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Abstract: In this study, we explore fractional partial differential equations as a more generalized
version of classical partial differential equations. These fractional equations have shown promise in
providing improved descriptions of certain phenomena under specific circumstances. The main focus
of this paper comprises the development, analysis, and application of two explicit finite difference
schemes to solve an initial boundary value problem involving a fuzzy time fractional convection—
diffusion equation with a fractional order in the range of 0 < & < 1. The uniqueness of this problem
lies in its consideration of fuzziness within both the initial and boundary conditions. To handle
the uncertainty, we propose a computational mechanism based on the double parametric form of
fuzzy numbers, effectively converting the problem from an uncertain format to a crisp one. To assess
the stability of our proposed schemes, we employ the von Neumann method and find that they
demonstrate unconditional stability. To illustrate the feasibility and practicality of our approach, we
apply the developed scheme to a specific example.

Keywords: Caputo formula; explicit schemes; double parametric form; fuzzy time fractional
convection—diffusion equation

MSC: 35R13; 35R11

1. Introduction

Fractional differential equations (FDEs) have garnered significant interest due to
their wide range of real-life applications in chemistry, physics, biology, engineering, and
other fields [1-13]. In conventional studies on natural processes modeled by FDEs, the
vague parameters are considered to be precise and well defined. However, in reality,
these components and parameters may be subject to vagueness and uncertainty arising
from measurement errors in the experimental part, resulting in what are known as fuzzy
fractional differential equations (FFDEs). As of late, considerable attention has been de-
voted to exploring and understanding fuzzy FFDEs, as evidenced by various noteworthy
contributions found in earlier research.

Previous studies [14-18] have addressed various theoretical aspects of FFDEs, such as
stability, existence, and uniqueness. Agarwal et al. [14] investigated and discussed the solu-
tion concept of FFDEs, while Lupulescu and Arshad [15] utilized the main concept that was
developed by Agarwal et al. [14] to investigate the existence and uniqueness of solutions
for initial value problems involving FFDEs. Salahshour et al. [16] considered FFDEs and
demonstrated the existence and uniqueness of solutions using the contraction principle.
Furthermore, Long et al. [17] established theoretical aspects, such as the uniqueness and
existence of the lower and upper fuzzy solutions of FFDEs. Souahi et al. [18] confirmed
the theoretical aspects of high-order FFDEs. In addition, Long et al. [17] proved the theo-
retical aspects of fuzzy fractional partial differential equations (FFPDEs). Various solution
techniques for FFPDEs have been explored in recent research [19-26]. Salahshour et al. [19]
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employed a Laplace transform approach to solve FFPDEs, while Allahviranloo et al. [20]
discussed and implemented an explicit scheme to obtain numerical solutions for the same
equations. Mazandarani and Kamyad [21] utilized the modified fractional Euler method to
solve the fuzzy fractional initial value problem (FFIVP) with Caputo fractional derivatives.
Ahmadian et al. [22] employed the Tau method, and Jafarian et al. [23] used a Laplace
transformation method to solve FFPDEs with Caputo fractional derivatives. Furthermore,
Raj et al. [24] applied the numerical method known as the Adams—Bashforth multistep
method to derive a solution for FFPDEs. Ahmadian et al. [25] proposed a solution for
FFPDEs using the shifted Chebyshev matrix. Also, Salah et al. [26] successfully employed
the homotopy analysis transform technique for deriving analytical solutions applicable
to fuzzy fractional equations related to heat or diffusion phenomena. Shah et al. [27]
presented a new fuzzy transform iterative method to FTFCDE using generalized Hukuhara
differentiability to handle time fractional derivatives. Multiple numerical examples have
been examined to demonstrate the effectiveness and significance of the suggested approach
in determining whether it offers a viable solution to the given problem. The simulation
outcomes indicate that the fuzzy new iterative transform method is a highly effective
means of meticulously and precisely investigating the behavior of a proposed approach.
Saadeh [28] facilitated the application of finite-difference techniques for solving an FTFCDE
of order B within the range [0, 1] under the initial conditions considered suitable. The
fractional derivative is defined in the Riemann-Liouville sense. The key innovation in this
approach lies in introducing an alternative spatial discretization method for the fractional
derivative through the use of the fractional Griinwald formula. The numerical results have
been analyzed to assess the precision of the proposed method and to compare it under
various conditions. It has been found that the proposed methodologies are straightforward,
precise, and applicable to a wide spectrum of spatial fractional models encountered in
natural sciences.

