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Abstract: Lower strict monotonicity points and lower local uniform monotonicity points are consid-
ered in the case of Musielak-Orlicz function spaces Lg endowed with the Mazur-Orlicz F-norm. The
findings outlined in this study extend the scope of geometric characteristics observed in F-normed
Orlicz spaces, as well as monotonicity properties within specific F-normed lattices. They are suitable
for the Orlicz spaces of ordered continuous elements, specifically in relation to the Mazur-Orlicz
F-norm. In addition, in this paper presents results that can be used to derive certain monotonicity
properties in F-normed Musielak—Orlicz spaces.
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1. Introduction and Preliminaries

It is worth noting that quasi-Banach spaces have been extensively studied over the
last century (see [1-6]). As we know, in the realm of quasi-Banach spaces, the geometry is
heavily influenced by the significant role played by monotonicity properties. Therefore, it
is essential to characterize different points of monotonicity in classical quasi-Banach spaces.

This study aims to examine the basic properties in Musielak-Orlicz function spaces
that equipped with the Mazur-Orlicz F-norm. Due to the parameterization of generating
functions in Musielak-Orlicz function spaces, proving monotonicity in this space is much
more complicated than in Orlicz function spaces. We provide several methods for deter-
mining lower monotonicity. Some proof methods or ideas mentioned in the paper, such
as [3,4,7-9], have reference value.

In this document, we define the set N to represent all natural numbers, and the set R
to represent all real numbers. Additionally, we denote R, := [0, ).

Definition 1 (see [3]). In a real vector space X, an F-norm is a function ||-|| :X — Ry that fulfills
the following requirements.

(i)  The F-norm of x is equal to zero if and only if x equals zero;
(i) Forall x € X, the F-norm of x is equal to the F-norm of —x;

(iii) Forany y,x € X, the F-norm of their sum, ||x + y||, is always less than or equal to the sum
of their individual F-norms, ||x||r + ||y||;
(iv) Forallx € X, A € R,and Ay limit A, || Ay Xy — AX||  tends to zero as || x,, — x|| p approaches

zero, where (X),,_q s a sequence belongs to X, and (Ay,),,_y is a sequence belongs to R.
If a space X = (X, ||-||p) with the F-norm is topologically complete, we can refer to it
as an F-space. A lattice Z = (Z, <, || - ||r) is referred to as an F-lattice where the complete

and “<” represents the partial order relation.

Axioms 2024, 13, 243. https:/ /doi.org/10.3390/axioms13040243

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13040243
https://doi.org/10.3390/axioms13040243
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0009-0005-3653-9571
https://orcid.org/0000-0001-6756-2233
https://doi.org/10.3390/axioms13040243
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13040243?type=check_update&version=1

Axioms 2024, 13, 243

20f13

In this paper, we denote
S(X) ={x e X: x[[p =1}

and
B(X) = {x € X: x <1},

We also suppose that (T, X, m) is a space that possesses and non-atomic measure, and
finite and complete characteristics. L° = LO(T, X, m) is a space that possesses the set of
measurable and real-valued functions. Similarly, L' = L'(T,Z,m) is a space that possesses
Y. —integrable and real-valued functions.

Definition 2 (see [3]). Ifan F-space(X, ||-||z) has a linear subspace L°, which satisfies the following
requirements, the F-space is referred to as a Kothe space endowed with an F-norm.

(i) Ifye X xell, and|y| > |x| then x € Xand |ly||p > ||x||g
(i) There is a positive strictly x € X.

It is important to mention that, in the case where m is non-atomic, X is an F-normed
Kéthe function space.
The set

suppx ={te T:x(t) #0}

is defined for a function x(t) that can be measured.

Definition 3 (see [3]). If x belongs to the F-normed Kothe space, for any y € X satisfying the
inequality x # y, and x > y > 0, then the inequality || x| p > ||y||p holds (equivalently, if y # 0O
and x >y > 0, then ||x||p > ||x —y||p). We consider x as a lower strict monotonicity point
(abbreviated as LSM point). If every point in X has this characteristic, the spaces X is said to be
lower strictly monotone.

