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Abstract: Supersaturated designs (SSDs) refer to those designs in which the run size is much smaller
than the main effects to be estimated. They are commonly used to identify a few, but critical, active
factors from a large set of potentially active ones, keeping the cost as low as possible. In this regard,
the development of new construction and analysis methods has recently seen a rapid increase. In
this paper, we provide some methods to construct equi- and mixed-level E(f,,,) optimal SSDs
with a large number of inert factors using the substitution method. The proposed methods are easy
to implement, and many new SSDs can then be constructed from them. We also study a variable
selection method based on the screening-selection network (SSnet) method for regression problems.
A real example is analyzed to illustrate that it is able to effectively identify active factors. Eight
different analysis methods are used to analyze the data generated from the proposed designs. Three
scenarios with different setups of parameters are designed, and the performances of each method
are illustrated by extensive simulation studies. Among all these methods, SSnet produced the most
satisfactory results according to power.

Keywords: SSD; E(f,,,,) criterion; substitution method; SSnet; variable selection; power
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1. Introduction

In industry, it is often necessary to consider a large number of potentially relevant
factors, of which only a small number are significant. However, due to practical restrictions,
such as financial costs and time constraints, the actual number of test runs is often far from
sufficient to estimate all potentially relevant factors, so the question of how to screen a small
number of significant factors with a smaller number of tests becomes a critically important
one. In this regard, supersaturated design (SSD), as a powerful tool for scenarios when the
run size is much smaller than the main effects to be estimated, is used to reduce the cost of
conducting experiments and to identify the active factors as correctly as possible. Therefore,
the development of good supersaturated designs and variable screening methods are
highly needed.

An SSD is fundamentally a fractional factorial design in which the number of potential
effects is larger than the number of runs. Satterthwaite [1] was a pioneer who introduced
the concept of SSDs in random balanced designs. Booth and Cox [2] conducted a com-
prehensive analysis of SSDs and introduced the E(s?) criterion as a measure to evaluate
2-level SSDs. However, further research on such designs remained limited until Lin [3]
and Wu [4]. They innovatively constructed SSDs by Hadamard matrices. With their po-
tential in factor screening experiments, SSDs have gained growing popularity in recent
years. Research on mixed-level SSDs has been extensive, with early contributions by Fang,
Lin, and Liu [5,6], who introduced the E(f,,,,) criterion and the fractions of saturated
orthogonal arrays (FSOA) method for efficiently constructing such designs. The evaluation
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of mixed-level SSDs has been approached by Yamada and Lin [7], who utilized the x?
criterion. Fang et al. [6] further derived lower bounds and illustrated sufficient conditions
to achieve the lower bounds. They demonstrated that both the E(s?) and the x? criteria
are special cases of E(f,,,) criterion. Zou and Qin [8] provided new lower bounds of the
E(s?) criterion and the E(f,,,,) criterion. Consequently, this paper exclusively employs the
E(fyop) criterion as the measure of choice. Georgiou, Koukouvinos, and Mantas [9] intro-
duced a novel approach to constructing multi-level SSDs that are optimal under the E(f,,,)
criterion, utilizing resolvable balanced incomplete block designs. Thereafter, researchers
have paid great attention to constructing mixed-level SSDs. Liu and Cai [10] presented a
special substitution method, dividing the rows of a design into blocks and substituting
the levels of another design with these blocks, yielding E(f,.,, )-optimal mixed-level SSDs.
Sun, Lin, and Liu [11] achieved numerous optimal SSDs based on balanced designs and
the construction of differential transposition, utilizing the Kronecker sum. For more details
on the construction of SSDs, we refer to the works of Georgiou [12], Drosou and Koukou-
vinos [13], Jones et al. [14], Chatterjee and Koukouvinos [15], Khurana and Banerjee [16],
Daraz et al. [17], Li et al. [18]. Further research is needed on the construction methods for
E(fyop )-optimal SSDs with more flexible row and column numbers, especially in situations
with a large number of inert factors.

