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Abstract: This manuscript describes the computational process to calculate an airplane path and
display it in a 2D and 3D coordinate system on a computer screen. The airplane movement is
calculated as a function of its dynamic’s conditions according to physical and logical theory. Here,
the flight is divided into maneuvers and the aircraft conditions are defined as boundary conditions.
Then the aircraft position is calculated using nested loops, which execute the calculation procedure
at every step time (∆t). The calculation of the aircraft displacement is obtained as a function of the
aircraft speed and heading angles. The simulator was created using the C++ programming language,
and each part of the algorithm was compiled independently to reduce the source code, allow easy
modification, and improve the programming efficiency. Aerial navigation involves very complex
phenomena to be considered for an appropriate representation; moreover, in this manuscript, the
influence of the mathematical approach to properly represent the aircraft flight is described in detail.
The flight simulator was successfully tested by simulating some basic theoretical flights with different
maneuvers, which include stationary position, running along the way, take off, and some movements
in the airspace. The maximum aircraft speed tested was 120 km/h, the maximum maneuver time
was 12 min, and the space for simulation was assumed to be without obstacles. Here, the geometrical
description of path and speed is analyzed according to the symmetric and asymmetric results. Finally,
an analysis was conducted to evaluate the approach of the numerical methods used; after that,
it was possible to confirm that precision increased as the step time was reduced. According to
this analysis, no more than 500 steps are required for a good approach in the calculation of the
aircraft displacement.

Keywords: flight simulator; programming algorithms; calculation of aircraft position; graphical
display of aircraft path; 3D computer animation; numerical approaching

MSC: 00A71; 00A72

1. Introduction

The flight of an airplane is a very complex problem; there are many factors and
variables involved. Some of these factors depend on human and external factors such as
the route of the flight, the pilot’s ability, the geography of the terrain, the weather, etc.
Some of these factors depend on the aircraft’s features, such as its speed and aerodynamic
design [1–5]. Moreover, aeronautical has always been one of the pioneer industries in
developing new technologies to increase performance and improve designs [5–7]. Conse-
quently, authors in this area have worked on creating flight simulators, especially in order
to reduce costs for training pilots, operational times, and risks [3–6,8–13]. Simulation is a
huge area in aeronautics due to not only the flight can be simulated [7–11,14–20], there are
some situations and conditions can vary or can be represented computationally such as
flying operations, marketing, programming of routes, design of mechanical compounds
etc. [3–7,12–16,21–27]. Other authors have worked on creating flight simulators, especially
in order to reduce costs for training pilots, operational times, and risks [6–10,21–26]. The
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use of physical and computer simulations is desirable not only for training pilots; but, also
to evaluate their performance and certification [13–16,23–30]. Thus, many authors have
developed and programmed flight simulators in order to reproduce situations that happen
during real flights and other complex problems in aeronautics, aerodynamics and aerial
navigation [1–3,12–15,27–33].

Many of the aeronautical engineers developed physical flight simulators that repro-
duced some of the basic aircraft navigation instruments [5–7]. Their efforts were driven
to create functional cabins where pilots could be trained, and they learned what to do in
certain situations. As time went on, the aeronautical industry became interested in elec-
tronic and computer sciences; aeronautical engineers were pioneers in incorporating these
technologies into airplanes [6–11,14–18]. Then, with the increase in computer capacities
such as data speed management and storage, the improvement in programming methods
and techniques has made it possible to develop more complex algorithms and computer
simulators for flying [5,6].

Bruce Artwick [7–10,14–17] created the first consumer flight simulator software. His
original work for Apple II software was purchased by Microsoft and eventually became
Microsoft Flight Simulator. Artwick founded the company SubLogic after graduating from
the University of Illinois at Urbana-Champaign in 1977, which released the first version of
Flight Simulator the following year. Artwick worked for Hughes Aircraft in Culver City,
California. It was here that he realized he could create his own 3D dynamic graphics on
6800-based machines. In his thesis of May 1975, called “A versatile computer generated
dynamic light display” he showed a model of the flight of an aircraft on a computer
screen [8–11,18–23]. With this, Artwick proved that it was possible to use the 6800 processor,
which was the first available microcomputer, to handle the graphics and calculations of the
specifications needed to create a real-time flight simulation [1–3,5–8].

The algorithms for representing an aircraft flight described in this work are based on
the calculation as a single particle under certain speed and time of application conditions;
these are so elementary, but they are a platform for including more complex integrations
and calculations during an aircraft flight, such as the influence of the wind, the mechanical
and aero-dynamical forces, the post-representation of the aircraft position in a virtual
environment, etc.

2. Basic Assumptions and Reading Data

In this research, the aircraft flight is treated as an ideal set of planned operations in
an ordered sequence. Then the flight is divided into maneuvers and the control variables
are aircraft flying conditions such as the aircraft speed, heading angles, and defined times.
Then a maneuver is assumed to be the defined group of airplane conditions to be executed
during a period of time; thus, a change or remaining on any condition at any time defines
the beginning and ending of a maneuver [10–15,18–20,24–30]. Nevertheless, there is a
minimum of information required that defines the original aircraft status at the beginning
of the simulation [24–26,34–41].