Definition 4 (see [3]). If x belongs to the F-normed Kothe space, for any sequence, {xy, },_ belongs
to X, and if the inequality x > x,, > 0 holds for all natural numbers m, and lim lxm|lF = ||x]
m—o0

Fr
then || — x||p = 0 holds. In this case, we consider x as a lower local uniform monotonicity point
(abbreviated as LLUM point). If every point in X has this characteristic, we can classify X as having
lower local uniform monotone.

Definition 5. ® : T x [0, +0o0) — [0, +-00] is a function that satisfies the following conditions,

which are referred to as a monotone Musielak—Orlicz function.

(1) ®(t,0) =0;

(2)  D(t,.) is continuous (left continuity at bg(t)), and non-decreasing in the interval [0, bg (t))
forae. t € T; that is to say,

(i) liin D(t,u) = D(t, by (t)) is a finite positive value whenever bg (t) < +oo.
u— D(t)

(i)  lim ®(t,u) = +oo when by (t) = +o0, where
ll—)b(b(t)

bo(t) = sup{u > 0: O(t,u) < co}.

(3) There exists a positive value u;, such that ®(t,u;) > 0 fora.e. t € T, and for any u € Ry,
D(t,u) is E—measurable.

In addition to that, we also define

So(t) ={u:foru>v >0, &(t,u) > d(t,v)}.
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and
agp(t) = sup{u > 0: ®(t,u) =0}

As we know, bg(.) and ag(.), as mentioned above, are L —measurable functions.
The methods used to prove this statement are similar to [7] or [5].

Definition 6 (see [5]). If there exists a set Ty C X with measure m(Ty) = 0, a positive constant
K and a non-negative function h(t) in the Lebesgue space L'(T, X, m) for which the inequality
D(t,2u) < KO(t,u)+ h(t) holds for all t € T\ T, then we say that the monotone Musielak—Orlicz
function @ is said to satisfy the Ay—condition (& € A, for short).

Remark 1. Forae. t € T, when ® € Ay, b (t) = +oo.
Otherwise, there is a non-empty set Ty € X with a positive measure, and the function be(t)
less than positive infinity for t € T1. We thus see that

oo = B(t2- %bcp(t))

2
< KP(t, 5bq>(t)) + h(t)
< +o0
and t € Ty, a contradiction.

The mapping I : L° — [0,00] is a modular in L°, which can be computed by the
integral expression

lo(x) = [ &, |x(t) m(ar)

The Musielak—Orlicz space Ly, its subspace Eg, and the Mazur—Orlicz F-norm are defined
with the above module.
The space
Lo = {x € LV : Ip(Ax) < oo for some A > 0}

is referred to as a Musielak—Orlicz space (see [10,11]). Define the subspace Eg of Lo using
the formula
Ep = {x € LV : I(Ax) < oo for any A > 0}.

For any x € Lg, the Mazur-Orlicz F-norm is defined as follows (see [10,11]):
I xllF = inf{A > 0: Io($) < A}.

Lemma 1 (see [7], Theorem 5.5). If @ does not satisfy Ay, then the set D = {t € T : bg(t) < oo}
is non-empty, and this holds true for any sequence of natural numbers

gn>0,1<p < pp <+, 1< < b < by,

in X, there exist mutually disjoint sets {Fy, }5_, and measurable functions {x,,(t)}5r_, such that,
for natural number m, 0 < x,,(t) < oo on the set Fy,, and

pm®(t, xm(t)) < O(t, bmxm(t)),/ D(t, X (t)m(dt) = gm, (t € Ep).

m

Lemma 2. For a non-zero element x € Lo and a monotone Musielak—Orlicz function ®, all the
statements mentioned below hold true.

; X X .

(i) o) <+ Lo () < lxlls

(ii)  Whenever there exists some A > 1 such that Ip (/\ HXXHF) < o0, then Ig ( ||xx\|p) = ||x||g
(iii) If I (%) = A, for some x > 0 then ||x||p = A.
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Proof. The evidence follows a similar pattern as the evidences presented in [3,4]; for con-
venience, we only prove the statement (i).