The identification of active factors in SSDs poses a challenging problem, mainly at-
tributed to the non-full rank and the potential for complex covariance between columns
of the design matrix. Despite the existence of various methods for variable selection in
factor screening experiments, a definitive optimal solution remains elusive. A prominent
and widely used variable selection method is the least absolute shrinkage and selection
operation (LASSO) [19], which effectively penalizes the squared loss of the data by in-
corporating an /j-norm penalty on the parameter vector. After LASSO was introduced,
Fan and Li [20] introduced a class of variable selection procedures through nonconcave
penalized likelihood, utilizing the smoothly clipped absolute deviation (SCAD) penalty.
However, Li and Lin [21] demonstrated that direct application of the SCAD penalty for
analyzing SSDs is not feasible due to the regularity conditions outlined in their paper, which
necessitate a full rank design matrix. To address this limitation, Li and Lin [21] adopted the
shrinkage estimation and the selection method proposed by Fan and Li [20], incorporating
the SCAD penalty. They further extended the nonconcave penalized likelihood approaches
to least squares, specifically focusing on scenarios where the design matrix is SSD. Zou [22]
proposed a novel approach known as adaptive LASSO (Ada LASSO) in the context of
finite parameters. It involves solving a convex optimization problem with an I; constraint,
as described by Fan and Lv [23]. In another study, Candes and Tao [24] introduced the
Dantzig selector (DS) method, which identifies the most relevant subset of variables or
active factors by solving a straightforward convex program. Based on DS, Phoa, Pan,
and Xu [25] conducted simulations to demonstrate the effectiveness of the DS method in
analyzing SSDs, showcasing its superior efficiency compared to other approaches, such
as the SCAD method elaborated by Das et al. [26]. The minimax concave penalty (MCP)
method, introduced by Zhang [27], is highly advantageous as it ensures convexity in re-
gions with low variable density while maintaining the desired thresholds for unbiasedness
and variable selection. Drosou and Koukouvinos [28] proposed a novel method called
support vector regression based on recursive feature elimination (SVR-RFE). This method
is specifically designed to analyze SSDs for regression purposes; the method was shown to
be efficient and accurate for two-level and mixed-level (two-level and three-level) SSDs.
Errore et al. [29] assessed different model selection strategies and concluded that both the
LASSO and the DS approach can successfully identify active factors. Ueda and Yamada [30]
discussed the combination of SSDs and data analysis methods. In a pioneering contribution,
Pokarowski et al. [31] introduced the screening-selection network (SSnet), an innovative
approach that enhances the predictive power of LASSO by accommodating general convex
loss functions. This novel method extends the applicability of LASSO beyond normal linear
models, including logistic regression, quantile regression, and support vector machines.
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To effectively identify the most influential coefficients, the authors propose a novel tech-
nique where they meticulously order the absolute values of nonzero coefficients obtained
through LASSO. Subsequently, the final model is selected from a small nested family using
the generalized information criterion (GIC), ensuring optimal model performance. How the
SSnet method performs in the analysis of equi- and mixed-level SSDs needs to be explored.

In order to evaluate the performance of the factor screening, we use power as the
measure, which is defined by the proportion of active main effects successfully detected.
This is extremely important because the use of SSDs is mainly to screen out the factors
that should be considered for further investigation. The higher the power, the lower the
probability of missing a truly active factor, which is more important in the case of SSDs. [13]

In this paper, we employ the substitution method, along with the generalized Hadamard
matrix, to construct E(f,,,, )-optimal designs. Notably, the construction method can obtain
more new equi- and mixed-level SSDs with a large number of inert factors. Meanwhile,
the constructed designs possess the desirable characteristic of having no fully aliased columns.
We also employ the SSnet method for analyzing SSDs for the first time. The results of the
numerical study and real data analysis reveal that the SSnet method has a higher power
than existing commonly used methods under different sparsity levels of effects. The SSnet
method can be considered as an advantageous tool due to its extremely good performance in
identifying active factors in SSDs.

The rest of the article is organized as follows. In Section 22, notation and definitions are
introduced. In Section 33, supersaturated designs are extended to supersaturated designs
in higher dimensions by the substitution method. In Section 44, we present the principles of
the SSnet method and test whether it can select salient factors in variable selection. We also
compare the power consumption of each variable selection method in SSD to validate the
effectiveness of SSnet in this section. A conclusion is made in Section 5, where we discuss
the most interesting findings of this paper.

2. Symbols and Definitions

A difference matrix is an As x r matrix with entries from a finite Abelian group (G, +)
with s elements. It has the property that the vector difference between any two distinct
columns, which is calculated by the addition operation on Abelian groups G, contains
every element of G equally often (exactly A times) [32]. For any difference matrix, if we
subtract the first column from any column then we can obtain a normalized difference
matrix. Its first column consists entirely of the zero element of G [33]. A matrix M is called a
generalized Hadamard matrix if and only if both M and its transposition M are difference
matrices. We denote a normalized generalized Hadamard matrix used in this paper as
M(N,s), whichisa N x N array with s elements, and its first column consists entirely of 0's.
For any prime power, s, and integers m > n > 1, theorem 6.6 of Hedayat et al. [33] shows
the generalized Hadamard matrix M(s™,s") exists. Lemma 3 of Li et al. [18] provides
the construction method of the generalized Hadamard matrix M((2s)",s). A generalized
Hadamard matrix M(3?,3) based on Galois field GF(3, +) is shown below, where the
vector difference between any two columns contains 0, 1, and 2 equally often.

