [6%(¢,1) + &*(,1)] [y hlx

V(i)

V (st ) e
that is
[ L4 [76,(6,1)V(6)d6, 22 [ &*(6,1) V(6)d6}

21 [6.(4, ) ( 1), 64, 1)+
&*(,1) fo K) (m)dx

and hence

274

=0 (FA)/{ =5 V(6)d6 25 Fj(ﬁ) @Qﬁ(d)] @/01 ﬁ(K)V(M)dK.

The proof is completed. [J

Theorem 9. (First fuzzy H — H Fejér inequality) Let & e U-D- HFSX([¢, ], Fo, h),
where its I — V — Ms are classified according to their i-levels &, : [¢,d] C N — ¢ that are
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given by &,(6) = [6.(6,1), 8*(6,1)] forall 6 € [¢,],1 € [0, 1]. If G e FR(i,a),1) and

V¢, d] - M, V(l 7 1) V(6) > 0, so that
7t2"%

2N “ ()
2ﬁ<%) ®6<f+d)/f 2 d6 Dy (FA)// 672V(6)d6 (38)

IfQNﬁ € U— D —HFSV([¢, 4], Fo, h), Inequality (38) is then turned around such that

IS ZAWC6 “ ()
2}1(%) ®®<£+¢)/f P d6 Cp (PA)/f 6TV(6)d6 (39)

Proof. Since QNﬁ isal— D — Hh— convex F — N —V — M, then for: € [0, 1], we have

o (351) < (8) (o (-8 ) + . (et )
o (5. 210) (0 (it )+ (ot ) @

By multiplying (40) by V(m> = V(ﬁ) and integrating it by x over
[0, 1], we yield

6. (24, 1) fy V(rilaa )
() Jy & (557 1) V(s )i
) Iy & (erliliga 1) V(i )i 41)
?i‘ér ) fo V(i )i

fo QS* td z) V( td )d;{

1 K){+Kkd’ kl+(1—x)d

+fo Qj* Kf+ i KT (A-K)d’ )V(M%M>dx

l

2

Therefore, the results

fo (m' l) V((lxﬁ%)”i’{
:fo (Kf+1 K)d’ 1) (xf+1 1) )dK
= £ [} 6.(6,1) V(6)do (42)
fo 6*(Kf+(1 0’ ! V(Kf—‘r = K)d)dK
= fo 6*( = Kf+m" 1) ( T—x) f—i—Kd)dK
= L4 [ ®*(6,1) V(6)do.

From (41) and (42), the results
20d
o (%% 1) < iy

7o
o (¥4 1) > 7w

2h( 3 a4
G d6ff 05* 6)d6,
1

2 *

© d6f 05 6)d6,
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from which, we have
[@*(5%' 1), ® (*{é 1)}
fzﬁv 6)d6 [ ff’ 6)ds, ff’ )V(6)d6]’

that is

1 ~(20d \ [76(6) 4 &(6)
TR GO SR SO

This completes the proof. [J

Remark 4. Let V(6) = . Then, one can achieve the correct from of Inequality (22).

If h(x) = «, then with Theorems 8 and 9, we obtain the results for the U — D — H convex F —
N —V — Ms (see [20]).

If6,(6,1) = 8*(6, 1) with1 = 1 and h(x) = «, then we achieve the first and second classical H-H
Fejér inequality for the classical U — D — H convex mapping.

4. Conclusions

Several mathematical inequalities are based on a mapping’s convexity. It should
be highlighted that in order to achieve answers that are pertinent to novel convexity-
related situations, a general understanding of convex mapping is necessary. One of these
overviews is the idea of the U — D — H convex F — N — V — Ms, which is best explained
by comparing the differences between the left and middle terms and the right and middle
terms of the famous Fejér inequality, one of the many inequalities connected to convex
mappings. Additionally, for U — D — H convex F — N — V — Ms, we created several new
analogues of Hermite-Hadamard-Fejér-type inequalities. This publication is anticipated to
inspire additional study in this area.
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