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Abstract: Rota—Baxter operators (RBOs) play a substantial role in many subfields of mathematics,
especially in mathematical physics. In the article, RBOs on Zinbiel algebras (ZAs) and their sub-
adjacent algebras are first investigated. Moreover, all the RBOs on two and three-dimensional ZAs are
presented. Finally, ZAs are also realized in low dimensions of the RBOs of commutative associative
algebras. It was found that not all ZAs can be attained in this way.
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1. Introduction

Zinbiel algebras (ZAs) were defined in [1] and are dual to Leibniz algebras in the
Koszul sense. A ZA is a commutative Dendriform algebra [2]. It is well known that any
ZA in terms of the anti-commutator defined as a * b = ab + ba is called a commutative
associative algebra (CAA). Some interesting properties of ZAs were presented in [3-7].
In particular, the nilpotent property of an arbitrary finite-dimensional complex ZA was
proved in [6]. Thus, the classification of complex ZAs up to the third dimension can be
attained [6,8].

The Rota-Baxter operators (RBOs) were originally proposed to resolve an analytic
problem [9]. Later, they were researched in several areas of mathematics [10-15]. In
particular, some studies investigated RBOs on different algebras [16-18]. In the article,
the RBOs on ZAs are focused on. First, the relationship between the RBO on ZA and the
ones on its sub-adjacent CAA will be explored. Then, the RBOs on ZAs up to the third
dimension based on the classification of ZAs will be determined [6]. Finally, the mutual
realization of ZAs and the sub-adjacent CAAs with RBOs up to the third dimension will
be investigated based on the derived result of the RBOs on the CAA [19]. Throughout the
manuscript, all vector spaces and algebras are composed of finite dimensions over C unless
stated otherwise.

2. Preliminary
Definition 1. A ZA is a vector space A with a bilinear map (x,y) — xy satisfying the associative

property,
(xy)z = x(yz) + x(zy), Vx,y € A.

Awithxy =0,Vx,y € AisaZA, which is called a trivial ZA, otherwise, a nontrivial ZA.
For a ZA A, the anti-commutator is defined by

xX*y = xy+yx,Vx,y € A,
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and it satisfies the associative property,

(xxy)xz = (xy+yx)*z=(xy+yx)z+z(xy + yx)
= (xy)z + (yx)z + (zy)x
= x(yz) + x(zy) + (yz)x + (zy)x
= x* (yYz +zy)
=x*(y*z).

So, the new product defines a CAA denoted by B = B(A), which is called the
sub-adjacent algebra (SAA) of A.

Definition 2. Let A be an algebra not necessarily associative. A linear operator R: A — A is
called an RBO on A if R satisfies Equation (1).

R(x)R(y) = R(R(x)y +xR(y)), Vx,y € A. 1)

We denote the set of RBOs on an algebra A by RB(A). The relationship between the
two sets, RB(A) and RB(B(A)), can be obtained as follows:

Proposition 1. Let R be an RBO ona ZA A. Then, R is an RBO on its SAA B(A). It is implied
that RB(A) € RB(B(A)).

Proof. For x,y € B(A), and R € RB(A), the subsequent equality is presented.

R(R(x)y +yR(x) + xR(y) + R(y)x)
ﬁg (¥)y +yR(x)) + R(xR(y) + R(y)x)
R(

R(R(x)) *y +x+ R(y))

X)R(y) + R(y)R(x)
x) * R(y).

O

Next, new RBOs will be constructed from several aspects. Note that a derivation on a
ZA Ais alinear operator D : A — A satisfying

D(xy) = D(x)y +xD(y),Vx,y € A.

Proposition 2. Suppose that Aisa ZA and R : A — A is an invertible operator. Then, R is an
RBO on A if and only if R~ is a derivation of A.

Alternatively, any derivation D of a ZA A is also a derivation of its SAA B(A), that is,
D satisfies
D(x*xy)=D(x)*xy+x*D(y),Vx,y € A.

Furthermore, invertible derivations or RBOs are simply constructed. Let A be a ZA. A
is called graded if A = @, A, as a direct summation of vector spaces, where A, # 0 and
AxAp C Ayyp

Proposition 3. Let A = ®)crA) bea graded ZA. If 0 ¢ T, then A has an invertible derivation.