0000O0O0O0TO 0O
012020012
021021021
000222111

M(3%3)=| 012201120
021210102
000111222
012120201
021102210

A mixed-level design, D(1;q1, - - - ,qm), has n runs and m factors with g1, - - -, g, levels,
respectively, where the g;-level is taken from a set of g; symbols, {0,---,q; — 1}. When
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Z}”Zl(qj —1) = n—1, D is called a saturated design, and when Z}”Zl(qj -1) >n-1,
it is called a supersaturated design. When some g;’s are equal, we use the notation
D(n;qy" - --¢;"), indicating m; factors having g; levels, i = 1,---,t. If all the g;’s are
equal, the design is said to be equi-level and denoted by D(n;4™). A design is called
balanced if each column has the equal occurrence property of the g; symbols. Throughout
this paper, we only consider balanced designs.

For a design consisting of D(n;¢|" - - - q;"*), we assume that the ith column, d’, and the
jth column, 4/, have a g; level and a g; level, respectively. The E(fy,,) criterion is defined as

<i<j<m JNoD di/dj
E(fNOD) = Zli = (é) ( )/

where (1;1) = m(m - 1)/2/ fNop (dl/d]) = Zzi:] szzl(nab(dirdj) - n/%%)zl nab(dirdj) is
the number of (a,b)-pairs in (d',d’), and ql”—q] stands for the average frequency of level-

)

combinations in (d',d’). Here, the subscript “NOD” stands for nonorthogonality of the
design. The f,,(d,d/) value provides a nonorthogonality measure for (d’,d/) . Thus,
E(fyop) measures the average nonorthogonality among the columns of D. If and only
if fyop(d',d) = 0, the d and d’ columns are orthogonal. If and only if E(f,,,) = 0,
the design is orthogonal, that is, f,,,(d',d’) = 0 for any i # j.

Let Ay be the coincidence number between rows h and I, which is defined to be the
number of k’s, such that dj; = dj;.. Fang et al. [34] expressed E(f,,) as

n 2
o Z:h,lzl,h;aél /\hl

E(fyon) = m‘i‘cﬁ 2)
where Cy = ;1 — Wz_l)( L % +Yi 7%(1;%_1) +yi Z§:1,j7éi T:—Z;j), the lower bound
of which is ( D

n(n—
E(fuon) 2 2=k [(1A] +1- )2 = ) +4%) + €, ®

where |A| denotes the integer part of A,

_ nYi_ymi/qi—m
A= — : (4)
Note that when g1 = -+ = q: = q, A = m(n/q—1)/(n — 1). They present a sufficient

condition for a design being E( f,,, )-optimal.

Lemma 1. If the difference among all coincidence numbers between distinct rows of design D does
not exceed one, then D is E(f, )-optimal.

A design with equal coincidence numbers between different rows is called an equidis-
tant design. We know that equidistant designs are E(f,,, )-optimal designs. In the whole
paper, we use the E(f, ) criterion.

3. Generation of SSDs by Substitution Method

In this section, the generalized Hadamard matrix is extended to SSDs with a large
number of inert factors using a special substitution method.

Let Abeas x (s — 1) matrix with a cyclic structure denoted as D(s;s*~!), where s > 2.
The elements in the first row are all 0 and the second row is (1,2, ...,s — 1). Each remaining
row of this matrix is obtained from each previous row by moving the first element to the
last position and cyclicly permutating the other elements to the left. It is obvious that the
coincidence number of A is zero.

Construction 1. Step 1. Let A be the design D(s;s°~1).
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Step 2. Let B be the design obtained by ignoring the first column (all-zero column) of the
generalized Hadamard matrix M(s¥, s), which is an s* x s* — 1 equidistant design also denoted as
D(s5;s5" 1)

Step 3. Substitute the ith level of B by the ith row of A, i =1, ..., s, respectively.

Step 4. We obtain a new design P, denoted by D(s*; 5(5’1)(5k’1)),

Theorem 1. The new design, D(sk;s(s’l)(sk’l)), obtained by Construction 1 is an E(fy.,)-
optimal design.