The necessity is obvious.

Now, we will show the sufficiency.

Let f(A) = Ip(3 ), using the definition of the F-norm and for a non-zero x € Lg, in the
interval (0, o0), Ip (%) is non-increasing, we can establish the following inequality for any

positive real number ¢
x
14,() <e+|x|p.
e+ el ) =<

that satisfies ¢;, = %,

o0
m=1

X 1
NI P
T llxlE m

for any natural number m. According to Beppo Levi’s theorem, the inequality

X
@()<um
EE

We can find a sequence (&) and

holds. O
Lemma 3. For any positive value of A, 1i_1>n lo(Axy) = 0, if and only if li_r)n |xm||F = 0.
m-—o0 m—o0

It is clear, so we omit the proof in here.

2. Conclusions in Musielak-Orlicz Space

Theorem 1. A non-zero element x € Lg is an LSM point if and only if it satisfies the follow-
ing conditions.

(i)  There exists A > 1 that satisfies I (A2—) < +oo;

(B3I

i) m({teT:ae(t)> L >0}) =0

K313

(iii) There exists a € (0,1), such that m({t € T : 7 < abo(t)}) = 0;
(iv) m({t€suppx, 7 ¢ S5(H)}) =0.

Proof. Necessity: Let us begin by establishing the validity of condition (i). Assuming that,
for any A in the interval (0, 1), it holds true that

X o
/T1 L 3 ) = oo

We will divided the proof in following into two cases.
Case 1: There exists a positive constant A for which

m({t € supp(x) - < — a4y —o.

Take disjoint sets T1, T, such that supp x = Ty U T, where both T; and T; have positive
measures. Then, it holds true that, for any A in the interval (0, 1), we have

x(t) .
, @ gy man = +

or x(t) .
/Tz (b, () =
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holds. Otherwise,

x(t) _ x(t) x(t)
g B AR ) = [ O S )+ [ Ot () < e

Suppose that there is a sequence A, € (0,1) with A, — 1 for which

(1) .
/Tlcb(t,m)m(dt)—Jr ,

and put y(t) = xxT, (). Next, we have ||x[|r > ||y||r. Thanks to the equality I (5~ HXHF
it follows that ||y||g > Am||x]|F- Bynlgrgo/\m =1, we have ||x||r < [|y||¢- Therefore |x||F =

):oo,

lly|lF, a contradiction.
Case 2: For any positive constant A,

m({t € supp(x) : [ = A}) < msupp(x)).

Take a positive constant ¢ > 0 that satisfies this condition

m({teT:c> i (||) > 0}) > 0,m(supp(x)|T;) >0,

where
x(t
To={teT:c> E (”) > 0}.
Put y(t) = XXsupp x\Te ().

Using the equality L:D(TJ;HF) = oo, for any A in the interval (0, 1), we can obtain
AMlxllr < |lylle- As welet A — 1, s0 |[x||r < |ly||r holds. Obviously, |x|[r > |y||F-
Therefore, we have || x||r = ||y||r. This contradicts that x is an LSM point.

Let us demonstrate the validity of condition (ii). Suppose that

m({t € T:aep(t) > H (ﬁ)F >0}) >

Denoteby Ty = {t € T : ag(t) > Fii > 0} and puty(t) = xxp\7,(#). Then, ||| > [lyl|r and

Vy oy_ x(t)
14’(%) a /T\Toq)(t’ IIXIIF)m(dt)

_ x(t)
= J, ot g mia@)
N

According to Lemma 2 (iii), we can conclude that the F-norm of x is equal to the F-norm of
y. This contradicts that x is an LSM point.
Now, we will provide evidence to validate condition (iii).
x(t) _
x[[F

bo(t),t € A. Letbg(t) = i (H) for all t € A. Divide A into T3 and Ty such that m(T3) =

m(Ty) = 4m(A) and T3 N Ty = @. Put

Case 1: There is a subset A C supp x, and it has positive measure such that K

y(t) = xn3 () - b (t) - [|x[[F-
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For any A in the interval (0,1), we have

y(t) e
/T3<D(t,w)m(dt)—+ ,

which implies Al|x||[r < |ly||r. Because A can take any value of (0, 1), we have that
x| < |ly||r holds. Obviously, ||x||r > |ly|/r- Hence, ||x||r = ||y||r- This contradicts that x
is an LSM point.