Proof. Suppose that D : A — A is a linear map defined by D(x) = Ax foreach x € A,.
Then, D is a derivation of A. Furthermore, the invertibility of D is realized since 0 ¢ I'. O

Proposition 4. Let A = Ay @ Ay be a direct sum of two ideals of a ZAA. For any RBOR; on
Aj, (i=1,2), the linear map R : A — A is given by

R(x1,%2) = (Ry(x1), Ra2(x2))
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(for any x1 € Ay, xp € Ap) that defines an RBO on A.

Finally, how CAAs as well as ZAs generate new ZAs through their RBOs will be
discussed. Firstly, a result is extracted from [20,21].

Lemma 1. Suppose that (B,-) isa CAA and R is an RBO [20,21]. Then, the following product
x*xy=x-R(y), Vx,y € B ()
defines a ZA.

Proposition 5. Let (B,-) be a CAA. If D is an invertible derivation on B, then there exist two
isomorphic ZAs given by
x+xy=2x-D"(y), Vx,y € B, 3)

xoy=D"YD(x) y), Vx,y € B. 4)

Proof. For each x,y,z € B, by Propositions 2 and Lemma 1, (B, ) is a ZA led by the
subsequent equality.

x*(y*xz+zxy) = xD_l(yD_l(z +2zD1 y))
=xD7'(y)D"(z) = (xD~'y) D~ 1(2)
= (x*y)*D71(z) = (xxy) *z.

Alternatively, (B, 0) is a ZA whose product is induced by (B, %) through the algebraic
isomorphism D defined by

xoy=D"YD(x)*D(y)) = D"Y(D(x) -y),Vx,y € B.
Thus, the conclusion holds. [

Corollary 1. Let (B, -) bea CAA and R be an RBO. Then, R is an RBO on the Z A generated by
Equation (2).

Proof. For each x,y € B, the equality is satisfied as follows:
R(x) # R(y) = R(x) - R2(y) = R(R(x) - R(y) + - R2(y)) = R(R(x) *y +x « R(y)).
Thus, the R becomes an RBO on (B, *). [J
Corollary 2. Suppose that (B, -) is ZA and R is an RBO. Then, the product is given by
x*y=x-R(y)+R(y) -x, Vx,y € B,

which defines a new ZA. Furthermore, R is still an RBO on (B, *).
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Proof. The first and second statements are followed by Propositions 1 and Lemma 1 and
Corollary 1, respectively.

The ZA (B, %) given above is the (1-st) double of (B, -) associated with the RB R.
Additionally, for any ZA(B, -) with an RBO R, a series of ZAs(B, #;) can be defined as
follows: (B, %) = (B,-) and a product on (B, *;)(i > 1) is given by

x#*y =x%_1R(y)+R(y) *i_1 x,Vx,y € B.

(B,-) is called the i-th double of (B, ). It is the (1-st) double of (B, *; 1) associated
with R. O

Proposition 6. Suppose that (B, -) isa ZA and R is an RBO. Then, for any i > 0, Equation (5) is
attained.

i .
X*i1Y = Z Cl’-‘{Rk(x),RZ“_k(y)},Vx,y € B, (5)
k=0
where a - b+ b - a is denoted by {a,b} forany a,b € B.
Proof. The conclusion is proved by induction on i.

Equation (5) holds for i = 1.
Now, suppose that it holds for a generic i, i.e.,

i .
Xxip Y =) Cff{Rk(x),RlJFl_k(y)} ©)
k=0
Then, Equation (6) leads to
X kv Y = X ki1 R(y) + R(Y) *ip1 x
= i C{F{Rk(x), Ri—I—Z—k(y)} + i Ck{Rk+1(y),Ri+1_k(x)}
— Z Ck{Rk Rz+2 k Z Ck{Rl+1 k( ),RkJrl(y)}

W)+
= Z Ck{Rk R1+2 k }+ Z Cz+1 t{Rt Ri+27t(y)}
k=0

{

_ CO{X R1+2 }+ Z C Rk R1+2 k ]/)}

Cz+1 i— 1{Rz+1 ]/)} + Z Cz+1 t{Rt Ri+2—t(y>}
= Cx,R¥2(y)} + CO{RI*(x),R(y)} + z (ck ) {R¥(x), R#2(y) |
_ {x,Ri+2(y)}+{Ri+l( }+ Z C1+l{ (x),RiJerk(y)}

i+1

L cha{r <x>,Rf+2-k<y>}.
So, Equation (5) holds for any i.