The general information about the aircraft is the divisions (steps) for analyzing the
flight and the maximum takeoff weight (MTOW), which is defined as the aircraft weight
at the beginning of the simulation. Thus, a volume for the fuel deposit must be declared
according to the following restrictions:

(a) The fuel weight cannot be equal or minor to zero (Vtank ≤ 0).
(b) The fuel weight cannot be equal or major to the MTOW (Vtank ≥ MTOW). This is a

basic logical assumption. Here, fuel capacity of tank must be input in (I).

Then a specific fuel consumption rate is defined in (l/km) or (l/min). This con-
sumption is assumed to be constant during the flight simulation; at least a consumption
coefficient as a function of the cruise speed was defined. All restrictions were programmed
using sentences (if) verifying and conditioning the reading data process [6–10,29–33,42].

All the corresponding warnings were programmed in order to avoid errors during
reading data; if any of these restrictions occur, a window with an appropriate message
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is displayed with a brief explanation in order to correct them [1–3,6–9,27–32]. Then, the
following assumptions were programmed and included to simulate the flights.

(1) Only one single flight is simulated.
(2) The simulation begins at the initial time (tsim = 0).
(3) The simulated flight is divided into maneuvers (using an integer data type).
(4) The information about every maneuver is used as boundary conditions for the

aircraft conditions.
(5) The maneuvers defined cannot be equal or minor to one (n ≤ 1).
(6) The initial conditions for beginning the simulation are established in maneuver (0). For

simulations in this work, the airplane was defined as being in stationary conditions.
(7) The times for maneuvers cannot be equals or minors to zero (tn ≤ 0).
(8) The values defined for every maneuver are modified at every step time (t + ∆t)

according to the previous values until they reach the latest; then, the change is not
instantaneous; it is performed step by step during every maneuver.

(9) The aircraft speed is assumed to be in the same direction as the aircraft heading angle.
Thus, the aircraft speed is a result of the total propulsion force.

(10) The aircraft with an initial speed equal to zero (vAn=0 = 0) is considered to be in repose
or stopped on the ground.

(11) The vertical aircraft speed is assumed to be absolute in the same direction as the
pitching angle.

(l2) The values for every maneuver, such as heading angles or aircraft vertical speed,
can adopt positive or negative values without restrictions, with the exception of the
aircraft speed.

A computational array is used to store and order the information about every maneu-
ver. The array was defined as: Matdat [a][b]; this matrix stores floating data types for all
the maneuvers. The location occupied by the variable [a] is used to store and identify the
maneuver [a = n]. This location is also used to validate and take the appropriate values
during simulation. The location occupied by the variable [b] is used to identify any variable
as follows:

Matdat [a][ [b = 1] Horizontal aircraft speed (vHAn).
Matdat [a][ [b = 2] Vertical aircraft speed (vVAn).
Matdat [a][ [b = 3] Heading angle (αn).
Matdat [a][ [b = 4] Rolling angle (αheading).
Matdat [a][ [b = 5] Maneuver time (tn).
In addition, the locations for the variables [b] are also predefined as a matrix with extra

locations for storing all of the calculated variables after the execution of the calculation
process. Here, the sub-indexes (n) refer to the corresponding maneuver.

The first step in developing a flight simulator is to create a virtual environment on
the computer screen where the user can appreciate the aircraft path [1–4,7–10,34–41]. The
aircraft movement must be represented appropriately, and physical and mathematical
equations must be solved using the programming of numerical methods. Several authors
have developed methods for solving geometrical and mathematical problems using repet-
itive operations and procedures [3–6,9–13,27–33,42]. This kind of problem can be easily
programmed using any programming language. Here, code was generated using C++, and
nesting numerical procedures were to be solved [29–34,39,41].

Time, aircraft speed, and angular positions during every maneuver are used as initial
and final conditions to create a simulation of the aircraft’s animation, and the resulted
information is used as input to create an animation of the movement as would be in
the aeronautical instruments [29–31,37–41]. Then, in this work, the main procedure is a
calculation routine that contains the equations for calculating the aircraft displacement
along the 3D position. These are solved at every step time (∆t) inside an executed nested
loop using the boundary conditions defined by the user. Then, inside this procedure, are
included independent subroutines with the code for calculating the graphical information
to represent every aircraft instrument. The procedure is described as follows:
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(a) Reading the data included general information about the aircraft conditions and the
number of maneuvers during the flight. Then specific speed, time duration, and
directional conditions of every maneuver are read.

(b) Options for new reading and modification are valuable tools; after this, different
display animations were also programmed.

(c) An algorithm to make the simulation is executed, then a calculation of the
aircraft displacement is performed, and the information is used to represent the
instrument animation.

(d) Options for saving information are included.

In order to represent a landscape for the flight to be simulated, the following facts
were assumed to represent computationally the surface and the flight directions:

The North Pole corresponds to 0◦ according to the angular position shown in Figure 1.
And the clockwise direction is assumed to be positive to measure any heading angle. Then,
90◦ corresponds to the east, 180◦ corresponds to the south, and 270◦ corresponds to the west;
nevertheless, this condition can be modified according to the sense of the turn; for example,
−90◦ can also correspond to the west, −180 to the south, and −270◦ to the east. This fact is
due to the aircraft’s heading angle being taken as a function of its turning movement.

Figure 1. Assumptions for the graphical representation of the surface and the heading angle (direction
of flight) according with earth position.