Proof of Theorem 1. Since the transposition of the generalized Hadamard matrix is a differ-
ence matrix, the number 0 occurs s¥~1 times in the vector difference between any two different
rows of M(s¥,s). It is natural that the coincidence numbers of B and A in Construction 1
take the constant Ag = s=1_1, A A = 0, respectively. P is obtained via substituting the
ith level of B by the ith row of A. For any two rows of i and ! of B, the same level is
substituted by the same row of A, so the coincidence number of these is (s — 1) (s*~1 — 1).
The different levels are substituted by the different rows of A, so the coincidence number
of these is 0 because of A4 = 0. Therefore, the coincidence number of the generated design
Pis Ap = (s — 1)(s*~1 — 1), which is the product of the factors of A and the coincidence
number of B. We know that the design is E(f,,,)-optimal when the coincidence number is
a constant. Thus, P is an E( f,,, )-optimal design. [

Specifically, when B is also D(s;s* 1) in Construction 1, the E(f,,,,,)-optimal design
D(s; s(S’DZ) can be obtained by the substitution method with the coincidence number of 0.

Example 1. Take design D(3;3%) (refer to Table 1) as both A and BV, Then the generated
design PU) is a D(3;3%) (refer to Tuble 2). EJIZI\(IZD = 2 reaches the lower bound.

Table 1. D(3;3?).

1 2
1 0 0
2 1 2
3 2 1

Table 2. D(3;3%).

1 2 3 4
1 0 0 0 0
2 1 2 2 1
3 2 1 1 2

Construction 2. Step 1. Let A be the design D(s;s°~1). Let Py be the design D(sk;s(s’l)(sk’l))
obtained by Construction 1.
Step 2. Fori > 1, let B; = P;.
Step 3. Substitute the ith level of B; by the ith row of A.
Step 4. We obtain a new design, P, 1, denoted by D(sk 55l
Step 5. Repeat Steps 2—4 until the required number of columns is reached.

s—1)’+1(sk—1)).

Corollary 1. For i > 1, the new design D(sk;s(s_l)i(sk‘l)) obtained by Construction 2 is an
E(fyop )-optimal design.

Proof of Corollary 1. The coincidence numbers of B; and A in Construction 2 take the
constant Ag, = (s — 1)(s*"1 — 1), A4 = 0, respectively. The coincidence number of the
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generated design P, is Ap,,, = (s — 1)i+1(sk=1 — 1), which is the product of the factors of
A and the coincidence number of P;. Thus, P; is an E(f,,,, )-optimal design. [

Lemma 2 (Li et al. [18], Corollary 1). If s is a prime power, the generalized Hadamard matrix
M(2s,s) can be constructed by Lemma 3(ii) or Remark 2, then M &5 M & - - - &5 M (where &y is

!
the Kronecker sum defined on the Abelian group G) is a generalized Hadamard matrix, M((2s)!,s).

By deleting the first column of M((2s)!,s), we can obtain the E(f,,,,,)-optimal design
D((2s); 5(25)1_1), and it is an equidistant design.

Construction 3. Step 1. Let A be the design D(s;s°~1).

Step 2. Let B be D((2s); 5(25)]’1) obtained by Lemma 2.
Step 3. Substitute the ith level of B by the ith row of A, respectively.

Step 4. We obtain a new design P, denoted by D((2s)!;s((25)'=D(s=1)),

Theorem 2. The new design D((2s)’;s(2)'=1(=1) obtained by Construction 3 is an E(f,, )-
optimal design.

Proof of Theorem 2. The coincidence number of A is A 4 = 0 and the coincidence number of
Bis Ag = 2/s'~1 — 1. Now consider the coincidence number between any two distinct rows of
hand I of the generated design P is a constant (2's'~1 —1)(s — 1), so Pis E(f,,p, )-optimal. [J

Example 2. Let v = 3, &« = 2, and | = 2 in Lemma 3(ii) of Li et al. [18]; we can obtain the
generalized Hadamard matrix M(6,3) in Lemma 2. Then, A?) is a D(36;3%) (refer to Table A6)
and B@) is a D(3;3%) (refer to Table 1), then the generated design P\?) is a D(36;37°) (refer to

Table A8). E}JA(IZO)D = 12.52174 reaches the lower bound.

In the above theorems, there is a strict limitation that design B and the E(f,,, )-optimal
designs that can be constructed are all equi-level SSDs. We now introduce two methods for
constructing E(fy, )-optimal mixed-level SSDs.