Corollary 3. Suppose that (B, -) isa ZA and R is an RBO. If R is nilpotent, then there exists a
positive integer N such that (B, *,,) are trivial for n > N.

Proof. Set R™ = 0. Forany n > 2m — 1 and k < n, either k > m or n — k < m holds. Hence,
by Equation (5), x *, ¥y = 0 for any x,y € B. J
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3. RBOs of Low-Dimensional ZAs

All the RBOs on two- and three-dimensional ZAs will be presented. Suppose that
the set {e1, e, ..., ex} is abasis of ZA A. ejej = Yy ci-‘]-ek is set. Any RBO R could then be

characterized by a matrix (r;j).R(e;) = Yy rjiejand rl'j satisfies Equation (7).

n
1 k -
Z (c,’('}r,-krﬂ = CiilikTIm — Cﬂ”jl”km) =0,i,j=1,2,...,n. (7)
k1m

Next, the classification results of ZAs up to the third dimension in the literature
are presented.

Lemma 2. Let A be a ZA with up to the third dimension; then, it must be isomorphic to one of the
following cases (just list the nonzero product for nontrivial cases) [6,8].

dim A=1.e1e1 =0;

dimA=2.Ty:ee;=0and T : ere; = ea;

) 1 1
dim A =3. A1 reiej =0; Apiereg =e3; Aztejep =e3, exep = e3; Agegep = 563, ere] = —=

€3;
23

1
As :epe = —e3; Ag:erep =e3, e1ep =e3, e = Ae3, A #0; A7 :ejep = e, e1e2 =563, €21 = €3.

In the first dimension, there is only the trivial ZA (the products being zero). In this
case, any linear transformation is an RBO. In the second dimension, there are two ZAs: one
is the trivial ZA T; whose RBOs are all linear transformations and another T, is given by
the nonzero products.

eje1 = enp.

By Equation (7), the subsequent equations are attained.

2 _
ri, —2r1r2 =0

21’111’12 = 0
ra(ri1 — 1) =0
2 _

1, =0

So, the subsequent results are attained.
1. r2=0,r11 #0,711 = 2r2.
2. rip =0,7r11 =0,1p € C.
The new ZAs pertinent to the RBO R can be attained as follows:

For case 1,R = (21’22 0 ) (rop # 0). Then,
21 122

epxer =e1R(er) + R(ep)eq
= e1(2rpe1 +1rp182) + (2ro0e1 + 1rp1€2)eq
= 41’2262

Similarly, e; xe; = 0,e2 xe7 = 0,¢ep * eo = 0 are attaiened. When 4rye; is taken as ep,
e1 * e; = ep becomes a nonzero product. As discussed above, ej *; e; = e, k € N is attained.
For case 2,R = ( 0 0
21 T22

eixej =0, wherei,j=1,2,k € N.
Based on the above arguments, Theorem 1 is stated.

>~ ejxej = 0,i,j = 1,2 is attained. So ¢; x¢; = 0 and
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Theorem 1. Let A be the nontrivial two-dimensional ZAT, with an RBO R. If = <2:22 rO >
21 T2
(rm #0), for each i > 1, the i-th double pertinent to R has an isomorphism to A. If

R = (ro ro ), the i-th double is related to R that becomes trivial for each i > 1.
21 122

By Equation (7), for three-dimensional ZA algebras, calculations are performed one at

a time, and 103 of them are obtained by the subsequent steps.