Case 2: For any subset A C supp x, we have bg(t) > X forae. t € A. Let

lIxlF
x(t 1
Tw={t€T:bp(t) > ”(”l > (1— =)be(t)}
Then, T; DThb DT3 D ---.
Denoted by
e1 =T1\T,
er = To\Ts,

and y(t) = Y_;»_1 XXe,, (1), without sacrificing the generalizability, it is reasonable to assume
that m(en) > 0. We obtain that

Yy (G
B GhE = Ly 2 TR
1

o0 _1
>y /emq>(t,((1*ﬂ_ﬂ;(t))m(dt).

m=1
For any k € N, we take m € N with k < m. Further, we obtain 1 — % >1—1 hence

(1— 2)bo(t) B
/emq)(t,w)m(dt) — oo

We can yield that (1 — 3)|/x|[r < |ly|lr. Let k — oo, we observe that the inequality

[Ix]|F < |ly||F is satisfied. Hence, the F-norm of x is equal to the F-norm of y, a contradiction.
We aim to demonstrate the indispensability of condition (iv). Assuming that there exists

m({t € supp x: |T(|t|) ¢ Sp(t)}) >0,
X||F

we will establish the existence of a,b € R, ,where b < a, such that
cD(tr b) = q)(t,ﬂ),t c Tb,ar

where
Tyo={teT:ia> 2 o

[EdF3

Since positive rational numbers are countable sets, we denote them as {rq,72,- - - } and put

A = (L€ T: Ot 1) = (L, 1) ).

Hence,

A=frer: X ggo = [] (A N A).

Tlle s
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By m(A) > 0and m(A) < Y= m(Amn N A), there exist 1, 1, such that m(Apyn, N A) >0
Let us seta = ry,, b = ry,, with the assumption that a > b.
Then,

m({teT:a> () > b)) > 0.

Put
y(t) = xxm\1,, (1) + bllx[[FxT, , (1)
We have

Lo H;:/HF) = /T\TM o(t, |T(t|) ym(dt) + /Tb’u O (t, b)m(dt)

F
_ t) x(t)
‘rmu(|u)(w+nw“hwmmuﬂ

‘/<I> )

= lo(7)

HxHF

= [lxl[¢.

Thus, the F-norm of x is equal to the F-norm of y, a contradiction.

Sufficiency: Assume x(t) > y(t) > 0 and 3 e C T with positive measure, where for all
t € e, the inequality y(t) < x(t) holds. We need to prove ||x||g > ||y||r. Assuming that it is
false. Under condition (i), there is value A > 1 such that

x
Io (/\7) < 400,
Iedlf3
we have
Ip(A5— Y ) < +oo.
[ylle
According to condition (ii) stated in Lemma 2, it is evident that the equation Ig( Hypr ) =
Iyll¢ holds.
Then,

Iylle = [ @, Lrmmia)
o

_ o W,
‘vv““wm)“”+lﬂhwm>””

_ [ op X0
T\e |||

—~

| ) (dt)—l—/edD(t, ||x||F) (dt)

x(t)
< /T\EQJ(t, pman + /eCD(t,—)m(dt)
X

EE
:I —_—
(s

= [|xl[e,

a contradiction. O

Corollary 1. x € Eg isan LSM point only when these conditions are satisfied.
(i) m{t€T:ap(t) >~ >0})=0;
(ii) Fora.e. t € supp x, Hx(l\) € Sy (t).