Lemma 3 (Fang et al. [6], Theorem 4). Let X be a saturated orthogonal array, L,,(q"™), and g > 2
be a prime power, and let n = q', m = (n —1)/(q — 1), t > 2; the E(f,,,, )-optimal mixed-level
supersaturated design D (pq'~1; p'q™ 1) is obtained from FSOA and the p(2 < p < q) level
factor is orthogonal to the q level factor, and it is also an equidistant design.

Construction 4. Step 1. Let A be the design D(s;s°~1).

Step 2. Let B be D(pq'~1; p'q™ ') obtained by Lemma 3, where s = k[p, q] and [p, q] is the
lowest common multiple of p and q, k > 1. Divide B into s sub-designs by rows; these sub-designs
are denoted by by, . . ., bs, each with pq'~' /s rows and m columns.

Step 3. Substitute the ith level of A by the ith sub-design of B, respectively.

Step 4. We obtain a new design P denoted by D (pgt~1; p*~1g(m-D(s-1)),

Theorem 3. The new design D(pq'=?; p5~1q("=1)=1)) obtained by Constructon 4 is an E(fyop)-
optimal SSD.

Proof of Theorem 3. The coincidence number between any two rows is a constant,
A=(s=D[g 1+ (m—1)pq'"=2 —m]/(pqg'~! —1); thus, D is E(f,,p)-optimal. [

Example 3. Lets = 6, p = 2,4 = 3, t = 2, m = 4, then B®) is the matrix D(6;213%) (refer
to Table A1). Take design D(6;6°) (refer to Table A2) as A®); thus, the generated design P©) is
D(6;2°319) (refer to Table A3). EFA(IS(;D = 2.526316 reaches the lower bound.
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Example 4. Lets =12, p =3, =4,t =2, m = 5. B® is the design D(12;314%) (refer
Table A4), A®) is the design D(12;121) (refer to Table A5); thus, the generated design P™) is the
design D(12;3114%) (refer to Table A7). E})A(go = 6.651852 reaches the lower bound.

Construction 5. Step 1. Let A be the design D(s;s°~1).

Step 2. Let B be the (024 © (c, F), D2, . .., Day) in Corollary 3 of Li et al. [18], which can be de-
noted by D((2q)?; (24)' 029D pM™ ...y where q is a prime power, ¢ = (0,1,...,2q — 1)'.
D is the design obtained by deleting the first 2q columns of M((2q)?,q) in Lemma 2. Divide D into
2g — 1 sub-designs by columns, and D; is the (i — 1)-th sub-design, i = 2,...,2q. F is an equidistant
design D(2q; p{"* - - - p'") with a constant coincidence number A. s = k[2q, p1,. .., py]. Divide B
into s sub-designs by rows.

Step 3. Substitute the ith level of A by the ith sub-design of B, respectively.

Step 4. We obtain a new design P denoted by

D((2q)% (29) 1) 2801 (=) pme(s-1)y

Theorem 4. If Y| ;m; = A+ 2q — 3. The new design P obtained by Construction 5 is an
E(fyop )-optimal SSD.

Proof of Theorem 4. When Y/ ; m; = A +2q — 3, design B is an equidistant design with a
constant coincidence number, A + 4q — 2. The coincidence number of design P is a constant
(s —1)(A+2q—3),soitis optimal. O

Example 5. Let A®) be the design D(6;6°) (Table 3), F is the equidistant design D (6;213%) (refer
Table A2). Letv = 3,0 = 2,1 =2,¢ = (0,1,2,3,4,5), BO) is the design D(36;2'3%6!). Thus,
the generated design P©®) is D(36;2531956). E]I():ZD = 14.90837 reaches the lower bound.