1.  For Aj, the nonzero products are
e1e1 = es.
A set of equations is attained as follows:

riras =0

2 _
1’11 — 21’111’33 =0
rp=ri3=0

Then, the subsequent results are attained.
1) rma=r3=m=0r;€C i=23 ;=123
(2) rip =113 =0, 1’11750, T’i]'E(C, i:2,3;j21,2,3.

2. For As, the nonzero products are
ejeq1 = e3, exepr = e3.
A set of equations is attained as follows:

ri3 =123 =0,

2111133 = r%l + r%l,

2r11733 = 7’%2 + r%z,

(r12 + 121)133 = r12711 + 122721

Then, the subsequent results are attained.
(1) r3=rp3=0r =rn ry=Fa 11 = £a, & = \/—r(rn —2r33), 12,
r3j e C, ] =1,2,3.

@  rz=ra =0, r1=—rpn+2ry3, rip=Fa, 1 = £a, a = \/—r(rn —2r33),
2, 13 eC, ] =1,2,3.

3. For A4, the nonzero products are

1 1
e1ey = 563, ere1 = —563.

A set of equations is attained as follows:

{ ri3 =13 =0,
(711 + ¥ot33 = 111722 — 121712

Then, the subsequent outcomes are attained.

112721 +1207T .
W) roFrs, 3 =r3 =0, = EEEEE 1y, 1, 13 €C, j=1,2,3.

(2)  ro=rs, r13=r3=121=0, 711, 112, 121, 122, 13 €C, j=1,2.
2
2

=, 11, 121, 122, 13 € G, j=1,2.

B) rp=rym,r3=r3=0rp=—

4.  For As, the nonzero products are

€1 = —e3.



Axioms 2024, 13, 314 7 of 15

A set of equations is attained as follows:

ri3 =13 =0
r1r12 =0
712733 = 112122

21733 = 121711
(r11 +12)r33 = 111122

Then the subsequent results are obtained.
(1) m=ra=r3=rna=r33=0r1y 12 1r35€C j=12
(20 m=rm=rz=ra=r3=0r1,r =0 rpecC

ool .
@) mpFrm, = e =r3=r=r3=0r»13;€C j=123.

5. For Ag, the nonzero products are
eje] = e3, ejep = e3, epep = Aez, A # 0.
A set of equations is attained as follows:

ri3 =123 =0

(2r11 4 r1)r33 = 13, + 111721 + Ar3

(r12 + 111 + 120 + Ara1)r3z = r11r12 + 11t + Arpira
(r12 + Ara1)r33 = rior1n + riaro + Araar

(r12 + 2Ar0) 133 = 13, + r1otan + Ar3,

Then, the following solutions are reached:

lrsz — 11 33 — 122
BTNy, B2
5 P2

for o — V/ —4ArS R +4rd, B = \/74Ar%2+8)\r22733+7%272722r33+r§3
- 2 4 - 2

6. For A7, the nonzero products are

rs=r3=0m = +xB, 1, 122, 13 €C, j=1,2,3,

1
e1ep = ey, €162 = 563/ €e1 = €3.
A set of equations is attained as follows:

r2=ri3=r3=0,

2riirn =13,

211732 + 311733 = 3711721,
(ro2 +111)133 = 122111,

Then, the following outcomes are reached:

1  rj=0rxeCi=12jk=123.

(2) 1rj=0,r3=r33=0, r11, 121, 122, 131, 32 € C.

3) r11 = 3733, rp1 = 230, Y0 = %?33, 73j e C, ] =1,2,3.

The arguments presented above lead to Theorem 2.