The authors employed a single parametric form to devise a finite difference scheme in
order to solve the fuzzy time in investigating the solution to the FTFCDE using the double
parametric form. The paper will present two different explicit schemes for solving this
equation and will incorporate the approach introduced by Chakraverty and Tapaswini in
handling uncertainties, as mentioned earlier.

2. Fuzzy Environmental Considerations in the Context of the TFCDE

The one-dimensional FTFCDE presented in [29], should be taken into account,
as follows:

M:—g(x)%—g(x)%—l—ﬂ(x), 0<¢<1,0<x<l,t>0

T N K N N N ()
w(x,0)=g(x), w0,7)=f, w(l,t)=2

The fuzzy concentration, denoted as Z?)(x, T,), represents a measure of a specific
quantity that is associated with the crisp variables 7, x, and ¢, where { represents a

o~
fractional order between 0 and 1. The term awa(é%’é) of order ¢ corresponds to the fuzzy

derivative of the time fractional. The velocity of the quantity is represented by v(x), while

d(x) represents the diffusion coefficient or diffusivity, and 1(x) denotes fuzzy functions
related to the crisp variable x. The fuzzy initial condition is represented by w(x,0), and

the fuzzy boundary conditions are given by w(x,0) and w(l, T), where f and z represent

fuzzy convex numbers. Finally, in Equation (1), the fuzzy functions v(x), d(x), 1(x), and
g(x) are defined as follows:
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d(x) = O1c1(x)
1u(x) = @aca(x) )
g(x) = O3c3(x)
v(x) = Oycq(x)

where c1(x), c2(x), c3(x), and c4(x) are the crisp functions, with ®1, ©,, ®3, and O, being
the fuzzy convex numbers.

According to the r-cut technique discussed in [30], the defuzzification of Equation (1)
can be presented for all » € [0, 1] as follows:

[ZNU(X, T)L =w(x,t;r),w(x,T;r) 3)

6‘337}(x, T,0)| Bcw(x, T,81) 8§w(x, T,81) 4
T . 94T ’ 94T @
[aw X, T ] w(x, T r ,aw(g;cr;r) 5)
(x,T;7) azw X, T;r
l 8x2 ] sz ’ <(9x2 ) ©)
(x =uv(x;7),0(x;7) (7)
[ <x>} = d(x;7), d(x;0) ®
[Z(X)L =u(x;r),u(x;r) 9)
[z?;(x,o): = w(x,0;7),w(x,0;7) (10)
{17)(0, T) = w(0,T;7),@(0,T;7) (11)
[5)(1, ’l’) = w(l,T,r),w(l,T;r) (12)
3] =g(xn) g (13)
Jj = F(1.F0) "
Z] =z(.20)
where N

[d(x)]r = [©1(r), ®1()]er (%)
[E(x)]r = [05(r), O2(r)]ca(x) (15)

[g(x)]r = [O3(r), O3(r)]es(x)

[v(x)]r = [O4(r), O4(r)]ca(x)
The Zadeh extension principle defined in [29] is employed to define the membership

function:

{ Z(x,r;r) = min{a)(ﬁ(r),TD’ ’ﬁ(r) € zNU(x,T;r)} 16)

(x,T;r) = max{%(;j(r),r) u(r) e TTJ(X,T;T)}
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Now, Equation (1) is rewritten for 0 < x < [, 7 > 0 and r € [0, 1] to obtain the general
formula of FTFCDE, as follows:

4 . 2 .
Pulxtd) — (@, (r)]eq (x) 2E) 4 (@, (1)]er (x) 2L 4 (@, (r)]ea(x)

AL = —[@4(n)]ea() 5+ [@1(n)]er (1) T + [@a(r)]ea(v)
W(x,0,8;7) = O3(r)cs(x) (18)
w(0,7,&71) = f(x,r),w(,T,&r) =2(1,7,&7)
Equations (17) and (18) present the lower form and upper form, respectively, of
the FTFCDE.
We will now proceed to defuzzify Equation (1) using the double parametric form.