Table 3. Williams rubber data.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 Response
1 1 1 1 -1 -1 -1 1 1 1 1 1 -1 -1 -1 1 1 -1 -1 1 -1 -1 -1 1 133
2 1 -1 -1 -1 -1 -1 1 1 1 -1 -1 -1 1 1 1 -1 1 -1 -1 1 1 -1 -1 62
3 1 1 -1 1 1 -1 -1 -1 -1 1 -1 1 1 1 1 1 -1 -1 -1 -1 1 1 -1 45
4 1 1 -1 1 -1 1 -1 -1 -1 1 1 -1 -1 1 1 -1 1 1 1 -1 -1 -1 -1 52
5 -1 -1 1 1 1 1 -1 1 1 -1 -1 -1 -1 1 1 1 -1 -1 1 -1 1 1 1 56
6 -1 -1 1 1 1 1 1 -1 1 1 1 -1 1 1 -1 1 1 1 1 1 1 -1 -1 47
7 -1 -1 -1 -1 1 -1 -1 1 -1 1 -1 1 1 -1 1 1 1 1 1 1 -1 -1 1 88
8§ -1 1 1 -1 -1 1 -1 1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 -1 1 1 1 -1 193
9 -1 -1 -1 -1 -1 1 1 -1 -1 -1 1 1 -1 1 -1 1 1 -1 -1 -1 -1 1 1 32
10 1 1 1 1 -1 1 1 1 -1 -1 -1 1 1 1 -1 1 -1 1 -1 1 -1 -1 1 53
1 -1 1 -1 1 1 -1 -1 1 1 -1 1 -1 1 -1 -1 -1 1 1 -1 -1 -1 1 1 276
12 1 -1 -1 -1 1 1 1 -1 1 1 1 1 -1 -1 1 -1 -1 1 -1 1 1 1 1 145
13 1 1 1 1 1 -1 1 -1 1 -1 -1 1 -1 -1 -1 -1 1 -1 1 1 -1 1 -1 130
14 -1 -1 1 -1 -1 -1 -1 -1 -1 -1 1 1 1 -1 -1 -1 -1 -1 1 -1 1 -1 -1 127

In fact, using the similar method of Construction 2, we can further expand
Constructions 3-5 to obtain more new SSDs with flexible columns.

Corollary 2. Since the B designs in Constructions 3-5 have no completely aliased columns, the gener-
ated designs constructed by the above construction methods have no completely aliased columns.

Actually, most B designs in Construction 1 have no completely aliased columns,
and the generated design constructed by Constructions 1 and 2 have no completely
aliased columns.

Proof of Corollary 2. Let a, bl pi be the i-th column of design A,B,P and b; = (by, ...,
bl(s—l)) be the I-th sub-design of design B. Then the fyop value between pi/ and p/ "is
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fuo(p",pl") = 2220 fvop (b, b1). Where i = (u = 1)(s = 1) +i, /' = (u—1)(s -
H+ju=1,...,2s)"—-1,i,j=1,...,s—1and i # j. Itis easy to find that the fyop
for generating design P is determined by the fxop of B. Because B performs well in its
maximum value fnop, there is no fully aliased column in the generated design P. [

In this section, we provided five construction methods to obtain many new equi-
and mixed-level SSDs with a large number of inert factors by the substitution method.
The proposed methods are easy to implement and most obtained SSDs have no fully
aliased columns.

4. Variable Selection Method for SSD

For the problem of variable selection in SSDs, there remains a significant challenge.
In this section, to facilitate a comprehensive comparison of variable selection methods for
active factor identification on SSDs, a novel variable selection method, SSnet, is first used
to perform factor screening on the Williams Rubber dataset, comparing it to seven other
widely recognized and applicable methods for SSDs. These methods include Lg-penalty,
Ada LASSO [22], SCAD [21], MCP [27], Ds [25], SVR-RFE [28], and ISIS [13]. This was done
in order to validate the effectiveness and rationality of SSnet in factor identification. Then,
through simulations, the constructed SSDs are used as simulated data to compare these
seven different variable selection methods and provide power values for different scenarios
of the active factor quantities. We conclude that SSnet has a strong ability to identify active
factors on SSDs.

4.1. SSnet

Pokarowski et al. [31] introduced an innovative approach aimed at enhancing the
performance of the LASSO method in predictive models with convex loss functions. This
method involves systematically ordering the nonzero coefficients of the LASSO based on
their absolute values under a specific penalty. Subsequently, the final model is selected
from a compact nested family using GIC.

The SS algorithm employs two selection procedures for variable selection. Firstly,
the TL method extracts only the absolute values of the LASSO estimator for variables
surpassing a specific threshold. The second step, termed the SS procedure, identifies
the minimum GIC value among nested families constructed using sequences comprising
nonzero LASSO coefficients. Fundamentally, the SS algorithm can be viewed as a GIC-based
LASSO approach with adaptive thresholding. To practically implement the SS algorithm,
the SSnet algorithm utilizes the glmnet R package to calculate LASSO values across a range
of penalty values. Subsequently, the optimal model is selected from a small family by
minimizing the GIC.

In this paper, we demonstrate the applicability of the SSnet-based variable selection
method to SSDs. We assess its performance through real-world examples and simulations
and compare it with other popular methods without making general claims.