Theorem 2. The subsequent mathematical expressions depict the RBOs of the ZAs with three
dimensions in Tnble 1.
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Table 1. ZAA and RBOs with three dimensions.
ZAA RBOs
1 T2 13
(A1)eie; =0 1 T T
731 T3 133
0O 0 0 1 O 0
(Ap)erer =e3 to1 ryp ra |, |11 r2 13 |(r11 #0)
31 132 133 31 32 '
—rp+7r33 0 —1rp+r33 —a 0
o rp 0 , —u rn 0
(43) e1e1 = e3 731 732 133 731 732 133
3\ epen = e rp a0 rp —a 0
-« 1 0 |, a m O (06 = /=102 — 733)>
731 T3 733 r31 T3 133
2
rn ri2 0 11 r;ﬂ 0
0 22 0 s 121 122
(A4){ ejep = %133 31 :32 33 31 132 122
12121+ 72073
ere1 = =26 s T2 0
21 rn 0 (r2 # 133)
31 r3p 733
11 r12 0 0 0 0 4722,}’:;333 0 0
(A5)€2€1 = —e3 0 0 0 | 721 22 0 , 22 0 (7‘22 75 1’33)
r1 3 0 r31 r32 0 r31 T3 33
2r33—191 r33—r» 2r33—121 r33—ryn
2t 2 +p 0 At > g 0
ere1 = e5 ;21 :22 (r) / :21 :22 ?
(Ag) e1er = e3 311 32 33 31 32 33
erey = ez, A # 0 v=3 \/742\@1 + 13, + 413,
1
p=13 \/ —4Ar3, + 8Arypras + 13, — 2rorz 413,
e1e1 = ey 0 0 0 0 0 0 3r33 0 0
(A7) e1ep = %83 r21 T2 0f, 0 0 01, 21’32 %1’33 0
exe] = e3 r31 r32 0 731 Tt 133 31 T3 133

With the notations presented above, the straightforward conclusi

Corollary 4. Let A be a three-dimensional ZA.

1. If Ais of type Ay or Ay, then its i-th double associated to any R
1>1;

2.
associated i-th doubles are trivial, for each i > 1:

0 0 0 0 0 O
A2 |21 T2 T21 | A3 : 0 0 01; A5 :
T3 t32 133 r31 r3z 0
0 0 0 0 0
Ag: | O 0 0], A7:[ O 0 0
r31 T3 133 r31 r32 0

on is reached as follows.

BOsR is trivial, for each

If A is one of the types Ay, As, As, Ag, and Ay, then there are nonzero RBO s R such that the

0 0 0
0 0 01,
r31 1 0

Proof. Based on the above results of RBOs and Corollary 2, the new ZAs are calculated.

@

A1 :epe; = —es.
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. T2 713
IfR= 1| ry rn 713 |,thesubsequentequality is easily attained.
r31 T3 133
€; *1 6]' = EiR(E]') + R(E]')el‘ =0
Then, e; * e; =0, wherei,j=1,2,3,and k € N.
(2) Ap:eier =es.
0 0 0
If R = |ry rx 13|, the new product appears as zero, so (A,*1) and (A, i),
r31 T3 733
k € N, are of type A;.
1 0 0
IfR=|ry rxn 13 |(r1 #0), the following nonzero product is attained:
31 132 %7’11
e1x1e1 = e1R(e1) + R(ep)e
= e1(rie1 +rae2 +r3ie3) + (r11e1 +ra1e2 + r31e3)eq
= 27‘1183.
Then, the new (A, *1) is of type A;.
(3) Asz:erer = e3 exer = e3.
—1p+133 Fa 0 —rpp+133 Fa O
If R = +a o 0 or R = +a o 0 |, where
r31 r32 733 31 r32 733
a = /—rp(r2n — r33), the subsequent equality is attained.
e1 1 e1 = 2rq1€3, e1 *1 € = 2r1pe3, € x1 €1 = 2rp1e3, € k1 €2 = 2rp3e3.
0 0 0
Ifrpp =0,namely, R= [ 0 0 0], itis obtained that (A, x;), k € N, are of type
ra1 132 0
A1 by the equations above.
4) Asi:e1ep = %83, ere] = —%63.

It is known that R has the following three cases:

2
= 127211720733
m otz 0 m 52 0 g . T2 0
0 2 0 ), lry m 0] 21 rn 0 |(r2 #r33)
ra1 132 733 r31  T3p T 31 32 133

No matter which situation R takes, ¢; *q ej = 0,i,j = 1,2,3 is obtained. Then, by
induction, (A, %),k € N, are of type A;.