However, if we consider the singular parametric form, we can express Equation (1) in the
following manner:

T ’ T

—lu(x,

Kw(x,T,Er)  w(x,T,Er }
r),v

wxr ow; ,, (x,T;r
o) [P,

’ ox (19)
- w; ,(x,Tr 2%, (x,Tr _
—i—[d(x,r),d(x,r)} [a *l'giz’ ) , 9 l'giz’ ) + [u(x, ;r),u(x,7;r)]

subjected to the imprecise initial and boundary conditions:

[w(x,0;7),0(x,0;7)] = [g(x, T;7),8(x,T;7)

—

[w(0,7;7),@w(0,T;7)] = {i(o, 7;7), f(O, T,'T)}
[w(l,T;r),w(,7r)] =z(l,T;r),z(I,T;7)]

Now, by utilizing the double parametric form techniques in [28], we rewrite Equation (19)

as follows:
{ (aéy(x,r,g;r) _ Fw(xTEr) Bfw (x,7,&7)
L4 T T T

w; , (x,T;r 0w, (X, T;r ow; , (x,T;r
= —{ ¢ (o(x,1) - B(x, »+vwm}{ (P — Fafprr) ) 4 Mae) |
—i—{ P (d(x, r)—d(x, + d(x,r) { <a w'gx;” - azw”;if’”)> + azw”;;,ff’“)}
+{l[)(g(x,r;r)—u(x T; r)) u(x,;r)}

(20)

subjected to fuzzy initial and boundary conditions:
{9 (w(x,0;r) —(x,0;1) +w(x,0:1)} = { ¥ (g(x:r) —2(xir)) +g(x:r) |

{9 @(0,7r) — @0, 1) + w0} = { ¢ (flir) — Flxn) + f(xn) ]

{¢ @l or)—wl,wr) +wl,mr)} ={p@zxr) —z(xr) +z(xr)}
where ¢ € [0, 1].
Now, denote
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dw(xT ) { P (agy(x,l',g;r) _ Fw(xT,Er) ) + agw(x,'r,@';r)}

T 4T 4T T
D0 2 = (o(x, ) = (1) + o)} { p (Rt - Tart) o S |
) P — Ly (4o~ )+ doxn) } { o (P - Piglen ) g Pl |
%(x Tr,P) ={¢ (u(x, T r)—u(x Tr)) +u(x,Tr)}
w(x,0,r,9) ={ ¢ (w(x,0;r) —w(x,0;7)) +w(x,0;r)}
g ry) = {9 () —(xn) +gxin}
ZZJ(O’L'T l[))—{i,b(w(OTT’) w(0,7;1)) +w(0,T;7)}
fr ) ={w (foun) —Fxin) +fxin |
w(l, 7,r, ) ={ ¢ (Wl ) -w(,7 1) + w0}
z(x,r, ) = { ¢ (z(x7) —Z(x;7)) +Z(X,r)}

Substituting these into Equation (20), we obtain
w —o(x )aw(“‘p) +d(x )a w("“”) +b(x, TNIIJ) ,0<x<L0<yp<I,T>0
w(x,0,9) = g(x,r,9), w(O0,7,9) = f, w(l,T,9) =2

We can derive the lower and upper bounds of the solutions in the single parametric
form by assuming ¢ = 0 and ¢ = 1, respectively. This can be expressed as

(21)

%(x, 7;1,0) = w(x, T;r) and ZNU(X, Tr, 1) =w(x, ;1)

3. The FTCS Method for Solving the FTFCDE
The time fractional derivative is discretized based on the Caputo formula, as follows:
aéa;(x, 7,8, ) AT ¢~ ~ n

bt - F(Z - (:) [wi,n-l-l (xr nr, 4’) - wi,n(xl T, IP) + ]; 4 (&J)l’,n-l‘l—]‘(x’ T, lp) o a)ir”_j(x’ o l'b)>] (22)

The first- and second-order partial derivatives are discretized based on forward and
central difference approximations, respectively, as follows:

(Tt ) _ Wi (0T ) Wi 1,0 (%, T )

ox o 2h N (23)
2w (x,Tir ) ZUI‘+1/H (%, T, ) =2w; ,, (X, T;1, )+ 1, (X,T7,)
9x2 h?