HXH
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Proof. By considering x as a member of the set Eg, it follows that for any positive A,
the value of Ip(Ax) is finite. Therefore, condition (i) stated in Theorem 1 remains valid.
Based on the definition of bg (), it can be observed that for a.e. t € suppx, bg(t) equals
positive infinity. Therefore, condition (iii) stated in Theorem 1 is satisfied. O

Corollary 2. Lg has an LSM property if and only if

(i) Forae t€ T, agp(t)=0;

(i) D e Ny

(iii) The function ®(t,u) is strictly increasing for a.e. t € T;.
Proof. Necessity:

(i) It is obvious.
(ii) If ® ¢ Ay, based on Lemma 1, we can select sequences

1
G = S Pm = Zmbm—l—i— , for meN,
{xm(t)};r_, are ) —measurable functions, and mutually disjoint sets {F;; } in }_, such that
1
/P D(t, xp (t))m(dt) = z—m,pmcb(t, xm(t)) < O(t, byxm(t)) (t € Fy, m € N).

Denoted by
X t) = 2 XFm(t)xm’y(t) = 2 XFm(t)xm
m=1 m=2
Thus,

Z/ (t, xm(t dt_izl'

that is, the F-norm of x equals 1. For any A within the range of (0,1), there exists n € N,
n > 2, such that, for all m > n, the inequality % >1+4 % holds. Then,

) > fj / ot
mzn / md)(t, )xm(t)>m(dt)

Ip( xm(t))

m(dt)

=<

Hence, we have A < ||y||g. Due to the arbitrariness of A, it can be inferred that 1 < ||y||, the
F-norms of both x and y are equal to 1, which does not qualify as an LSM point. Therefore,
it can be concluded that Ly does not exhibit strict monotonicity.

(iii) If there is a non-empty subset Ty C T with a positive measure, such that ®(t, )
does not strictly monotonically increase, then there exists a subset T; C T, where m(T) >
m(Ty) > 0and b > a > 0, such that ®(t, u) remains constant for all (t,u) € Ty X [a,b].
To ensure generality, for all f € T, it can be assumed that Mlgr.}o ®(t,u) = 4o0 holds.

Take a positive number M satisfying

1— /T1<1>(t,b)m(dt) <M. %m(T\Tl).
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Fort e T,letd(t) = inf{u > 0: M < ®(t,u)}. On the basis of the limit lim ®(t, u) tends

u— 0o

to infinity, we see that 6(t) is well-defined and J(t) is a measurable function.
Using the condition Wl}_r)rgo m({t € T\T; : m < §(t)}) = 0, there exists a my € N
such that

%m(T\Tl) >m({t € T\Ty : mg < 6(t)}).

Put T, = {t € T\Ty : mp < 6(t)} and T3 = T\(Ty U T). Then,

m(T3) = m(T\(Ty U T2))
m(T\Ty) — m(T2)
1

3

m(T\Ty).

v

So, we have
1—/ ®(t, bym(dt) < M- m(T).
T

It is clear that ®(t,mg) x1, is a measurable function with finite values almost everywhere.
Hence, a subset Ty is present within T3 such that

1- / ®(t, bym(dt) < M- m(Ty).
T
and ®(t, mg) xT, is an integrable function. So, we posses

1—/T1 ®(t, b)ym(dt) </ D (t, mo)m(dt).

Ty

Since (T, X, m) is a measure space without atoms, there exists a subset T5 is present within
Ty such that

1 —/Tlcp(t,b)m(dt) - /TSCD(t,mO)m(dt).

This is denoted by x(t) = bxr, + moxt,. Then, Ip(x) equals 1, indicating that || x| is equal
to 1. Based on the given condition

we are aware that x does not qualify as a point of strict monotonicity. Hence, the strict
monotonicity of Lg is not established.
Sufficiency: For any x € Lo, if agp(t) = 0, then
x(f)

m({tET:a¢>m})=0

Because of ® € A, , we have Ip(A ‘réﬁl) < oo for any A > 0 and bg(t) is equal to

positive infinity for nearly all values of t € T. Then, x is an LSM point, further Ly has
strict monotonicity. [

With the utilization of the evidence provided in Corollary 2, it becomes feasible to
derive the subsequent outcomes effortlessly.