4.2. Practical Example

This example utilizes an SSD constructed by Lin [3] and the rubber data obtained from
Williams [35]. The SSD presented in Table 4 is employed in this study. The design consists
of 24 factors and 14 runs. However, as it contains two identical columns, namely 13 and
16, one of them needs to be eliminated. Consequently, the final analysis will retain the
remaining 23 factors. In this case, column 13, corresponding to the 13-factor, was selected
for deletion. Additionally, the labels of factors 14-24 were amended to 13-23.

The original analysis was based on Williams’ study of a 28-trial versus 24-factor
Plackett-Burma design. The rubber data have been previously scrutinized by numerous
researchers, including Abraham, Chipman, and Vijayan [36], who employed full subset
regression to narrow down the search for the optimal subset within a model with five or
fewer factors; Bettie, Fong, and Lin [37], who compared various model selection methods; Li
and Lin [38], who adopted a stepwise SCAD approach; and Phoa et al. [25], who introduced
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the DS method. In this study, the SSnet algorithm is utilized to investigate this two-level
supersaturated design. A concise summary of the analysis of the rubber data in each model
is presented in Table 4, displaying the respective sizes and variables for each method,
as well as the selected model.

Table 4. Results of significant factor screening for each model.

Variable Selection Method Size Significant Factors
Williams 4 4101419

SCAD 8 1471011121419
Ds 1 14

MCP 3 121419

SVR-RFE 7 78911141519
Ada LASSO 6 258141622
Lg-penalty 2 14 16

ISIS 6 91415181920
SSnet 7 47912141519

The presence of factor 14 in all selected models highlights its significance, making it a
noteworthy factor in the SSD. Comparing the various methods used, it becomes evident
that SSnet efficiently identifies a significant set of factors while maintaining a smaller model
size. This serves as solid evidence for the soundness and accuracy of the SSnet method to
variable selection.

4.3. Simulation

To compare the performance of the proposed SSnet method with the other five meth-
ods, we generate data from a unique main effects linear model, y = X + ¢, with X being
an n X m SSD matrix, and a random error, ¢ N(0,1),i =1,2,...,n; y is the observed data.
We consider two factor models: B of the active factor is generated by N(u,1), with an
absolute value of 2 or 5 for y, and f of the other inactive factors equal to 0. To demonstrate
the performance of various methods in screening active factors under different sparsity
levels, the three scenarios are used based on the number of active factors. Experience has
shown that the number of runs used in the screening design should be at least twice the
number of potentially significant effects. Therefore, the maximum number of active factors
is set to be /2. The analysis of SSDs is based on the principle of sparse effects [39]. This
principle advocates that relatively few of the effects studied in the screening design are
active, so the number of active factors in the effect sparse scenario is set to be less than the
1/3 of n/2 (n/6). The number of active factors in the intermediate complexity scenario
is between the 1/3 of n/2 (n/6) and the 1/2 of n/2 (n/4). Meanwhile, this selection and
construction of three scenarios is similar to the setting of Marley and Woods [40] and
Drosou and Koukouvinos [13,28], which makes it convenient to compare with methods in
existing papers. The active factors are randomly selected from X and the number of that is
set according to the following scenarios:

*  Scenario I (Effect sparse scenario): p =1,...,1n/6.
*  Scenario II (Moderately complex scenarios): p =n/6+1,...,n/4.
®  Scenario III (Massive effect scenario): p =n/4+1,...,1n/2.

The number of active factor for Scenario I is taken as 1 ~ n/6, with each quantity of
active factors simulated 1000 times and averaged. We use Mean power to represent the
overall average of the corresponding power under each quantity of active factors. Similarly,
for Scenario II, take n/6 + 1 ~ n/4, and for Scenario III, take n/4 + 1 ~ n/2. Without loss of
generality, we select three different SSDs as the input matrix in this section, shown respectively
as Examples 2, 4, and 5.
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Example 6. In this example, we choose the generated design D(36;37°) of Example 2 as the input
SSD matrix X. We choose the number of active factors to be 1~6, 7~9, and 10~18 in three different
scenarios, respectively.

Figure 1 shows the mean power of SSD D(36;3"°) in various scenarios. Model 1 is a model
with random coefficients of small magnitude equal to 2 and variance equal to 1. This leads to a more
complicated model with coefficients as small as the error term. Model 2 is a model with random
coefficients but with relatively large magnitude equal to 5 and variance equal to 1.

Scenario .