The flow chart shown in Figure 2 represents the general operations of the flight
simulator developed. Here, the reading data process is the first action executed. Initially,
the general information for the aircraft is read because it is absolutely required to start the
calculation process; then the system executes the reading process for the maneuvers. This
process appears in better detail in Figure 3, where the procedure to read the data and store
it in the computational array is described [3–6,13–16,23–32]. This process is repeated from
maneuver (0) until the latest maneuver (nt). In Figure 2, there is a shaded subroutine in the
left part. This routine is included to be executed at the beginning to make a pre-calculus
about the aircraft flight. The loops and parts of the routines inside are so similar to those
in Figure 4a,b. These procedures are so similar, which is why all the procedures were
compiled independently and included as separate libraries [27–33,42]. This fact provides
easy identification and modification but also makes them more versatile. The execution
time of this subroutine is very short, and its inclusion eliminates the necessity of using
additional memory resources or saving unnecessary data. Here (ts) is the simulation time,
and the step time (∆t) is calculated as a function of the steps defined to analyze the flight.
Finally, the flowchart in Figure 3 shows an option to save the information or quit. The
option for saving the information would create a new file named by the pilot (user) and
save the data in a row and column format for easy identification.
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Figure 2. General flowchart for the flight simulator developed.

Figure 3. Flowchart for the reading data routine for each maneuver.
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Figure 4. Flowchart for selecting any option to display the results. (a) Option for display the aircraft
path and (b) option for display graphics and performance of the aircraft.

The processes for selecting and displaying the results are shown in the flowcharts
in Figure 4a,b. Here, the calculation process is again included during the execution of
the simulation loop because it is the same for both options. Each figure indicates the
procedure to be executed according to the selection made. In Figure 4a, the virtual aerial
space is traced, including the north–south and east–west directions. Then the calculation
procedure is executed to display the aircraft path [4–7,15–19,22–31]. The flowchart in
Figure 4b corresponds to the option developed to analyze the aircraft performance; here, a
screen to display the aircraft speed and displacement is drawn according to the calculated
scales [27–33,42]. The routines developed for this purpose were also compiled separately
because they are executed many times to display different flight parameters. The flowchart
shown in Figure 5 is used to obtain the maximum and minimum values for the displacement
of the aircraft along axis (x); a pair of sentences (if) is used for these purposes; the algorithm
uses two different comparison procedures that are included in the calculation loop just
after the execution of the calculation procedure. This procedure can be repeated for the
displacement along the axes (y) and (z); moreover, this procedure can also be nested and
used again to compare, obtain, and store the maximum and minimum values of all the
variables involved, eliminating unnecessary code.

The aircraft flight involves the calculation of the 3D aircraft displacement; the calcula-
tion is performed in the nested loops as a function of speed and the time conditions defined.
Simultaneously, a comparison to obtain the minimum and maximum positions for a good
fit with the computer screen pixels resolution is performed [9–14,22–32]. All procedures in
Figures 2–5 were compiled separately in order to be executed independently, and then a
quick calculation about the total distances traveled by the aircraft can be obtained. And the
display of the displacement is shown only if it is required by the user.

Procedures in shaded areas are nested in the executed loops according to the user
requirements; the routine in the flowchart in Figure 5 is also compiled separately and then
included during the execution of the nested loops. It is absolutely required to obtain the
minimum and maximum values of the aircraft displacement and then draw on the screen
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the flight; moreover, this procedure is repeated again for the (y) and (z) axes, which are also
necessary for it.

Figure 5. Flowchart sentence to find the maximum and minimum values for the aircraft displacement
along the (x) axis.

3. Calculation Procedure

The calculation procedure involves the solution of the equations for calculating the
aircraft path, as described next:

The time of a flight results from the sum of all the partial maneuver times, as shown
in Equation (1). Here (n) is the maneuvers, (tn) is the time of every maneuver, and (nt) is
the number of maneuvers.

t f light =
n=nt

∑
n=1

tn (1)

According to Equations (2) and (3), the values of displacement and acceleration can
be obtained as a function of the aircraft speed. Here, the super indexes (n) and (n − 1)
correspond to the latest and previous maneuvers, respectively.

d = ∆v∆t = (vn − vn−1)(tn − tn−1) (2)

a =
∆v
∆t

=
(vn − vn−1)

(tn − tn−1)
(3)

These equations treat the problem using general assumptions; nevertheless, it is
necessary to calculate the displacement and acceleration for every reference axis (x, y, z)
using Equations (4) to (6) and (7) to (9), respectively. These equations can be nested inside
a computational loop as a part of the calculation procedure; then, the equations for the
aircraft movement (10) and (11) are solved, providing instantaneous values for acceleration
and displacement.

x = (vn
x − vn−1

x )(tn − tn−1) (4)

y = (vn
y − vn−1

y )(tn − tn−1) (5)

z = (vn
z − vn−1

z )(tn − tn−1) (6)
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ax =
(vn

x − vn−1
x )

(tn − tn−1)
(7)

ay =
(vn

y − vn−1
y )

(tn − tn−1)
(8)

az =
(vn

z − vn−1
z )

(tn − tn−1)
(9)

dx
dt

+
dy
dt

+
dz
dt

=
dtot

dt
(10)

dvx

dt
+

dvy

dt
+

dvz

dt
=

dvtot

dt
(11)

In order to solve these equations and calculate the aircraft position at every moment
during the simulation, it is necessary to establish a step time (∆t) using Equation (12).
This value is used as a criterion to determine the precision of the simulation. Here (nt)
is the step number, which is an integer data type input by the pilot who runs the simula-
tion. As this number is increased, the step time (∆t) becomes shorter, and the simulation
precision improves.