Corollary 3. Eg has LSM property when all of the following criteria are satisfied.

(i) Forae t€T, ap(t) =0;
(ii) Fora.e. t € T, the function ®(t, u) has strict monotonicity and continuity.

Theorem 2. x € Lo\ {0} is an LLUM point when all of the following criteria are met.
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(i) Forae. t € suppx X ag(t) holds;

" xlle

(i) Forae. t € supp x RiGRYS S (t) holds;

"l
(i) x € Eg.

Proof. Necessity: We only need to prove condition (iii).
Suppose x does not belong to the set Ep. Let 8(x) = inf{A > 0: Ip(5) < +oo}. We
can obtain
Tim [lx — xullr = 6(),

where Ty, = {t € T:m > x(t)}, xm(t) = xx1,,(1).
In fact, according to 6(x), we can achieve this for any positive value of e.

X
Iq>(9(x)_£)—+°°, Iq>(9(x)+£)<+00.
So,
X — X x(t)
I = [t g Imlar).
¢(9(X)+€) T\ T ( 9(X)+€)m( )
hold true. ®
g . x(t
By the condition m(T\T,,) — 0, we have n%l_r}r;o fT\Tm D(t, W)dm(t) = 0. Thus,
there exist a natural number m such that I ( 9"(;)’3':8) < 6(x) + ¢ thatis to say, ||x — xp||r <

6(x) 4+ ¢ when m > my.
Similarly, by the condition Lp(ﬁ) = 400, we can deduce that ||x — x,, ||p > 6(x) —¢
for any natural number m. Therefore, for all positive ¢, there exists a my € N, and we have

0(x) +€ > ||x —xm||[r > 0(x) — &, which means 1131 |lx — xm||lr = 0(x). Then, we can
m—o0
easily obtain that if x ¢ Eg, then 6(x) > 0.
Next, we will prove that lim lxmllF = l|x||F-
m-—o0
By the conditions 0 < x,,; < x and x being a point with strict monotonicity, there exists

Ao € (0,1) that satisfies Iq>(/\‘|xw) < 400, where Ag < A <1, ;l"”x(‘tll N

x(t) .
PYEITR According to

Levi’s theorem, we have the following inequality:

Xom X
=1
I SYET

lim Iq;(

> A .
00 /\HxHF )— HxHF

Hence, ngn |xm|lF > Allx]|p- Let A — 1, we have that the equality nllgn xmle = llx||lE
(e9) oo
holds. However, 7%131 llx = xu||F = 6(x) > 0, a contradiction.
(e9)

Sufficiency: For any x € Lg and a sequence {x,,} contained in £¢ with 0 < x,,, < x,
if li_r>n lxm|lr = ||x||r- We want to demonstrate that li_1>n |lx — % ||p = 0. In virtue of the
m-—o0 m-—o0

property of ® € A, the following equality

X
[[m [ ¢

Jim I ( ) = llxllF

holds. Hence,

lim </T<I>(t, *(t) )m(dt)—/TCD(t, x’”(t)F)m(dt)> =0,

m—3e0 12 || F [12m

lim | (CID(t X g xm(t)))m(dt) = 0.

4 4
=30 12 || £ 12 [ £
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As a matter of fact, O(t ﬂ) —D(t XL()) > 0, and we can obtain

" lxm[F "l

lim (Cb(t,x(t)) o, St )) =0

=300 [12m || £ 12 [ £

in measure. Given a finite measure space (T,%,m). and applying Levi’s theorem, it is
possible to find a subsequence {x,, }; %, forae. t € T

Xy ()
RIEZMIF

o, <1 ) _ o

—0
AL )

holds. To maintain the integrity of our analysis, it is reasonable to assume that

lim (<I>(t, x() ) — (1, Xy (1 )) = (1)

k—o0 ||xmk||1:

for each t € T. Since, forae. t € T (). € S4(t) holds, there exists ey C supp x with

7 Txlle

m(ep) = 0, such that IE (H) € Sg(t) for any t € supp x\eg. Hence, we have if u < %, then

X to))
" lx|[E

D(tg, u) < O(ty

for any ty € supp x\ep.