(5) A5 L6617 = —es3.

ri1 r2 0
IfR=1] 0 0 0|, then the nonzero product is attained as follows:
r31 t3 0
€1 *1 €1 = —I21€3, €1 %1 €2 = —122€3.
0O 0 0
IfR= (ry rp 0], thefollowing nonzero product is attained:
r31 13z 0

ey k11 = —r11€3, 21 ¥1 €2 = —T12€3
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722133 0 0
722733
IfR = 0 ro 0 | (722 # r33), the following nonzero product is attained:

r31 32 133

€1 *¥1 €2 = —Ip2€3, €2 ¥1 61 = —T11€3
0 0 0
In summary, if (A, %),k € Nareof type A;, R=| 0 0 0 | mustbe taken.
r31 132 0

(6) Ag:ere; = e3, ejer = e3, exer = Ae3, A # 0.

2r33—171 r33—r 2r33—121 r33—rp
7ot 72 +p 0 7o ta 2 p 0
If R = 21 22 0 or R = 21 22 0 ’
731 32 733 r31 732 733

where & = %\/ —4Ar3, +1d 441,

1
B = 5 \/—4/\7”%2 + 8Arporaz + 1’%2 — 2rpo133 + 7‘%3.
The nonzero product is attained.
ep x1 61 = (2r11 +121)es, e1 x1 2 = (2r12 +120)es,

e1x1e1 = (2Ary +111)es, ex ¥ ep = (2Arpn +112)e3

Let 711 and 71, be the corresponding numbers in the matrix.
If r9 = rp =121 =12 =0, (A, %), k € Nare of type Aj. Then, R can only have the

0 0 O
following form: R=( 0 0 O
31 7132 133

. 1 _
(7) A7:eier = ey, e1ex = 5e3, e2e1 = e3.

0 0 0
IfFR=[0 0 0 |,e= ej =0,i,j =1,2,3is attained. Then, (A, %),k €N, are

31 132 133

of type Aj.
0 0 O
IfR=|ry 12 0], thefollowing nonzero product is attained:
r31 13 0
e*e—gre e1 %1 ep = =Te
1161 = 572163, €1 %1 €2 = 57263
37’33 0 0
IfR=|2r3 %r33 0 |, the following nonzero product is attained:

r31 rzp 7133

1
e1 %1 e1 = 6r33ex + 3r3e3, €1 %1 €p = =T + 10e3, € *1 1 = 51’116&

2
0O 0 O
When three cases are considered andif R=| 0 0 0],e* ej = 0,i,j=1,2,3is
r31 13 0

attained. Then, (A4, %¢), k € N, are of type A;. O
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4. From CAAs to ZAs

The categorization of both the two- and three-dimensional complex CAAs and their
RBOs is known [19]. Then, by Lemma 1 the corresponding ZAs are attained. In the
following tables, the CAAs and their RBOs are listed in the first and second columns,
respectively, and the corresponding ZAs in the sense of an isomorphism are presented in
the third column. Moreover, these RBOs from [19] are sets denoted by R(e;) = 2;7:1 rijej.

Theorem 3. The corresponding ZAs (in the sense of an isomorphism) are obtained from the RBOs
on two-dimensional CAAs through Equation (2) in following Table 2.

Table 2. CAA B, RBOs R, Type of ZA(B,*).

CAAB RBOs R Type of ZA(B,*)
ejep = e 0 0
Gt (59) I
e1e2 = €361 = €1 0 0 1 =0,T1
(Bz){ exey = € (1’21 0) 21 7é 0/ TZ
0 r
(B3)erer = eq ( 0 r;i ) T
Bilee: =0 11 "12) T
( 4) itj (T21 For 1
0 12 T
0 Y22 1
(Bs)eie; = e . X
2rpn 112 1 » =0T
( 0 rn <r22 a 7) rp #0,T

Proof. For B,, by Equation (2), the subsequent equality is attained.
e x e = eaR(e2) = ex(ra161) = ra101
and others are zero. Then (B, %) is of type Ty if rp; = 0.
If ry1 # 0, anew e is taken as 711, and (B, *) is of type T».

For the other cases, they all can be attained similarly. []

Remark 1. All the two-dimensional ZAs can be obtained from two-dimensional CAAs and their
RBOs through Equation (2).