∆t =
tn

nt
(12)

Then Equations (13) to (15) are used to calculate the distances for scaling the aircraft
flight on the computer screen.

xdmax = xmax − xmin (13)

ydmax = ymax − ymin (14)

zdmax = zmax − zmin (15)

The distances for the aircraft flight can be obtained from Equations (16) to (18).
Equation (16) is the general form of the equation between 2 points in a 3D system; but it
must be modified in order to calculate the distance from the starting point to the aircraft at
every moment, as is shown in Equation (17); then Equation (18) can be nested in a computer
loop to calculate the aircraft displacement.

dtotal =

√
(xtot)

2 + (ytot)
2 + (ztot)

2 (16)

dn =

√
(xn − xn−1)

2
+ (yn − yn−1)

2
+ (zn − zn−1)

2 (17)

dt+∆t =

√
(xt − xt−∆t)

2
+ (yt − yt−∆t)

2
+ (zt − zt−∆t)

2 (18)

4. Computer Simulation of Flights

During the flight simulation, the aircraft is placed in the original position (0,0,0) at the
initial time (t = 0). Then every maneuver is calculated, and the aircraft position is computed
and displayed. A virtual grid terrain is used as a reference for the aerial space where the
simulation is executed.

The aircraft path is placed on the computer screen as a function of the transition from
a 3D system to a 2D graphical representation. According to this, projected and real paths
are displayed in order to provide a complimentary reference. The projected path is that
the aircraft is describing over flat terrain, and the real path is that described by the aircraft
considering the vertical displacement as a function of the step time (∆t).

Table 1 shows the information declared for the analyzed flights. The flights are 7 and
5 maneuvers; (vhor) and (vvert) are the horizontal and vertical speeds of the aircraft, and (α)
is the heading angle.
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Table 1. Information for the flights to be simulated (conditions for every maneuver).

Flight 1

Maneuver 0 1 2 3 4 5 6 7

vhor (km/h) 0 100 120 100 110.5 100 97.25 95.45

vvert (km/h) 0 0 25 5 0 −2.2 15.55 12.25

αheading (◦) 45 45 45 180 180 450 450 270

t (min) 0 2.5 2.35 6 6 3.25 5.25 12.25

Flight 2

Maneuver 0 1 2 3 4 5

vhor (km/h) 0 100 120 110 100 100

vvert (km/h) 0 0 15 10 10 −5

αheading (◦) 0 0 0 90 360 450

t (min) 0 2.5 3.5 6 6 4.55

Flight 3

Maneuver 0 1 2 3 4 5

vhor (km/h) 0 100 120 105 100 100

vvert (km/h) 0 0 5.55 15 10 −4.5

αheading (◦) 0 0 0 90 90 0

t (min) 0 2 2.55 3.2 4.25 10.05

Figure 6a,b shows snapped screens from the simulator. These figures correspond to
the flight (1) displayed using different angles over the terrain in order to test the graphical
display using rotation and screen scaling tools. These views can be obtained by solving
Equations (19) to (21). Here (αterrain) is a reference used to provide an inclined view over
the terrain.

xdist =
(xt − xt−∆t)

xdmax
cos(αterrain) (19)

ydist =
(yt − yt−∆t)

ydmax
sin(αterrain) (20)

zdist =
(zt − zt−∆t)

zdmax
(21)

Finally, Equations (22)–(24) are used for scaling the aircraft path over the terrain. Here
(totpix) is the variable used to display the aircraft path using a congruent scale for the
computer screen. Then (npix, npiy and npiz) are the aircraft displacement values expressed
in pixels.

npix x = totpix

[
dx

t+∆t

dxmax

]
(22)

npix y = totpix

[
dy

t+∆t

dymax

]
(23)

npix z = totpix

[
dz

t+∆t

dzmax

]
(24)

A brief description of the flight (1) simulated using the information in Table 1 is
explained next; these explanations can be confirmed by watching the aircraft path on
Figure 6a,b. Here can be observed the geometrical path in a simulated flat terrain; some
maneuvers are symmetrical, but others are non-symmetrical according to speed conditions.
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The aircraft in this flight is initially placed on the ground at 45◦ (north–east direction) and
then runs over the road and takes off in the same direction and turns to the right (clockwise);
maintains a direction towards the south, then turns again to the right and maintains a new
direction to the east; finally, turns left to the north and west against clockwise.

Figure 6. Computational representation of the aircraft path for flight (1) using different terrain angles.
(a) Using 20◦ and (b) using 8◦.

The computational tool developed to incline the terrain is very useful and versatile to
provide a different point of view of the built aircraft paths. Here, the path over terrain can
be easily identified because it is never out of the shaded area.

Maneuver 1. The aircraft is initially in stationary conditions; then it runs in order to
prepare for take-off. The aircraft speed changes from (vx

n=0 = 0) to (vx
n=1 = 100 km/h) at

the end of the first maneuver. There are no modifications to the lateral or vertical speed; the
aircraft just runs over the reference plane. The heading direction is +45◦, which corresponds
to 45◦ measured from the North Pole direction. This run delays 2.50 min.