Xy (f) _ \(t\(l) for any tg € supp x\ep. If not, according

Next, we will prove that 11m

oo I1Xm lIE
to the Density’s theorem, let us assume that

x(t ) > 1 xmk<t0)
HXHF k—o0 HkaHF

Put
x(to) . m(fo)

C = .
|x[[F k—eo ||xmk||F

There exists an interval [b, a], which is strictly monotonicity interval of ®(t, ) such that
xlto) ¢ (b, a). Since

llxl[e

i x(to) _ x(to)

= >b
k—oo [XmellF llxllr ~

there exists my € N such that T *(to \)I > b when my > my.
My
The following two cases are being considered in the next proof.

Case 1. There exists k1 € N such that b < T x(to |)‘F < a whenever k > ki. We will next
s

prove that there is a positive value d, such that
D(to,v) +d < D(to, u) (2)

whenever u € (b,a], u —v > 5. Otherwise, there are sequences {u, }5_; and {vy}5_;,
where u,, € (b,a] and v, € R, with uy, — v, > § for which

1
cp(tOrUm> < CD(to, um) < q)(tOIUm) + %

We can make the assumption that u,, — 1y and v, — vp, as {um} _; is a bounded
sequence and using the continuity of ®(fy, 1), we obtain the following equahty

(I)(t(), Uo) = @(to, uo).
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Thanks to ug € (b,a] and ug > vy, we have the following inequality:
q)(fo, Uo) < CD(to, uo).
This is a contradiction.

From lim [ XUl _ xim (t0)
koo \ xmllE Ml |lE

) = ¢, we are able to determine a positive integer k; such

m £ . . . . g
that Hi(tol)\p - ﬁxk( |TF) > 5 whenever k > k. In virtue of the inequality (2), there is a positive
Wlk mk

value d that satisfies the inequality

Xmy (to) x(to)
+d < O(ty,
M o I

@(to,

holds.
The above inequality contradicts with Equality (1). So, in this case, we have

X my (to) X ( tO)

lim = .
k= [lxmllF [Ix[E

Case 2. There is k3 > 0, such that Hi(toﬁ\F > a whenever k3 < k.
my

o . . my (£ .
By the conditions lim o) _ g and lim (20 X)) o 0, there exists
k—00 mekHF 500 mek”F mekHF

ky > 0and by € (b, a] such that

Xmy (to)  x(to)
llxme | 1 %m, || E

) 2 (b1, 4]

whenever k > ky. Using the proof as in Case 1, there is a positive number d; such that

xmk(t0>)+d1 SqD(tO/ x(tO) ),

D(ty
A [12m ||

a contradiction again.
Hence, for a.e. t € T, we have

Xy () _x(®)
koo [lxm[lE - [lxl[

Using the limit klim |2, |F = ||x||F, it can be concluded that as k — o0, xp, (£) — x(t),
— 00
for a.e. t € T. Therefore, for every positive value of A and almost every t € T, khm D(t, A(x(t)
—00
—Xm, (t))) equals to 0. Hence,
Ot A(x(t) — xm, (1)) < @(t,Ax(t)) € L
for all t € T. The convergence theorem of Lebesgue dominated implies that
lim Ip(A(x — xp, ) =0
k—c0
for any positive value of A. According to Lemma 3, we can conclude that

lim || x =0.
B [|x— o, ||

Ultimately, by utilizing the double extraction subsequence theorem, we can prove this. O

Using Corollaries 2, 3 and Theorem 2, we can easily obtain the following results
(see [5]).
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Corollary 4. Eq has LLUM property if and only if all of the following criteria are satisfied:

(i) age(t)=0forae teT;
(ii) Fora.e. t € T, ®(t,u) is strictly monotonically increasing.

Corollary 5. Lg has LLUM property if and only if all of the following criteria are satisfied:

(i) ag(t) =0forae teT;

(ii) Fora.e. t € T, ®(t,u) is strictly monotonically increasing;

(iii) ® € A,.
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