The corresponding ZAs (in the sense of an isomorphism) obtained from the RBOs on
three-dimensional CAAs through Equation (2) are summarized in Table 3.

Table 3. CAA B, RBOs R, Type of ZA (B,x).

CAA B RBOs R Type of ZA (B,)
1 T2 713
(By)eiej =0 1 T2 T3 Aq
31 132 133
ri1 rz2 0
rp1 2 0 Aq
r31 132 0

(B2)eses = e

31 32 T

31 0 0
ro1 r2 0 |(r11 #0) Ay
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Table 3. Cont.

CAAB RBOs R Type of ZA (B,x)
T2y =133 =0, A1
0 0 0 Y2733 §é 0, A5
721 22 +v/=1rp 1oy = 0,733 # 0, As
31 FV *11’33 133 1)) 75 0, r33 = 0, A5
1 (i 0 rh+ Fraz =rs =0,A;
(B3){ erey = e ™ Ty T3 (r11 #0) 15 13y = 2103, 15 + 133 £ —2r23, Aa
eze3 = eq 31 t3 TI33 rgtz + rgg #* 2r23,r§3 + ré% = —2ry3,A)

+ o+ 2 2
Ty =133 =11 £ (11 — 13;)

[NIE

+ + + +
Toy + 133 7 223,19 + 133 # —2123, A3

11
721
31

+ o4 2 2
Ty =133 = 11 £ (11 — 13;)

0 0
r 1| (rn #0)
"3 T3

(NIE

r;tz + Frys =13 =0,4;
Toy + 73 = 2123, 15 + 135 # —2r23, Ay
ri +rf # 21‘23,6‘2 18y = =23, Ay
rzi2 +ri; # 27'23,1’;[2 +riy # —2r3, A3

rn =133 =0, A4

0 0 0 roar33 # 0, Az
r1 12 0 1y = 0,732 # 0, A
r31 12 0 rop # 0,732 =0, As
(By) eye3 = e3ep = €1 rp 0 O
4 e3e3 = e 1 0 O (7’11 #* 0) Ay
31 0 0
§r22 0 0
312 2 0 | (r2#0) Ay
r31 T3 21
e1e1 = e 0 0 0
(Bs)q e2e2=e2 000 A
e3e3 = e3 0 0 O
— 11 0 0
€xey = €p
(B6){ ese3 = e3 1 0 0 A1
31 0 0
eje3 =ese;p =€ 0 0 O 11 =131 = 0,41
(B7) eey = e g 0 0 ro1731 # 0, As
e3e3 = e3 31 0 0 21 = 0,731 #0, A
o1 # 0,731 =0, As
rmn riz2 0
(Bg)eses = e3 t1 2 0 Ay
r31 132 0
0 0 0
r1 rx 0 the same as By
(B ){‘3163 =e3e1 =€ r31 132 0
’ €33 =¢€3 0 r12 0
0 rp 0 |(ri2#0) A
0 r3p 0
0 0 0
rpp 0 0 the same as By
31 0 0
e1e3 = eze; = €1 0 0 0
(B1o) | €263 = e3e2 = €2 0 0 0](r2#0) Ay
€363 = €3 r31 rzp 0
71} 12 0
=g 0 [(r2 #0) As
o

712

T3 0




Axioms 2024, 13, 314 13 of 15

Table 3. Cont.

CAAB RBOs R Type of ZA (B,x)
r1 ri2 0 r =0, Ay
0 0 0 o
_ 0 v 0 r1 #0,Az
(Bll){ e1e1 = € 32
= mor2 0 rap =0, A
0 21 0 (i1 #0) 731 4 0 Al
r31 rn 0 31725
0 r2 0 r2 # 0,45
e1e1 = e 0 0 0 Y12 = 0, 32 ;é 0, Az
(B ) €163 = e3e] = €1 0 r 0 rp =0,r3 =0,A;
€263 = €362 = €2 0 rp O
€afs = 3 0 0 0f(rm2#0) Az
21’12 r3n 0
0 0 0
Proof. B3, exep — €1,€363 = €1 and R = 21 Yoo :i:\/j?zz are pI‘OVGd

r31 FV-—1rss 133
as follows.