Maneuver 2. During this maneuver, the aircraft takes off, continues accelerating until it
reaches vx

n=2 = 120 km/h. Here, the aircraft increases its vertical speed until vz
n=2 = 25 km/h.

Then the projected and real aircraft paths are separated; the projected path is always traced
as a function of the reference plane, and the real path is displayed considering the aircraft
altitude over the terrain. This maneuver delays 2.35 min, and the heading angle remains
+45◦. So, the slope in the line for this segment indicates that the aircraft has taken off from the
highway at the same heading angle, describing a line with a smoothed slope.

Maneuver 3. Here the aircraft decelerates slightly until (vx
n=3 = 100 km/h); the vertical

speed is decreased until (vz
n=3 = 5 km/h); nevertheless, the aircraft continues ascending

due to the vertical speed value continuing to be positive. Moreover, during this maneuver
the aircraft’s heading route is modified from +45◦ to 180◦. So, the original aircraft direction
north–east now is towards south. Then the aircraft turns to the right. This maneuver is
executed for 6 min, so the advanced distance is longer than those in previous maneuvers.

Maneuver 4. Here the aircraft accelerates slightly again until (vx
n=4 = 110 km/h); the

vertical speed is nearly invariable (vz
n=4 = 0 km/h). In addition, the heading angle remains

in a south direction, so the segment of the path for this maneuver is a straight line.
Maneuver 5. Here the aircraft decelerates lightly until (vx

n=5 = 100 km/h); the vertical
speed becomes negative (vz

n=5 = −2.20 km/h); and the aircraft suddenly turns from 180◦
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to 450◦, changing the heading route to the east. A turn is quickly performed in 3.25 min,
during a light descent. Thus, the path described for this maneuver is a little elliptical arc.

Maneuver 6. The aircraft increases its propulsion and its vertical speed, but the same
heading angle remains; so, the aircraft direction also remains towards the east with a slight
increment in altitude.

Maneuver 7. Finally, the aircraft speed is slightly decreased, but although the vertical
speed is also slightly decreased, the ascending rate remains considerable. Thus, a notorious
increment in the aircraft’s altitude can be observed during this maneuver. Moreover, the
aircraft changes its heading angle towards the west during the longest period of time.

Speed curves are lines for the initial maneuvers when the aircraft runs along the way, and
others are sinusoidal or second-grade curves. Some of these present conditions of symmetry
or asymmetry as a function of the aircraft acceleration and the modification of the aircraft
direction. In maneuvers 5 and 7, the speed curves are sinusoidal and are inverted for both
axes (x, y). This can be considered a partially symmetric or inverted symmetry condition.

The aircraft performance and behavior during a flight can be analyzed along the axis
(x, y, z). Figure 7a,b shows the evolution of the flight (1). Both figures use a dual time
scale for the horizontal axis, indicating the maneuver duration just below. The maximum
and minimum values are indicated on the vertical axis, which were obtained from the
simulation. Figure 7a shows the aircraft speeds for each referred axis; here, the speed on
the axis (x) shows the following features:

The aircraft is initially in a stop position (vz
n=0 = 0 km/h). Then the speed is increased

until (vz
n=1 = 100 km/h) at the end of the first maneuver. Here, a straight line with a

constant slope is displayed, evidencing the aircraft’s acceleration. Another line with a
minor but constant slope was obtained for the second maneuver due to the increased
speed, but at a minor rate. For the third maneuver, the speed curve has a negative slope
due to the aircraft having modified its heading route. Then this condition changes the
plotting of the speed. During the fourth maneuver, the speed is slightly increased, but
with a negative implication, so the slope is nearly horizontal, thus the line with a lightly
negative slope can be appreciated. During the fifth maneuver the aircraft’s speed decreased
slightly, but it modified its heading direction from 180◦ to 450◦, or from the south to the
east, including a quick turn rotation, and the plotting conditions were modified again,
resulting in a sinusoidal line segment. During the sixth maneuver the aircraft speed is
slightly decreased, but the final plotting position of the fifth remains because the heading
angle also remains constant. Finally, during the seventh maneuver, the aircraft changes the
heading condition from east to west, becoming the line in this segment with a positive slope
until it reaches a maximum value for the North Pole direction; then, the slope becomes
negative, forming the end of the curve that corresponds to the final turn position.

The speed curves change geometrically with every maneuver as a function of the
simulation conditions. The segments are influenced by the heading angle changes, which
modify the direction of the slopes. During flight (1), the heading changes conducted
by the aircraft on maneuvers three and five were performed turning towards the right;
nevertheless, the final heading changes were performed turning towards the left. Moreover,
the maneuver times (tn) also influence the aircraft displacement. So, it is possible to mention
the following facts after analyzing the speed curve for the (y) axis:

During the first and second maneuvers the speed behavior is represented by 2 lines
with constant slopes in the same way as for the axis (x). Nevertheless, the curve for the
third maneuver is very different due to the heading changing from 45◦ to 180◦. Here a
maximum is reached for a position east to 90◦. Then the curve changes its slope to negative
until the end of this maneuver. During the fourth maneuver, the heading remains invariable
with a slight increment in the aircraft speed, resulting in a quasi-horizontal line. The aircraft
modifies its heading during the fifth maneuver; here a sinusoidal curve is appreciated, but
the starting and ending angles are different in comparison with the curve for the speed on
the axis (x); the maximum and minimum positions on curves for the analysis over these
axes are in mathematical correspondence with the inflection points for the (x) axis. After
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this, the aircraft remains with a constant heading angle, and for the sixth maneuver, a new
sinusoidal curve is shown for the final maneuver due to the heading angle change.