Substitute Equations (22) and (23) into Equation (21) to obtain

- o~ ~ n ~ ~
(=g [Wint1 (6, T 1) — Wi (3, T, ) + L (Wins1-j(x, T 1, 9) — Wi (X, T7, 9))]-
]:
77]1'+1,n (x,Tr ) _7771'—1,71 (x,T;r1) (24)
2h

= —v(x,7)

_‘_E(x’ 1,) Wis1n (x,r;r,lp)72;01',”(;Z,T;r,¢)+zwu,v,1,n(x,T;r,l,b) + Z(x,. r, lP)

[25’1',11-»-1(751 1Y) — 2wzn(x T Y) +22 Uj (wzn—H ](x T ) — ZN‘}z',n—j(xr o, l/)))]
=1

v(x,r T’: ~
= % [wz 1a(X% T ) — wip1 (X, T, 1/1)} (25)
_i_%;?r(z—g) {2wi+1,n(x, TrY) — 4?7)1‘,71(?@ 1Y) + ZLNui,Ln(x, 7, 1/1)]

+2ATET(2 — &)u(x, r)

~ ~ ; N -
Now, let p,(r) = w, p,(r) = %ﬁr(z—é)

we obtain

, and from Equation (25),
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2Z7]i,1’l+1 (x/ T,71, lp)
= <2P2*P1)wi+1,n(x/ (AR (2 - 4?2) Win(x, 71, 9) + (Pl + sz)wi—l,n(x/ T, Y) (26)
-2 f; b; (LNU?H_](x, T ) — 174 _](x, T;7, lp)) + 2AT§F(2 - @)a(x, r)
i=1

Linear equations are derived by evaluating Equation (26) for every spatial grid point.
At the completion of each time level, a system of linear equations is obtained. Solving this

system yields the values of w(x, T, , §) for that specific time level.

4. The Saulyev Method for Solving the FTFCDE

The Saulyev scheme utilizes two time levels to approximate the first and second space
derivative. Although the scheme seems implicit, the solution is obtained explicitly, making
it an explicit method by nature [31].

The first- and second-order partial derivatives are discretized by employing two-time-
level approximation. The discretization process can be outlined as follows:

a/’(I)(x/ T/ I,L’) 7/771‘+]’n(x, T; 7", l/J) - Z7)1'71,1’!%*1('%/ T; T, lp)

= 27
ox 2h @7)
aza;(xr T, 1/J) — 77)1#1,11 (X, 7T, lIJ) - 7”\(‘]i,l’l(x/ 7, IIJ) - 7’r\(}i,n+1(xl 77, l/J) + Zﬁ\l}i*l,ﬂ%»l(x/ T;7, lp) (28)
dx2 h?
~ ~ g ~ 5
Now, let p,(r) = w, py(r) = %?(2_@, and from Equation (28),
obtain
(1t p)w,  (nwry) - (%%) Wi—1n1 (%, T 1, )

= (1 — Fz)a)i,n (x/ T, lP) + (;2 — %) 77),41,”(3(, T, r,l/)) — il uj (&3?+17j(x, T;71, lp) — %?7j(x, 7, 1[,7)) (29)
+ATT(2 = &) u(x,r)

5. The Stability Analysis

In the following section, we will discuss the stability of the FTCS for FTFCDE without

a source term using the von Neumann method [32,33]. To begin, we assume that the

~0
discretization of the initial condition introduces a fuzzy error, represented as ¢; .

-

~0 S0 A0 ~m ~n
Let w; = w; — ¢;, w;, and w; be the fuzzy numerical solutions of the scheme in

~0 <0
Equation (13) with respect to the initial data g; and g, respectively.
Let [LNU.?H(x, 7;6)], = p[w(r) —w(r)] + w(r)], where ¢, r € [0,1].
The fuzzy error bound is defined as

[Eﬂ - [%7—5}7] L n=12,...... XxM,i=12,...,X-1 (30)
r r

Then, the following is obtained:

~Nn
Suppose that €; can be expressed in the form

2

S

~Nn

€ (31)

~no

g, =A eV where 5:‘ = qih (32)
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The Equation (26) can be rewritten as follows:

2Z7)i,n+1 = (2;2_;1) a}iJrl,n (x/ T,71, 1/7) + (2 - 4’52 - 2”1) %I)i,n (.X', Tr, IP) + (;] +2 ;2) a;1'71,71 (x/ T,71, 1/7)

n— nj ~0 (33)
-2 '21 (ujp1 —uj)w; (%, 1, 9) + ugw; (x, T 1, )
=

Next, let us express the fuzzy round-off error for Equation (33) in the following manner:

~Nn—j ~0

n—1
2€in41 = (2P2—P1) €it1n T (2 —4p, — 2”1) €int (P1 +2 Pz) €icin—2), (Ujy1 —uj)e;  +une; (34)
=1

Substituting Equation (32) into Equation (34), obtain
~n+1

2 e = (2, )R eV I (24, 2m) A ek (2 ) A eV

n—1 ~n—j ~0 (35)
=2 (ujp1 —uj)A eV O L p, A eVl
=1
Divide Equation (35) by eV =% to obtain
~n+1 - - - ~n n—1 ~H—] ~0
20 = [(2 —4p, — 2u1) +2p2(ev*9f + e*vff’f) ~ ( eVl e’V’ei)]/\ —2Y (w1 —up)A  +ugdk  (36)
=1

~n+1 ~n—j ~0

21 = [(2—4;72 2u1) +2p2<2 4 sin? ( >> —pl(ZFSln 6) )t —ZZ ]+1—u] )\ +uyA (37)

By simplifying Equation (37), we obtain

~n+1 n—1 ~n—j ~0
A = [1 — Uy — 4 p, sin ( > V=1 pysin 9} A=Y (1 —uj)A  +uA  (38)
=1

~n ~ ~ 2
Proposition 1. If A is the fuzzy solution of Equation (38) and 2p, — p,” < 1(1—uy),
~N ~0

then A | < |A .

Proof. From Equation (38) and when n = 0, we obtain

- [ shr(2) e

Using the property
‘ <1 — 47, sin? (g)) —V=1(psind) ‘ < (1 — 4p,sin? (g))z + ‘ (Elsine)Z
we obtain
V< ’ (147, sin? (g)f P, sin(6) Y
’/N\l’ < ‘1 -8 ;2 sin? (%) + ;12 (4sin2 (g)cos2 (%)) ’/N\O
7l < ‘1 (8 524;312> Y
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~ ~2
Since 2p, — p; < 411 andmax sin? (g) =1, we have

~1
A

~0

<A

Now, suppose that

~0
A

~m

A< ,m=1,2,3,...,n—1

From Proposition 1 and Equation (38), we obtain

~0
A

~0
A

~n+1
A

~n—j

A + Uy <

< (1 —u;—4 pz sin ( ) V= plszn 9)

; ]+1 )

|

Theorem 1. The stability of the FTCS Scheme in Equation (38) is

~ ~2 1
2py—p; < 1

Proof. By combining the formula in Equation (38) with proposition 1, we can deduce that

So, it means that the FTCS scheme in Equation (38) is stable under the condition

~0
€

~Nn
€

, n=12,...,N—-1

2 2

~ ~2 1
2py—p; < 1

Using the same procedure, we can show that the Saulyev’s scheme in Equation (29) is
unconditionally stable [34]. O

6. Numerical Example
Consider the fuzzy time fractional advection diffusion equations [31]:
o%w(x, T) ow(x,T,p) = Pw(x,T)

_ <
. - + T O<x<l,T>0, 0<&<1 (39

Given the boundary conditions w (0, 7) = w(1, ) = 0 and the initial condition:

(x,0) =k %, 0<x<1 (40)

The fuzzy number will remain the same as follows when represented in double
parametric form:

~

k(r) = ((¢(0.2—0.2r)) +0.1r — 0.1)
The exact solution to Equation (39) was provided precisely in [31]:
o0 g -

w(x,T,&1,1) = Z n@—i—l

) (41)

Tables 1 and 2 and Figures 1 and 2 demonstrate that the proposed methods exhibit
a strong agreement with the exact solution at T = 0.005, ¢ = 0.5, and for all r, ¢ € [0, 1].
Additionally, they fulfill the requirements of the double parametric form, leading to the
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shape of a triangular fuzzy number. Comparatively, the FTCS scheme provides more
accurate results than Saulyev’s scheme; however, Saulyev’s scheme boasts the advantage of
unconditional stability, setting it apart from other explicit methods. Figure 3 also illustrates
that the numerical results of the proposed methods yield more accurate solutions near
the inflection point ( = 0.5). Figure 4 also illustrates the exact FTCS scheme and Saulyev
methods for the fuzzy solution of Equation (39) at { = 0.5 for all € [0, 1].