In Model 1, SSnet shows the highest mean power of approximately 97%; SCAD, Lg-penalty,
MCP, Ds, ISIS, and Ada LASSO have almost the same mean power of approximately 90%; while
SVR-RFE performs poorly with a mean power of 85%. Similarly, SSnet in Model 2 shows excellent
performance, with mean power almost reaching 1; other methods have also reached over 95%. These
figures indicate that the reliability of these methods is consistently high, even when the activity
factors are sparse.

Scenario 11.

Similar to Scenario I, SSnet exhibits the highest mean power in this scenario. In Model 1,
only the mean power of SSnet and SCAD reached 90%, followed by MCP, DS, and 1SIS, with a
mean power above 85%, and Lg-penalty, Ada LASSO, and SVR-RFE, with a mean power around
80%. In Model 2, SSnet shows the highest mean power of approximately 98%; the other methods,
except for ISIS, had a mean power above 90%. It is evident that SSnet dominates among these eight
methods in moderately complex situations.

Scenario 111.

In massive effect scenarios, the differences between each method are more significant, exhibiting
different mean power levels. SSnet stands out, with a significantly higher mean power compared to
the other methods.

In Example 6, SSnet demonstrated excellent factor screening ability on equi-level
SSDs. Next, we will continue to use mixed-level SSDs to enhance the persuasiveness of
this conclusion.

Example 7. In this example, the generation design D(12;3114%) of Example 3 is considered as the
input SSD matrix. We choose the number of active factors to be 1~2, 3, and 4~6 in three different
scenarios for the two models, respectively. The results, focusing on mean powet, are shown in Figure 2.

In Scenario I, SSnet has the highest mean power, with only SSnet achieving a mean power
value of 90% in Model 1, and SSnet approaching 1 in Model 2. In both Scenario II and Scenario
II1, SSnet performed the best in terms of mean power. In this example, the mean power of SSnet is
optimal, significantly surpassing other methods.

From Example 7, it can be seen that SSnet has a significant ability to identify active
factors on mixed-level SSDs. Let us further verify this conclusion.

Example 8. In this example, consider the generated design D(36;2°31956°) of Example 5 as the
input SSD matrix. We choose the number of active factors to be 1~6, 7~9, and 10~18 in three
different scenarios for both models; the results, focusing on mean power, are shown in Figure 3.

It is clear that Model 1 always exhibits lower mean power than Model 2, indicating that the
model with larger random coefficients is more capable of recognizing in scenarios with sparse active
factors. SSnet always has the highest average power in scenes 2 and 3. Although Lg-penalty has
a slightly higher average power than SSnet in Scenario 1, its mean power in Scenarios 11 and II1
decreases significantly, especially in Scenario III, which is only 30%, which is very unstable. On the
other hand, SSnet has a high mean power in all scenarios and is robust.

In conclusion, whether in equi-level design or mixed-level SSDs, the ability of SSnet to
identify active factors has been proven to be robust, maintaining consistently high mean
power across all scenarios. It is evident that SSnet is particularly sensitive to random



Axioms 2024, 13,179 11 of 18

coefficients. It performs better in scenarios where active factors are sparse in SSDs and
where there are larger random coefficients.
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Figure 1. Mean power in each scenario for SSD D(36;37°).
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Figure 2. Mean power in each scenario for SSD D(12;3114%).
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Figure 3. Mean power in each scenario for SSD D(36;2°316%6°).

5. Conclusions

SSDs are commonly used to select a small number of active factors from a large number
of candidates. In this paper, many new equi- and mixed-level SSDs with a large number
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of inert factors are constructed by the substitution method of the generalized Hadamard
matrix, and most SSDs have no fully aliased columns. The proposed methods are easy
to implement and the number of columns is more flexible. These SSDs can serve as a
good check when identifying active factors using variable selection methods. Note that the
substitution method can generate large designs using small equidistant designs. Changing
the source small design to other types of design can result in more SSDs or other space-
filling designs, which is worthy of further study. This paper investigates the application of
SSnet as a model selection method in SSDs, marking its novelty as it is employed for the first
time in this context. The main emphasis during screening tests lies in accurately identifying
valid effects rather than excluding invalid ones, focusing primarily on power. The major
advantage of SSnet lies in its capacity to deliver robust performance against power in
SSDs despite its simplicity. Simulation studies have consistently demonstrated that SSnet
produces excellent outcomes and can be meaningfully compared with the existing analysis
methods proposed in the literature. Additionally, it demonstrates exceptional performance,
not only in scenarios with extremely sparse real models but also in cases with moderately
active effects. Furthermore, this approach exhibits the capability to effectively handle large-
scale designs comprising numerous factors, including both equi- and mixed-level designs.
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Table A4. D(12;314%).
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