Figure 7. Aircraft performance graphics for flight (1) (a) Aircraft speed. (b) Aircraft displacement.

The vertical speed (vz) is very easy to understand due to all the segments being lineal.
Here, initially, the aircraft runs over the reference plane (vz = 0); this first maneuver is
represented by a horizontal line. During the second maneuver the aircraft takes off; then,
the curve has a very vertical positive slope. For the third, fourth, and fifth maneuvers, the
vertical speed decreases at different rates, although the aircraft remains always ascending.
For the sixth and seventh maneuvers, the vertical speed is increased, but also at a different
rate, so the slope changes from positive to negative.

The displacement curves for flight (1) are shown in Figure 7b. Thus, it is possible to
mention the following facts about the curve on the axis (x):

The curve begins at an initial speed equal to zero; the displacement curves are different
than speed curves due to the displacement rate not being constant (vHA = dHA/dt). During
the third maneuver, the displacement reaches its maximum value, and then the slope
becomes negative due to the route change. On the fourth maneuver, the heading angle
remains unchanged, and the displacement is a line with a negative slope. During the
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fifth maneuver, the aircraft turns suddenly, changing its heading angle; here, a little inverse
curved form with a quasi-flat ending is appreciated. During the sixth maneuver, the aircraft
route remains the same; consequently, the curve is lineal. Finally, during the last maneuver,
a sinusoidal form is the result of the route change.

Analyzing the curve for displacement on the axis (y), the displacement is similar to
the curve for (dx) for the first two maneuvers due to the aircraft speed and acceleration
being at the same heading angles. On the third maneuver, the heading angle changes,
and the displacement along (y) is lightly decreased. On the fourth maneuver, the effective
displacement is increased, but the heading angle is nearly perpendicular to the axis (y),
so the displacement about this axis is a horizontal line. During the fifth maneuver, the
aircraft turns quickly 270◦, turning in the east direction in a short period of time. On the
sixth maneuver, the aircraft remains at the same heading angle, resulting in a line with a
nearly invariable positive slope. Finally, during the last maneuver, the form of a circular
semi-arc is displayed due to the turning again.

The displacement along the vertical axis (z) is shown below. Here, the aircraft begins
remaining on the ground during the take-off run. Then the aircraft’s altitude begins to
increase during the second maneuver. The aircraft continues increasing its altitude for the
next maneuvers, but at different rates, so the slopes are also different. With the exception
of the fifth maneuver, which was defined with a negative value. Then it is important to
mention that if a negative value is defined on any maneuver for the vertical speed, the
aircraft remains ascending until the transition of values becomes negative (vz

t+∆t < 0).
Figures 8–11 show the aircraft path, speed, and displacement curves corresponding to

the flights (2) and (3), respectively. Here, differences and similarities in comparison with
flight (1) can be appreciated. Moreover, the influence of aircraft speed, heading angles, and
maneuver times can also be appreciated.

Figure 8. Computational representation of the aircraft path for flight (2) using different terrain angles.
(a) Using 20◦ and (b) using 8◦.
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Figure 9. Aircraft performance graphics for flight (2). (a) Aircraft speed. (b) Aircraft displacement.

The aircraft on this flight is stationary with a direction to the north equal to 0◦. Then
it runs over the road and takes off in the same direction. On the next maneuver, the
heading angles are always greater than the previous; thus, the aircraft always turns to the
right in a clockwise direction. Moreover, the vertical speed is positive, the aircraft ascends
until the fourth maneuver, and until the last maneuver, the aircraft lightly descends due
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to the final vertical speed being negative. Figure 8a,b shows the aircraft displacement
over different terrain angles for view, evidencing the importance of displaying the
flight path.

The flights were divided for analysis purposes into maneuvers with particular con-
ditions of aircraft horizontal and vertical speed; a route angle and time endurance are
defined; then the displacement is calculated. Then, all the equations in the manuscript
are solved using an integration numerical Runge–Kutta method, which is very easy to
program using nested loops with a minimal computational effort. Although increasing the
steps for calculation is an easy way, there are some variables involved in the simulation
that affect the final approach; therefore, it will be absolutely necessary to increase these in
the following cases.

(a) If the aircraft’s horizontal and vertical speeds are increased.
(b) If the endurance time of the maneuver is increased.

Other parameters influence the aircraft route, as follows:
If the heading angle is greater than in the previous maneuver, the aircraft will turn to

the right.

(a) If the heading angle is less than in the previous maneuver, the aircraft will turn to
the left.

(b) It is important to remember that a simulation is considered precise when a very
accurate calculation of the aircraft’s position in space is obtained. Additionally,
mathematical and physical theory must be applicable to different conditions with the
same certainty.

Figure 10. Computational representation of the aircraft path for flight (3) using different terrain
angles. (a) Using 20◦ and (b) using 5◦.
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Figure 11. Aircraft performance graphics for flight (3). (a) Aircraft speed. (b) Aircraft displacement.