0.000

-0.002

-0.004

Figure 1. The fuzzy exact solution for Equation (39) at T = 0.005, x =5.4, ¥ = 0.6, and i = 0.4.

Figure 2. The fuzzy exact solution of Equation (39) at T = 0.005, x = 5.4, r = 0.6, and ¢ = 0.6.

Ath = Ax = 0.6 and k = AT® = 0.01 to obtain p(r, ) = Ah—f = 0.2777, we obtain the
following numerical results:
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Table 1. Numerical solution of Equation (39) via FTCS and Saulyev at T = 0.5 and x = 5.4 for all r,
P € [0, 1].

FTCS Saulyev

¢ r W(E.40.5; 1, ) E@.5,0.5; 7, ) W(5.40.5; 1, ) E(5.4,0.5; 7, )
0 —0.0004929227 4.09024 x 10> —0.0004478379 8.59872 x 10>
Lower 0.2 —0.0003943382 3.27219 x 10> —0.0003582703 6.87898 x 10>
Solution 0.4 —0.0002957536 245414 x 107° —0.0002687027 5.15923 x 10>
W}le(r)‘ 0.6 —0.0001971691 1.63610 x 10~° —0.0001791352 3.43949 x 1075
v 0.8 —0.0000985845 8.18048 x 107° —0.0000895676 1.71974 x 10~°

1 0 0 0 0
0 0.0004929227 4.09024 x 10> 0.0004478379 8.59872 x 10>
Upper 0.2 0.0003943382 3.27219 x 107> 0.0003582703 6.87898 x 10>
Solution 0.4 0.0002957536 245414 x 107> 0.0002687027 5.15923 x 107>
W}le;‘ 0.6 0.0001971691 1.63610 x 1075 0.0001791352 3.43949 x 10>
i 0.8 0.0000985845 8.18048 x 10~° 0.0000895676 1.71974 x 1075

1 0 0 0 0

Table 2. Numerical solution for Equation (39) via FTCS and Saulyev at T = 0.5 and x = 5.4 for all 7,
P € [0, 1].
FTCS Saulyev

¥ r w(5.4,0.5; 1, ) E@.5,0.5; 7, ) W(5.4,0.5; 7, ) E(5.4,0.5; 7, )
0 —0.0000985845 8.18048 x 10~° —0.0000895676 1.71974 x 1075
0.2 —0.0000788676 6.54438 x 107° —0.0000716541 1.3758 x 107
0.4 —0.0000591507 4.90829 x 10° —0.0000537405 1.03185 x 10~
v=04 0.6 —0.0000394338 3.27219 x 10~° —0.0000358270 6.87898 x 10~°
0.8 —0.0000197169 1.6361 x 10° —0.0000179135 3.43949 x 107°

1 0 0 0 0
0 0.0000985845 8.18048 x 10~° 0.0000895676 1.71974 x 1075
0.2 0.0000788676 6.54438 x 10~° 0.0000716541 1.3758 x 10~
0.4 0.0000591507 4.90829 x 10° 0.0000537405 1.03185 x 10~
=06 0.6 0.0000394338 3.27219 x 10~° 0.0000358270 6.87898 x 10~°
0.8 0.0000197169 1.6361 x 107° 0.0000179135 3.43949 x 107°

1 0 0 0 0
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Figure 3. Numerical and exact solution for Equation (39) via (a) FTCS scheme and (b) Saulyev scheme
att=05and x=4.5forallr, ¢ € [0, 1].
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Figure 4. Exact FTCS scheme and Saulyev methods for the fuzzy solution of Equation (39) at ¢ = 0.5,
x=5.4,7=0.005,and for all » € [0, 1].

7. Summary

This paper employs the approach of a double parametric form to derive numerical so-
lutions for FTFCDE using two explicit finite difference schemes, namely, FTCS and Saulyev.
The double parametric form technique is found to be straightforward and computationally
efficient, effectively converting the uncertain governing equation into a crisp one. The
results obtained through both schemes align with the properties of the double parametric
form and demonstrate prefect agreement with the fuzzy exact solution. Additionally, both
explicit schemes are found to be stable. A comparative analysis of the numerical and
exact solutions for various values of B indicates that the FTCS scheme yields slightly more
accurate results than the Saulyev scheme.
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