1. Ifrprss # 0, ZA(B, %), the nonzero product, is attained.

e xep = eoR(ep) = ex(ra1eq + ronex + 123e3) = ey,
ez *e3 = eaR(e3) = ex(r3101 + razex + 133e3) = raze; = Fraseq,
e3 x ey = e3R(ep) = e3(rp1e1 + ropex + r23e3) = ro3e; = *ryey,
e3 ¥ e3 = e3R(e3) = e3(r3ieq + razex + raze3) = razeq.

Let eg = ey = +/—1es. Then, for ey, ey, eé, the subsequent results are attained.

ehxel = (ept+/—les) * (ex £/ —1es)
= rppe1 + 13361 — 120e1 — 13361
=0

ehrer = (ext/—1leg) xen
= Tyl — 1ne
=0.

Then the nonzero product is as follows:
ey * ey = rpeq, ep ke = 2rpe.

/1 n_ 1 / : .
Lete; = ———eyand ey = 7m0 Then the nonzero product is as follows:

V122
/ / / "
62 *62 = 6‘1,62 *63 = 1.

When ¢, = ¢} — ¢; is taken, then the subsequent result is attained.

" 1" o " ’ AN o
ey ke, = (eh—ez)x(eh—e3)=eg—e3 =0,
/! 11" _ / _ /! 11" _

ey ke, = (eh—ey)xe; =eq,

1/ Ui _ i / _ Ui _ 0

ey ke, =ey x(eh—ey) =0.

Namely, (B, *) with the nonzero product is ¢; * e3 = e1. By changing e3 to —e3 and
swapping —e3 and ej, ep * e = —e3 is attained, which means (B, x) is of type As.

2. ryp = 0,733 # 0. The following nonzero product is attained:

ey x ez = Fv —1ley, ez x ez = r3zeq.
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Let ¢} = r3ze;. Then,
/ /
ey xe3 = FV —ley, e3 xe3 = r3ze].

where ¢} = e3 F /—1ey. It follows that

ex xeh = F/—1e}
/ /

e?*e3 =0,

ez xex = 0.

Then, (B, ) is of type As by simply reordering and tuning coefficients.
The cases ryp # 0,733 = 0 and rp = 0,733 # 0 are symmetric. So, if rpp # 0,733 = 0,
(B, *) is of type As. If rop = r33 = 0, (B, *) is of type A;.

1 0 0
For Bsz,eep = e1,eze3 = e and = |1y récz 723 (r11 #0), where

+
r31 ra ry(orrd;)
1
£ _ E _ 2 _2\2
2= '3 T +(rfy —733) o .
For r3;, the subsequent equality is attained.

+ +
€k € = 1,61, €3 * €3 = 12361, €3 * €2 = I'23€61, €3 * €3 = I'33€]
The others are zero. Let e) = ey — e3, €5 = ep +e3. Then,

/ VA | /o

e/z*e? *‘3315’2 ;0,

elz * e% = (ri2 + r§§’ —2r3)ey,
el x el = (ryy + 133 + 2r23) €1

The others are zero.
The following cases are observable:
(1) ryp +r33 =123 =0.So, (B, %) is obviously of type A;.
(2) rzii + réﬁi = 2r23,r§i+ rgt # —2r3. So, (B, %) is of type A;.
(3) 1y 133 # 213,155 4133 = —2r23. S0, (B, *) is of type Aj.
4)  Frop+ Traz # 2103, rZiz + ri # —2rp3. In this case, (B, ) is of type As.
If the same argument is applied to r3;, similar outcomes are attained as above, so ri is
replaced by r3;.
For the other CAAs, B;, the results can be similarly attained. O

Remark 2. The ZAs of the types A4 and Ag cannot be attained from three-dimensional CAAs and
their RBOs through Equation (2).

5. Conclusions

In summary, we have obtained the RBO on a ZA that must be the one on its sub-
adjacent algebra. We provide all the RBOs on two- and three-dimensional ZAs. Finally,
ZAs are also realized in low dimensions of the RBOs of commutative associative algebras,
and not all ZAs can be obtained in this way.
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