5. Evaluation of Approaching

In order to evaluate the numerical method programmed for the simulator, approaches
and errors were analyzed by executing the nested routines in the simulator with different
divisions (steps) reproducing the 3 flights defined in Table 1. Similar curves resulted for
the three flights. The results for flight (2) have been chosen to evidence the error and
approaching obtained and are shown in Figures 12–15. These curves show the evolution
of the final distances calculated for the aircraft path. The distances (dx), (dy), and (dz) are
the distances flown along every axis, and (dtot) is the total distance from the origin of the
aircraft flight. All of them were measured from the original starting point of the flight,
assumed to be the position (0,0,0) towards the corresponding displacement axes. Their
description of content is as follows:
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Figure 12. Calculated approaching for flight (1) curves for axis (x) direction Sud-North. (a) considering
displacement values. (b) considering the previous calculated value. (c) considering the division of
the displacement between the number of steps. (d) considering the approaching to the final value.

Figure 13. Calculated approaching for flight (1) curves for axis (y) direction Est-West. (a) considering
displacement values. (b) considering the previous calculated value. (c) considering the division of
the displacement between the number of steps. (d) considering the approaching to the final value.
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Figure 14. Calculated approaching for flight (1) curves for axis (z) this is for the altitude.
(a) considering displacement values. (b) considering the previous calculated value. (c) consid-
ering the division of the displacement between the number of steps. (d) considering the approaching
to the final value.

Approaching every displacement axis, the total displacement will be described.
Figure 12a–d shows the displacement for the (x) axis with different criteria of approaching
that are described next; similarly, Figure 13a–d shows the displacement for the (y) axis,
Figure 14a–d shows the displacement for the (z) axis, and Figure 15a–d shows the total
aircraft displacement, respectively. In all these figures, the values of displacement are
plotted as a function of the steps for calculation. But different criteria for approaching are
evaluated in order to achieve improvements.

Curves (12a, 13a, 14a, and 15a) show the fluctuation of the displacements along the
directions (x), (y), (z), and the total aircraft displacement, respectively, evidencing that the
final distances tend to adopt an invariable value. The reduction in this variation indicates
that error is reduced and approaching is improved as the steps for analysis are increased.

The vertical axis in Figures 12a, 13a and 15a represents the displacement along
the respective axis “x” for direction north–south and “y” for direction east–west and
the total displacement. In contrast, the vertical values in Figures 12b, 13b and 15b
are so minor because they were calculated using Equation (25). Additionally, the
curves in Figures 12c, 13c and 15c were obtained using Equation (26), and the curves in
Figures 12d, 13d and 15d were obtained using Equation (27).

Curves (12b, 13b, 14b, and 15b) show the fluctuation of the values calculated for the
distances for the (x), (y), and (z) axes and the total aircraft displacement. Respectively.
All these curves tend to zero because the values were obtained from the subtraction of
the values with the previous calculation (with steps 1). This also means that the error is
reduced as the steps for calculation are increased. The values in these curves were obtained
using Equation (25). Here, (dx) is the distance on the axis (x); this equation is also solved
again for the (y), (z) axes, and the total distance. The sub-index (ns) refers to the number of
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steps used for calculation. And the super index (t = total) means that the value corresponds
to the latest calculated displacement in the latest step of the latest maneuver; this is at the
end of the simulation.

dxb = dxt=total
ns − dxt=total

ns−1 (25)

Curves (12c, 13c, 14c, and 15c) show the fluctuation of the values calculated for the
distances for axis (x), (y), and (z) axes and the total aircraft displacement, respectively,
divided by the steps used, also evidencing that the final values tend to be zero. This
means that the error tends to be reduced again. Although these curves tend quickly to
zero, they are not considered the best evidence of a good approach. The curves resulted
after the application of Equation (26) to the final displacement values calculated; all these
curves immediately tend to zero. Nevertheless, this approaching calculation is not the most
reliable because (ns) is always increasing; thus, the next value will always be minor.

dxc =
dxt=total

ns
ns

(26)

Curves (12d, 13d, 14d, and 15d) show the fluctuation of the values calculated for the
distances for the (x), (y), and (z) axes and the total aircraft displacement, respectively, minus
the previous value and divided by the previous value, also evidencing that the final values
tend to be zero. This means that the error tends to be reduced again. These curves result
from the application of Equation (27). All of these curves tend to zero, but there are positive
and negative variations that diminish.

dxd =
dxt=total

ns − dxt=total
ns−1

dxt=total
ns−1

(27)

Fluctuations on these curves can be positives or negatives due to the change in heading
angles and the steps used for calculation; fluctuations for the axis (z) were major in contrast
with the (x) and (y) axes, but they are not according to the scales on the vertical axes.

These curves evidence the following facts for flight (2):
The difference between the displacements calculated tends to a final value; then the

error in the calculation is reduced as the number of steps is increased, as could be expected
for any integration method; thus, the approaching is improved. The same behavior can be
appreciated for every analyzed axis and for the total displacement.

According to the steps used for the calculation of the flights, it is possible to affirm the
following facts for all the analyzed axes:

Using 10 to 100 steps, the approaching is bad.
Using 100 to 1000 steps, the approaching is notoriously improved. The fluctuations in

the calculated values are damped.
Using 1000 to 2000 steps, the approaching was not significantly improved, which is

why it can be considered not absolutely required.
It is important to mention that horizontal aircraft speeds are often higher than vertical

speeds, but these can be so different depending on the aircraft type and capacity. For major
speeds, it will be necessary to calculate the displacement using more steps.

The maneuver time has a strong influence on the approaching; the increment in steps
is the best way to improve approaching for long times.

The aircraft speed also has a strong influence over calculation; increasing the steps for
calculation reduces the errors and improves approaching if the aircraft speed is increased,
as is appreciated in Figures 12–15. Moreover, fluctuations are so high in the vertical
axis (z) due to altitude, with minor values in comparison with horizontal displacements.
Additionally, it must be noted that a particular approaching can be calculated for every
maneuver since everyone has particular data. Nevertheless, for this work, it was decided
to do it for the completed flights.
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Figure 15. Calculated approaching for flight (1) curves for total distance measured for the original
point assumed as the aircraft was in a stationary position at (0,0,0). (a) considering displacement
values. (b) considering the previous calculated value. (c) considering the division of the displacement
between the number of steps. (d) considering the approaching to the final value.

In addition, the displacement values for every flight along the 3 axes and the final
displacement using 10,000 steps were calculated, which are considered enough for a very
good approaching. The results shown are in Table 2, and additional curves resulted from the
application of Equation (28) are shown in Figure 16a–d. The application of these equations
shows the approaching as an error in percentage, referring to the value calculated using a
large number of steps, and can also be used for comparison.

dx = 100

[
1 −

(
dxt=total

ns

dxt=total
ns=10,000

)]
(28)

Table 2. Calculated distances along the axis (x, y, z) and total measured from the aircraft origin for
every simulated flight.

Flight dx dy dz dtot

1 8214 20,976 5825 62,019

2 20,724 10,432 3136 39,123

3 23,250 21,871 2071 37,755
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Figure 16. Reduction in the error calculated for flight (1) over every axis of displacement. Analysis for
every displacement calculated (a) for Sud-North direction. (b) for Est-West direction. (c) for altitude.
(d) for total displacement.
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According to the graph shown in Figure 16a, a good approach is obtained using more
than 400 steps for analysis because it tends to zero with such minimal variation. Maximum
variations are from (−7.2%) when less than 100 steps are used. In the case of the direction
east–west on axis (y), there is a similar damping behavior as the steps are increased, but at
the beginning, variations are positive and negative. The maximum variations are between
(−4%) and (2%). Although, in the same way as for axis (x), both curves tend to a final true
value with a variation almost equal to zero. Thus, it can be considered that the variation
over 400 steps is not so significant, and the solution is so close to the real, final true values.
In the axis (z) for the altitude where the aircraft is flying, there is a variation until 800 steps;
moreover, for 2000 steps, there is a variation of (2%). This variation is considerable, but
it must be taken into account that the distance over this axis is so minor in comparison
with the distances on the axes (x) and (y) and over the total distance. In Figure 16d, the
same behavior is observed, and the curve is so similar to those in Figure 16a,b, evidencing
the stronger influence of the much longer distances traveled on the horizontal axes as was
shown in the flight path.

6. Discussion

According to the results obtained, it is possible to affirm that any aircraft flight con-
dition can be properly calculated and represented computationally with the algorithm
developed. Moreover, the approaching calculation can be easily improved by increasing the
number of calculation steps. In addition, no more than 500 steps are needed for a good ap-
proach, although for different speeds and times of maneuvers, approaching analysis must
be performed; this work can be quickly carried out with a minor computational effort. For
immediate future studies, the information calculated can be employed to represent the air-
craft instrument animation in a virtual environment to develop a more complex simulator.
Some of the potential topics that can be developed from this work are the following:

(a) Computational representation of the aircraft instruments can be employed to train pilots
or just to show students and enthusiasm their function described with theoretical support.

(b) Planning of aircraft flights and representation of flights in a basic virtual environment,
including obstacles such as a defined geography for terrain. This option can provide
tools for planning operations with safe air flying conditions.

(c) More complex calculations, including wind components or weather conditions, influ-
ence the aircraft path and the calculation of forces to correct.

(d) Simulation of many flights in one single environment is very important in order to
avoid collisions and plan airport operations.

(e) Simulation of flights under pilot control using the computer keyboard with no defined
data, considering manual control.

(f) Planning and correction of more sophisticated maneuvers and comparison between
manual and automatic aircraft navigation.

(g) Calculation of application forces on stabilizers, flaps, slats, spoilers, rudders, elevators, etc.
(h) Inclusion of aero-dynamical behavior as a function of aircraft features.

In the algorithm developed, there are no limits on time or speed conditions that can
be input for the aircraft flight simulated; appropriate warnings were programmed to avoid
errors during input data; and the information about the aircraft displacement can be saved
as is calculated in an independent file if required.

7. Conclusions

The algorithms developed to represent the aircraft path in 2D and 3D computa-
tional representation were successfully tested and represent the aircraft path appropriately
during flights.

According to the conditions defined for the flights, simulated symmetrical and asym-
metrical speeds and path segments can be observed on the maneuvers as a function of the
aircraft direction and acceleration.

The reading data and modification options processes were also considered appropriate.
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The options for analyzing the flights were also successfully tested and provided the
information required.

The influence of the aircraft speed and maneuver time on the aircraft displacement is
properly described with this algorithm.

The main and subroutines of the simulator were properly compiled; computational
equipment with huge or specific features is not needed. No additional code is required on
the algorithms, the computational effort is not significant; moreover, the execution time is
short for a good approaching; thus, the simulator is efficient.

Increment of the steps used for calculation becomes short the step time (∆t) reducing
errors and improving approaching.
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